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of written responses to probing questions in laboratory activities, (b) electronically 

recorded interactions within the CAS environment, (c) classroom observations, and (d) 

student responses to post-lab activities. Electronic documents were analyzed thematically 

to explore learning trends and themes suggested by the respective APOS decompositions 

as they relate to the instructional frameworks and the learner‘s conceptual understanding.  

Dubinsky claimed students often construct meaning from formal symbolic 

systems (Dubinsky, 2000) suggesting that the symbol system utilized may promote and 

shape understanding in specific and unique ways. Sherin (2001) considered replacing 

standard algebraic notation in the physics classroom with a programming language. 

Sherin found that algebra-physics could be characterized as a physics of balance (i.e. 

static) whereas programming-physics can be characterized as a physics of processes and 

causation (i.e. dynamic); students conceptualize physics concept differently when a 

different expressive medium is utilized. This study presented a characterization of the 

nature of the understanding that develops when exploratory tools are developed and 

utilized via programming. Qualitative content analysis permitted contrasting of student‘s 

understandings and their developmental paths. 
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This discrepancy was noted but the pairs explanation described the trend as the 

function no longer monotonically increased as x=2 was approached suggesting a focus 

upon the monotonicity of the range process rather than the limiting behavior. 

SimpleLimitTable2 was further refined, resulting in another new procedure, 

simpleLimitTable3, which would approach the given point more closely. 

Specifically, the procedure it evaluates the function at points within 0.1, 0.01, 0.001, 

0.0001, and 0.00001 of the given point. The pair again produced an appropriate 

procedure and utilized it to again examine the behavior of function m near x=2 (see 

Figure 51). This resulted in a table that was again discrepant with the table produced by 

both simpleLimitTable and simpleLimitTable2.  

Finally the group was asked to look as closely as necessary at the graph of m so as 

to explain the contradictory results produced by simpleLimitTable, 

simpleLimitTable2, and simpleLimitTable3. The pair produced the plot and 

explanation in Figure 52. The graph more clearly showed the unexpected behavior 

around x=2. From their response to Problem 8, the pair still appeared to hold the belief 

that the limiting value must depend upon the functions value at x=2. 

Definition of Procedure 
 

> simpleLimitTable3 := proc( f, x ) 

 print(x+0.1,f(x+.1) ); 

   print(x+0.01,f(x+.01) ); 

   print(x+.001,f(x+.001) ); 

   print(x+.0001,f(x+.0001) ); 

 print(x+.00001,f(x+.00001) ); 

 print(x-.00001,f(x-.00001) ); 

 print(x-.0001,f(x-.0001) );   

 print(x-0.001,f(x-0.001) ); 

   print(x-.01,f(x-.01) ); 

   print(x-.1,f(x-.1) ); 

end proc: 

Application of Procedure to Function m 
 

> simpleLimitTable3(m,2); 

           2.1, 5.2 

           2.01, 5.02 

           2.001, 5.002 

           2.0001, 4. 

           2.00001, 3. 

           1.99999, 3. 

           1.9999, 4. 

           1.999, 4.998 

           1.99, 4.98 

 

Figure 51. Group 1P 's implementation of simpleLimitTable3 near x=2 
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> plot ( m(x), x=1.999..2.001, y=3.9..5.1); 

 

8. What would be necessary to ensure that you have in fact found the correct limit? Describe what it 

would take for you to be convinced that you have found the correct limit? EXPLAIN HERE. 

 

Plugging in the answer of the limit into the equation to make sure that the answers of the limit are the 

same. 

Figure 52. Group 1P 's response to Lab 2, Problem 8 

 

To summarize, the pair was able to construct the necessary procedures and 

demonstrated an understanding of appropriate domain processes attaining understandings 

outlined in APOS steps 1, 2, and 3a but not 3b. While the group was able to infer some 

discrepant behavior using the tool, the group did not utilize the tool‘s output to justify or 

support any inferred limiting behavior. It appears, from their lack of response to the 

questions, a greater focus was placed upon the creation of the tool than on its application. 

There is a definite lack of understanding of coordinated domain and range processes. 

Little attention was paid to the range behavior of the given function. The pair continued 

to hold that a limits value is dependent upon the functions value at the limit point. As a 

pair, the group continued to perform well utilizing the pair programming model again 

giving each other perfect peer evaluations. 
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decreases to  on the left rather than  as shown in their graph. The pair also 

correctly inferred the presence of a hole at x=2 but did not perform evaluation at x=2 to 

see whether the function possessed a value at that point. Thus there inference is not 

completely justified.  

The pair had similar success with the remaining graphs. Their graph of g, shown 

in Figure 112, is nearly complete, except that they never performed evaluations at x=-1,1, 

Actual Mystery Function ( )g x  

 
Jump at x=4, no left limit at x=1, no right limit at 

x=-1. 

