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SMM intervention. These findings indicate that the students had significant increases in their 

mathematics self-efficacy across the time frame of the intervention. 

Summary. For these quantitative findings, the data analysis revealed a statistically signif-

icant improvement from pretests to posttests only for the measure of mathematics self-efficacy. 

Other data from the instruments─the LMT/TKAS MKT Measures (Hill et al., 2004) Number and 

Operations subscale, the LMT/TKAS MKT Measures Algebra subscale, and the Mathematics 

Problem-Solving Assessment─either showed statistically insignificant improvement or decline 

(in the case of the Algebra subscale data) from pretest to posttest over the time of the SMM in-

tervention.  

Whereas the MKT measures for the PTs did not significantly improve from pretest to 

posttest according to the quantitative data, even declining in the algebra results, the interview 

data revealed several important MKT changes. These shifts connected to their improvements in 

mathematics self-efficacy, which did significantly improve from pretests to posttests in this 

study. The following section provides insights into PTs’ changes during the time of the SMM 

intervention as illustrated by the qualitative data gleaned from the interviews, Mathematics Prob-

lem-Solving Assessment, and two other student artifacts. 

Qualitative Results 

Overview. Analysis of student artifacts and interview transcripts involves looking for evi-

dence of understanding and misconceptions in the products they produced, recognizing their 

mathematical reasoning through the various stages in their problem-solving process, and inter-

preting conversations for evidence of PTs’ MKT, mathematics self-efficacy, and other personal 

growth. This analysis is fundamentally different from comparing pretest and posttest scores or 

survey and rubric scores and computing means, standard deviations, and p-values for paired 
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sample t-tests. Examining details about what PTs produce in student artifacts or say during inter-

view conversations has the potential to provide insights into their views of mathematics in gen-

eral, their understandings of key mathematics problem-solving concepts, and their perceptions of 

their own mathematics self-efficacy growth and other changes in beliefs. Indeed, examining what 

students say and produce may offer insights into their understandings that cannot be inferred 

from looking at summary statistics or statistical test results from quantitative data. 

The analysis of the qualitative interview data along with various student artifacts revealed 

rich insights involving influences of the SMM intervention on PTs’ MKT and mathematics self-

efficacy, along with other emergent findings. One theme evident in the interview data is that PTs 

shifted from a view of mathematics as a set of procedures to a view of mathematics as a concep-

tual web of interconnected ideas. This theme is called changes in beliefs about mathematics. 

There is evidence in the interview and student artifact data that the SMM supported PTs’ con-

struction of viable arguments as they justify the mathematics they use in various problem-solving 

contexts in a visually clear and efficient way. This theme is called justifying reasoning in prob-

lem solving with visual clarity. In addition, the PTs viewed a broad range of strategies and think-

ing as mathematically valid, including their own. This theme is called variety of valid strategies 

and includes two subthemes: the SMM’s organizational structure and its facility or ease of use. 

Next, the quantitative data indicated a significant impact of the SMM on PTs’ mathematics self-

efficacy, and the fourth theme involves this important construct. This theme illuminates the 

strong connections in the interview data between PTs’ MKT and mathematics self-efficacy and 

is called changes in mathematics self-efficacy and connections with MKT. The final theme is 

called implications for future teaching, as many interview participants revealed their commit-

ment and their rationale for using the SMM when they become elementary teachers, citing rea-
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sons involving MKT and mathematics self-efficacy. Table 13 provides a listing of these themes, 

along with a brief description of each theme. 

Table 13 
 
Interview Themes 
              
Theme     Description        
 
Changes in beliefs   A shift from PTs’ view of mathematics as primarily a set of 
about mathematics   procedures to a perception of mathematics as a conceptual  
     web of interconnected ideas 
 
MKT: Justifying reasoning   Impact on PTs’ ability to construct viable arguments to  
in problem solving    justify the mathematics they use in various problem- 
with visual clarity   solving contexts in a visually clear and efficient way 
 
MKT: Variety of valid strategies PTs viewing a broad range of strategies and thinking as  
(Subthemes: the SMM’s  mathematically valid, including their own, highlighting the 
organizational structure, the  SMM’s organizational structure and its facility or ease of  
SMM’s facility or ease of use) use 
 
Changes in mathematics  Connections in the interview data between PTs’ MKT and 
self-efficacy and connections  mathematics self-efficacy 
with MKT 
 
Implications for future  The nature of PTs’ commitment to use the SMM as  
teaching    elementary teachers along with their rationale, citing evi- 

dence of MKT and mathematics self-efficacy growth 
              
 

The next sections will describe each of these themes in detail, including interview ex-

cerpts and supporting images from student artifacts. In addition, some of the themes include pro-

files of students to provide in-depth information to better illuminate each theme. In every case, 

pseudonyms that the PTs chose for themselves are used for each of the interview participants. 

  Changes in beliefs about mathematics. The first theme emerging from the interview 

data involves the PTs offering evidence of a shift in beliefs about mathematics. Three of the six 

interview participants’ beliefs indicated change from viewing mathematics as a set of procedures 
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to viewing mathematics as a conceptual web of interconnected ideas (Ambrose, 2004; Hiebert & 

Lefevre, 1986), linking this change to the SMM intervention.  

In her interview, Allison offered evidence of this sort of change in beliefs about mathe-

matics from viewing mathematics as a set of procedures to viewing mathematics as a conceptual 

web of interconnected ideas. Allison commented early in her interview that she thought of math-

ematics as primarily a matter of remembering all the many formulas and procedures. This is clear 

when she remarked that she viewed mathematics as “8,000 formulas” (Allison’s interview, Line 

38, November 8, 2016) and needing to recall what to do when. She went on to state, “The hardest 

for me is to remember I need to do this for this type of problem, but not for that type of problem” 

(Lines 37-41). To illustrate the change in her views of mathematics through the SMM interven-

tion, she stated, “After the [SMM], I did understand things differently” (Line 50). After the 

SMM intervention, she found that she could understand and explain things better using this visu-

al way to solve problems, rather than using more familiar, traditional approaches. Allison then 

commented about the SMM, “It makes you look at math in a different perspective” (Lines 304-

305), again indicating a significant shift in her beliefs about mathematics. 

Two other interview participants articulated this theme in other ways. Suggesting some of 

the pedagogical strategies used by various teachers in his educational background, Jack referred 

to mathematics with language indicating lower-level cognitive demands when he stated, “I be-

lieve math is … you get it through repetition. The more you practice it, it’s better. … You can do 

a bunch of different examples, and it’s the same concept. You should understand it” (Jack’s in-

terview, Lines 76-80, November 14, 2016). Later in the interview, he said, “I’ve gained more 

knowledge about different ways of solving problems, different ways of logic” (Lines 122-123). 

This indicates that while he still values repetition in mathematics, after the SMM intervention, he 
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viewed mathematics as more reasonable and logical. He appreciates variety in problem-solving 

strategies and views the SMM as a visual sense-making approach with an organized flow of ra-

tional and connected ideas. It appears that he is moving from thinking of mathematics as empha-

sizing rote memorization and procedures toward thinking of mathematics as emphasizing proce-

dures with connections to deeper, conceptual understandings of mathematics content.  

Maria also spoke during her interview about mathematics as primarily procedural before 

the SMM intervention. Maria likened learning mathematics to learning a language: “Since I ha-

ven’t been using it and I haven’t been keeping up with it, like a language, then I feel like I’ve lost 

some methods that I knew” (Maria’s interview, Lines 184-185, November 14, 2016). Notice that 

she thought of mathematics primarily in terms of methods or procedures. Later in the interview, 

though, showing MKT growth, she said that the SMM’s visual nature helps her better understand 

mathematics problem solving. In her words, “It’s just like something that’s there now, so it’s not 

abstract. You’re just thinking in your head or trying to find an algebraic expression” (Lines 241-

242). For her, the SMM makes problem solving clearer and less abstract for her mind. In these 

excerpts, Maria may be moving from thinking of mathematics with a cognitively lower, proce-

dural focus toward thinking of mathematics with a cognitively higher, conceptual focus. 

Changes in mathematical knowledge for teaching. The interview data, coupled with PTs’ 

student artifact excerpts, suggested two themes involving the PTs’ MKT growth in conceptual 

understanding as the PTs highlighted some of the SMM’s potentially helpful pedagogical fea-

tures. One theme involves the SMM supporting PTs’ ability to construct viable arguments to jus-

tify the mathematics they use in various problem-solving contexts in a visually clear and efficient 

way. Another theme was that the PTs viewed a broad range of strategies and thinking as mathe-

matically valid, including their own. Two subthemes related to this second theme: SMM’s organ-
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izational structure and its facility or ease of use. These themes and subthemes are described in 

this section, with relevant examples from the PTs’ interview and student artifact data. 

MKT: Justifying reasoning in problem solving with visual clarity. There is consistent 

evidence in both the PTs’ interview and student artifact data that the SMM intervention support-

ed their construction of viable arguments in various problem-solving contexts. Presented here are 

illustrative quotes from students, followed by student profiles showing more in-depth support for 

this theme.   

Highlighting the SMM’s visual clarity and organizational structure, Allison found that the 

SMM significantly helped her on word problems. She could explain her solution process better. 

After an interviewer’s comment about the SMM being a nice visual move from direct modeling 

toward algebraic thinking, Allison agreed and expressed her sense that “learning different ways 

of doing things” (Allison’s interview, Line 88, November 8, 2016) makes a difference in her 

ability to confidently show her reasoning process to others as she solves problems.  

Speaking about the course in general, Sharonda too mentioned that she has learned “bet-

ter ways to solve problems” (Sharonda’s interview, Line 92, November 9, 2016). Then she de-

clared, “This [the SMM] might be the main thing for me” (Line 96), indicating that the SMM 

intervention was something of a course highlight for her. Delving deeper, she revealed that she 

likes this problem-solving approach for a variety of reasons, but especially for “[showing] your 

thought process for a word problem” (Lines 126-127). Sharonda then elaborated that “it seems 

plain as day now to show how you got an answer, just to visualize it” (Lines 127-128). The 

SMM, then, supports her as she constructs viable arguments and as she justifies her reasoning in 

problem-solving situations. 
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An interview highlight came during Jimmy's interview when he was asked a general 

question about the SMM's impact, and Jimmy declared how the SMM helps him justify his rea-

soning in problem solving. In a very poignant exchange, he said, "This … is what's going on in 

my head, when I do it in my head" (Jimmy’s interview, Line 178, November 15, 2016). When 

asked to expound a little further on this remark, as he pointed to a SMM diagram example on his 

posttest, he said, “The little blocks ... (this is) just kind of what's going on up here. I can spit the 

number out, but I never really had a way to put it down and show someone what I was thinking" 

(Lines 182-184). In addition to seeing the SMM as valid and natural, Jimmy, who described his 

mathematics ability growing up as “a car’s length ahead of everybody” (Line 17), also articulat-

ed his MKT growth as a more critically reflective thinker. Along these lines, he stated that before 

the SMM intervention, “I just kind of do it instead of thinking about it” (Lines 334-335), but af-

ter the intervention, he said he thought more about “how I would do it instead of just doing it” 

(Line 336). In the context of this study’s use of SMM with cognitively demanding problem-

solving tasks, this comment shows clear growth in metacognition. With the SMM, in particular, 

Jimmy seems more confident to explain his understanding and to help others understand. He is 

consciously slowing down and thinking reflectively about teaching and learning pedagogy. Later 

in the interview, Jimmy highlighted the visual clarity of the SMM when he added, “I think if I 

can show bars and numbers, instead of just numbers, that it would help” students understand 

(Jimmy’s interview, Lines 372-373, November 14, 2016). Here again, he is reflecting on effec-

tive teaching practices, shifting to a SCK focus. 

Christy also had a very positive overall experience with the SMM. At two different times 

in her interview, she pined, "I wish I would have known this growing up" (Christy’s interview, 

Line 180, November 15, 2016). She said several times that she struggled with problem solving 
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and with algebra growing up, but not so much with fractions, as her father worked hard with her 

to overcome those struggles after the school day and during holiday breaks. She mentioned re-

peatedly that she particularly liked the visual nature of SMM: "I just think that being able to ac-

tually see it on paper, it helps me a lot. I enjoyed it. There's nothing I didn't like about the Singa-

pore method" (Lines 182-184).  

 Maria’s profile. The SMM intervention supported Maria’s construction of viable argu-

ments in various problem-solving contexts. Specifically, Maria showed evidence of the follow-

ing aspects of SCK: methods of presenting mathematical ideas, modeling multiple strategies for 

any one problem, evaluating methods based on accuracy and efficiency, and being comfortable 

with various representations. Presented here are illustrative quotes supporting this evidence of 

MKT growth from Maria’s interview.  

Maria offered evidence in her Mathematics Problem-Solving Assessment that she consid-

ers the SMM a problem-solving strategy that is visually clear and efficient. Maria improved from 

18 points on the pretest to 20 points on the posttest (for an 11% gain). This slight improvement, 

though, is even more remarkable when we consider specific problems. On problem 1, she may 

well have used some sort of mental “guess and check” way on the pretest to find the correct solu-

tions, as no supportive work is shown, whereas on the posttest, the drawings clearly support or 

justify her correct solution. See Figure 11 for Maria’s pretest work on problem 1, and see Figure 

12 for Maria’s posttest work on the same problem. 

