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Chapter 6

CONCLUSIONS AND FUTURE DIRECTIONS

In summary, the general ability of fast, non-delayed reciprocal inhibition to syn-
chronize bursting cells has been discovered. This synchronizing property is independent
from the type of the individual bursting cell and the model of the fast non-delayed inhi-
bition, be it the instantaneous FTM coupling or a dynamical synapse with the synaptic
constants comparable with the duration of the presynaptic spike. The exact synergetic
features that make stable in-phase synchronization possible are (i) the ability of fast
inhibition to switch its impact from desynchronizing to synchronizing when the spikes
cross the synaptic threshold, and (ii) the presence of spikes in bursts. It is customary in
biophysics to use relaxation oscillators as simplified models of bursting cells where the
spikes are smoothed over and ignored.

Reciprocally coupled relaxation oscillators with fast non-delayed inhibition, however,
are impossible to synchronize [19,31]. In light of this, the finding that the addition of
spikes to the individual cell model can reverse the role of fast inhibition from desynchro-
nization to synchronization is imperative for biophysical modeling of neuronal networks.
It stresses the importance of full-scale detailed models of bursting cells versus simplified
models such as relaxation oscillators. The two-cell networks that are studied are the fun-
damental building elements of large realistic inhibitory networks. The results show that
such complex networks with fast inhibitory connections also possess the hidden prop-
erty to produce the in-phase synchronized rhythm, provided that the individual cells are
bursters not spikers. A consequence is the enhanced multistability of complex neuronal
networks resulting in richer dynamical information capacity and spatiotemporal neuronal
integration.

Moreover, fast non-delayed inhibitory HCOs composed of two endogenously burst-
ing neurons can generate multiple co-existent phase-locked states, in addition to stable

anti-phase and in-phase bursting. This is an extension of the previous result that fast
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non-delayed reciprocal inhibition synchronizes HCOs, which contrasts with the custom-
ary view that reciprocal inhibition has to be slow or time-delayed to establish in-phase
bursting. The study shows that the multistability of the HCOs is due to spike interactions
and independent of specific choice of models for endogenous square-wave bursters and
fast non-delayed synapses. Fast tonic spiking and fast inhibition are the two necessary
conditions for multistable bursting to exist in such HCOs.

Bursting HCOs with spikes contrast plateau-like bursting HCOs in their capacity
for spike interactions. Plateau-like bursts have slow frequency and smoothed spiking
magnitude relative to the plausible range of the synaptic threshold levels, leading to in-
significant spike interactions in the HCOs. The number and temporal characteristics of
sptkes are found to determine the number of co-existing phase-locked states in weakly
coupled HCOs. Besides, spikes are also attributed to be the necessary component for
dynamically establishing the bi-stability in strongly coupled HCOs, where robust anti-
phase bursting co-exists with less robust in-phase bursting. This study emphasizes the
importance of detailed Hodgkin-Huxley models for credible modeling of larger CPG net-
works, as opposed to employing relaxation oscillators, which might give rise to simplistic
cooperative properties.

The study of multiple phase locking in the HCOs and co-existing dynamical rhythms
can help one better understand the origin of multistability and the nature of switching
mechanisms between various neuronal rhythms that a multi-functional CPG can generate
in response to changes in sensory inputs and external perturbation. Recent experimental
studies [24,37,42] suggest that leech crawling and swimming can be generated by the
same multifunctional CPG, capable of switching between the two locomotor patterns
with no change in the types or strengths of connections among the coupled neurons. At
the neuronal level, crawling is governed by the command neurons firing in synchrony,
whereas the CPG switches to the swimming rhythm when the neurons switch to anti-
phase bursting. The duty cycle of in-phase bursting, generating the crawling rhythm, is
7-10 times longer than that of the swimming rhythm [24].