Inferred Behavior 

 

Support at x=-1, 1 using  

leftLim and rightLim  

 
> leftLim(g,-1,4): 
    -1.10000000      2.00000000 

    -1.01000000      2.00000000 

    -1.00100000      2.00000000 

    -1.00010000      2.00000000 

> rightLim(g,-1,4): 
    -0.90000000             NaN 

    -0.99000000             NaN 

    -0.99900000             NaN 

    -0.99990000             NaN 

> leftLim(g,1,4): 
     0.90000000             NaN 

     0.99000000             NaN 

     0.99900000             NaN 

     0.99990000             NaN 

> rightLim(g,1,4): 
     1.10000000      2.01000000 

     1.01000000      2.00010000 

     1.00100000      2.00000100 

     1.00010000      2.00000001 

Support at x=4 using leftLim and rightLim  

 

 

> leftLim(g,4,4): 

     3.90000000     10.41000000 

     3.99000000     10.94010000 

     3.99900000     10.99400100 

     3.99990000     10.99940001 

> rightLim(g,4,4): 

     4.10000000      3.00000000 

     4.01000000      3.00000000 

     4.00100000      3.00000000 

     4.00010000      3.00000000 

 

Figure 112. Group 2P 's analysis of mystery function g(x) in Lab 3 
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and 4 to determine where, and if, such points should be included. They made appropriate 

inferences using the data provided by the tools. 

 Function h is shown in Figure 113. While the pair makes appropriate inferences, 

there were some oversights. On the left side of x=0, they pair incorrectly inferred 

increasing behavior rather than decreasing and at x=3, they incorrectly discern behavior 

on the right. 

 

 

Actual Mystery Function ( )h x  

 
Corner at x=0 and a Vertical asymptote at x=3. 

Inferred Behavior 

 

 

Support at x=0 using leftLim and rightLim  

 

> leftLim(h,0,6): 
    -0.10000000      0.01000000 

    -0.01000000      0.00010000 

    -0.00100000      0.00000100 

    -0.00010000      0.00000001 

    -0.00001000      0.00000000 

    -0.00000100      0.00000000 

> rightLim(h,0,6): 
     0.10000000      0.20000000 

     0.01000000      0.02000000 

     0.00100000      0.00200000 

     0.00010000      0.00020000 

     0.00001000      0.00002000 

     0.00000100      0.00000200 

Support at x=3 using leftLim and 

rightLim  

 
> leftLim(h,3,6): 
  2.90000000       5.80000000 

  2.99000000       5.98000000 

  2.99900000       5.99800000 

  2.99990000       5.99980000 

  2.99999000       5.99998000 

  2.99999900       5.99999800 

> rightLim(h,3,6): 
  3.10000000      10.00000000 
  3.01000000     100.00000000 

  3.00100000    1000.00000000 

  3.00010000   10000.00000000 

  3.00001000  100000.00000000 

  3.00000100 1000000.00000000 

Figure 113. Group 2P 's analysis of mystery function h(x) in Lab 3 
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On function k, their graph is nearly correct except that there is no hole at x=1 (see 

Figure 114). This is a recurrent issue; they had the same issue previously with functions f, 

and g. Apparently, they don‘t see the necessity of evaluating the function at the point in 

determining whether a hole is present. Their use of the tools, however, and the resulting 

inferences are largely accurate and relevant. 

Actual Mystery Function ( )k x  

 
Hole at x=2. 

Inferred Behavior 

 

 

Support at x=1 using leftLim and rightLim  

 

> leftLim(k,1,6): 
     0.90000000      1.90000000 

     0.99000000      1.99000000 

     0.99900000      1.99900000 

     0.99990000      1.99990000 

     0.99999000      1.99999000 

     0.99999900      1.99999900 

> rightLim(k,1,6): 
     1.10000000      2.10000000 
     1.01000000      2.01000000 

     1.00100000      2.00100000 

     1.00010000      2.00010000 

     1.00001000      2.00001000 

     1.00000100      2.00000100 

Support at x=2 using leftLim and rightLim  

 

> leftLim(k,2,6): 
     1.90000000      2.90000000 
     1.99000000      2.99000000 

     1.99900000      2.99900000 

     1.99990000      2.99990000 

     1.99999000      2.99999000 

     1.99999900      2.99999900 
> rightLim(k,2,6): 

     2.10000000      3.10000000 
     2.01000000      3.01000000 

     2.00100000      3.00100000 

     2.00010000      3.00010000 

     2.00001000      3.00001000 

     2.00000100      3.00000100 

Figure 114. Group 2P 's analysis of mystery function k(x) in Lab 3 
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In the second half of the lab, rather than explore a given functions behavior, pairs 

were instructed to construct functions in Maple that have specified behavior. As shown in 

Figure 115, the pair accomplished both the task of creating a hole at x=2 and creating a 

vertical asymptote at x=-1. The resulting limit tables support the hole at x=2 but not the 

asymptotic behavior at x=-1. Additionally, they did ensure that the function failed to have 

a value at x=2 which had been an oversight in prior analyses. 

Desired Behavior Function definition Plot 

Hole at x= 2 

Vertical Asymptote at 

x=-1 

> b := proc(x) 

   if type(x, realcons) then 

       (x-2)/(x^2-x-2); 

   else 

      'b(x)'; 

   end if: 

end proc: 

 

 
Supporting data 

produced with tools. 

