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4.7.1 Data Description and Transformation 

The yearly index data of Paragon Catastrophe Reinsurance Price (Rein) are obtained 

from Paragon Risk Management Services. The index13 (see Gron and Winton, 2001) 

shows changes in the price of catastrophe reinsurance relative to a base of one14. So 

they can describe the reinsurance cost for catastrophes by years. The other data 

employed in this analysis are yearly observation data in the industry level, the sources 

of which are either from Insurance Information Institution (Year 1990 - Year 1995) or 

the SNL database (Year 1996 - Year 2012). The time line for each variable is from 

Year1990 to Year 2012.  

 

Figure 4.5: Five Aggregated Factors for the P&C Insurance Industry 

I plot these five variables in Figure 4.5. Note that in order to show them in the 

same level of magnitude, I enlarge the Rein by 100 times, and meanwhile, shrink the 

                                                             
13  The index was also used in Congressional Budget Office. 
14 The catastrophe reinsurance price in1985 is set as the base of one.  
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other variables by 1000,000 times.  

 

Figure 4.6: Growth Rate Data for Loss, DPW and Surplus 

In order to remove the growth trend of Loss, DPW and Surplus in some following 

empirical regressions, I make the log transformation of these variables to get their 

growth rate data. For example, DPW_Growth, the growth rate of Direct Premium 

Written, is set to be equal to [100 * log (DPWt /DPWt-1)]. The growth rate data are 

shown in Figure 4.6. 

 

4.7.2 VAR Modeling and Main Results 

Impulse Response Function (IRF) can be often modeled in the context of Vector Auto 

Regression (VAR). VAR is an econometric model used to explore the correlations and 

interdependencies among multiple time series variables, based on its own lags and the 

lags of all the other variables in the model. In this subsection, I discuss two VAR 

model cases. In Case I, the multiple time series that I examine are Loss, DPW, Surplus 
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and Rein; while in Case II, I check Lossratio, DPW_Growth, Surplus_Growth, Rein. 

But the methodology of building VAR model for these two cases is the same.  

First, I apply the commonly used lag-order selection criteria to choose the lag, 

based on goodness of fit measures such as AICC, SBC, FPEC and HQC. Then I use 

OLS to estimate the VAR. Next, I examine how well each univariate equation fits the 

time series data. Finally, the Granger-Causality Wald Test is conducted to explore the 

causal relationship between the multiple time series. This test is characterized by 

examining for nonzero correlations between the error processes of the cause and the 

effect variables to determine whether one time series is useful in forecasting another. 

If there is a reaction of one variable to an impulse in another variable, we may call the 

latter causal for the former.  

Table 4.5 provides regression results for Model Case I and II. Column 2 provides 

the lag order chosen for each VAR model case. The third column lists all time series 

variables involved in the test for each case, which shows the main difference between 

model cases. Column 4 is the result of univariate residuals test. For example, in Case I, 

four OLS regressions are conducted in turn with each time series variable acting as 

the dependent variable while all time series with lags being independent variables. 

Then we can have four p-values for these four regressions. In the first row, for 

instance, the p-value is for the regression when the dependent variable is Losst and the 

independed variabls are Losst-1, Losst-2, DPWt-1, DPWt-2, Surplust-1, Surplust-2, Reint-1 

and Reint-2. The fifth column provides the result of Granger-Causality Wald Test. The 

null hypothesis of the first row in Case I, for example, is that Loss is influenced by 
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itself rather than the other three time series variables, such as DPW, Surplus and Rein.  