The duty cycle is conjectured to be the main control parameter that determines

the rhythms and can trigger the switching between the rhythms [55]. The study of the
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spike interactions, whose number and frequency are controlled by the duty cycle, together
with previous studies of duty-cycle induced phase locking in larger inhibitory networks
[56, 64, 72|, promise to shed light on the genesis of switching mechanisms for emergent
bursting patterns in real multifunctional CPGs and their realistic models. Investigation
of the mechanism that causes particular phase-locked states in the four-neuron CPG
and the exploration of parametric regime for sensitivity, and emergence of additional
phase-locking in the system would broaden the current understanding of multifunctional
CPGs.

In the future, there are number of avenues that may be explored. Brain functions
of vertebrate animals are thought to result from neuronal networks similar to CPGs
[74]. In addition to inhibitory, excitatory synaptic coupling with various time scales,
and networks with direct electrical connections through gap junctions, neuromodulatory
effects resulting in synaptic plasticity is common in the mammalian brains. Hence, it is
important to incorporate cellular and population level plasticity in the future theoretical
investigations of neuron networks [36, 75]. In addition, the CPG models may be enhanced
by including extra interneurons of other types, by introducing heterogeneity in network

connections, and by increasing physiological fine details that are currently neglected.



1]

[9]

[10]

93

REFERENCES

E. Izhikevich, Dynamical Systems in Neuroscience: The geometry of excitability and

bursting. The MIT Press, 2007.

R. Bertram, M. Butte, T. Kiemel, and A. Sherman, “Topological and phenomeno-
logical classification of bursting oscillations,” Bulletin Mathematical Biology, vol. 57,

no. 3, pp. 413-439, 1995.

R. L. Calabrese, “Motor networks: Shifting coalitions,” Current Biology, vol. 17,
no. 4, pp. R139 — R141, 2007.

E. Marder and R. Calabrese, “Principles of rhythmic motor pattern generation,”

Physiological Review, vol. 76, no. 3, pp. 687-717, 1996.

S. Phillips and Y. Takeda, “Frontal-parietal synchrony (phase-locking) in human eeg
during visual search,” Neuroscience Reserch, vol. 65, no. Supplement 1, pp. S192—,

2009.

U. Rutishauser, I. Ross, A. Mamelak, and E. Schuman, “Human memory strength is
predicted by theta-frequency phase-locking of single neurons,” Nature Letters, vol.

464, 2010.
L. E.-Keshet, Mathematical models in biology. Random House, 1988.

L. P. Shilnikov, A. Shilnikov, D. Turaev, and L. Chua, World Scientific Series on
Nonlinear Science, Series A: Methods of qualitative theory in non-linear dynamics

(Part I). World Scientific Publishing, 1998, vol. 4.

——, World Scientific Series on Nonlinear Science, Series A: Methods of qualitative

theory in non-linear dynamics (Part II). World Scientific Publishing, 2001, vol. 5.

I. Belykh, E. de Lange, and M. Hasler, “Synchronization of bursting neurons: What

7

matters in the network topology,” Physical Review Letters, vol. 94, no. 18, pp.

188101188104, 2005.



[11]

[15]

[16]

[17]

[18]

[19]

[20]

94

A. Shilnikov and M. Kolomiets, “Methods of the qualitative theory for the
hindmarsh-rose model: a case study,” International Journal of Bifurcations and

Chaos, vol. 18, no. 8, pp. 1-27, 2008.

P. E. Paulev and G. Zubieta-Calleja, “New human physiology,”
hitp:/ /www. zuniv.net/physiology /book /index. htm, 2004.

E. Kandel, J. Schwartz, and T. Jessell, Principles of Neural Science. MacGraw-Hill
Medical, 2000.

A. Hodgkin and A. Huxley, “A quantitative description of membrane current and

its application to conduction and excitation in nerve,” Journal of Physiology, vol.

117, 1952.
WIKIPEDIA, http://en.wikipedia.org/wiki/Hodgkin- Huzley-model.

C. Koch, Biophysics of Computation: Information Processing in Single Neurons.

Oxford University Press, 2004.

S. J. Etherington, S. E. Atkinson, G. J. Stuart, and S. R. Williams, “Synap-
tic integration. in: els. john wiley & sons ltd, chichester.” http://www.els.net/doi:
10.1002/9780470015902.a0000208.pub2]/, 2010.