> b(2); 

Error, (in b) numeric exception: division by zero 

> leftLim(b, 2, 5): 

1.90000000      0.34482759 

1.99000000      0.33444816 

1.99900000      0.33344448 

1.99990000      0.33334444 

1.99999000      0.33333444 

> rightLim(b,2,5): 
2.10000000      0.32258065 

2.01000000      0.33222591 

2.00100000      0.33322226 

2.00010000      0.33332222 

2.00001000      0.33333222 

Figure 115. Group 2P 's constructed function b(x) in Lab 3 
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Again, for function c, in Figure 116, the pair produced of procedure with all 

requested behavior, produced a graph, and made accurate inferences using the tools. 

Function d, shown in Figure 117, possessed the requested domain restriction but did not 

have the requested limiting behavior. It appears the group may have copied function c 

with the intent of modifying it to have the desired behavior but this modification was 

never completed. Function e, shown in Figure 118, nearly satisfied all the criteria 

specified and was accurately supported with the application of leftLim and 

rightLim and evaluation. The only oversight was that the asymptotic behavior around 

x=-2 is reversed. Specifically, the pair has
2

lim ( )
x

e x


   and
2

lim ( )
x

e x


 
. 

Desired Behavior Function definition Plot 

Jump discontinuity at 

x= -1 

3
lim ( )

x
c x


   

3
lim ( )

x
c x


   

> c := proc(x) 

   if type(x, realcons) then 

        if x>=-1 then 

          2*x+8; 

        elif x<-1 then 

          1/(x+3)^2; 

        else 

          undefined; 

   end if: 

   else 

      'c(x)'; 

   end if: 

end proc: 

 
 

Supporting data 

produced with tools. 

> leftLim(c, -3, 5): 
-3.100000         100.000000 

-3.010000       10000.000000 

-3.001000     1000000.000000 

-3.000100   100000000.000000 

-3.000010 10000000000.000000 

 
> rightLim(c,-3,5): 
-2.900000         100.000000 

-2.990000       10000.000000 

-2.999000     1000000.000000 

-2.999900   100000000.000000 

-2.999990 10000000000.000000 

> leftLim(c, -1, 5): 
-1.100000    0.27700831 

-1.010000    0.25251888 

-1.001000    0.25025019 

-1.000100    0.25002500 

-1.000010    0.25000250 
> rightLim(c,-1,5): 

-0.900000      6.200000 

-0.990000      6.020000 

-0.999000      6.002000 

-0.999900      6.000200 

-0.999990      6.000020 

Figure 116.Group 2P 's construction of function c(x) in Lab 3 
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Desired Behavior Function definition Plot 

Undefined on [1,2] 

1
lim ( ) 2
x

d x


  

2
lim ( ) 3
x

d x


  

> d := proc(x) 

   if type(x, realcons) 

then 

     if x>=-1 then 

        ; 

     elif x<-1 then 

       1/(x+3)^2; 

     else 

       undefined; 

     end if: 

   else 

      'd(x)'; 

   end if: 

end proc: 

 

Supporting data 

produced with tools. 

 

None 

 

Figure 117. Group 2P 's construction of function d(x) in Lab 3 

Desired Behavior Function definition Plot 

1
lim ( ) 3
x

e x


  

(1) 5e   

2
lim ( )

x
e x


   

2
lim ( )

x
e x


   

> e := proc(x) 

   if type(x, realcons) 

then 

      if x=1 then 

       5; 

      elif x>=0 then 

       3; 

      elif x <0 then 

       (1)/(x+2); 

      else 

       undefined; 

      end if: 

   else 

      'e(x)'; 

   end if: 

end proc: 

 

Supporting data 

produced with tools.
 

> e(1); 
     5 

> leftLim(e, 1, 5): 
0.900000      3.000000 

0.990000      3.000000 

0.999000      3.000000 

0.999900      3.000000 

0.9999900     3.000000 
> rightLim(e,1,5): 

1.100000      3.000000 

1.010000      3.000000     

1.001000      3.000000 

1.000100      3.000000 

1.000010      3.000000 

 

 

> leftLim(e, -2, 5): 
-2.100000     -10.000000 

-2.010000    -100.000000 

-2.001000   -1000.000000 

-2.000100  -10000.000000 

-2.000010 -100000.000000 
> rightLim(e,-2,5): 

-1.900000     10.000000 
-1.990000    100.000000 

-1.999000   1000.000000 

-1.999900  10000.000000 

-1.999990 100000.000000 

Figure 118.Group 2P 's construction of function e(x) in Lab 3 
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 Following the lab, the group completed a written post-lab activity to explore the 

degree to which they understood the coordination between the domain and range process 

of the limiting process. This group failed to submit this work.  

This pair seemed to possess a very good understanding of the limit process and 

was able to construct and utilize the tools effectively. Based upon there inferences within 

the lab itself, the pair demonstrated an understanding of the domain process, APOS 3a, as 

well as the need for a corresponding  range process, APOS 3b. An understanding of the 

coordinated relationship between these two processes is suggested by their consistently 

accurate inferences but this is not confirmed by post-lab responses as none were 

submitted. Nevertheless, there is support for this group‘s attainment of APOS Step 3c. 

The group gave each other perfect peer reviews and commented that they continue to 

enjoy working together and that the labs are fun. 