Table 4.5: VAR Results of Mode Case I and II 

Model 
Case # 

Lag Order 
Chosen 

Model Variables Univariate Residuals 
Test (p-value) 

Granger-Causality 
Wald Test (p-value)

 
I 

 
VAR (2) 

Loss 
DPW 
Surplus 
Rein 

<0.0001***15 
<0.0001*** 
<0.0001*** 
0.0074*** 

0.5072 
0.0001*** 
0.2725 
<0.0001*** 

 
II 

 
VAR(3) 

Lossratio 
DPW_Growth 
Surplus_Growth 
Rein 

0.1986 
0.0067*** 
0.2178 
0.0859* 

0.0095*** 
0.0010*** 
0.0051*** 
0.0013*** 

 

For Model Case I, one can find that each univariate model is significant.  This 

implies that each univiate regression fits the time series data and the correlations 

among the multiple time series are significant within the lag order. Further, both DPW 

and Rein have a Granger-causal relationship with the other three variables. Loss, 

Surplus and Rein can be viewed to Granger-cause DPW. This means that the loss 

incurred, the internal capital surplus and the reinsurance cost can provide statistically 

significant information about future values of directed premium written. This is 

consistent with the previous models that the insurance underwriting supply could be 

affected by the loss payment, and influenced by both of the external and the internal 

capital situations. Additionally, the direct premium written, loss incurred, and internal 

capital surplus in primary insurance market can also Granger-cause the pricing of 

reinsurance market from the test. Thus it means that the primary insurance market 

should be considered when forecasting the future reinsurance cost. This is consistent 

                                                              
15  *** denotes the 1% level statistical significance; ** denotes the 5% level statistical significance; * 
denotes the 10% level statistical significance.  
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with the assumption in the two-period model of Chapter 3 that the reinsurance price 

will be increased/decreased in the second period if the insurer incurs large/small 

losses and thus has bad/good solvency status in the first period.  

In Model Case II, all the involved time series variables are Lossratio, 

DPW_Growth, Surplus_Growth and Rein. Two univariate equations with DPW and 

Rein being dependent variable fit the time series data well. Although the results of the 

other two univariate equations are not significant, this model fits the selected data 

well since the value of Akaike information criterion is quite small, for instance AICC 

= 0.0063.  

In this case, the Granger-causality Wald test results imply that these four variables 

can be influenced by one another, and each variable can be a reasonable factor used to 

predict another. This is called feedback system. It shows that loss ratio can have 

impact not only on the change of underwriting premium (as measured by DPW) but 

also on changes in internal capital surplus (as measured by Surplus) and reinsurance 

price (as measured by Rein). This verifies an important assumption in previous 

models that the loss ratio can affect both underwriting profit and capital raising. 

Moreover, DPW can be Granger-caused by Surplus and Rein; Rein and Surplus can 

also be Granger-caused by DPW. This implies that there is an interaction between 

underwriting new business (indicated by DPW) and capital raising situation (indicated 

by Surplus and Rein). It is consistent with the dynamic model as the model implies an 

interactive effect between the underwriting balance sheet and capital rationing for an 

insurer. 
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In next subsection, I will show the impulse response analysis for each case so as to 

know more about how the insurers respond to the change of each aggregated variable. 

 

4.7.3 Impulse Response Analysis 

The impulse response function is to analyze the dynamic effects of the model 

economy when one factor receives an impulse. Based on the estimated matrix of VAR 

model coefficients, we can generate IRFs to identify the consequences of a unit 

increase in one variable’s innovation at time t for the value of another variable at time 

t+lag holding all other innovations at all dates constant.  

Figure 4.7 and Figure 4.8 are the responses to the impulse in Loss and Surplus for 

Model Case I. Recall that Case I involves the time series of DPW, Surplus, Loss and 

Rein.  

 

Figure 4.7: Response to Impulse in Loss Incurred for Model Case I 
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Figure 4.7 provides four graphs. In the top left hand corner we see the future 

response of loss incurred to a one standard deviation shock of losses incurred. The top 

right hand corner shows the response of DPW to a one standard deviation shock of 

losses incurred.  In the bottom corners we see the response from a one standard 

deviation shock to losses in terms of Surplus and REIN respectively.   

We can find that the response of DPW to a shock of loss incurred is positive, and 

the highest response is occurring in the third year. Similarly, the reinsurance price 

index has positive responses, but these responses are more intensive and faster than 

those of DPW. In the year t+1, the reinsurance price response is able to rise 

dramatically. This illustrates that price turns to be more sensitive to loss shocks. We 

may imply that the main reason for the increase in DPW after the loss impulse can be 

the increase of insurance price (premium per unit dollar of coverage). This verifies the 

hypothesis in Chapter 3 about the positive relationship between loss ratio and 

next-period insurance rate in an environment of loss shocks.  