T. Brown, “The intrinsic factors in the act of progression in the mammal,” Pro-
ceedings of the Royal Society of London. Series B, vol. 84, no. 572, pp. 308-319,
1911.

N. Kopell and G. Ermentrout, Handbook of Dynamical Systems: Chemical and elec-
trical synapses perform complementary roles in the synchronization of interneuronal

networks, B. Fiedler, Ed. Elsevier, 2002, vol. 2.

V. E. Bondarenko, G. S. Cymbalyuk, G. Patel, S. P. DeWeerth, and R. L. Calabrese,
“Bifurcation of synchronous oscillations into torus in a system of two reciprocally
inhibitory silicon neurons: Experimental observation and modeling,” Chaos, vol. 14,

no. 4, pp. 995-1003, 2004.



[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

95

J. W. B. Kristan, “Neuronal decision-making circuits,” Current Biology, vol. 18,

no. 19, pp. R928 — R932, 2008.

K. L. Briggman and J. W. B. Kristan, “Imaging dedicated and multifunctional
neural circuits generating distinct behaviors,” The Journal of Neuroscience, vol. 26,

no. 42, pp. 10925-10933, 2006.

G. Cymbalyuk, Q. Gaudry, M. Masino, and R. L. Calabrese, “Bursting in leech
heart interneurons: Cell-autonomous and network-based mechanisms,” The Journal

of Neuroscience, vol. 22, no. 24, pp. 10580-10592, 2002.

W. O. Friesen and W. B. Kristan, “Leech locomotion: swimming, crawling, and

decisions,” Current Opinion in Neurobiology, vol. 17, no. 6, pp. 704 — 711, 2007.

B. J. Copeland and D. Proudfoot, “The turing archive for the history of computing:

Turing’s neural networks of 1948, http://www.alanturing.net, 2000.

G. Cymbalyuk and A. Shilnikov, “Coexistence of tonic spiking oscillations in a leech
neuron model,” Journal of Computational Neuroscience, vol. 18, no. 3, pp. 255-263,

2005.

V. N. Belykh, I. V. Belykh, M. Colding-Joergensen, and E. Mosekilde, “Homoclinic
bifurcations leading to the emergence of bursting oscillations in cell models,” The

Furopean Physical Journal E, vol. 3, no. 3, pp. 205-219, 2000.

P. Chanell, G. Cymbalyuk, and A. Shilnikov, “Origin of bursting through homo-
clinic spike adding in a neuron model,” Physical Review Letters, vol. 98, no. 13, pp.

134101-134 104, 2007.

A. Shilnikov, “Complete dynamical analysis of a neuron model,” Nonlinear Dynam-

ies, 2011.

D. Golomb and J. Rinzel, “Dynamics of globally coupled inhibitory neurons with
heterogeneity,” Physical Review F, vol. 48, no. 6, pp. 4810-4814, 1993.



[31]

[36]

[37]

[39]

96

J. Rubin and D. Terman, “Sychronized activity and loss of synchrony among het-
erogeneous conditional oscillators,” SIAM Journal on Applied Dynamical Systems,

vol. 1, no. 1, pp. 146-174, 2002.

——, “Geometric analysis of population rhythms in synaptically coupled neuronal

networks,” Neural Computation, vol. 12, no. 3, pp. 597-645, 2000.

C. van Vreeswijk, L. F. Abbott, and G. B. Ermentrout, “When inhibition not ex-
citation synchronizes neural firing,” Journal of Computational Neuroscience, vol. 1,

no. 4, pp. 313-321, 1994.

X. J. Wang and J. Rinzel, “Alternating and synchronous rhythms in reciprocally

inhibitory model neurons,” Neural Computation, vol. 4, no. 1, pp. 84-97, 1992.

N. Kopell and G. Ermentrout, “Chemical and electrical synapses perform comple-
mentary roles in the synchronization of interneuronal networks,” Proceedings of the
National Academy of Sciences of the United States of America, vol. 101, no. 43, pp.
1548215487, 2004.