Group 3P  

 

The pair correctly constructed two procedures, leftLim and rightLim shown 

in Figure 119. As can been seen in the procedure declarations, this group made use of 

local variables, x and i, suggesting a deeper understanding of variables and their scope. 

leftLim Procedure 

 
> leftLim := proc( f, a, n) 

local x, i; 

 x:= a-0.1; 

 for i from 1 to n do 

  printf("%15.8f 

%15.8f\n",x,f(x)); 

  x:=a-10^(-(i+1)); 

 end do: 

end proc: 

rightLim Procedure 

 
> rightLim := proc( f, a, n) 

 local x, i; 

 x:= a+0.1; 

 for i from 1 to n do 

  printf("%15.8f %15.8f\n",x,f(x)); 

  x:= a+10^(-(i+1)); 

 end do: 

end proc: 

Figure 119. Group 3P 's implementation of leftLim and rightLim procedures 
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 Additionally, the pair developed an appropriate looping procedure which provided 

the correct sequence of function evaluations. The specific loop suggests an interiorization 

of the domain process utilized in the limiting process, APOS step 2 and 3a.  

Once these tools were developed, the pair attempted to utilize them to infer the 

behavior of the four mystery functions from Lab 2. As shown in Figure 120, the pair 

created a squaring function named f(x) and proceeded to analyze this new function rather 

Actual Mystery Function ( )f x  

 
Hole at x=2, Vertical asymptote at x= -3. 

Inferred Behavior 

 

 

 
Support at x=-3 using leftLim and rightLim  

 

> f(x) := proc( x ) 

   if type(x, realcons) then 

      x^2; 

   else 

      'f(x)'; 

   end if: 

end proc: 

 

> leftLim (f(x),-3,4): 
   -3.10000000      9.61000000 

   -3.01000000      9.06010000 

   -3.00100000      9.00600100 

   -3.00010000      9.00060001 
> rightLim (f(x),-3,4): 
   -2.90000000      8.41000000 

   -2.99000000      8.94010000 

   -2.99900000      8.99400100 

   -2.99990000      8.99940001 

Support at x=2 using leftLim and rightLim 

 

> leftLim (f(x),2,4): 
     1.90000000      3.61000000 

     1.99000000      3.96010000 

     1.99900000      3.99600100 

     1.99990000      3.99960001 

> rightLim (f(x),2,4): 
     2.10000000      4.41000000 

     2.01000000      4.04010000 

     2.00100000      4.00400100 
     2.00010000      4.00040001 

Figure 120. Group 3P 's analysis of mystery function f(x) in Lab 3 
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than the intended mystery function, f. This group did, however, consistently use the new 

function but was unable to interpret the left-hand limit data. They erroneously inferred 

the function increases from the left of x=-3 and deceases from the left of x=2 when in fact 

the function increases; they demonstrate a clear lack of coordination between the domain 

and range processes.     

The pair had similar success with mystery function g as shown in Figure 121. As 

before, using the incorrect function, the pair inferred the wrong right behavior at x=-1, 

the wrong left behavior at x=1, and the wrong right behavior at x=4.  
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Actual Mystery Function ( )g x  

 
Jump at x=4, no left limit at x=1, no right limit at 

x=-1. 

 

 

Inferred Behavior at x=1 

 
Inferred Behavior at x=4 

  
Inferred behavior at x=-1 

 
Support at x=-1, 1 using  

leftLim and rightLim  

 
> g(x) := proc( x ) 

   if type(x, realcons) then 

      x^2; 

   else 

      'g(x)'; 

   end if: 

end proc: 
> leftLim (g(x),-1,4): 

    -1.10000000      1.21000000 

    -1.01000000      1.02010000 

    -1.00100000      1.00200100 

    -1.00010000      1.00020001 
> rightLim (g(x),-1,4): 

    -0.90000000      0.81000000 

    -0.99000000      0.98010000 

    -0.99900000      0.99800100 

    -0.99990000      0.99980001 

 

Support at x=1 and x=4 using leftLim and 

rightLim  
 

> leftLim (g(x),1,4): 
     0.90000000      0.81000000 

     0.99000000      0.98010000 

     0.99900000      0.99800100 

     0.99990000      0.99980001 

> rightLim (g(x),1,4): 
     1.10000000      1.21000000 

     1.01000000      1.02010000 
     1.00100000      1.00200100 

     1.00010000      1.00020001 

> leftLim (g(x),4,4): 
     3.90000000     15.21000000 

     3.99000000     15.92010000 

     3.99900000     15.99200100 

     3.99990000     15.99920001 

> rightLim (g(x),4,4): 
     4.10000000     16.81000000 

     4.01000000     16.08010000 
     4.00100000     16.00800100 

     4.00010000     16.00080001 

Figure 121. Group 3P 's analysis of mystery function g(x) in Lab 3 
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The analysis of function h (see Figure 122) was likewise problematic in that 

correct behavior was inferred at x=0 but the right behavior at x=3 was incorrect. 

Actual Mystery Function ( )h x  

 
Corner at x=0 and a Vertical asymptote at x=3. 