In addition, the shock to surplus has an initial negative effect that wears off after 

about 4 periods as the response moves to zero. It implies that insurers who can make 

use of insurance price increase after shocks can avoid large loss of capital surplus, 

which is also consistent with the hypothesis developed in Chapter 3.  

Figure 4.8 shows the insurers’ response to impulse in internal capital surplus from 

Case I. In the top left hand corner, it shows the future response of loss incurred to a 

one standard deviation shock of internal capital surplus. In the top right hand corner 

we see the response of DPW to a one standard deviation shock of internal capital 
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surplus.  In the bottom corners we see the response from a one standard deviation 

shock to internal capital surplus in terms of Surplus and REIN respectively.   

From the top right hand corner in Figure 4.8, the positive response of insurance 

supply (as measured by DPW) to a shock in internal capital surplus can be observed. 

It implies that the ability to underwrite new business can be enlarged with a better 

solvency status, which is consistent with the previous models. 

 

Figure 4.8: Response to Impulse in Policyholders’ Surplus for Model Case I 

Meanwhile, the bottom of the right hand side in Figure 4.8 shows the slight 

negative response of reinsurance price index to a shock in internal capital surplus. 

This slight decrease of reinsurance price index in this case can be resulting from less 

demand for reinsurance capital with an impulse in internal capital surplus. This is 

consistent with the assumption in previous models that insurers prefer raising capital 

from the internal source to the external one. But overall, the effect of internal capital 

surplus shock on reinsurance price is small.  



 

95 
 

For the model case II, Figure 4.9 below shows the responses to a shock in terms of 

a one standard deviation increase in the Loss Ratio.16  Recall, CASE 2 is identified 

with the time series variables examined being Lossratio, DPW_Growth, 

Surplus_Growth and Rein. Starting with the top right hand corner, one can find that 

the response of the growth rate of DPW in the initial period is very high, and then 

decreased. The initial large response of DPW growth can be a result of high insurance 

price, and then its following decreasing can result from the shrinkage of insurance 

coverage supply when the growth-up of price turns slow. This is to support the finding 

in the dynamic model that the coverage quantity supply (as measured by Q) that 

insurers are willing to offer will be reduced with a shock of loss ratio.  In the next 

subsection, I will further test it.  

 

Figure 4.9: Response to Impulse to Loss Ratio for Model Case II 

                                                              
16  To keep the magnitude of loss ratio being in the same level as that of Growth Rate data, I multiple all 
the loss ratio data by 10 in this regression. The same methodology is applied for the Rein data. The aim 
is to show better and clearer figures of impulse response function.  
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When checking the response of Surplus growth rate to a shock in the Loss Ratio, 

one can find in the left bottom panel that the responses in the first two periods are 

negative, but these negative responses then tend towards zero. The growth rate of 

Surplus peaks at the end of the second year, which is behind the peak of the growth 

rate of DPW. This can imply that the gradually deceased negative response of internal 

capital surplus to a loss shock can result from the growth of the total insurance supply 

(as measured by DPW_Growth). 

 

 

Figure 4.10: Response to Impulse in Reinsurance Price Index for Model Case II 

Figure 4.10 above sheds light on how an insurer responses to a one standard 

deviation shock in reinsurance price index (REIN1).  The right top corner shows that 

the impact of a reinsurance price shock on the changes of underwriting supply (as 

measured by DPW) is negative. In the first period, because of possible responses of 
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the primary insurance price to an impulse in the reinsurance price, we can observe 

DPW is not changed. Then the peak of the following negative response of DPW is 

occurring in the end of third year. Based on the cash flow models discussed in both 

this chapter and Chapter 3, insurers tend to reduce the coverage quantity supply with a 

tight external capital market due to an interaction between the ability to underwriting 

new business and the ability to raise new capital.  

 

4.7.4 Extension Model Cases 

In this subsection, I try to find a way to split the total insurance supply (DPW) into 

two parts, the price part and the coverage quantity part. In the empirical research, it is 

currently impossible to know the primary insurance price since there is no easy way to 

access the data at the policy level.  