 

 
  
 
  
Figure 11. Sample Student Work on Mathematics Problem-Solving Assessment (Maria’s Pretest, 
Problem 1) 
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Figure 12. Sample Student Work on Mathematics Problem-Solving Assessment (Maria’s Post-
test, Problem 1) 
 
While Maria’s pretest and posttest solutions are both correct, she improved from 4 to 5 points on 

the rubric (Swars Auslander, 2016) for this problem because her SMM posttest explanation is 

clear and concise, with strong justification for her solution. 

A percent application, problem 2 is another excellent study in contrast qualitatively, alt-

hough she earned 5 points on the scoring rubric (Swars Auslander, 2016) both times. On the pre-

test, Maria used a proportion approach to find the answer, and her work makes mathematical 

sense. However, on the right side of her pretest work, there were other calculations that were dif-

ficult to understand, probably earlier attempts to solve the problem. On the posttest, Maria’s 

work is coherent and shows efficiency in the procedural fluency sense of the term (NRC, 2001), 

as she drew the SMM diagram with 25% and 20 pets in each box and recorded the complete an-

swer. The improvement in Maria’s SCK is very evident in this instance. See Figure 13 for Ma-

ria’s pretest work on problem 2, and see Figure 14 for Maria’s posttest work on this problem. 

 

 

 

 

Figure 13. Sample Student Work on Mathematics Problem-Solving Assessment (Maria’s Pretest, 
Problem 2) 
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Figure 14. Sample Student Work on Mathematics Problem-Solving Assessment (Maria’s Post-
test, Problem 2) 
 
During the interview, Maria mentioned how impressed she is with the visual clarity of the SMM. 

She also highlighted its flexibility as she remarked, "It's a picture for you. You can change it. 

You can manipulate it how you want …" (Maria’s interview, Line 251, November 14, 2016).  

For Maria, SMM’s visual approach is clearer to understand, supporting her growth in 

MKT. Later in the interview, she reflected on her posttest work on problem 2, commenting on 

her efficiency with the SMM. She is more confident in her likely success when she uses this 

strategy. Focusing on problem 2, Maria captures these insights in a very persuasive way in the 

following interview excerpt. The symbol ‘I’ stands for the interviewer, and ‘P’ represents the 

participant, in this case, Maria. 

 I: …This is number 2 on the pretest and posttest. You used a proportion on this one  

   [the pretest], but on this one you're drawing a picture [the posttest]. With which  

     were you more confident? 

 P: This one [the SMM] was easier because ... we had done a problem like the 

 percentage [problem in class], so it was a lot easier. 

I: It was clearer there. You're more confident. I saw people doing something like 

this and I don't know, flip-flopping this and ending up with the wrong answer a 

lot of times, or going .75 times 60 instead of 60 divided by .75, which is actually 
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correct. But over here [your SMM work on the posttest], it's clear. I think it's real 

clear what you did and that your answer ought to be what it is. That's interesting. 

P: Do you see how much space I used on that one instead of this one!?! It's just ... 

 I: More efficient?  

 P: Yeah.  

 I: That's interesting. Yours is a great case-study, in terms of before and after, how 

 it's changed. (Maria’s interview, Lines 345-360, November 14, 2016) 

As we discussed this problem, Maria commented on how the SMM approach was so much more 

efficient than other methods. She recognized her clear focus and use of less time and space on 

the page using the SMM. 

On problem 3, Maria used an algebraic approach on the pretest and the SMM on the post-

test. In both instances, she had the correct answer and strong work to support it, earning 5 points 

on the rubric (Swars Auslander, 2016) for both assessments. See Figure 15 for Maria’s pretest 

work on problem 3, and see Figure 16 for Maria’s posttest work on the same problem. 

 

 

 

  
 

Figure 15. Sample Student Work on Mathematics Problem-Solving Assessment (Maria’s 
Pretest, Problem 3) 
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Figure 16. Sample Student Work on Mathematics Problem-Solving Assessment (Maria’s Post-
test, Problem 3) 

 

Maria handled this classic early algebra problem well using these two very different approaches. 

Both her algebraic technique on the pretest and her SMM diagram approach on the posttest are 

technically excellent, and yet her use of the SMM does a better job justifying her reasoning in 

this particular problem-solving situation. 

Once again, Maria offered several helpful insights in her interview, commenting on the 

SMM’s efficiency and its ease of use for this problem. As before, the letter ‘P’ represents the 

participant, Maria, and the ‘I’ represents the interviewer. Referring to problem 3, Maria said, 

P: This one was actually … it took me longer to solve this on the pretest than on the 

post one. It took me significantly longer … 

I: That's cool. I’ll probably use this. I'll refer to this Number 3 and say, "Isn't that in-

teresting? She did it right and did it beautifully right both ways." An algebra 

teacher's going to say, "Yes, that's great." Any teacher would say, "Yes, this looks 

like it makes good sense," but you said, "This [the SMM] was more efficient ... 

P: I took longer, I remember, on this [pointing at her pretest work] than this [point-

ing at the posttest]. (Maria’s interview, Lines 333-344, November 14, 2016) 
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The SMM drawings form a solid bridge to algebra, and Maria seems quite comfortable using 

both strategies. An efficient method for these problem types, the SMM provides clear justifica-

tion for Maria’s problem-solving decisions. 

Repeatedly in her interview, Maria emphasized the SMM’s visual nature and the fact that 

students can use the SMM in a variety of ways on any one problem. The "clear picture" (Line 

257) aspect came up in her interview with the added conviction that "there's no way to confuse 

yourselves" (Line 258). She added, "It made some really hard problems that I overthink, general-

ly, easier" (Lines 495-496), citing the chocolate problem on the SMM Classwork/Homework as 

an example. As we have seen, there is consistent evidence in both Maria’s interview and student 

artifact data that the SMM supports her as she constructs viable arguments in various problem-

solving contexts through its visual clarity and efficiency. 

Jimmy’s profile. The SMM intervention supported Jimmy’s construction of viable argu-

ments in various problem-solving contexts through its visual clarity and its helpfulness for sense-

making. Specifically, Jimmy showed evidence of the following aspects of SCK: modeling multi-

ple strategies for any one problem, evaluating methods based on accuracy and efficiency, and 

being comfortable with various representations. Excerpts from Jimmy’s interview and Mathe-

matics Problem Solving Assessment further illustrate this MKT-oriented theme.  

Operating at a very high level on both assessments, Jimmy’s work with the SMM draw-

ings on the posttests was visually clear and efficient on 4 out of the 5 problems. Jimmy scored 22 

or 23 points on the pretest and 22 or 23 points on the posttest for the two independent scorers. 

While these scores are consistent, they are very high scores (88-92%). While Jimmy performed 

extremely well on the pretest, it is still very interesting to consider his work improvement from 

pretest to posttest, problem by problem. Problem 2 is a qualitative study in contrast. While Jim-
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my earned 5 points on the rubric (Swars Auslander, 2016) for both the pretest and posttest, his 

work still shows marked improvement, especially in terms of justifying his correct answer to this 

percent application. See Figure 17 for Jimmy’s pretest work on problem 2, and see Figure 18 for 

Jimmy’s posttest work on the same problem. 

 

 

 

 

Figure 17. Sample Student Work on Mathematics Problem-Solving Assessment (Jimmy’s Pre-
test, Problem 2) 
 

 

 

 

 

Figure 18. Sample Student Work on Mathematics Problem-Solving Assessment (Jimmy’s Post-
test, Problem 2) 
 
On the pretest, Jimmy seemed to settle on the correct answer, and his open sentence in the top 

left is supportive of this answer. The rest of what he wrote seems very scattered and unclear. On 

the posttest, however, Jimmy’s work with the SMM is very focused, efficient, and clearly sup-

portive of his solution, with 25% and the corresponding 20 students in each box.  

On problem 4, the quantitative and qualitative contrast from Jimmy’s pretest to posttest is 

rather extreme. He may have used a guessing method on the pretest, and he used the SMM on the 

posttest. His rubric (Swars Auslander, 2016) score improved from 1 point on the pretest to 5 
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points on the posttest. Refer to Figure 19 for Jimmy’s work on problem 4 on the pretest and Fig-

ure 20 for Jimmy’s posttest work on the same problem. 

 

 

 
 
 
Figure 19. Sample Student Work on Mathematics Problem-Solving Assessment (Jimmy’s Pre-
test, Problem 4) 
 

 

 

 

 

Figure 20. Sample Student Work on Mathematics Problem-Solving Assessment (Jimmy’s Post-
test, Problem 4) 

 

On the pretest, it was very difficult to follow Jimmy’s reasoning, and he did not progress very far 

toward a reasonable solution. While the ratio between Travis’s and Manda’s number of books is 

correct and the ratio between Travis’s and Dan’s number of books is correct, Dan has only 3 

more than Manda in Jimmy’s pretest solution. Thus, none of the three values are correct on this 

pretest. In stark contrast, Jimmy’s SMM posttest drawings were wonderfully clear, efficient, and 

accurate. During his interview, Jimmy noticed this contrast and mentioned how easy his work on 

the posttest is to understand. He stated, “It’s easy to set up, it’s easy to look at, graphically” 

(Jimmy’s interview, Line 213, November 15, 2016). Operating at a high level, Jimmy displayed 

some gains and losses from pretest to posttest, but in general, his work with the SMM drawings 

is visually clear, efficient, and understandable, providing indication of significant SCK growth. 
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Sharonda’s profile. The SMM intervention supported Sharonda’s construction of viable 

arguments in various problem-solving contexts through its visual clarity and its helpfulness for 

improving her thought processes on word problems. Specifically, Sharonda showed evidence of 

the following aspects of SCK: modeling multiple strategies for any one problem, evaluating 

methods based on accuracy and efficiency, and being comfortable with various representations. 

Excerpts from Sharonda’s interview and Mathematics Problem Solving Assessment further illus-

trate this MKT-oriented theme. 

On her Mathematics Problem-Solving Assessment pretest and posttest, Sharonda exhibit-

ed rather remarkable improvement in a PTs’ SCK aspect of MKT. Showing her overall thought 

process growth because of the SMM, Sharonda improved from 13 points on the pretest to 23 or 

24 points on the posttest for the two independent scorers. This extraordinary 77-81% improve-

ment, though, is more striking when we consider specific problems from a qualitative standpoint.  

In problem 3, Sharonda displayed rather extreme improvement in problem-solving suc-

cess as she applied the SMM. Sharonda used an arithmetic approach on the pretest and the SMM 

on the posttest, and her rubric (Swars Auslander, 2016) score improved from 1 to 5 on these as-

sessments. See Figure 21 for Sharonda’s pretest work on problem 3, and see Figure 22 for Sha-

ronda’s posttest work on the same problem. 

 

 
 
 
 
 
 
Figure 21. Sample Student Work on Mathematics Problem-Solving Assessment (Sharonda’s 
Pretest, Problem 3) 
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Figure 22. Sample Student Work on Mathematics Problem-Solving Assessment (Sharonda’s 
Posttest, Problem 3) 
 
 
On this early algebra problem, Sharonda’s pretest work did not progress very far toward the cor-

rect answer, with one step in the right direction on a multistep word problem. On the posttest, she 

used the SMM to find the correct answer, and her work clearly supported her reasoning. In this 

instance, though, while her work supported her solution, there is some extraneous work to the 

right of her SMM work. Notice that she made her answer explicit by writing it into a sentence.  

Problem 4 also displays Sharonda’s clear growth in MKT. Sharonda improved from 1 

point on the pretest to 5 points on the posttest. Refer to Figure 23 for Sharonda’s pretest work on 

problem 4 and Figure 24 for her posttest work on the same problem. 

 
 
 
 
 
 
Figure 23. Sample Student Work on Mathematics Problem-Solving Assessment (Sharonda’s 
Pretest, Problem 4) 
 

 

 

 

 
Figure 24. Sample Student Work on Mathematics Problem-Solving Assessment (Sharonda’s 
Posttest, Problem 4) 
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On the pretest, it was very difficult to follow Sharonda’s reasoning, and she did not progress very 

far toward a reasonable solution. In stark contrast, again showing significant growth, her posttest 

SMM drawings were visually clear, efficient, and accurate, and they support her solution well. In 

this instance, though, while her work supports her solution, there were evidently some mental 

calculations that did not appear on paper. Once again, with the SMM, Sharonda consistently 

made her answer explicit by writing it into a sentence. 

Like many of her other efforts, Sharonda’s work on the very abstract problem 5 shows 

significant MKT improvement. Her rubric (Swars Auslander, 2016) scores increased from 1 

point on the pretest to 3 points on the posttest. Refer to Figure 25 for Sharonda’s pretest work on 

problem 5 and Figure 26 for her posttest work on the same problem. 