Inferred Behavior at x=0 

 

 
Inferred Behavior at x=3 

 

 
Support at x=0 using leftLim and rightLim  

 

> h(x) := proc( x ) 

   if type(x, realcons) then 

      x^2; 

   else 

      'fn(x)'; 

   end if: 

end proc: 

> leftLim (h(x),0,4): 
    -0.10000000      0.01000000 

    -0.01000000      0.00010000 

    -0.00100000      0.00000100 

    -0.00010000      0.00000001 

> rightLim (h(x),0,4): 
     0.10000000      0.01000000 

     0.01000000      0.00010000 

     0.00100000      0.00000100 

     0.00010000      0.00000001 

Support at x=3 using leftLim and rightLim  

 
> leftLim (h(x),3,4): 

     2.90000000      8.41000000 

     2.99000000      8.94010000 

     2.99900000      8.99400100 

     2.99990000      8.99940001 
> rightLim (h(x),3,4): 

     3.10000000      9.61000000 
     3.01000000      9.06010000 

     3.00100000      9.00600100 

     3.00010000      9.00060001 
 

Figure 122. Group 3P 's analysis of mystery function h(x) in Lab 3 
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On function k, as on the previous functions, incorrect inferences were made on 

one side of the point of interest. These results are shown in Figure 123.  

Actual Mystery Function ( )k x  

 
hole at x=2. 

Inferred Behavior at x=1 

 

 
Inferred Behavior at x=2 

 

 
Support at x=1 using leftLim and rightLim  

 

> k(x) := proc( x ) 

   if type(x, realcons) then 

      x^2; 

   else 

      'k(x)'; 

   end if: 

end proc: 

 
> rightLim (k(x),1,4): 
     1.10000000      1.21000000 

     1.01000000      1.02010000 

     1.00100000      1.00200100 

     1.00010000      1.00020001 

> leftLim (k(x),1,4): 
     0.90000000      0.81000000 

     0.99000000      0.98010000 

     0.99900000      0.99800100 

     0.99990000      0.99980001 

Support at x=2 using leftLim and rightLim  

 

> rightLim (k(x),2,4): 
     2.10000000      4.41000000 

     2.01000000      4.04010000 

     2.00100000      4.00400100 

     2.00010000      4.00040001 
> leftLim (k(x),2,4): 
     1.90000000      3.61000000 

     1.99000000      3.96010000 

     1.99900000      3.99600100 

     1.99990000      3.99960001 

 

Figure 123. Group 3P 's analysis of mystery function k(x) in Lab 3 
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In the second half of the lab, rather than explore a given functions behavior, pairs 

were instructed to construct functions in Maple with specified behavior. As shown in 

Figure 124, the pair was unable to create a hole at x=2 as well as unable to create the 

desired asymptotic behavior at x=-1 requested for function b.  

 

 

Desired Behavior Function definition Plot 

Hole at x= 2 

Vertical Asymptote 

at x=-1 

b := proc( x ) 

   if type(x, 

realcons) then 

     if x>=2 then 

       x; 
     elif x<0 then 

       -x; 
     else  
       undefined; 

     end if: 
    else 

      'b(x)'; 

   end if: 
end proc: 

 

Supporting data 

produced with tools. 

> leftLim (b,2,4): 
1.900000           NaN 

1.990000           NaN 

1.999000           NaN 

1.999900           NaN 
> rightLim (b,2,4): 
2.100000      2.100000 

2.010000      2.010000 

2.001000      2.001000 

2.000100      2.000100 

> leftLim (b,-1,4): 

-1.100000      1.100000 

-1.010000      1.010000 

-1.001000      1.001000 

-1.000100      1.000100 
> rightLim (b,-1,4): 
-0.900000      0.900000 

-0.990000      0.990000 

-0.999000      0.999000 

-0.999900      0.999900 

Figure 124. Group 3P 's construction of function b(x) in Lab 3 



190 

 

For function c (see Figure 125), the pair again produced neither the desired jump 

discontinuity nor the asymptotic behavior at x=-3. The demonstrated an ability to use the 

tool but did not explain how the resulting output supported their conclusions. Also, like 

group
1P , this group does not understand the final else clause is unnecessary- a 

programming related misunderstanding. 

Desired Behavior Function definition Plot 

Jump discontinuity at 

x= -1 

3
lim ( )

x
c x


   

3
lim ( )

x
c x


   

> c := proc( x ) 

   if type(x, realcons) then 

     if x>-3 then 

>        x; 
>      elif x<-3 then 

>        -x; 
>      else  
>        undefined; 

>      end if: 
>     else 

       'c(x)'; 

   end if: 
> end proc: 

 

 

Supporting data 

produced with tools. 

> leftLim (c,-1,4): 
-1.10000000     -1.10000000 

-1.01000000     -1.01000000 

-1.00100000     -1.00100000 

-1.00010000     -1.00010000 

> rightLim (c, -1,4): 
-0.90000000     -0.90000000 

-0.99000000     -0.99000000 

-0.99900000     -0.99900000 

-0.99990000     -0.99990000 

 

Figure 125. Group 3P 's construction of function c(x) in Lab 3 
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 For function d (see Figure 126), the pair was able to accomplish the requested 

domain restriction using appropriate conditionals. Moreover, the function possessed 

appropriate limiting behavior at x=1 and x=2 as supported by their application of 

leftLim and rightLim.  