Actually, in actuarial practice, the insurance price always can be influenced by 

catastrophes and the hard/soft market situation. Here I assume that the catastrophe 

reinsurance price index contains significant information about the primary insurance 

price, and I apply the reinsurance price index (Rein) to denote the insurance price 

index in the P&C insurance industry. In this way, I can obtain the coverage quantity in 

the industry level, settled by Q = Direct Premium Written /Paragon Catastrophe 

Reinsurance Price Index.  

I have two VAR model cases in this subsection, Case III and Case IV. The 

methodology of developing and testing VAR model for these two cases is in the same 

way as Case I and II. However, in Case III, all the involved time series variables are 
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Loss, Q and Surplus, while Loss_Growth, Q_Growth and Surplus_Growth are 

examined instead in Case IV. The following Table 4.6 shows the VAR results of 

Model Case III and IV. Figure 4.11 and Figure 4.12 below provide the impulse 

response in these two cases.  

From Table 4.6, the lag orders chosen for both model cases to get the smallest 

information criteria are larger than the previous ones. That is because there is no price 

adjustment effect in the model, and the effect of variables in the economy can last 

longer than before. In Case III, the casual relationship can be found between variables, 

and each univariate model is significant. In Case IV, the results show that the growth 

rate of insurance coverage quantity (as measured by Q_Growth) is significantly 

influenced by the loss changes (as measured by Loss_Growth) and the growth rate of 

policyholders’ surplus (as measured by Surplus_Growth).   

Table 4.6: VAR Results of Model Case III and IV 

Model 
Case # 

Lag Order 
Chosen 

Model Variables Univariate Residuals 
Test (p-value) 

Granger-Causality 
Wald Test (p-value)

 
III 

 
VAR(5) 

Loss 
Q 
Surplus 

0.0160** 
0.0600* 
0.0052*** 

0.0018*** 
0.0021*** 
<0.0001*** 

 
IV 

 
VAR(4) 

Loss_Growth 
Q_Growth 
Surplus_Growth 

0.2006 
0.0190** 
0.1016 

0.0328** 
<0.0001*** 
<0.00001*** 

Figure 4.11 illustrates that the response of coverage quantity supply (as measured 

by Q) to a shock in Loss Incurred during the first two periods is mostly negative, and 

then it becomes positive in Period 3. The shape of such the response is consistent with 

the statement in the Capacity Constraint hypothesis that the insurance coverage 

quantity supply shrink sharply with loss shocks. The positive response during the 
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third period may be resulting in changes of the insurance demand part or the insurance 

price after loss shocks.  

 

Figure 4.11: Response to Impulse in Loss Incurred for Model Case III 

 

 

Figure 4.12: Response to Impulse in Surplus Growth Rate for Model Case IV 
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Figure 4.12 implies the relationship between the change of internal capital surplus 

and the change of insurance coverage quantity supplied. It shows that the insurer will 

expand the underwriting operation if there is an increase of policyholders’ surplus, 

and the expansion would stop when the impulse disappear. It verifies the interaction 

between the insurer’s capital rationing and underwriting balance sheet, as discussed in 

the previous models.  

In future research, it is better to access the coverage quantity data or to develop a 

more reliable proxy for the insurance supply part. 

 

4.7.5 Summary of Empirical Results 

In this section, Impulse Response Function (IRF) is used to analyze the P&C insurers’ 

responses to shocks of the loss payment and the internal and external capital. With 

loss shocks, we can observe a sharp decreasing in insurance coverage quantity supply 

(as measured by Q), and also the increase of total insurance supply (as measured by 

DPW) due to price spike, the increasing rate of which (as measured by DPW_Growth) 

becomes lower and lower as time goes by. They support the Capacity Constraint 

Theory (see Gron 1994; Gron and Winton 2001).  