 

 

 

 
Figure 25. Sample Student Work on Mathematics Problem-Solving Assessment (Sharonda’s 
Pretest, Problem 5) 

 

 
 
 
 
 
 
 
 
 
 

Figure 26. Sample Student Work on Mathematics Problem-Solving Assessment (Sharonda’s 
Posttest, Problem 5) 
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On problem 5 on the pretest, it was very difficult to follow Sharonda’s reasoning. There is an 

incorrect answer with no work to justify her reasoning. In stark contrast on a very difficult prob-

lem, her posttest work shows a reasonable drawing and an algebraic equation that makes sense. 

As she started to solve the equation, however, she seemed unclear which variable to solve for 

and lost track of the other variable. As with other PTs, writing the solution in a complete sen-

tence was her consistent practice on all five problems when she used the SMM. 

Repeatedly in her interview, Sharonda spoke about how the SMM is visually clear and 

helpful to counter common mistakes. She said, “This is a much easier way of seeing things” 

(Sharonda’s interview, Lines 235-236, November 9, 2016), expressing her conviction that the 

SMM helps you “[show] your thought process with the word problems” (Lines 236-237). Given 

her remarkable improvement, her case is illustrative of many key strengths of this problem-

solving approach. This is perhaps a reason why she designated the SMM as a “main thing” (Line 

96) for her in the Foundations of Number and Operations course. 

As we have seen, there is consistent evidence in both interview and student artifact data 

that the SMM supports these PTs as they construct viable arguments in various problem-solving 

contexts. This support is primarily through the method’s visual clarity and efficiency. The next 

theme also supports PTs’ growth in SCK. 

MKT: Variety of valid strategies. Another theme involving MKT that the interview data 

revealed was that the SMM contributed at least in part to the elementary PTs’ view that a broad 

range of strategies and thinking are mathematically valid, including their own. Involving both the 

course professor and the intervention instructor, exposure to many different problem-solving 

strategies seems to be a theme of the Foundations of Number and Operations course. Each of the 

six interview participants commented on the variety of valid strategies shown by students and 
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instructors in the course and how that changed their perception of their own MKT, with specific 

mention of the SMM.  

For instance, throughout her interview, Christy spoke persuasively about the variety of 

problem-solving strategies encouraged throughout the course. Revealing some of her struggles 

with mathematics in her formative years, she expressed that the SMM had an impact on her 

problem-solving success. To illustrate this, she asserted at one point, “I do think I have the abil-

ity to solve a problem better” (Christy’s interview, Lines 118-119, November 15, 2016). Later, 

Christy paused and reflected, “I think the strategies and the different ways to solve problems now 

are … easier, better to understand, better for comprehension” (Lines 132-133). Christy further 

asserted that the SMM made problem-solving decision-making clearer for her. She shared, “It 

helps you solve problems visually. I like to see things visually, so this guided me to getting either 

the right answer or close to the right answer” (Lines 216-218). Christy recognized that the SMM 

is a valid and helpful problem-solving technique. 

Allison commented about learning a variety of problem-solving strategies. She stated, 

“When I become a teacher, I can say, ‘Okay if you can't get it this way, you can do it this way, or 

if not, I have another way.’ It allows me to broaden my way of thinking and to be able to reflect 

it into the students” (Allison’s interview, Lines 90-93, November 8, 2016). She has evidently 

learned a variety of problem-solving strategies in the course, including the SMM. The course has 

expanded her awareness of mathematics problem-solving approaches, providing more strategies 

as she prepares to teach elementary mathematics. She later expressed her conviction that the 

SMM is a strong method for visual and kinesthetic learners and for struggling mathematics stu-

dents. 
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Both Sharonda and Maria stressed the variety of strategies in the course as one of its 

prominent features. In Sharonda’s interview, moments after she commented, “I’ve definitely 

learned some things from this class” (Sharonda’s interview, Line 90, November 9, 2016), she 

was pressed for a few highlights. She replied that she has learned “better ways to solve prob-

lems” (Line 92). Then, she made the sudden revelation, “This [the SMM] might be the main 

thing for me” (Line 96). She views the SMM and a variety of other problem-solving strategies in 

the course as valid and helpful. In her interview, Maria also recognized the SMM’s impact on her 

thinking in her comment, “I like it because it gives you a whole, new, different way of thinking 

of [mathematics problem solving]. I really liked that” (Maria’s interview, Lines 107-108, No-

vember 14, 2016). She recognizes that the SMM is very helpful in some instances, but that it is 

perhaps better to use other methods for certain problem types.  

Displaying SCK growth, Jack and Jimmy both spoke often and persuasively about how 

helpful the various problem-solving strategies featured in the course were to them. For example, 

Jack said, “It’s just interesting to see how many different ways you can get to this answer” 

(Jack’s interview, Lines 111-112, November 14, 2016). Along these lines, he recognized that 

“some [of the students’ attempts] are going to be right and valid, and some are going to be kind 

of faulty, and you’re going to try to ease them in the right direction” (Lines 117-118). When 

asked later about course highlights, Jack talked about “the diverse ways people come to the same 

answer” (Lines 148-149), citing the SMM as “a prime example” (Line 151) of a helpful problem-

solving heuristic. Along these lines, it is perhaps significant that toward the end of the interview, 

Jack lamented that “teachers don’t spend extra time or find different strategies or concepts. 

Whatever way the book has put, that’s what they’re teaching nowadays” (Lines 383-385). He 
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strongly values the variety of problem-solving strategies he has experienced in the course, and 

advocated here for less reliance on the textbook method.  

In a course which focuses on a variety of problem-solving strategies, the PT interview da-

ta revealed that the SMM stood out in many of the PTs’ minds as something of a highlight in a 

broad range of mathematically valid strategies. Two subthemes display some of the reasons for 

this: the SMM’s organizational structure and its facility or ease of use. 

The SMM’s organizational structure. Besides being a visually clear and efficient strategy, 

the SMM is considered by many of the interview participants to be a valid problem-solving strat-

egy. Evidently, these elementary PTs changed in their view that a broad range of strategies and 

thinking are mathematically valid, including their own. Several of the interview participants 

called attention to the SMM’s organizational structure as part of the reason for this shift.  

In her interview, Allison referred to the SMM as she recalled some of the seven major 

steps. She said, “The strength, definitely, as I keep saying, [is] the visuals and the steps that you 

told us to take” (Allison’s interview, Lines 155-156, November 8, 2016). She highlighted mak-

ing sure you read the question thoroughly and writing an open sentence with a blank for the solu-

tion. Then she alluded to the chunking of the problem as you build scale drawings of rectangles 

for the known and unknown quantities, along with a brace and a question mark for the unknown 

quantity. On their Mathematics Problem-Solving Assessment posttests and student artifacts, it is 

interesting to notice how consistently the PTs correctly made use of these SMM drawings and 

how regularly they explicitly showed their solutions to the problems. 

Sharonda developed this organized structure subtheme a little further as she highlighted 

the error analysis aspect of SCK. This was evident when she stated that if you use the SMM, 

“They know exactly what you did and how you got your answer. If you mess up, they can still 
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see exactly what you did wrong because it’s right there” (Sharonda’s interview, Lines 153-155, 

November 9, 2016). Later, she commented, “I feel like you can more easily catch yourself when 

you mess up” (Lines 239-240). Maria made similar comments. Maria may have alluded to 

SMM’s organizational strength when she spoke about its visual clarity in these words: “You can 

see it with a clear picture, so you know exactly what you’re looking for. There’s no way to con-

fuse yourselves” (Maria’s interview, Lines 257-258, November 14, 2016). In her interview, she 

mentioned how the SMM can help with error analysis since it is "easier to compare your answers 

or see where you got it wrong" (Line 255). Error analysis is a significant part of SCK and heavily 

impacts a mathematics teacher’s pedagogical decision making. 

Showing further evidence for this subtheme, Jack responded to an interview question 

about the SMM’s strengths and weaknesses with a very strong affirmation of its organizational 

structure:  

The strength is that it's very organized. … They see it and instead of having numbers and 

things everywhere, they have it organized. That's what I liked about it and what I think is 

the strength of it. Then the weakness, I guess if it was a test and they were pushed for 

time [and] they have a lot of problems, I don't think they would have time to draw every 

box for each problem. They wouldn't be able to organize it, which would help them. Be-

cause I feel like math, a lot of people [who are not] good at math, it's because it's every-

where―numbers―and it's making them crazy. I feel like this is so organized, it would 

make everything settle down and they won't be so flustered. (Jack’s interview, Lines 206-

215, November 14, 2016) 

In this excerpt, Jack stressed repeatedly that the SMM is very organized. He sandwiched a time-

consuming factor weakness in the middle of his answer, but then he settled on the SMM’s organ-
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izational structure as a compensating strength to help students succeed in various mathematics 

problem-solving contexts. 

In these interview excerpts, several of the interview participants refer or allude to the 

SMM’s organizational structure as part of the reason why this is a valid strategy for mathematics 

problem solving. Some participants emphasized SCK’s aspect of anticipating different ways to 

think about mathematics, including common misconceptions or error patterns. As seen in the 

next subtheme, though there is a seven-step process involved, the PTs generally find the SMM to 

be straightforward and easy to apply to a variety of word problem types. 

The SMM’s facility or ease of use. There was consensus across the six interviews on the 

facility or ease of use of the SMM for a variety of problem types. This feature would add to its 

likelihood of its being selected as a strategy for a given problem. These PTs also find the method 

simple and straightforward to use and to evaluate its accuracy. 

Three PTs illustrated this facility subtheme particularly well. Allison said that she felt 

that the SMM was easier to use on certain problems than other methods. In the context of dis-

cussing a fraction application, for instance, Allison declared, “It’s actually easier that way [the 

SMM] than to do it the algebraic way” (Allison’s interview, Lines 65-66, November 8, 2016). 

On one of the more difficult sample problems during the SMM intervention, Allison commented 

after she understood how to do the problem with the SMM, “This is fun, this is easy” (Line 162). 

Next, pointing to her work on the posttest with the SMM, Sharonda remarked that this is a 

“much easier way of seeing things” (Sharonda’s interview, Lines 235-236, November 9, 2016). 

Jack also weighed the time it takes to work through the SMM’s steps and concluded that “alt-

hough [the SMM drawing] takes time, it makes things a lot easier” (Jack’s interview, Lines 99-

100, November 14, 2016), in general.  
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Maria, too, felt that the method is easier than other strategies and helps students over-

come common errors such as using the inverse operation for a word problem (e.g. adding when 

the problem indicates subtraction and multiplying when the problem requires division). In the 

context of a fraction division problem, Maria felt that “[the SMM] made some really hard prob-

lems that I overthink generally easier” (Maria’s interview, Lines 495-496, November 14, 2016). 

Discussed earlier, during our interview discussion of problems 2 (Figure 12) and 3 (Figure 14) 

on her Mathematics Problem-Solving Assessment posttest work, Maria commented about the 

SMM’s ease of use. Along with emphasizing its efficiency in the procedural fluency sense, Ma-

ria acknowledged its ease of use excitedly and repeatedly as she compared her pretest and post-

test methods. For example, pointing at her SMM work, she referred to her work on problem 2 

and concluded, “This was actually easier” (Line 342). Then, as she considered her work on prob-

lem 3, she exclaimed about the SMM, “It was a lot easier” (Line 350). 

Jimmy described the SMM as easy to set up and easy to understand. Jimmy remarked, “I 

did like how easy [the SMM] is … to understand and to pick up” (Jimmy’s interview, Lines 274, 

277, November 15, 2016). He offered another statement that strongly supported this subtheme, 

“It’s easy to set up, it’s easy to look at, graphically” (Line 213). Earlier in his interview, Jimmy 

reflected about his learning, “I’m really good at using simple things and making them complex. 

If I can understand something simply, then I can pretty much do it on my own” (Lines 139-141). 

Reflecting SCK growth, he views the SMM as an easy-to-use and naturally helpful problem-

solving tool for young learners. 

Thus, several of the interview participants referred to the SMM’s facility or ease of use as 

part of the reason why this is a valid strategy for mathematics problem solving. Its accessibility 
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for all students is part of why it is so potentially powerful as an elementary mathematics peda-

gogical tool for PTs to master. 

Changes in mathematics self-efficacy and connections with MKT. The quantitative analysis 

of MSES-R Survey (Betz & Hackett, 1993) data in this study indicated that changes in mathe-

matics self-efficacy for the elementary PTs during the SMM intervention were statistically sig-

nificant. The qualitative interview data further supported this finding. While there are several 

allusions to mathematics self-efficacy changes in some of the earlier interview excerpts, this sec-

tion will revisit some of those instances and feature several additional cases.  

The fourth theme that emerged from the interview data is that shifts in PTs’ MKT con-

nected directly to their improvement in mathematics self-efficacy. As mentioned in the beliefs 

section, Allison commented that she thinks of mathematics as very formulaic or procedural in 

nature. With the SMM, she found that she could explain things better. She had more confidence 

in her ability to show her reasoning for problem-solving steps. This shows that PTs’ MKT and 

mathematics self-efficacy are connected in her mind to skill or fluency with a variety of prob-

lem-solving strategies. Allison spoke about liking critical thinking challenges in mathematics. 