Desired Behavior Function definition Plot 

Undefined on 

[1,2] 

1
lim ( ) 2
x

d x


  

2
lim ( ) 3
x

d x


  

> d := proc( x ) 

   if type(x, realcons) then 

     if x>2 then 
>      3; 

>      elif x<1 then 
>      2; 
>      else  

>      undefined; 
>      end if: 

>     else 

      'd(x)'; 

   end if: 

> end proc: 

 

 

Supporting data 

produced with 

tools. 

> leftLim(d, 1,4): 

0.900000      2.000000 

0.990000      2.000000 

0.999000      2.000000 

0.999900      2.000000 

> rightLim( d, 2,4): 

2.100000      3.000000 

2.010000      3.000000 

2.001000      3.000000 

2.000100      3.000000 

Figure 126. Group 3P 's construction of function d(x) in Lab 3 
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Function e satisfied only one of the criteria requested. As shown in Figure 127, 

the function possessed the correct value at x=1 but this fact was not supported by an 

appropriate evaluation. Additionally, the limiting behavior at x=1 and x=-2 was not 

accomplished nor was it properly justified with the computational tools.  

The group‘s implementation of the function shown demonstrates confusion 

related to conditional statements in Maple. It further demonstrates confusion related to 

the construction of asymptotic behavior at a point. None of the component functions in 

the piecewise definition embody such behavior at any point. Even if the conditional 

statements had been properly understood, the requested asymptotic behavior would not 

have been implemented. 

Desired Behavior Function definition Plot 

1
lim ( ) 3
x

e x


  

(1) 5e   

2
lim ( )

x
e x


   

2
lim ( )

x
e x


   

> e:= proc( x ) 

  if type(x, realcons) then 

     if x=1 then 
        5; 

      elif x<-2 then 
        -x; 

      elif x>-2 then 

         x; 

      elif x>1 then 

         3; 
      else  
        undefined; 

    end if: 
    else 

     'e(x)'; 

 end if: 

 

Supporting data 

produced with tools.
 

> leftLim (e,1,4): 
0.900000      0.900000 

0.990000      0.990000 

0.999000      0.999000 

0.999900      0.999900 

> rightLim (e,1,4): 
1.100000      1.100000 

1.010000      1.010000 

1.001000      1.001000 

1.000100      1.000100 

> leftLim (e,-2,4): 
-2.100000      2.100000 

-2.010000      2.010000 

-2.001000      2.001000 

-2.000100      2.000100 

> rightLim (e, -2,4): 
-1.900000     -1.900000 

-1.990000     -1.990000 

-1.999000     -1.999000 

-1.999900     -1.999900 

Figure 127. Group 3P 's construction of function e(x) in Lab 3 
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 Following the lab, the participating student completed a written post-lab activity 

to explore the degree to which she understood the coordination between the domain and 

range process of the limiting process. Two responses to questions on this activity 

demonstrate relevant interpretations offered by the student. These are shown in Figure 

128. 

From this student‘ conclusions, barring some inconsistent mathematical notation, 

she is very aware of the need for coordination between the domain and range processes 

and possess a good understanding of the limit process. While she appears to be able to 

effectively use the tool, she had difficulty with conditional expressions as well as 

difficulty constructing piecewise functions. Based upon her responses within the lab, the 

Table 5 

           x         f(x) 

     --------------- --------------- 

     2.10000000      5.41000000 

     2.01000000      5.04010000 

     2.00100000      5.00400100 

     2.00010000      5.00040001 

     2.00001000      5.00004000 

     2.00000100      5.00000400 

     2.00000010      5.00000040 

     2.00000001      5.00000004 

              x            f(x) 

     --------------- --------------- 

     1.90000000      2.90000000 

     1.99000000      2.99000000 

     1.99900000      2.99900000 

     1.99990000      2.99990000 

     1.99999000      2.99999000 

     1.99999900      2.99999900 

     1.99999990      2.99999990 

     1.99999999      2.99999999 

 

Conclusions: 

The following limits exist. From top, 
2

( ) 5
x

f x


 and 

from the bottom 
2

( ) 3
x

f x


  

Table 6 

              x            f(x) 

     --------------- --------------- 

     2.10000000      7.94010000 

     2.01000000      5.49230400 

     2.00100000      5.88537600 

     2.00010000      7.47392100 

     2.00001000      7.74976400 

     2.00000100      5.79644900 

     2.00000010      5.32522500 

     2.00000001      3.48168900 

              x            f(x) 

     --------------- --------------- 

     1.90000000     -2.72000000 

     1.99000000     -2.16200000 

     1.99900000     -1.09400000 

     1.99990000     -2.13800000 

     1.99999000     -2.28600000 

     1.99999900     -2.51000000 

     1.99999990     -2.68600000 

     1.99999999     -2.77000000 

 

Conclusions: 

 

This table has no possible conclusions. 

Although the x-values in both tables approach 

2, the y-values of f(x) are not 

parallel/consistent with the functions x-

values.. 