The results also show the significant Granger-causality relationship between the 

insurance supply (as measured by DPW in Case I or Q_Growth in Case IV) and the 

internal capital status and the external reinsurance price (as measured by Surplus, 

Rein in Case I or Surplus_Growth in Case IV). It supports the statement in pervious 

theoretical models that there is an interaction for an insurer between its ability to 
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underwriting new business and its ability to raise capital.  

Finally, the results imply that the reinsurance price (as measured by Rein) can be 

affected by changes of internal capital surplus and losses incurred in primary 

insurance market. This is consistent with the assumptions in previous models.  

 

4.8 Conclusions and Discussions 

In this chapter, a dynamic cash flow model with capacity constraints is built to 

describe the insurer’s catastrophic intermediating process towards a series of loss 

shocks. I focus specifically on the insurer’s decision-making choices of underwriting 

quantity and capital structure in a dynamic economy with stochastic loss shocks, and 

find the dynamic interaction between the insurer’s capital rationing and balance sheet, 

in which capacity constraints play an import role.  

According to the simulation results, this paper contributes to find a non-cyclical 

behavior of output fluctuations in the model economy, and thus I view the 

unpredictable underwriting cycles as temporary responses of output markets to loss 

shocks. I also explore the determinants of the magnitude of output fluctuations by 

comparing the experimental economy with the benchmark economy.   

In future work, I can develop a Heterogeneous-Agent model with recursive 

computational simulations to analyze different optimal decision paths of underwriting 

and capital structures for heterogeneous insurers. This framework allows me to 

quantitatively study why different insurers perform differently after catastrophes, and 

to explore the impact of catastrophic shocks on the industrial organization of the 
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insurance markets in a dynamic setting. In addition, empirical testes in the firm level 

can be conducted to explore how insurers respond to large losses and what kind of 

insurers can perform well with catastrophic risk underwriting. 
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Appendix 2A: Algorithm Methodology for the Life Cycle Model 

 

The state space of heterogeneous households in this life cycle model is 

imax*jmax*jmax*mmax*kmax (20*5*5*4*80). I solve household’s optimization 

problem backward from age kmax with the assumption that the value function in the 

period after the last period, Vkmax+1(s’), is equal to 0.  

Based on fist-order conditions and the envelope condition, I construct 

Kuhn-Tucker conditions to figure out household’s optimal decision rules in state s, 

such as c(s), l1(s), l2(s), d1(s) and d2(s). Meanwhile, I update the new household value 

Vkmax(s) and marginal value Vkmax,a(s) for the s-sate household at corresponding time 

kmax. Then I use updated results for different household sates in period kmax to solve 

utility optimization problem at age (kmax-1). The optimal decision rules for each 

specific household state at each year can be dynamically solved in the same way.  
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Appendix 2B: Optimization Solutions for the Life Cycle Model 

	

If	m	ൌ	0,	

Vሺa	;mൌ0ሻ	ൌ	Uሺc,	l1,	l2;	nk,	mൌ0ሻ	൅	β*ሾ	φ1,k	*φ2,k	*	V	ሺa’;	m’ൌ0,mൌ0ሻ	൅	

φ1,k*ሺ1‐φ2,kሻ*	V	ሺa’൅d2;	m’ൌ1,mൌ0ሻ	൅	φ2,k	*ሺ1‐φ1,kሻ*	V	ሺa’൅d1;	

m’ൌ2,mൌ0ሻ	൅	ሺ1‐φ1,kሻ*ሺ1‐φ2,kሻ*	V	ሺa’൅d1൅d2;	m’ൌ3,mൌ0ሻ	ሿ	

s.t.	 	 	 	 	 	 	 ܽᇱൌ	ሺ1൅rሻ	a	൅	w1,k	e1ሺ1‐l1ሻ൅w2,ke2ሺ1‐l2ሻ൅		ঌ௞வ଺ହ	ঌ௠ழଷሺ1൅	 ঌ௠ୀ଴ሻss	

–	c	–	ሺ1‐	φ1,kሻ	d1	–	ሺ1‐φ2,kሻ	d2;	

Ucሺc,	l1,	l2;	nk,	mൌ0ሻ	ൌ	λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	c	ሻ 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	