S. Jalil, J. Grigull, and F. K. Skinner, “Novel bursting patterns emerging from model
inhibitory networks with synaptic depression,” Journal of Computational Neuro-

science, vol. 17, no. 1, pp. 31-45, 2004.

K. L. Briggman, H. Abarbanel, and J. W. B. Kristan, “From crawling to cogni-
tion: analyzing the dynamical interactions among populations of neurons,” Current

Opinion in Neurobiology, vol. 16, no. 2, pp. 135 — 144, 2006.

R. Calin-Jageman, M. Tunstall, B. Mensh, P. Katz, and W. Frost, “Parameter
space analysis suggests multi-site plasticity contributes to motor pattern initiation

in tritonia,” Journal of Neurophysiol, vol. 98, no. 4, pp. 2382-2398, 2007.

A. Sakurai and P. Katz, “Distinct neural circuit architectures produce analogous
rhythmic behaviors in related species,” Society for Neuroscience Abstracts, vol. 37,

no. 918, p. 04, 2011.



[40]

[41]

[45]

[46]

[47]

[48]

[49]

97

A. Prinz, D. Bucher, and E. Marder, “Similar network activity from disparate circuit

parameters,” Nature Neuroscience, vol. 7, no. 12, pp. 1345-1352, 2004.

D. A. Baxter, H. A. Lechner, C. C. Canavier, R. J. Butera, A. A. Franceschi, J. W.
Clark, and J. H. Byrne, Oscillations in Neural Systems: Coexisting Stable Oscillatory
States in Single Cell and Multicellular Neuronal Oscillators, D. S. Levine, V. R.
Brown, and V. T. Shirey, Eds. Lawrence Erlbaum Associates, 1999.

K. L. Briggman and J. W. B. Kristan, “Multifunctional pattern-generating circuits,”
Annual Review of Neuroscience, vol. 31, no. 1, pp. 271-294, 2008.

J. Rubin and D. Terman, Handbook of Dynamical Systems: Geometric singular

perturbation analysis of neuronal dynamics, B. Fiedler, Ed. Elsevier, 2002, vol. 2.

T. Lewis and J. Rinzel, “Dynamics of spiking neurons connected by both inhibitory
and electrical coupling,” Journal of Computational Neuroscience, vol. 14, no. 3, pp.

283-309, 2003.

R. Elson, A. Selverston, H. Abarbanel, and M. Rabinovich, “Inhibitory synchro-
nization of bursting in biological neurons: Dependence on synaptic time constant,”

Journal of Neurophysiology, vol. 88, no. 3, pp. 1166-1176, 2002.

M. Rabinovich, P. Varona, A. Selverston, and H. Abarbanel, “Dynamical principles

in neuroscience,” Reviews of Modern Physics, vol. 78, no. 4, pp. 1213-1265, 2006.

M. Dhamala, V. Jirsa, and M. Ding, “Enhancement of neural synchrony by time
delay,” Physical Review Letters, vol. 92, no. 7, pp. 074 104-074 107, 2004.

V. Matveev, A. Bose, and F. Nadim, “Capturing the bursting dynamics of a two-

b

cell inhibitory network using a one-dimensional map,” Journal of Computational

Neurosciense, vol. 23, no. 2, pp. 169-187, 2007.

D. Somers and N. Kopell, “Rapid synchronization through fast threshold modula-
tion,” Biological Cybernetics, vol. 68, no. 5, pp. 393407, 1993.



[50]

[51]

[52]

[53]

[54]

[55]

[56]

98

N. Kopell and D. Somers, “Anti-phase solutions in relaxation oscillators coupled
through excitatory interactions,” Journal of Mathematical Biology, vol. 33, no. 3,

pp- 261-280, 1995.

A. Shilnikov and G. Cymbalyuk, “Transition between tonic-spiking and bursting
in a neuron model via the blue-sky catastrophe,” Physical Review Letters, vol. 94,

2005.

A. Sherman, “Anti-phase, asymmetric and aperiodic oscillations in excitable cells
i. coupled bursters,” Bulletin of Mathematical Biology, vol. 56, no. 5, pp. 811-835,
1994.