Figure 128. Group 3P 's response to Post-lab 3 questions 



194 

 

student demonstrated an understanding of the domain process, APOS 3a, as well as the 

need for a corresponding range process, APOS 3b. Additionally, an understanding of the 

coordinated relationship between these two processes is in evidence for this student, 

APOS step 3c. This student gave her peer a perfect peer review and stated ―I am starting 

to get a better understanding of how the program works. Although it is difficult at times, 

it is nice to be able to ask a partner a question and figure out what is wrong.‖  

Group 4P  

 

The pair correctly constructed the two procedures, leftLim and rightLim as 

shown in Figure 129. Of note, the group utilized local variables, x , and i , suggesting an 

understanding of Maples‘ use of variables and scope- an understanding of an important 

programming construct. Additionally, the pair developed an appropriate looping 

procedure which provided the correct sequence of function evaluations. The specific loop 

suggests an interiorization of the domain process utilized in the limiting process, APOS 

step 2 and 3a.  

Once these tools were developed, the pair utilized them to infer the behavior of 

the four mystery functions from the previous lab. As in Lab 2, the students did not have 

access to actual graphs of the mystery functions.  

leftLim Procedure 

 
> leftLim := proc( f, a, n) 

local x, i; 

x:=a-.01; 

for i from 1 to n do 

 printf("%15.6f %15.6f\n",x,f(x)); 

 x:=a-10^(-(i+1)); 

end do: 

end proc: 

rightLim Procedure 

 
> rightLim := proc( f, a, n) 

local x, i; 

x:=a+.1; 

for i from 1 to n do 

 printf("%15.6f %15.6f\n",x,f(x)); 

 x:=a+10^(-(i+1)); 

end do:  

end proc: 

Figure 129. Group 4P 's implementation of leftLim and rightLim procedures 
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Like groups
1P and

3P , this pair attempted to redefine all the functions as the 

squaring function, see Figure 130, but unlike the other groups, they correctly used to 

same variable names as the mystery functions. As a result, their attempts to redefine the 

functions were unsuccessful and henceforward their analysis utilized the intended 

functions. 

The pair did not provide sketches for any of the mystery functions. Shown below 

is the pair‘s first application of leftLim and rightLim. Clearly, the parameters to the 

procedures were not understood as is demonstrated in their application to function f (see 

Figure 131). The pair supplied both points x=-3 and x=2 as two parameters in a single 

call to the leftLim and rightLim procedures. This reflects a misunderstanding of the 

role of the parameters to the procedures. As the group did not provide a sketch, it is 

unclear what conclusion(s), if any, they drew from this output. Although not shown here, 

similar mistakes were made in the exploration of mystery functions g, h, and k resulting 

in no interpretations. 

> f := proc( x ) 

   if type(x, realcons) then 

      x^2; 

   else 

      'f(x)'; 

   end if: 

end proc: 

 
Error, attempting to assign to `MysteryFunctions:-f` which is 

protected 

Figure 130. Group 4P 's attempt to redefine mystery function f(x) in Lab 3 
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As shown in Figure 133, the pair accomplished both the task of creating a hole at 

x=2 and creating a vertical asymptote at x=-1 as the resulting limit tables support. They 

made some progress demonstrating the hole at x=2 using the tools but failed to actually 

evaluate the function at x=2. No attempt was made to justify the asymptotic behavior at 

x=-1. 

In the second half of the lab, rather than explore a given functions behavior, pairs 

were instructed to construct functions in Maple that have specified behavior.  In this and 

subsequent work, the pair seems to have come to understand the procedure parameters to 

leftLim and rightLim.  

With function c (see Figure 132), the pair correctly produced a function with 

appropriate asymptotic behavior at x=-3 and provided justification using the tools. The 

requested jump discontinuity at x=-1 was not supplied nor was it justified by the tool.  

Actual Mystery Function ( )f x  

 
Hole at x=2, Vertical asymptote 

at x= -3. 

Inferred Behavior 

 

 

No sketch provided 

Support at x=2 and x=-3 using leftLim and rightLim  

 

> leftLim (f, -3, 2): 

      -3.100000     -100.000000 

      -3.010000    -1000.000000 

> rightLim (f, -3, 2): 

      -2.900000      100.000000 

      -2.990000     1000.000000 

Figure 131. Group 4P 's analysis of mystery function f(x) in Lab 3 
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Desired Behavior Function definition Plot 

Jump discontinuity at 

x= -1 

3
lim ( )

x
c x


   

3
lim ( )

x
c x


   

> c := proc(x) 

 if type(x, realcons) then 

     (x/(x+3))^2; 

   else 

     'c(x)'; 

end if: 

end proc: 

 

 
Supporting data 

produced with tools. 