She said that she generally does well in mathematics classes and enjoys solving problems be-

cause there is a definite answer.  

She also expressed confidence in her improvement, particularly through the SMM inter-

vention. In the following interview excerpt, Allison linked improvement in confidence to the 

visual nature of the SMM. In the following excerpt, ‘I’ refers to the interviewer, and ‘P’ repre-

sents the interview participant, in this case, Allison. 

 I: … do you believe your confidence in your abilities to do math has changed as a 

 result of this course you're in? … 
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P: In the beginning, no, but after the Singapore [Modeling Method], I did understand 

  things differently. I know with this [the SMM], it helped me look at things in a  

  visual way, and I remember in class I was very algebraic when we would ask  

  questions. I'm like, ‘Say, I get the same thing a different way.’ But I realized  

  when it comes to teaching kids that they're very visual, and sometimes they're not  

  going to get it the algebraic way. They'll get it during models like this, so it did  

  help me out when it comes to word problems because I'm not really good at word  

  problems. So, it did significantly help me.... (Allison’s interview, Lines 46-57,  

  November 8, 2016) 

Later and repeatedly throughout her interview, Allison referred to having several ways to ap-

proach problem solving as a source of increased confidence. Having a variety of pedagogical 

tools “allows [her] to broaden [her] way of thinking” (Line 92), which makes a difference in her 

sense of mathematics self-efficacy. In another instance, Allison linked MKT and mathematics 

self-efficacy when she said, “I can explain to the students better and I feel more confident in 

teaching it because I know different ways and because I learned more things about it” (Lines 

172-173). After further attributing her MKT and confidence growth to “having two passionate 

teachers [who] actually enjoy math” (Line 76), Allison offered a nice summary statement linking 

mathematics self-efficacy to knowing a variety of problem-solving strategies. Supporting this 

connection, she said, “Just because I know it one way and I'm confident, now I'm confident in 

doing it in a whole different way, and it makes a difference” (Lines 88-90).  

Several other interview participants expressed similar changes in their mathematics self-

efficacy through the SMM intervention. For example, during her interview, Christy clearly 

linked her growth in confidence to learning different ways to approach mathematics word prob-
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lems. She remarked, “I do think that I do have the ability to solve a problem better” (Christy’s 

interview, Lines 118-119, November 15, 2016) after exposure to a variety of strategies in the 

course, including the SMM. Jack, too, referred to the variety of problem-solving strategies in the 

course having a big impact on his growth in confidence, citing the SMM as “a prime example” 

(Jack’s interview, Line 151, November 14, 2016) of an effective way to help struggling learners 

with mathematics problem solving.  

When asked about confidence, Jimmy, who described his growing up years as “honor 

roll, straight A’s, pretty much perfect attendance” (Jimmy’s interview, Line 40, November 15, 

2016) also described himself becoming even more confident through engagement with the SMM. 

He commented, "It's not my ability that's changed, it's the fact that I can show my work and ex-

plain how I do it instead of just doing it” (Lines 96-97). Linking MKT with mathematics self-

efficacy, Jimmy went on to express, “I think that would help with my confidence, if someone 

asks why, you're not just like, 'Oh, because that's just how it is', you can actually sit down and 

explain it" (Lines 97-99). In the interview, when probed about whether his confidence changes 

were because of new strategies or the ability to explain it better, Jimmy quickly responded: 

"strategies" (Line 101). Like many of the others, his confidence growth is linked directly to 

MKT and, more specifically, to SCK. He added a very interesting reflection about his learning, 

“I’m really good at using simple things and making them complex. If I can understand something 

simply, then I can pretty much do it on my own” (Lines 139-141). He seems to view the SMM as 

a simple, yet powerful, tool to help students like him handle a wide variety of mathematics word 

problems successfully. Like many others, he attributed his growth in confidence to think-pair-

share and other collaborative opportunities in the course, including the SMM. Jimmy appreciates 
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seeing different perspectives or strategies for mathematics problem solving through teachers and 

other students.  

The interview data generally revealed that PTs’ growth in confidence is linked to their 

having a variety of problem-solving strategies in their pedagogical toolkit, so to speak, including 

the SMM. In the interview data, there were several references to affective states as PTs men-

tioned past struggles or successes, and there were a few references to vicarious experiences as 

PTs mentioned passionate instructors. While these were clear indicators of mathematics self-

efficacy growth, most of the self-efficacy-related interview data illustrated the self-efficacy cate-

gory called mastering or mastery experiences as a learner (Bandura, 1977, 1986 1993, 1997; 

Newton et al., 2012). Consistently in these interview excerpts, PTs spoke about growth in their 

ability to do mathematics with conceptual understanding, both in terms of showing their work 

and explaining their reasoning to others, as they made clear connections to growth in self-

efficacy. Several PTs also expressed growth in metacognition or reflection about their own think-

ing in mathematics problem-solving contexts 

Implications for future teaching. Toward the end of each interview, the PTs were asked, 

“Do you believe the Singapore Modeling Method is useful for you as a future elementary teach-

er?” Several PTs commented about using the SMM in their teaching future, and they mentioned 

interesting reasons for this commitment. These reasons display evidence of PTs’ growth in both 

MKT and mathematics self-efficacy. When Jack was questioned regarding the nature of his 

commitment to use the SMM in his teaching future, Jack spoke at length about it being quite 

helpful, especially to combat math anxiety. Speaking from research that he had done in another 

course, he said,  

  Math anxiety starts in elementary school, like around first and second grade. If you 
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 introduce something like this to elementary … students, then maybe they won't have 

 that anxiety on through the rest of their life.... This might change the future for them. I 

 just believe, because after doing that study on math anxiety [in another course], I felt like  

  it's because teachers don't spend extra time or find different strategies or concepts.  

  Whatever way that the book has put, that's what they're teaching nowadays. Introducing 

  something like SMM would be very helpful then. It will help a lot of students down the  

  path. They'll use it later on in life when they take high school math classes when they're  

  struggling. I just feel like, I will use it because of that reason to prevent math anxiety and  

  prevent students hating math, because once you get good at it, it's pretty fun. (Jack’s  

  interview, Lines 379-390, November 14, 2016) 

While several other PTs echoed this belief that the SMM is particularly effective for struggling 

students, Jack was especially articulate on this point. He went on to say how helpful the SMM is 

for problem solving, especially for students who struggle with mathematics: "I feel like it's a 

good teaching strategy, you know, especially for struggling students. I feel like they should use it 

in teacher education programs" (Lines 395-396). Interestingly, Jack told his mother about the 

SMM, and she reacted very favorably about teaching her middle school mathematics students 

with this method.  

Echoing these sentiments, Allison mentioned her belief that the SMM is particularly ben-

eficial for students with visual and kinesthetic learning styles, but also for students in general, in 

terms of impacting their confidence and enjoyment of mathematics. In the following excerpt, Al-

lison voiced these convictions: 

I definitely think it's beneficial because as we talked about before, every child learns 

 differently, and you have a lot of kids now that don't particularly like math, so you have  



190 
 

  to give it to them in a way for them to understand it and to know several different ways.  

  And I feel like [the] Singapore Method is a great method and is a great way to teach a  

  child who is very visual … or a kinesthetic learner where they can be hands on about it,  

  rather than algebraic.... Will I make this my top choice? … Elementary, yes.... this is  

  a great foundation in math. I think with a foundation like this, you build student's confi- 

        dence in math for them to actually enjoy the subject more because if you have confi- 

    dence, you enjoy it. You're typically going to do much better than if you hate it and  

   you're struggling and you don't even want to do it. I definitely think it gives more confi- 

  dence to students. It makes you look at math in a different perspective. (Allison’s inter- 

  view, Lines 291-305, November 8, 2016) 

In this excerpt, Allison emphasized learning styles and the visual and kinesthetic nature of the 

SMM. She views the SMM as a particularly strong teaching tool for elementary students, per-

haps even impacting their own self-efficacy and enjoyment of mathematics. She considers the 

SMM a "great foundation" (Line 300) and impactful in terms of confidence and enjoyment. Con-

tinuing this theme in her interview, Allison spoke about the advantage of having a variety of 

problem-solving strategies in her teaching pedagogy repertoire. She asserted, “When I become a 

teacher I can say, ‘Okay if you can't get it this way, you can do it this way, or if not, I have an-

other way.’ It allows me to broaden my way of thinking and to be able to reflect it into the stu-

dents” (Lines 90-93). This variety of problem-solving methods fits nicely within the SCK do-

main, with clear impact on future teaching pedagogy.  

Along with several other interview participants, Maria pointed to the SMM’s versatility, 

its helpfulness in error prevention and diagnosis, its visual clarity, and its efficiency as she em-

phasized that this method is “really important” (Maria’s interview, Lines 474-475, November 14, 
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2016) and “really beneficial” (Line 478) to visual learners. Maria further exhibited her commit-

ment to use the SMM in her teaching future as she spoke of sharing it with her cousins who 

struggle with mathematics problem solving. 

In summary, the six interview participants mentioned many positive impressions of the 

SMM, with clear connections to MKT and references to mathematics self-efficacy. These im-

pressions range from its ease of use to its helpfulness with combatting common errors and mis-

conceptions. Interview participants stressed the visual nature of the method, the clarity of its or-

ganizational structure, and the variety of problem types that students can handle with this strate-

gy. Consistently, PTs’ interview data coupled with student artifacts point to PTs’ growth in MKT 

through the SMM intervention and to their corresponding commitment to using this teaching 

pedagogy in their future. Elementary PTs in this study consider this SMM mathematics problem-

solving strategy particularly beneficial to visual and kinesthetic learners and to struggling math-

ematics learners.  

Summary 

In the quantitative part of this study, the findings were somewhat mixed. Using the 

LMT/TKAS MKT Measures (Hill et al., 2004) Number and Operations subscale, a paired sample 

t-test yielded a statistically insignificant difference between pretest and posttest scores for ele-

mentary PTs in the Foundations of Number and Operations course. Data from this instrument 

also indicated a statistically insignificant difference between pretest and posttest scores on the 

Algebra subscale, with group mean scores declining. As a further measure for judging SMM im-

pact on PTs’ MKT, there was a positive change in PTs’ scores on the Mathematics Problem-

Solving Assessment instrument, but this change was also statistically insignificant with the 

paired sample t-test. On the MSES-R Survey (Betz & Hackett, 1993), a paired sample t-test 
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yielded a significant difference between pretest and posttest survey results as PTs rated their own 

confidence for performing a variety of mathematics problem-solving and course-related tasks.  

In the qualitative part of this explanatory mixed methods study, the student artifacts and 

the rich semi-structured interview data with six randomly selected students revealed several in-

teresting insights. Several interview participants offered evidence of a shift from viewing math-

ematics as a set of procedures to seeing mathematics as a conceptual web of interconnected ide-

as. Supporting changes in PTs’ MKT, there is evidence in the interview and student artifact data 

that the SMM impacted PTs’ ability to construct viable arguments to justify the mathematics 

they use in various problem-solving contexts in a visually clear and efficient way. Next, the PTs 

in the study viewed a broad range of strategies and thinking as mathematically valid, including 

their own, and they highlighted many potentially powerful features of the SMM. This theme in-

cludes two subthemes: the SMM’s organizational structure and its facility or ease of use. Anoth-

er theme, implications for future teaching, involved many interview participants volunteering 

their commitment and their rationale for using the SMM in their future as teachers. The last 

theme elucidates the strong connections in the interview data between PTs’ MKT and mathemat-

ics self-efficacy. As interview participants spoke about growth in their ability to do mathematics 

with conceptual understanding, both in terms of showing their work and explaining their reason-

ing to others, they consistently made clear connections to growth in self-efficacy.  

Whereas the MKT for the elementary PTs in this study did not significantly improve 

from pretest to posttest according to the quantitative assessment data, the student artifact and in-

terview data revealed several important elementary PTs’ MKT changes, and these shifts connect 

to their improvement in mathematics self-efficacy, which did significantly improve from pretest 

to posttest in the quantitative phase of the study. Next, several PTs commented about using the 
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SMM in their teaching future, and they mentioned interesting reasons for this commitment. 

These reasons display evidence of PTs’ growth in both MKT and mathematics self-efficacy. 

These impressions range from its ease of use to its helpfulness with combatting common errors 

and misconceptions. Interview participants appreciated the visual nature of the method, the clari-

ty of its organizational structure, and the variety of problem types that students can handle with 

this strategy. Consistently, PTs’ interview data pointed to their growth in MKT through the 

SMM intervention and to their corresponding commitment to using this teaching pedagogy in 

their future. They consider this SMM mathematics problem-solving strategy particularly benefi-

cial to visual and kinesthetic learners and to struggling mathematics learners. 

  



194 
 

5 Discussion 

Overview 

This chapter presents a summary of the study and important conclusions drawn from the 

quantitative and qualitative data presented in Chapter 4. The findings for each research question 

are presented in the context of the study’s relevance to current research literature. The chapter 

also provides a discussion of implications for action, recommendations for future research, and 

limitations of this study. 