M. A. Kramer, R. D. Traub, and N. J. Kopell, “New dynamics in cerebellar purkinje
cells: Torus canards,” Physical Review Letters, vol. 101, no. 6, pp. 068 103-068 106,
2008.

A. Sakurai, J. Newcomb, J. Lillvis, and P. Katz, “Different roles for homologous
interneurons in species exhibiting similar rhythmic behaviors,” Current Biology,

vol. 21, 2011.

J. Wojcik, R. Clewley, and A. Shilnikov, “Order parameter for bursting polyrhythms
in multifunctional central pattern generators,” Physical Review E, vol. 83, no. 5, pp.

056 209-056 214, 2011.

I. Belykh and A. Shilnikov, “When weak inhibition synchronizes strongly desynchro-
nizing networks of bursting neurons,” Physical Review Letters, vol. 101, no. 7, pp.

078102-078 106, 2008.

C. Canavier, D. Baxter, J. Clark, and J. Byrne, “Nonlinear dynamics in a model
neuron provide a novel mechanism for transient synaptic inputs to produce long-term
alterations of postsynaptic activity,” Journal of Neurophsysiology, vol. 69, no. 6, pp.
2252-2257, 1993.



[58]

[59]

[60]

[61]

[63]

[64]

[66]

[67]

99

W. Sherwood and J. Guckenheimer, “Dissecting the phase response of a model
bursting neuron,” SIAM Journal on Applied Dynamica Systems, vol. 9, no. 3, pp.
659-703, 2010.

G. B. Ermentrout and D. H. Terman, Interdisciplinary Applied Mathematics: Math-

ematical Foundations of Neuroscience. Springer.
J. Stewart, Calculus: Early transcendentals. Brooks/Cole Publishing, 1995.

D. Jordan and P. Smith, Nonlinear Ordinary Differential Equations. Oxford Uni-

versity Press, 1994.

E. Izhikevich, “Synchronization of elliptic bursters,” SIAM Review, vol. 43, no. 2,
pp. 315-344, 2001.

S. H. Strogatz, Nonlinear dynamics and chaos. Westview Press, 2001.

A. Shilnikov, R. Gordon, and I. Belykh, “Polyrhythmic synchronization in bursting
networking motifs,” Chaos, vol. 18, no. 3, pp. 037 120-037 133, 2008.

S. Jalil, I. Belykh, and A. Shilnikov, “Spikes matter for phase-locked bursting in
inhibitory neurons,” Physical Review E, vol. 85, no. 3, pp. 036 214-036 225, 2012.

R. Horn and C. Johnson, Matriz Analysis, 1999.

G. Tancredi, A. Sanchez, and F. Roig, “A comparison between methods to compute

lyapunov exponents,” www.fisica.edu.uy/ gonzalo/lyap-aj.ps.

A. Wolf, J. B. Swift, and J. A. Vastano, “Determining lyapunov exponents from a
time series,” Physica D, vol. 16, no. 3, pp. 285317, 1985.

V. N. Govorukhin, http://www.math.rsu.ru/mexmat/kvm/matds/.
MATHWORKS, http://www.mathworks.com/matlabcentral/fileexchange/.

R. Clewley, W. Sherwood, M. Lamar, and J. Guckenheimer, “Pydstool: a soft-
ware environment for dynamical systems modeling,” http://pydstool.sourceforge.net,

2007.



[72]

100

S. Jalil, I. Belykh, and A. Shilnikov, “Fast reciprocal inhibition can synchronize
bursting neurons,” Physical Review E, vol. 81, no. 4, pp. 045201(R)-045204(R),
2010.

I. Belykh, S. Jalil, and A. Shilnikov, “Burst-duration mechanism of in-phase bursting

in inhibitory networks,” Regular and Chaotic Dynamics, vol. 15, no. 2, 2010.

7

A. 1. Selverston, “Invertebrate central pattern generator circuits,” Philosophical

transactions of the royal society: biological sciences, vol. 365, 2010.

D. Standage, S. Jalil, and T. Trappenberg, “Computational consequences of ex-
perimentally derived spike-time and weight dependent plasticity rules,” Biological

Cybernetics, vol. 96, no. 6, pp. 615-623, 2007.