௟ܷభሺc,	l1,	l2;	nk,	mൌ0ሻ	ൌ	w1,k	e1*	λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	l1	ሻ	

௟ܷమሺc,	l1,	l2;	nk,	mൌ0ሻ	ൌ	w2,k	e2	*λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	l2	ሻ	

β*ሾφ1,k*	V	aሺa’;	m’ൌ0,mൌ0ሻ	൅	ሺ1‐φ1,kሻ*	V	aሺa’൅d1;	m’ൌ2,mൌ0ሻሿ	ൌλ	 	 	 	 	 	 	 	 	 ሺ	d1	ሻ	 	

β*ሾφ2,k	*	V	aሺa’;	m’ൌ0,mൌ0ሻ	൅ሺ1‐φ2,k	ሻ*	V	aሺa’൅d2;	m’ൌ1,mൌ0ሻሿ	ൌλ	 	 	 	 	 	 	 	 ሺ	d2	ሻ	

β*ሾφ2,k*	V	aሺa’൅d1	;	m’ൌ2,mൌ0ሻ	൅ሺ1‐φ2,kሻ*	V	aሺa’൅d1൅d2;	m’ൌ3,mൌ0ሻሿ	ൌ	λ	 	 ሺ	a’ሻ	

where λ is the Lagrangian Parameter. 

	

If	mൌ1,	

Vሺa;	mൌ1ሻ	ൌ	Uሺc,	l1;	nk,	mൌ1ሻ	൅β*ሾφ1,k*	V	ሺa’;m’ൌ1,	mൌ1ሻ	൅	 	

	 	 	 	 	 	 	 	 	 	 	 ሺ1‐φ1,kሻ*	V	ሺa’൅d1;	m’ൌ3,	mൌ1ሿ	

s.t.	 	 ܽᇱൌ	ሺ1൅rሻ	a	൅	w1,k	e1h1൅		ঌ௞வ଺ହ	ss–	c	‐	ሺ1‐	φ1,kሻ	d1;	

Ucሺc,	l1;	nk,	mൌ1ሻ	ൌ	λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	c	ሻ	

௟ܷభሺc,	l1;	nk,	mൌ1ሻ	ൌ	w1,k	e1*λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	l1	ሻ	

β*	V	aሺa’൅d1	;	m’ൌ3,mൌ1ሻ	ൌ	λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	d1	ሻ	
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β*	V	aሺa’;	m’ൌ1,mൌ1ሻ	ൌ	λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	a’ሻ	

	

If	mൌ2,	 	

Vሺa;	mൌ2ሻ	ൌ	Uሺc,	l2;	nk,	mൌ2ሻ	൅β*ሾφ2,k*	V	ሺa’;m’ൌ2,mൌ2ሻ	൅	 	

	 	 	 	 	 	 	 	 	 	 	 ሺ1‐φ2,kሻ*	V	ሺa’൅d2;	m’ൌ3,mൌ2ሿ	

s.t.	 	 ܽᇱൌ	ሺ1൅rሻ	a	൅	w	e2h2	൅		ঌ௞வ଺ହ	ss–	c	–	ሺ1‐φ2,kሻ	d2	

Ucሺc,	l2;	nk,	mൌ2ሻ	ൌλ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	c	ሻ	

௟ܷమሺc,	l2;	nk,	mൌ2ሻ	ൌ	w2,k	e2*λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	l2	ሻ	

β*	V	aሺa’൅d2	;	m’ൌ3,mൌ2ሻ	ൌλ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	d2	ሻ	

β*	V	aሺa’;	m’ൌ2,	mൌ2ሻ	ൌ	λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	a’ሻ	 	

	

If	mൌ3	,	

Vሺa;	mൌ3ሻ	ൌ	Uሺc;	nk,	mൌ3ሻ	൅β	*	V	ሺa’;m’ൌ3,mൌ3ሻ	 	

s.t.	 	 ܽᇱൌ	ሺ1൅rሻ	a–	c	

Ucሺc	;	nk,	mൌ3ሻ	ൌλ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	c	ሻ	

β*	V	aሺa’;	m’ൌ3,mൌ3ሻ	ൌ	λ	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ሺ	a’ሻ	
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Appendix 3:	Optimization Solutions for the Two-Period Cash Flow Model 