Using the context of a mathematics teacher preparation course, this study focused on ex-

ploring the impact of the SMM on elementary PTs’ MKT and mathematics self-efficacy, as well 

as any emergent findings. Using an explanatory sequential mixed methods approach, the study 

involved first collecting and analyzing data largely quantitative in nature and then collecting and 

analyzing data largely qualitative in nature as a means of explaining the quantitative results. The 

qualitative data helped both to reveal details about changes in PTs that the quantitative results 

may have missed and to confirm some of the quantitative findings. With elementary PTs, where-

as the two LMT/TKAS MKT Measures (Hill et al., 2004) subscales and the Mathematics Prob-

lem-Solving Assessment may not be sensitive to a shift from seeing mathematics as procedural 

toward seeing mathematics as conceptual, this impact is suggested clearly in the study’s inter-

view and student artifact data. The two LMT/TKAS MKT Measures (Hill et al., 2004) subscales 

and the Mathematics Problem-Solving Assessment may not be sensitive to a shift in PTs’ MKT, 

but this impact is indicated in the interview and student artifact data. Whereas the MSES-R Sur-

vey (Betz & Hackett, 1993) results indicated that the SMM intervention positively affected 

change in the PTs’ mathematics self-efficacy, the interview data added to the depth of this find-

ing. Thus, this blending of methods provides a fuller and deeper picture of these elementary PTs’ 
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changes in MKT, mathematics self-efficacy, and beliefs about mathematics related to the SMM 

intervention. Furthermore, this study illustrates ways in which mathematics educators can en-

courage PTs to develop MKT, mathematics self-efficacy, and beliefs about mathematics using a 

mathematics problem-solving focus. 

 This study is important because of the salience of PTs’ MKT, mathematics self-efficacy, 

and mathematics beliefs, coupled with the lack of research literature on the SMM with this 

study’s target population. In many respects, this study begins the discussion that the SMM has 

potential to promote the mathematical development of elementary PTs in university content 

courses, with potential impact on PTs’ MKT, mathematics self-efficacy, and even beliefs about 

the centrality of conceptual understanding in mathematics.  

Summary of the Study 

Introduction. NCTM’s reform efforts and the widespread adoption of the CCSSM provide 

an unparalleled opportunity for systemic change in mathematics education in the U.S. A central 

focus of this study, NCTM (1989) asserted that problem solving “should be the central focus of 

the mathematics curriculum” (p. 23), and this sentiment has been reaffirmed in more recent doc-

uments (NCTM, 2003, 2009). Pòlya (1945/2014) and others (e.g., Branca, 1980; NRC, 2012; 

Schoenfeld, 2007) have maintained that problem solving is the goal of mathematics learning. In-

deed, mathematics instruction should be centered on engaging students in meaningful problem-

solving tasks and activities that promote critical thinking (NCTM, 2003, 2009; NRC, 2012). 

There is little evidence, however, to indicate that this focus on problem solving is actually occur-

ring as it should in classrooms (Anderson, 2003; Kennedy, 2005; Lovitt, 2000; Schoenfeld, 1992, 

1994, 1996a, 1996b, 2007; Stigler & Hiebert, 2009), providing some impetus for this SMM 

study. 
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With problem-solving as an integral theme in NCTM’s (2000) PSSM and the CCSSM 

(NGA/CCSSO, 2010), university mathematics courses must focus on problem solving and on 

shoring up PTs’ weaknesses with mathematics problem solving. In MET II, CBMS (2010) of-

fered several recommendations related to elementary PTs’ MKT with implications for teacher 

preparation. PTs should not be drawing from past learning experiences or mathematics content 

that is more advanced than they will teach, but rather, PTs should study the mathematics that 

they will teach in great depth, and from the teaching perspective. Mathematics content courses 

that focus on the development of conceptual knowledge before procedural knowledge and “a cul-

ture of understanding and successful problem solving” (Swars et al., 2009, p. 51) have great po-

tential to help PTs who struggle with self-efficacy beliefs about mathematics content. The em-

phasis on problem solving was a vital feature of the SMM intervention in this study. One poten-

tial means of developing MKT and mathematics self-efficacy of elementary PTs, then, is through 

this visual pedagogical tool. 

There were at least four motivations for this study. First, the study of the influence of the 

SMM on elementary PTs has been subjected to little inquiry. With only a few international stud-

ies and a few studies involving elementary students in the U.S., Ng and Lee (2009) stated there is 

“a dearth of research” (p. 293) on students’ use of the SMM. Thus, this study was motivated in 

part by the lack of research literature involving the SMM’s impact, notably with elementary PTs. 

Another equally important motivation was the fact that mathematics content courses for PTs are 

a “fledgling focus of research in mathematics education” (Hart, Oesterle, & Swars, 2013, p. 431). 

A third motivation for this study is the centrality of problem solving in the elementary mathemat-

ics curriculum (NCTM 1989, 1991a, 1991b, 2000, 2006, 2014; NGA/CCSSO, 2010). Finally, 

elementary PTs typically have weak mathematics backgrounds, gaps in MCK, mathematics anx-
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iety, and traditional beliefs about mathematics (CBMS, 2010). Thus, exploring the connected-

ness of PTs’ MKT and mathematics self-efficacy in the context of this SMM study’s emphasis 

on mathematics problem solving is potentially powerful in terms of impacting elementary PT 

preparation efforts (Ball et al., 2005; Bandura, 1993; Brown, 2012; Henson, 2002; Hill, Rowan, 

& Ball, 2005; Tschannen-Moran & Woolfolk Hoy, 2001). 

Purpose statement. The study explored the influence of the SMM on elementary PT de-

velopment in a university mathematics content course. It was guided by the following research 

questions:  

(1) Does prospective elementary teachers' MKT change during a Foundations of Number and 

 Operations course that uses the SMM?    

(2)  Do prospective elementary teachers' mathematics self-efficacy beliefs change during a     

Foundations of Number and Operations course that uses the SMM? 

(3)  How do prospective elementary teachers describe changes, particularly in their MKT and 

mathematics self-efficacy beliefs, during a Foundations of Number and Operations 

course that uses the SMM?  

Review of the methodology. The context of the study was an ECEE Foundations of Num-

ber and Operations course at a large, urban university in the Southeastern U.S. The study’s par-

ticipants included 32 undergraduate students completing the course as a requirement for their 

ECEE major. Explanatory mixed methods were used to answer the study’s three research ques-

tions. To initially examine change in the SCK aspect of MKT, data largely quantitative in nature 

were gathered and analyzed. The three quantitative assessments used were: the LMT/TKAS 

MKT Measures (Hill et al., 2004), a Mathematics Problem-Solving Assessment, and two student 

artifacts. To quantitatively examine change in mathematics self-efficacy, the MSES-R Survey 
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(Betz & Hackett, 1993) was used. The Mathematics Problem-Solving Assessment and other stu-

dent artifacts also provided data qualitative in nature, and additional qualitative data for the study 

were collected via six semi-structured, individual interviews with randomly selected PTs. Over-

all, the findings of the study provide insights into the effectiveness of the SMM as a means of 

elementary PT development in university mathematics courses, with an emphasis on PTs’ MKT 

changes, PTs’ mathematics self-efficacy changes, as well as the emergent finding of PTs’ belief 

changes about mathematics.  

Major Findings with Relevance to the Research Literature 

This section summarizes the study’s findings for each of the three research questions. In-

tegrated in this section is how this study’s findings compare and contrast with prior research in-

volving elementary PTs and mathematics problem solving. Also included is relevant discussion 

of the assessment instruments used in the study. 

Research question 1. Using quantitative data, this study explored the question: Does ele-

mentary PTs' MKT change during a Foundations of Number and Operations course that uses the 

SMM? As discussed in the findings, using the LMT/TKAS MKT Measures (Hill et al., 2004) 

Number and Operations subscale, a paired sample t-test on the data yielded an increase in overall 

mean scores for these elementary PTs, but this improvement between pretest and posttest scores 

was a statistically insignificant difference. Analysis of data from this instrument also indicated a 

statistically insignificant difference between pretest and posttest scores on the Algebra subscale, 

with overall mean scores declining from pretest to posttest. As a further measure for judging the 

SMM’s impact on PTs’ MKT, analysis of the Mathematics Problem-Solving Assessment yielded 

a positive change in PTs’ scores, but this change was statistically insignificant for the paired 

sample t-test. Incidentally, the Mathematics Problem-Solving Assessment data produced the 
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smallest of the three p-values in the paired sample t-test analysis, and this is likely because this 

particular assessment was designed to very closely match the SMM intervention activities. These 

findings indicate that the SMM intervention did not significantly affect change in PTs’ MKT, 

though two of the three assessments showed positive changes. Perhaps significant shifts were not 

evidenced in the quantitative data due to the limited duration of the intervention, and other fac-

tors may include scaffolding decisions and the nonconsecutive structure of the intervention.  

SCK is mathematics knowledge special to the work of teaching, and includes identifying 

the key mathematical ideas in an instructional task, modeling multiple strategies for any one 

problem, evaluating methods on the basis of accuracy and efficiency, being comfortable with 

various representations, and anticipating different ways to think about mathematics, including 

common misconceptions or error patterns. Research has found that higher levels of SCK are cor-

related with stronger student learning outcomes (Ball & Hill, 2008a; Hill et al., 2005; Hill et al., 

2008) and that SCK tends to be underdeveloped in teachers (Hill et al., 2005). Relating with sev-

eral themes which emerged from the interview data, SCK will be discussed later in more depth. 

Mathematics education research offers some clues to alleviating PTs’ MKT weaknesses 

so that they can teach skillfully. As mentioned earlier, American teachers have weak training 

mathematically and generally less mathematics coursework than teachers in high-performing na-

tions (Schmidt, 2010). To help solve this problem, research indicates that effective PT develop-

ment is “sustained, focused on important content, and embedded in the work of collaborative 

professional learning teams” (Hirsh, 2009, p. 2). Along these lines, research shows that the criti-

cal features of effective PT development also include active learning opportunities (Birman et 

al., 2000). Writing about the importance of reflection and interaction in teacher development, 

Shulman (2000) expressed his view adamantly that if we can help PTs “engage in active thinking 



200 
 

about what they know and how they know it and if we can create conditions where they can dis-

cuss what they know with others, we significantly raise the likelihood that the problems dimin-

ish” (p. 132). The use of active thinking tasks and activities in a collaborative framework was a 

significant feature of this study’s intervention.  

 Several research studies have highlighted the importance of MKT. Exploring this con-

struct, Ball’s (1990) TELT study indicated that PTs lacked explicit understanding of concepts 

and principles even when they could perform the calculations involved. Similarly, in their work 

with 700 first- and third-grade teachers and almost 3,000 students, Hill et al. (2005) found that 

teachers’ performance on their knowledge for teaching questions―including both CCK and 

SCK― significantly predicted the size of student gain scores, even though they controlled for 

student socioeconomic status (SES), student absence rate, teacher credentials, teacher experi-

ence, and average length of mathematics lessons. A similar study concluded that only MKT was 

a significant predictor of student outcomes, with an effect size almost double that of the general 

cognitive ability (Rockoff et al., 2008). In their work with California’s Mathematics Professional 

Development Institutes, Hill and Ball (2004) found that “the more teachers engage with mathe-

matics in ways that afford them opportunities to explore and link alternative representations, to 

provide and interpret explanations, and to delve into meanings and connections among ideas, the 

more flexible and developed their knowledge will be” (p. 346).  

 While effective teaching is clearly a complex phenomenon, it is clear from the body of 

research literature to date that strong MKT is one of its key components. In other studies, results 

on the LMT/TKAS MKT Measures (Hill et al., 2004) used in this study have been linked to 

gains in teacher quality and student learning. For instance, Hill et al. (2007) found that higher 
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scores are related to higher-quality mathematics instruction, where higher quality is defined by 

examining the mathematics that occurs in the classroom.  

This SMM study focused primarily on changes in elementary PTs’ MKT and found evi-

dence in the interview data of several themes involving changes in PTs’ SCK, in particular. For 

this study, a literature review of relevant research yielded seven studies involving SMM with 

students in grades K-6 (Cai, 2003; Englard, 2010; Ho & Lowrie, 2014; Koedinger & Terao, 

2002; Ng & Lee, 2005, 2009; Willis & Fuson, 1988), plus Lewis’s (1989) study involving visual 

problem-solving methods with undergraduate students. While this study’s quantitative data did 

not suggest consequential changes in elementary PTs’ MKT, the interview and student artifact 

data suggest otherwise. These findings will be discussed in a later section. The few prior studies 

involving the SMM did not involve elementary PTs, displaying a clear gap in the research litera-

ture. This study helps to fill that gap. 

Research question 2. Using quantitative data, this study explored the second question: Do 

prospective elementary teachers' mathematics self-efficacy beliefs change during a Foundations 

of Number and Operations course that uses the SMM? As we discussed in the findings, on the 

MSES-R Survey (Betz & Hackett, 1993), analysis of paired sample t-test data yielded a signifi-

cant difference between pretest and posttest results as PTs rated their own confidence for per-

forming a variety of mathematics problem-solving and course-related tasks. This finding sug-

gests that the SMM intervention may have positively affected change in the PTs’ mathematics 

self-efficacy, and this result was further supported in the interview data.  