101

Appendix A

PARAMETERS

Table A.1. Time scales, capacitance, maximal conductances and reversal potentials for

leech heart interneuron
Tna = 0.0405 sec  gna =200 nS  En, = 0.045 V

T2 = 0.25 sec g2 =30nS  Fx=-0.070V
C =0.5nF gL =8 1S E;, =—-0.046 V

Table A.2. Boltzmann functions with parameters for leech heart interneuron

ne(V) = [1 4 exp(—150(V + 0.0305))]
(V) = [1 4 exp(500(V 4 0.0333))]
m>(V) = [1+exp(—83(V + 0.018 4 Vshift))]-1

Table A.3. Time scales, capacitance, maximal conductances and reversal potentials for
Sherman’s pancreatic S-cells
7=0.02sec gca=3.6nS FEc,=0.025V
Ts = D sec gx =10nS FEx =-0.075V
A=1 Js = 4 nS
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Table A.4. Boltzmann functions with parameters for Sherman’s pancreatic [-cells
m>(V) = [1+ exp(—83.34(V +0.02))]*
n>®(V) = [1+exp(—178.57(V +0.016))]*
s>*(V) [1+ exp (—100(V + 0.035245))] !

Table A.5. Maximal conductances and reversal potentials for Purkinje neurons
gna = 152 1S En, =50 mV
gk = 10 nS Exk = -75 mV
gCa =1nS ECa =125 mV
gr, =2 nS E, = —-70 mV

Table A.6. Voltage dependent time scales for Purkinje neurons

7 = 0.25+4.35exp(—0.1|V + 10])
7 = 0.15+ 1.15[1 + exp(0.0667(V + 33.5))] "
To = |aca+ 5Ca]_1, ™ = o +5M]_1

Table A.7. Voltage dependent time scales for Purkinje neurons: auxiliary function

aca = 1.6/(14exp(—0.072(V —5)))

Bea = 0.02(V+8.9)/(—1+exp(0.2(V +8.9)))
am = 0.02/(1 4 exp(—0.2(V +20)))

Bu = 0.01exp(—0.0556(V + 43))

Table A.8. Boltzmann functions with parameters for Purkinje neurons

n>®(V) = [1+exp(—0.1(V +29.5))]7!

m>(V) = [1+exp(—0.1(V +34.5))]*
ho(V) = [14exp(0.0935(V + 59.4))] !
V) = acaTe, M>®(V)=aumu

Table A.9. Parameters for Fitzhugh-Rinzel model
I =0.3125 a=0.7
0 =0.08 =0.8
pw=20.002 c¢=-0.7
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Appendix B

PSEUDO CODES

To calculate the Lyapunov exponents, following steps are followed by Govorukhin
[69]. The code is available from Matlab central [70]. There are two functions files: the
first function file defines the synchronous trajectory along with variational equations, the
second function file integrates the equations provided in the first function file in order to

calculate the Lyapunov exponent. The pseudo code for the first function follows:

1. Populate A to integrate 2’ = Ax numerically.
2. Assign first n entries of A with ODEs corresponding to single neuron.

3. Set V; = V5, = V in the synaptic component to ensure evaluation on the synchronous

manifold.
4. Allocate n + 1 to n + n? entries of A for the coefficients of variational equations.
5. Obtain n coefficients of each variational from every variational equation.

6. Assign coefficients of the linear part in the variational equations to A(n + 1) ...

A(n+n?).

The second function calculates the Lyapunov exponents by finding evolution of unit
vectors under the linear transformation given by the variational equations evaluated on
the synchronous manifold. The total time is divided into smaller time steps to prevent
build up of error. Gram-Schimdt process of orthonormalization resets the unit vectors
after every time step. Natural logarithm of the norms of the orthogonalized vectors give
the Lyapunov exponents, when averaged over elapsed time. The pseudo code for the

second function follows:

1. Assign z(1),2(2)..x(n) with initial condition from the synchronous manifold.
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11.
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. Assign z(n+1:n+n) = (1,0,..0), z(2n+1: 2n+n) = [0,1,0..0], and so on such

that each n-tuple have orthogonal unit vector.