 

FOCs with β, βi, e, ei, πi are as follows, 

(TQbെβQCbെݎ௙
ିଵRb)bβ +(ݎ௙

ିଵ െC)Q +rf
-1∑ P୧୍

୧ୀଵ (Tiܳ௕೔
௜ െβiQiܥ௕೔

௜ െ ௙ݎ
ିଵܴ௕೔

௜ ሻ	
ఉܾ
௜ =0 (i)          

(Tiܳ௕೔
௜ െ βiQiܥ௕೔

௜ െ ௙ݎ
ିଵܴ௕೔

௜ ሻ	 ఉܾ೔
௜ െ ൫ܥ௜ െ ௙ݎ

ିଵ൯ܳ௜ ൌ 0			                       (ii) 

(TQbെβQCbെݎ௙
ିଵRb)be+(1 െ ௙ݎ

ିଵRe)+rf
-1∑ P୧୍

୧ୀଵ (Tiܳ௕೔
௜ െβiQiܥ௕೔

௜ െ ௙ݎ
ିଵܴ௕೔

௜ ሻ	ܾ
௘
௜ =0 (iii)        

(Tiܳ௕೔
௜ െ βiQiܥ௕೔

௜ െ ௙ݎ
ିଵܴ௕೔

௜ ሻ	ܾ௘೔
௜ ൅ ൫1 െ ௙ݎ

ିଵܴ௘೔
௜ ൯ ൌ 0                        (iv)               

(Tiܳ௕೔
௜ െ βiQiܥ௕೔

௜ െ ௙ݎ
ିଵܴ௕೔

௜ ሻܾగ೔
௜ ൅ ܳ௜ ൅ ܶ௜ܳగ೔

௜ ൌ 0                           (v)               

where T = π- Cβ -(1- β)rf
-1 and Ti = πi- Ciβi -(1- βi) rf

-1 

 

Case One: Risk Free Capital Market with C(b) = Ci (bi) = ݎ௙
ିଵ, R(b,e)= Ri (bi, ei) = rf                

(i), (ii), (iii), and (iv) can imply that: Qb =ܳ௕೔
௜ =0,  

            and TQbെ βQCbെݎ௙
ିଵRb = Tiܳ௕೔

௜ െ βiQiܥ௕೔
௜ െ ௙ݎ

ିଵܴ௕೔
௜  = 0; 

Then ܳ௜ ൅ ܶ௜ܳగ೔
௜ ൌ 0 according to (v), equivalently, it is ܧொ೔గ೔ ൌ 	െ

గ೔

గ೔ି௥೑
షభ. 

 

Case Two: Costly Capital Market with C(b) = Ci (bi) =ݎ௙
ିଵ, R(b,e)= Ri (bi, ei) = rf   

(ii), (iv), and (v) can derive that:  

Tiܳ௕೔
௜ െ βiQiܥ௕೔

௜ െ ௙ݎ
ିଵܴ௕೔

௜  = ൌ െ
ொ೔ା்೔ொ

ഏ೔
೔

௕
ഏ೔
೔  = 

ሺ஼೔ି௥೑
షభሻொ೔

௕
ഁ೔
೔  = 

௥೑
షభோ

೐೔
೔ ିଵ

௕
೐೔
೔ ; 

Then (v) can show that: ܧொ೔గ೔ ൌ 	െ
ሺொ೔ାெ௉್೔௕

ഏ೔
೔ ሻగ೔

்೔	ொ೔
; 

Next, according to Comparative Statics Analysis, one can get  

      
ௗగ೔

ௗ௅೔
ൌ

೏ሺೡሻ

೏ಽ೔

|ௌை஼|
	, ௗ௘

೔

ௗ௅೔
ൌ

೏ሺ೔ೡሻ

೏ಽ೔

|ௌை஼|
	, and 

ௗఉ೔

ௗ௅೔
ൌ

೏ሺ೔೔ሻ

೏ಽ೔

|ௌை஼|
	.        
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