The importance of productive dispositions, including mathematics self-efficacy, has been 

a long-standing focus in mathematics education. In MET II, the CBMS (2010) offered advice to 

mathematics educators who strive to impact PTs’ self-efficacy. The CBMS concluded that “in-
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structors may need to spend time focusing on the importance of not only a productive disposition 

toward mathematics, but a recognition of the depth and importance of elementary mathematics” 

(p. 34) in the CCSSM (NGA/CCSSO, 2010). Linking MKT and mathematics self-efficacy, 

Swars and her colleagues (2009) found that strong mathematics content courses which focus on 

the development of conceptual knowledge before procedural knowledge with a problem-solving 

focus have great potential to help PTs who struggle with efficacy issues over mathematics con-

tent. Focusing on elementary PTs, as well, this study supports Swars et al.’s (2009) finding. 

 Mathematics self-efficacy research involving PTs offers mixed results. Through Ball’s 

(1990) TELT study at the National Center for Research on Teacher Education (NCRTE), find-

ings indicated only half of the PTs in their study said they enjoyed and were good at mathemat-

ics, and over a third of them felt that they were not good at math and said they tried to avoid it. 

Other researchers have demonstrated an increase in the consistency of PTs’ mathematical beliefs 

during methods courses that emphasized constructivist experiences in the classroom (Beswick, 

2006; Hart, 2002; Swars et al., 2007; Wilkins & Brand, 2004). In addition, PTs progressed from 

a traditional conception of mathematics to a problem-solving conception of mathematics during a 

methods course that focused on problem solving and learning to think mathematically (Steele & 

Widman, 1997). However, other results have indicated that the mathematical beliefs of PTs did 

not change during a teacher preparation program (Esterly, 2003). This reluctance to change be-

liefs is a consistent finding in the mathematics education research literature (e.g., Hoy, 2000).  

In this study, MSES-R Survey (Betz & Hackett, 1993) data suggested statistically signifi-

cant changes in PTs’ mathematics self-efficacy through the SMM intervention in a university 

mathematics content course. Also, interview data further suggested that mastery experiences 

with the SMM contributed to positive changes in PTs’ mathematics self-efficacy. These will be 
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discussed in more depth, along with five interview themes and two subthemes in the next sec-

tion. 

Research question 3. The third question explored in the study is: How do prospective ele-

mentary teachers describe changes, particularly in their MKT and mathematics self-efficacy be-

liefs, during a Foundations of Number and Operations course that uses the SMM? As discussed 

in the findings, various student artifacts and the interview data revealed several interesting 

themes and insights in the realm of MKT, mathematics self-efficacy changes, and beliefs about 

the nature of mathematics.  

First, several interview participants offered evidence suggesting a shift from viewing 

mathematics as a set of procedures to seeing mathematics as a conceptual web of interconnected 

ideas (Ambrose, 2004; Hiebert & Lefevre, 1986). Pertinent to this study’s finding, Hiebert and 

Lefevre (1986) define conceptual knowledge as a “connected web of knowledge, a network in 

which the linking relationships are as prominent as the discrete pieces of information” (p. 3). 

This finding is also consistent with Ambrose’s (2004) study. She found that whereas “mathemat-

ics is a web of interrelated concepts and procedures, … knowledge of concepts is more powerful 

and generative than knowledge of procedures” (p. 97). Ambrose also referred to studies showing 

that PTs can know procedures without really understanding underlying concepts.  

This change in beliefs about mathematics finding in this SMM study is significant be-

cause PTs tend toward procedural approaches and have difficulties justifying conceptual under-

standings (Browning et al., 2014). In Principles to Actions (NCTM, 2014), the NCTM included 

their concern about too much focus on procedural understanding rather than on conceptual mean-

ing as first in its list of five “troubling and unproductive realities” (p. 3) in the U.S. With elemen-

tary PTs, whereas the two LMT/TKAS MKT Measures (Hill et al., 2004) subscales and the 
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Mathematics Problem-Solving Assessment may not be sensitive to a shift from seeing mathemat-

ics as procedural toward seeing mathematics as conceptual, this impact is suggested clearly in 

the study’s interview data. Perhaps, then, a part of the solution to these “troubling and unproduc-

tive realities” is including problem-solving heuristics like the SMM in elementary PT mathemat-

ics courses, a notion for which several of the interview participants advocated. 

With a similar change in PTs’ beliefs about MKT through an intervention involving prob-

lem solving strategies and representations, this study appears to support Stohlmann et al.’s 

(2015) recent finding. Stohlmann and his colleagues studied elementary PTs’ beliefs about math-

ematical knowledge, and they found their beliefs changed from a mainly procedural focus to see-

ing the importance of conceptual understanding through a fraction division intervention with 

multiple representations. Through a reflection assignment and survey data, they found significant 

evidence for change in PTs’ beliefs.  

The next two themes from the data suggest changes in PTs’ MKT. The second theme 

emerging from PTs’ interview and student artifact data was that the SMM impacted PTs’ ability 

to construct viable arguments to justify the mathematics they use in various problem-solving 

contexts in a visually clear and efficient way. Along these lines, CBMS (2010) stated, “Prospec-

tive teachers need to understand the fundamental principles that underlie school mathematics, so 

that they can teach it to diverse groups of students as a coherent, reasoned activity and communi-

cate an appreciation of the elegance and power of the subject” (p. 17). Teachers need to have ex-

pertise in “monitoring their own progress as they solve problems, attending to precision, con-

structing viable arguments, seeking and using mathematical structure, and making strategic use 

of appropriate tools” (p. 1). These aspects of SCK in CBMS’s recommendations relate to both 

this theme and the next. 
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The third theme is that the interview participants viewed a broad range of strategies and 

thinking as mathematically valid, including their own, and these PTs highlighted many pedagog-

ical features of the SMM. This finding is consistent with Ambrose’s (2004) study which recog-

nized PTs growth in appreciating the importance of multiple solution strategies in mathematics 

problem solving though a field experience with children. This third theme includes two sub-

themes involving SMM’s organizational structure and the facility or ease of use of this potential-

ly powerful heuristic. Highly related to its visual nature, the SMM is a very organized approach 

and easy to apply to a wide range of word problems (Forsten, 2010).  

Related to the SMM and CGI problem type frameworks, mathematics education research 

has consistently shown that students who can classify problems on the basis of their semantic 

structures are better problem solvers than students who do not have knowledge of problem types 

(Morales et al., 1985; Schoenfeld & Herrmann, 1982). Furthermore, other studies have indicated 

that students' errors on word problems tend to be due to misrepresentations of problem structure 

rather than to computational errors (Anand & Ross, 1987; Carpenter et al., 1981; De Corte et al., 

1985). Commenting on the SMM, Murata (2008) concluded that “mediating tools, such as tape 

diagrams, support people’s cognitive development by helping organize their experiences in a 

systematic way” (p. 401). This sort of organized approach is a clear strength of the SMM frame-

work, as evidenced by other studies with K-5 students (Cai, 2003; Englard, 2010; Ho & Lowrie, 

2014; Koedinger & Terao, 2002; Ng & Lee, 2005; Ng & Lee, 2009; Willis & Fuson, 1988) and 

by PTs’ interview data in this study. 

A major focus of this study, MKT is a critical component of successful mathematics 

teaching. Grounded in the NRC’s (2001) work and research involving MKT (e.g., Ball & Hill, 

2008a; Hill & Ball, 2004; Hill et al., 2008), NCTM’s (2014) Principles to Actions describes 
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mathematical proficiency as having five interrelated strands, the first four of which involve 

MKT: conceptual understanding, procedural fluency, strategic competence, adaptive reasoning, 

and productive disposition. NCTM (2014) describes strategic competence as “the ability to for-

mulate, represent, and solve mathematical problems” (p. 7) and adaptive reasoning as “the capac-

ity to think logically and to justify one’s own thinking” (p. 7). Targeting these concerns, the 

CBMS (2010) recommends that mathematics content courses for elementary PTs aim to both 

help them overcome their weaknesses in mathematics knowledge and, as they further articulated, 

to “develop a deeper and more comprehensive view and understanding of the mathematics they 

will or already do teach” (CBMS, 2010, p. 23). Since PTs tend toward procedural approaches 

and have difficulties justifying conceptual understandings (Browning et al., 2014), mathematics 

education research must continue to explore ways to impact change in PTs’ MKT. 

In addition to impacting PTs’ MKT, the fact that the SMM was a positive experience for 

the interview participants is displayed in the next two themes. The fourth theme elucidates the 

strong connections in the interview data between PTs’ MKT and mathematics self-efficacy. The 

interview data indicates PTs’ growth in mathematics self-efficacy as they became fluent in a va-

riety of problem-solving strategies modeled in the course, including the SMM. Also, while statis-

tical analysis of the MSES-R Survey (Betz & Hackett, 1993) data showed the SMM’s significant 

impact on PTs mathematics self-efficacy from pretest to posttest, the interview data provided 

greater depth about the nature of this change and further provided evidence for connections be-

tween PTs’ MKT and mathematics self-efficacy. In the qualitative data’s fifth theme, implica-

tions for future teaching, interview participants volunteered their commitment to using the SMM 

in their future as teachers. Their rationale involved MKT and mathematics self-efficacy. Several 

PTs recommended that the SMM intervention be incorporated in teacher development programs. 
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Whereas the PT focus for the study certainly seems to be rare, if not unique, in mathemat-

ics education research, the study compares favorably with previous research involving the SMM 

with K-5 students. For instance, echoing some of this study’s interview participants’ comments, 

Booth and Koedinger (2012) noted that the distribution of rectangles in the diagram provides 

visual cues about the approximate solution to the problem (Nunes et al., 1993; Rittle-Johnson & 

Koedinger, 2005), which often helps students feel they are on a reasonable path toward the solu-

tion (Larkin & Simon, 1987). Along these lines, Ng and Lee (2009) found that “the use of visual 

and concrete representations improves performance in solving word problems” (p. 283). In the 

study, pretest-to-posttest MKT improvement was found to be statistically insignificant on two 

different instruments, even declining on the algebra subscale, but the qualitative interview data 

strongly supported the SMM impact on PTs’ MKT through its organizational structure, its facili-

ty or ease of use, and its visual clarity.  

In another study with elementary students, Koedinger and Terao (2002) speculated that 

“by evoking students’ spatial intuitions, the pictorial representation puts students in a ‘sense 

making’ mode that leads to greater self-monitoring” (p. 6). Not all students in their study, how-

ever, who used picture algebra engaged in sense making. Some made errors typical of equation 

solving and failed to catch these mistakes even with the visual support of the diagram (Booth & 

Koedinger, 2012; Koedinger & Terao, 2002). In the study’s SMM intervention with elementary 

PTs, there were some of these same tensions, but the interview participants generally expressed 

their view that the SMM is a valid problem-solving technique with great potential to help stu-

dents, mentioning in particular visual and kinesthetic learners and those who struggle with math-

ematics. As PTs further conveyed in their interviews, the SMM generally helped them make bet-



208 
 

ter problem-solving decisions and enabled them to clearly justify their reasoning as they progress 

toward a solution.  

Other studies with PTs have focused on the use of diagramming, though not with the 

SMM per se. In his work with undergraduate students, Lewis (1989) found that for targeted 

problems, the diagram group in his study, which learned about the types of statements found in 

arithmetic word problems and learned a method for diagramming problem information, produced 

greater pretest-to-posttest gains than did either the statement group, which received only transla-

tion training, or the control group, which received no training. Other studies have found that vis-

ual methods are “the most appropriate (and recommended) when the need for processing is high 

and the problem solver is faced with complex or novel situations (Ho, 2009; Lowrie & Kay, 

2001; Pirie & Kieren, 1992). In this study, a large proportion of PTs displayed effective use of 

the SMM, and the interview participants offered evidence that they value its visual clarity, its 

facility or ease of use, and its organizational structure. 

With regards to mathematics self-efficacy, the interview data suggest that experiences 

with the SMM positively influenced PTs’ affective states as the interview participants mentioned 

past struggles or successes. Bandura’s (1997) self-efficacy theory posited that efficacy beliefs are 

pliable, and he described four factors which influence efficacy: mastering experiences, vicarious 

experiences, verbal persuasion, and affective states. Mastering or mastery experiences are suc-

cesses during actual practice like field experience, microteaching in mathematics content and 

methods courses, and student teaching. Next, vicarious experiences are acquired by observing 

videos of effective practices and observing teacher peers. Verbal persuasion involves extrinsic 

motivation, such as encouragement from methods or content instructors. Lastly, affective states 

include stress and various emotions that people associate with a subject. In the study’s interview 
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data, there were a few references to vicarious experiences as PTs mentioned passionate instruc-

tors. There were also quite a few remarks about various emotions, both positive and negative, 

that students associate with mathematics. While these were clear indicators of PTs’ mathematics 

self-efficacy growth, most of the self-efficacy-related interview data illustrated mastery experi-

ences as a learner (Bandura, 1977, 1986, 1993, 1997; Newton et al., 2012). Consistently in the 

interview excerpts, PTs spoke about growth in their ability to do mathematics with conceptual 

understanding, both in terms of showing their work and explaining their reasoning to others, and 

with these remarks, they made clear connections to growth in self-efficacy and linked these 

changes to the SMM intervention. Several interview participants also expressed growth in meta-

cognition or reflection about their own thinking in mathematics problem-solving contexts.  