Set number of iteration: total time,T’, divided by time step, dt.
Integrate for first time step.

Obtain solution ;.

Reset (1), 2(2)...z(n) equal to Zut(1), Tout(2)...Tou(n) for integration in next iter-

ation.

. Apply Gram-Schimdt process to the remaining output by treating each n-tuple as

vectors.

Get Ly norm for each vectors, which give total n scalar values z(1)...z(n).

. Reset z(n+1:n+n),x(2n+1: 2n+n)... with Gram-Schimdt orthonormal vectors.

log(z(1))  log(z(n)) )

Lyapunov exponents,\;_,, after first time step equals Tt

Repeat steps 6 to 11 for the next time step.

Lyapunov exponents after this time step equals %...%.

Continue the process until > dt = T, obtain n Lyapunov exponents, \;_,, after

every time step.

An alternate method is also used to calculate the Lyapunov exponents. The linear

transformation is used to transform the basis of unit vectors for precisely one period.

Then the Floquet multipliers are calculated from the matrix formed by the transformed

unit vectors. Natural logarithm of Floquet multipliers, averaged over the period, gives

the Lyapunov exponents. The pseudo code follows:

1.

Set dt = T, in the step 4 of second function above, where T is precisely the burst

period.
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2. Obtain the output x,,, and construct the transformed unit matrix, S, from each

n-tuple numbers from z(n + 1) to z(n 4+ n?).
3. Find the Floquet multipliers, which are the eigenvalues,p; ., of the matrix S.

4. Apply log, divide the result by the period to get Lyapunov exponents: \; ., =

log(pl...n)/T

The process for computing phase differences between a pair of neurons records the
time at which either neuron crosses a voltage threshold given by the Poincaré section.
Subtraction of subsequent times recorded for the same neuron gives the period, while that
between different neurons give the time delay, which is scaled by the period to obtain the

phase differences. The pseudo code follows:

1. Choose one of the neurons as the reference neuron, label its membrane potential as

V1.

2. Integrate the system of ODEs representing the network, record the times when

Vi..n crosses an auxiliary threshold, ©y,, such that V/ = > 0.

3. Suppose {t™} is the time sequence obtained for the reference neuron, while {s™1

is that of another neuron.
4. Obtain T = ¢+ — ¢(),
5. Set A¢™ = min {[t) — sV, [ — 50| ¢ _ gla+D)[} /T0)
6. Obtain {Agbgz)} for every non-reference neuron k.

The process for setting initial phase differences uses points from a reference trajectory
that are equally spaced in time. Exactly one cycle of burst is chosen from the last cycle
of 100s of simulation to avoid the transience. The phases are defined by scaling the time

steps within the cycle by the total time of the cycle. The pseudo code follows:
1. Run the full system of ODEs for 100s.

2. Find the times of last two minima in V for the reference neuron.
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. Use the time difference in step 2 as the period, set of variable values for the second

minimum for the simulation in step 4.

. Simulate for exactly one period, obtain variable values at equal time steps, dt =

0.0001s.

. Obtain sequential indices of the points that are sampled at regular intervals by the

above step.
. Set ¢ = i/L, where i is a specific index and L is the total number of indices.

. Set ¢ closest to 0.5, assign corresponding state variables as the initial condition

for the reference neuron.

. Select ¢pon—res at regular intervals between 0 and 0.5, assign the corresponding

state variables as the initial condition for the non-reference neurons.

. Initial A¢ = ¢T‘€f - anonfref'

The process for toroidal resetting corrects the values of A¢ whenever it falls outside of

the interval [0, 1]. This resetting causes an effect such that the graphs of those trajectories

{A¢™} appear to end at one boundary and emerge from the opposite boundary. The

pseudo code follows:

1. If A¢p < 0 add +1 until 0 < A¢ < 1. For example, A¢p = —§ becomes Ap =1 — 6,

for 6 > 0.

2. If Ap > 1 and —1 until 0 < A¢ < 1.