Conclusions 

Implications for action. From the study, there are several practical implications and noted 

improvements for the SMM intervention. Clearly, the findings suggest positive influences of the 

SMM intervention, and the detailed description of the intervention makes it easy to replicate in 

other college or university mathematics content courses that prepare elementary teachers. This 

study and the SMM intervention address CBMS’s (2010) two critical pillars for mathematics 

teacher education: a well-qualified teacher in every classroom and a challenging curriculum. 

Though the SMM intervention had positive impacts, changes could be made in its implementa-

tion. Suggested changes involve improvements in the assessment instruments and other resources 

used in the intervention, as well as some of the scaffolding decisions from lesson to lesson. Spe-

cifically, the Centers Activity used on the last day of the intervention had too many problems for 

the allotted time frame and too many challenging word problems from the Walker (2010) text. 

The first three classes flowed nicely, but the fourth day’s planning has room for improvement. 
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Looking back on that day, modeling three problems from the Strip Diagrams worksheet would 

have worked better, with collaborative groups then assigned to do the other three problems on 

the worksheet. To highlight the power and versatility of the SMM method, three or more groups 

would then be carefully selected to present their approaches. Then, having already cut the Cen-

ters Activity in half (from the original four problems per station down to two problems per sta-

tion), 4-5 minutes would be sufficient for students to work on each of these eight problems. This 

Centers Activity would then serve as an excellent student artifact for assessment and analysis 

purposes. Refer to Appendix M for the revised Centers Activity with suggested improvements 

from this study’s intervention. If time permitted, some of the more challenging problems deleted 

from the original Centers Activity (Appendix G) used in this study could be used to model some 

of the very difficult problems students can handle with the SMM. Other than that issue, students 

generally responded well to the SMM intervention, and the instructional choices were pedagogi-

cally sound and effective. The course professor repeatedly offered very positive feedback on the 

choices of instructional methods and resources. 

Another issue related to the SMM intervention involves the Foundations of Number and 

Operations course content. This course is designed to emphasize elementary and middle school 

mathematics content through a variety of teaching methods. Then, inserted about midway 

through the course in the study was a seemingly abrupt change to elementary mathematics prob-

lem solving with this introduction to the SMM intervention, along with the CGI problem types. 

Looking at the study’s findings, PTs are perhaps too far removed from their own experiences in 

the elementary classroom and need to be exposed to elementary mathematics curriculum expec-

tations, real-life student experiences with mathematics, and elementary student thinking strate-

gies. During the intervention, though anecdotal stories were shared from interviews with K-3 
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children, more of this kind of activity may need to be integrated into Foundations of Number and 

Operations courses. This could be done through SMM video excerpts of teachers engaging with 

students in elementary classroom settings or through projects involving interviews with elemen-

tary children over CGI problem types or other mathematics content. Philipp and his colleagues’ 

(2007) study supports this suggestion.  

Next, with about one-third of the students in the course, there seemed to be a general re-

luctance to try the SMM, and this situation could have improved with a more detailed introduc-

tion to the study and with better transitions from activity to activity throughout the intervention. 

Still, the six randomly selected interview participants showed that they saw the value of using 

these kinesthetic and visual approaches with elementary students in their future as they focus on 

mathematics problem solving. The interview data was full of insights and enthusiasm for the use 

of the SMM with elementary students.  

With this issue in mind, the context for the intervention may be a concern. The SMM 

clearly fits well with Foundations of Number and Operations course content. However, since the 

SMM has been shown in other research to be a nice bridge from arithmetic to algebra (e.g., For-

sten, 2010; Hoven & Garelick, 2007; Leinwand & Ginsburg, 2007; Ng & Lee, 2009), this inter-

vention may also fit well with Algebraic Concepts course content. Assuming the ECEE program 

has similar ordering of mathematics content coursework, this placement has the added advantage 

of students who are further along in the ECEE program and presumably more settled or commit-

ted to their calling as elementary teachers. The next section outlines several suggestions for fu-

ture research related to the SMM. 

Recommendations for further research. This study yielded findings that were similar to 

other studies involving the SMM’s impact on K-5 students. The fact that this study focused on 
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elementary PTs was a significant difference and addressed a significant gap in the research litera-

ture. There are several avenues for future work suggested by this study and its findings.  

Despite the study’s insignificant quantitative finding with respect to the use of the SMM 

with elementary PTs in the MKT domain, other studies with larger samples of elementary PTs in 

other university or college settings around the U.S. may prove helpful, especially with the sug-

gested adjustments discussed in the previous section. With so much positive qualitative feedback 

involving the PTs’ MKT, this study warrants further research on the effectiveness of the SMM 

with elementary PTs. Perhaps a larger proportion of interview participants could be selected. A 

similar mixed methods research design as this study is suggested, along with similar data 

sources.  

The impact of the SMM on elementary PTs’ mathematics self-efficacy was found to be 

statistically significant, and the interview data supported this finding. Here, too, other studies 

with larger samples of elementary PTs in other university and college settings around the U.S. 

may be helpful to better understand this phenomenon and the potential of the SMM. Also, stud-

ies involving the impact of the SMM with students who favor various learning styles may be ap-

propriate. Again, a similar research design to this study is suggested. 

As discussed in the previous section, it can be easily argued that the SMM fits best in the 

Foundations of Number and Operations course. However, current research and student maturity 

may hint at its suitability for the Algebraic Concepts course. The SMM intervention is thorough-

ly described and supported in this document, so the study should be easily replicated in a variety 

of course settings with the suggested improvements mentioned earlier. These two courses seem 

to be the most reasonable options, and the content for these two courses is inextricably linked in 

the CCSSM (NGA/SSCCO, 2010).  
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Another suggestion for future research is an experimental study comparing two groups, 

with one group getting exposure to the SMM and the other group using more traditional prob-

lem-solving strategies. In this sort of experiment, a covariate variable such as undergraduate 

mathematics grade point average or mathematics SAT score would be appropriate. This study 

would require an ANCOVA, perhaps with repeated measures over a semester or over a two-

course (Foundations of Number and Operations and Algebraic Concepts) sequence.   

In readings about PTs’ beliefs about mathematics teaching, a PT-student interaction is of-

ten a critical component of positive change in beliefs about the benefits of conceptual under-

standing of mathematics. Philipp et al. (2007) found that the most impactful scenario for chang-

ing PTs’ beliefs is giving them the opportunity to see the difficulties that students can have with 

mathematics when they are only taught procedurally and later seeing situations where students 

grow in conceptual mathematical thinking. His study further indicated that PTs who study chil-

dren’s mathematical thinking while learning mathematics develop more sophisticated beliefs 

about mathematics, teaching, and learning and improve their MCK (Philipp et al., 2007). Along 

these lines, a study of PTs’ interactions with students concerning the SMM may be beneficial, 

with follow up interview questions to explore PTs’ changes in belief after the intervention. The 

setting for this sort of PT-student interaction study could perhaps be during their field experienc-

es or during their student teaching. 

Limitations 

This section outlines some of the study’s limitations. The data for the study are from a 

fairly small sample of elementary PTs at a large, urban university in the Southeastern U.S. How-

ever, this sample is probably a reasonable representation of elementary PTs in this region of the 

country because the University draws students from a variety of counties across the state and 
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from a variety of states and countries. The convenience sample for the quantitative data was di-

verse demographically, and the smaller interview sample was randomly selected and quite di-

verse.  

Another concern for the study was referred to earlier as the nonconsecutive structure of 

the intervention. Because of other courses in my doctoral program that met on Thursday eve-

nings, it was very much a logistical necessity to execute a Tuesdays-only study schedule for 6 

consecutive weeks, while the Foundations of Number and Operations course continued to meet 

on Thursdays to work through other content. This was not ideal in terms of the pretest and post-

test surrounding not only the four-class SMM intervention but also five other regular class meet-

ings. The course professor’s intention was to support the students in their problem-solving 

growth through the SMM intervention on these Thursdays. Related to this concern, with only 6 

weeks between the pretest and posttest administrations of the Mathematics Problem-Solving As-

sessment, there is the possibility that PTs may have remembered the pretest questions when they 

took the posttest, possibly skewing the results. This is not an issue with the MSES-R Survey 

(Betz & Hackett, 1993) results, and the LMT/TKAS MKT Measures (Hill et al., 2004) used dif-

ferent forms from pretest to posttest. 

Relative to the assessment instruments, while the LMT/TKAS MKT Measures (Hill et 

al., 2004) and the MSES-R Survey (Betz & Hackett, 1993) have been field tested for validity and 

reliability, the researcher-generated Mathematics Problem-Solving Assessment was not formally 

tested for validity and reliability. However, the summer before the study started, after some 

SMM instruction in each case, this five-question test was administered to 55 students in two Al-

gebraic Concepts classes at the University to improve the instrument’s wording. The Centimeter 

Grid Paper Activity, the SMM Classwork/Homework, the Strip Diagrams Worksheet, the Cen-
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ters Activity, and the other assessment instruments involving the SMM intervention also have 

not been tested for validity and reliability.  

When the researcher and a colleague coded the Mathematics Problem-Solving Assess-

ment data, inter-rater reliability was established, with 65.6% agreement on the pretests and 

70.0% agreement on the posttests. Since Shaughnessy et al. (2013) recommend a minimum of 

90% inter-rater reliability, to compensate for this limitation, an average of the two scorers’ rat-

ings was used for all statistical analyses. Looking back, there should have been more interaction 

and training between the researcher and colleague over the use of the 5-point rubric (Swars 

Auslander, 2016), and time issues were a contributing factor to this limitation. 

Furthermore, with these data sources, the researcher is a relatively inexperienced data 

gatherer and coder. To compensate for this, during the qualitative interview data analysis, a one-

week mini-hiatus was used between coding reviews to increase confidence in the reliability of 

the coding decisions. As the researcher reviewed coding, memos, and theme decisions, collabo-

ration with another doctoral student helped me further check my interpretations for reasonable-

ness, and of course, discussion involving the study’s findings with my dissertation committee 

chair and another professor at the University were invaluable.  

Ball (2000) warned that the “close study of a single teacher, in a particular setting, with 

specific content and students, no matter how carefully done or how captivating, always raises 

questions about the domain of the results” (p. 393). Despite these limitations, the use of seven 

different quantitative and qualitative data sources in this explanatory sequential mixed methods 

approach helps to alleviate these concerns and contributes to the conversation about improving 

elementary PTs’ MKT with respect to mathematics problem solving, PTs’ mathematics self-
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efficacy, PTs’ general disposition toward mathematics, and PTs’ beliefs about the importance of 

conceptual understanding in mathematics. 

Closing Thoughts 

CBMS (2010) declared that oversight of PT development programs should be the respon-

sibility of a faculty member with expertise in teacher education and mathematics content. They 

added, “more mathematics faculty need to become deeply involved in pre-K–12 mathematics 

education by participating in preparation and professional development for teachers and becom-

ing involved with local schools or districts” (p. 19). Highly related to this recommendation, the 

CBMS (2010) supported the notion that all mathematics courses for PTs “develop the habits of 

mind of a mathematical thinker and problem-solver, such as reasoning and explaining, modeling, 

seeing structure, and generalizing” (p. 19), all core principles in the SMM intervention and prin-

ciples that should apply to all mathematics content courses. This was a first study on at least two 

fronts, both as my first formal research study and as a rare study involving SMM with elemen-

tary PTs. As I reflect on the study’s intervention choices, there were several growth points, and I 

am looking forward to my next opportunity to incorporate what I learned through the study, both 

as a researcher and as a teacher. It was particularly wonderful that the research design involved 

gathering and analyzing both quantitative and qualitative data, as the interviews were a highlight 

and revealed a lot about the impact of the SMM on PTs’ MKT and mathematics self-efficacy, 

along with some serendipitous evidence for PTs’ change in beliefs about the very nature of 

mathematics. I trust that the PTs’ voices were well-represented, understandable, and impactful 

and that this SMM study contributes to and perhaps even begins some conversations about ele-

mentary mathematics PT preparation efforts. 
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Appendix F: The SMM/Cognitively Guided Instruction Centimeter Grid Activity 

Use the Unifix cubes provided to directly model these problems. Then use the Centimeter Grid 

Paper to represent your work. Solve the problem, and also write an open sentence for each story. 

1. Leon has 5 colored pencils. His mom gave him 9 more. How many colored pencils does 
he have now? 

 
2. At lunch, 16 children chose pizza slices, and 7 children chose roast beef sandwiches. 

How many more children chose pizza slices than roast beef sandwiches? 
 

3.  One basket holds 8 apples. How many apples will 5 baskets hold? 
 

4.  Grandma baked 25 oatmeal raisin cookies. She decides to make packages with 4 cookies 
in each package for some neighborhood children. How many full packages can she 
make? How many cookies are left over (for Grandma)? 
 

5. In one primary school, 12 boys and 15 girls took part in an art contest. How many chil-
dren took part in the contest? 
 

6. Twenty children were playing in a neighborhood park. Some of the children went home. 
Now there are 12 children left playing in the park. How many children went home? 
 

7.  Adam has 12 matchbox cars. He has 5 more than Pedro. How many cars does Pedro 
have? How many cars are there in all? 
 

8. Sharonda has 5 more kittens than Jan. Jan has 8 kittens. How many kittens are there in 
all? 
 

9. A necklace cost $15. Meg had $3 left after buying the necklace. How much money did 
Meg have at first? 
 

10. The giraffe in the zoo is 3 times as tall as the zebra. The zebra is 5 feet tall. How tall is 
the giraffe? 
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Appendix G: Centers Activity 
 

Station 1 
 

1. At lunch, 128 children chose hot dogs, and 117 children chose turkey sandwiches. How 
 many more children chose hotdogs than turkey sandwiches? 

  
2. At the class Valentine’s party, there were vanilla cupcakes, chocolate cupcakes, and 

strawberry cupcakes. There were 2 times as many chocolate cupcakes as vanilla cup-
cakes, and 3 times as many strawberry cupcakes as vanilla cupcakes. If there are 12 
chocolate cupcakes, how many total cupcakes were there at the party? 

 
3.  A rope is divided into 3 pieces. One piece is 3 inches longer than the shortest piece and 5 
 inches  shorter than the longest piece. If the total of the combined pieces is 92 inches, 
 how long is each piece? 
 
4. The lengths of the sides of a quadrilateral are consecutive multiples of 6. If the perimeter 
 of the quadrilateral is 156 inches, how long is the shortest side? 

 
Some of these problems came from L. Walker’s (2010) Model Drawing for Challenging Word Problems (2010) and 
some from C. Forsten’s (2010) Step-by-step model drawing by permission of Staff Development for Educators 
(SDE), Crystal Springs Books.  
 
Station 2 
5.  Joshua brought some money to school. He spent ¼ of his money on lunch. He spent ½ of 
 his money on a book at the book fair, and he saved $4. How much money did he spend 
 on the book? 
 
6. Ted had 3 times as many cookies as Shelly. Ted got really hungry in the afternoon and 
 ate 20 of his cookies. Afterward Ted had only ½ as many cookies as Shelly. How many 
 cookies did Shelly have? 
 
7. On a trip to Five Guys, Sandy spent $4.95 on a hamburger, $2.49 on fries,  and $1.95 on a 
 large drink. She gave the clerk a $10 bill. How much change did she receive? 
 
8. Shernece decided that everyone on her Christmas shopping list would get a hat or a scarf. 
 The hats cost $18.95 each, and the scarves cost $28.95 each. She purchased 5 more hats 
 than scarves. If her total purchase came to $477.95, how many hats did she buy? 

 
Some of these problems came from L. Walker’s (2010) Model Drawing for Challenging Word Problems (2010) and 
some from C. Forsten’s (2010) Step-by-step model drawing by permission of Staff Development for Educators 
(SDE), Crystal Springs Books.  
 
Station 3 
9.  Finn and Ella started traveling at the same time, from the same spot, but in opposite 
 directions. After 2 hours, they were 176 miles apart. If Finn’s average speed was 2 miles 
 per hour faster than Ella’s, what was Ella’s average speed?  
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10. The ratio of peanuts to sunflower seeds to cranraisins in a bag of trail mix is 2 : 5 : 3. If 
 there are 10 ounces of sunflower seeds in the bag, what is the total weight of the bag of 
 trail mix? 
 
11. The ratio of Mia’s balloons to Kiran’s was 3 : 5. After Mia was handed 21  more balloons, 
 she had twice as many balloons as Kiran. How many balloons did Mia have initially? 
 
12. Barry’s basketball team made 60% of their shots during a game. If they made 36 shots,  
  how many shots did the team take? 
 
Some of these problems came from L. Walker’s (2010) Model Drawing for Challenging Word Problems (2010) and 
some from C. Forsten’s (2010) Step-by-step model drawing by permission of Staff Development for Educators 
(SDE), Crystal Springs Books.  

 
Station 4 
13. At the Corner Market, 3 oranges and 1 apple cost $1.86, and 2 oranges and 3 apples cost 
 $2.15. Find the cost of 1 apple. 
 
14. Fred and Miguel both went to the same store to buy eggs and bread for their families. 
 Fred bought 3 dozen eggs and 5 loaves of bread, spending $30.07. Miguel purchased 2 
 dozen eggs and 2 loaves of bread, spending $14.74. What is the store charging for a 
 dozen eggs? 
 
15. Char took her friends out for ice cream. Her friends ordered 5 cones for $3.25 each and 
 one sundae for $y. If Char gave the waitress $40, how much change did she get back? 
 Express your answer in terms of y. 
 
16. Jane and Julie sold a total of 96 boxes of Girl Scout cookies. Jane sold 14 more boxes 
 than Julie. How many boxes did each girl sell? 

 
Some of these problems came from L. Walker’s (2010) Model Drawing for Challenging Word Problems (2010) and 
some from C. Forsten’s (2010) Step-by-step model drawing by permission of Staff Development for Educators 
(SDE), Crystal Springs Books.  
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Appendix H: SMM Classwork/Homework Assignment 
 
Whole Numbers 
 
1. Addition (Discrete) 

Ramon had 17 red crayons and found 14 blue crayons in his backpack. How many total crayons 
does Ramon have? 

 
2. Subtraction (Discrete) 

Susan had 43 pencils. She gave 18 of them away. How many pencils did she have left? 
 
3. Addition (Larger Numbers) 
 

124 boys and 109 girls took part in an art contest. How many children took part in the contest? 
 
4. Subtraction (Larger Numbers) 

 
A total of 438 people were at a little league football game. There were 213 children, and the re-
mainder were adults. How many adults were at the football game? 

 
5. Subtraction (Comparison) 

 
Khaji saved $184. Jamil saved $121. How much more money did Khaji save than Jamil? 

 
6. Ratio 

 
The ratio of children to adults at the football game was 2:3. If there were 140 children at the foot-
ball game, how many adults were there? 

 
7. Rate 

 
Jesse roasted 12 marshmallows in 4 minutes. How many marshmallows could he roast in 7 
minutes? 

 
8. Multiplication 

 
Each student received 3 stickers on each page of his/her mathematics journal. If there were 9 pag-
es, how many stickers did each student receive in their journal? 

 
9. Multiplication (Comparison) 

 
A farmer has 8 cows. He has 4 times as many chickens as cows. How many animals does the 
farmer have altogether? 
 

10. Division (Partitive) 
Alex and Cody are playing Memory. They put 42 cards into 6 equal rows. How many cards are in 
each row? 
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11. Division (Quotitive with remainders) 
 
Ms. Taylor had 26 students in homeroom. If only 4 students can sit at each table, how many ta-
bles will Ms. Taylor need? 
 

Fractions 

12. Jackie spent 2/3 of her money at the book fair and had $10 left. How much money did she spend at 
the book fair? 

 
13. A pizza was cut into 6 equal pieces. Kurt ate 1/3 of the pizza. How many pieces were left?  

 
14. Asha had two candy bars and wanted to share ¼ of her candy with her sister, Anna. Anna’s total 

share was what fraction of the whole candy bar? 
 

15. Joni had ½ of a birthday cake left that she wanted to divide evenly with 3 friends. What fraction 
of the total cake will each friend receive? 

Decimals 

16. Janna spent $48.69 on shorts and t-shirts. She has $13.55 left. How much money did she have at 
first? 
 

17. Calvin wants to buy a new Xbox game that costs $15.99. He has $8.43 right now. How much 
more money does Calvin need to save to buy the Xbox game? 
 

18. Students found that the teacher’s desk measured 1.3 meters long. The length of the board was 3 
times as long as the teacher’s desk. What is their combined length? 
 

19. Shuntia is helping decorate the school for red ribbon week. She needs to cut a ribbon into 3 equal 
pieces. If the ribbon is 6.3 meters long, what should be the length of each piece? 

Percentage 

20. Raven knows 60% of the sixth graders have dogs. If 75 sixth graders have dogs, how many stu-
dents are in sixth grade? 

A Bridge to Algebra 

21. Together, Paul and John earned a total of $64 cutting grass. If Paul earned $14 more than John, 
how much money did each person earn? 
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For more information, consider the following resources: 

Englard, L. (2010). Raise the bar on problem solving. Teaching Children Mathematics, 156-163.  

Forsten, C. (2010). Step-by-step model drawing: Solving word problems the Singapore way.  

  Peterborough, NH: Crystal Springs Books. 

Hong, K. T., Mei, Y. S., & Lim, J. (2009). The Singapore model method for learning mathematics.  

  Singapore: EPB Pan Pacific. 

Ng, S. F., & Lee, K. (2009). The model method: Singapore children's tool for representing and solving 

 algebraic word problems. Journal for Research in Mathematics Education, 40(3), 282-313.  

Other resources: 

http://www.symbaloo.com/mix/singaporemathresources 

http://www.mathplayground.com/tb_addition/thinking_blocks_addition_subtraction.html 

http://www.mathplayground.com/tb_multiplication/thinking_blocks_multiplication_division.html 

http://timssandpirls.bc.edu/timss2015/frameworks.html (TIMSS website: Check out the problem choices!) 

  

http://www.symbaloo.com/mix/singaporemathresources
http://www.mathplayground.com/tb_addition/thinking_blocks_addition_subtraction.html
http://www.mathplayground.com/tb_multiplication/thinking_blocks_multiplication_division.html
http://timssandpirls.bc.edu/timss2015/frameworks.html


279 
 

Appendix I: Strip Diagrams Assignment 

Strip Diagrams Worksheet                 Name _______________________  

1. The big dog weighs five times as much as the little dog. The little dog weighs  times 

 as much as the medium-sized dog. The medium sized dog weighs 7 pounds more than the 

 little dog. How much does the big dog weigh? 

(a) Draw a strip diagram for each of the 3 quantities mentioned in the problem. Be con-
sistent in your scaling. 

 

(b) Solve the problem, and explain your solution process. 

2.  Pat and Ron split a cake. Pat’s share is 1/2 as large as Ron’s share.  
 
  (a) Sketch on the “cake” diagram below to show Pat’s and Ron’s shares. Label them P  
       and R. 
 

 

  (b) Ron's share is ______ times as large as Pat's share. 
 
 
  (c) Pat's share is what fractional part of the whole cake? ______ 

 

3.   Suzy and Linda split a candy bar. Suzy’s share is 2/3 as large as Linda’s share.  
 
  (a) Sketch on the “candy bar” diagram below to show Suzy’s and Linda’s shares. Label  
        them S and L. 

 

    

(b) Linda's share is ______ times as large as Suzy's share. 
 

(c) Suzy's share is what fractional part of the whole candy bar? ______ 

 

3
2
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Appendix L: Singapore Modeling Method Study Flyer 

Volunteers Needed for Research Study 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This study seeks to explore the influence of the Singapore Modeling Method on elementary 

prospective teacher development (mathematical knowledge for teaching and mathematics self-
efficacy beliefs) in a university mathematics content course.  

To participate, you must be an undergraduate student enrolled in Math 2008 Foundations 
of Number and Operations. 

 
Participants will take 3 pretests and posttests, to be administered during class time (on September 

27 and November 1). They involve mathematics knowledge for teaching, the Singapore Modeling Meth-
od mathematics problem solving, and mathematics self-efficacy beliefs.  

The Singapore Modeling Method intervention (on Tuesdays in October – the 4th, 11th, 18th, and 
25th) will support your mathematics content in this Math 2008 Foundations of Number and Operations 
course. The researcher will facilitate learning and provide a few assessments, grade them, and report those 
grades to your course professor. The researcher plans to make copies of all student work on classwork and 
homework and may use some of this student work to describe this intervention and the study’s findings. 
No student names will be used in any reporting, and all data will be kept in a secure environment. 

A random sample of six students will be selected for semi-structured, individual interviews in 
early November. These meetings will occur at a mutually agreed upon day, time, and location. Interviews 
should last no more than one hour, and each interviewee will have an opportunity to check the interview 
transcript. 

If you commit to participate and at any point change your mind, the researcher will pull any of 
your data from the pool of data for the study’s findings, with no penalty to you in the course and in the 
program. 

 
To learn more, contact the student principal investigator of the study, Geoff Clement, at 

gclement3@student.gsu.edu, 678-359-5820. 
This research is conducted under the direction of Dr. Susan Swars Auslander, Associate 

Professor of Early Childhood Education, Georgia State University, and has been reviewed and ap-
proved by the Georgia State University Institutional Review Board.  
 
Thank you for considering participation in this research study! 