> leftLim(c, -3, 3): 
-3.100000      961.000000 

-3.010000    90601.000000 

-3.001000  9006001.000000 
> rightLim(c, -3, 3): 

-2.900000      841.000000 

-2.990000    89401.000000 

-2.999000  8994001.000000 

 

Figure 132. Group 4P 's construction of function c(x) in Lab 3 

Desired Behavior Function definition Plot 

Hole at x= 2 

Vertical Asymptote 

at x=-1 

> b := proc( x ) 

   if type(x, realcons) then 

     (x-2)/((x+1)*(x-2)); 

   else 

     'b(x)'; 

   end if: 

end proc: 

 

 
Supporting data produced with tools. > leftLim(b, 2, 4): 

       1.900000        0.344828 

       1.990000        0.334448 

       1.999000        0.333444 

       1.999900        0.333344 
> rightLim(b, 2, 4): 
       2.100000        0.322581 

       2.010000        0.332226 

       2.001000        0.333222 

       2.000100        0.333322 

Figure 133. Group 4P 's construction of function b(x) in Lab 3 
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Function d, shown in Figure 134, expressed the requested domain restriction on 

[1,2]. Appropriate one sided behavior was present to the left of x=1. The right side 

behavior at x=2 would have been correct if the pair had not reversed the inequality sign 

on the conditional expression, i.e. elif x >=2 rather than x <= 2. No supporting 

data was provided using either tool.  

Desired Behavior Function definition Plot 

Undefined on [1,2] 

1
lim ( ) 2
x

d x


  

2
lim ( ) 3
x

d x


  

d := proc (x)  

  if type(x, realcons) then  

    if 1 <= x and x <= 2 then 

      undefined  

    elif x <= 1 then  

      2  

    elif x <= 2 then 

      3  

    end if  

  else  

    'd(x)'  

  end if 

 end proc: 

 

Supporting data 

produced with 

tools. 

 

No support provided. 

 

 

Figure 134. Group 4P 's construction of function d(x) in Lab 3 
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Function e (see Figure 135) satisfied two of the four criteria specified; the graph 

possessed the correct value at x=1 as demonstrated using the tool. The asymptotic 

behavior from the right but not the left of x=-2 was also supported. However, the pair 

created a horizontal asymptote y=10/3. This was perhaps an unsuccessful attempt to 

satisfy the requirement that 
1

lim ( ) 3
x

e x


  having confused the definition of horizontal and 

vertical asymptote. No attempt was made justify this behavior using the tool.  

Desired Behavior Function definition Plot 

1
lim ( ) 3
x

e x


  

(1) 5e   

2
lim ( )

x
e x


   

2
lim ( )

x
e x


   

> e := proc(x) 

if type (x, realcons) then 

   if x=1 then 

      5; 

   elif x>-2 then  

      -(1/(x+2))+(10/3); 

   else 

      undefined; 

   end if: 

else 

   'e(x)'; 

end if: 

end proc: 

 

 

Supporting data 

produced with tools.
 

> e(1); 

      5 
> rightLim(e, -2, 3): 
-1.900000       -6.666667 

-1.990000      -96.666667 

-1.999000     -996.666667 

> leftLim(e, -2, 3): 
-2.100000             NaN 

-2.010000             NaN 

-2.001000             NaN 

 

Figure 135. Group 4P 's construction of function d(x) in Lab 3 
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 Following the lab, the student completed a written post-lab activity to explore the 

degree to which he understood the coordination between the domain and range process of 

the limiting process. Instructive sample responses to these questions appear in Figure 

136. 

Post-lab 3: Sample Responses 

Table 2 

              x                    f(x) 

     ---------------      --------------- 

     2.10000000      4.87930340 

     2.01000000      4.08722195 

     2.00100000      4.00871339 

     2.00010000      4.00087125 

     2.00001000      4.00008712 

     2.00000100      4.00000871 

     2.00000010      4.00000087 

     2.00000001      4.00000009 

 

              x                    f(x) 

     ---------------     --------------- 

     1.68000000      6.85900000 

     1.87800000      7.88059900 

     1.62000000      7.98800600 

     1.16200000      7.99880006 

     1.40500000      7.99988000 

     1.71600000      7.99998800 

     1.70100000      7.99999880 

     1.29000000      7.99999988 

 

Conclusions: 

2
lim ( ) 4
x

f x


  and 
2

lim ( ) 8
x

f x


  

Table 4 

              x                   f(x) 

     ---------------    --------------- 

     2.10000000     16.11758758 

     2.01000000     12.50332216 

     2.00100000     10.07769600 

     2.00010000     17.57600000 

     2.00001000      8.21794983 

     2.00000100     16.71830269 

     2.00000010     13.16097188 

     2.00000001      9.48773561 

 

              x                    f(x) 

      --------------- --------------- 

     1.90000000      6.85900000 

     1.99000000      7.88059900 

     1.99900000      7.98800600 

     1.99990000      7.99880006 

     1.99999000      7.99988000 

     1.99999900      7.99998800 

     1.99999990      7.99999880 

     1.99999999      7.99999988 

 

Conclusions: 

 

2
lim ( )
x

f x


   and 
2

lim ( ) 8
x

f x


  

Figure 136. Group 4P 's Selected Responses to Post-lab 3 
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From these responses it is clear that the student does not have an awareness of the 

requirement of coordination between the domain and range processes. In the table on the 

left, the student concludes the limit is 8. Clearly he is focusing primarily on the range 

process. When the range process is not convergent, he concludes the limit is infinite. 

Apparently, when the domain process fails to converge, the limit does not exist, and 

when the range process does not converge, the limit is infinite.  

The student initially had difficulty using the tool but eventually came to 

understand its operation. However, the student did not effectively utilize the tool to 

support his answers. Based upon there inferences within the lab itself, the pair 

demonstrated an understanding of the domain process, APOS 3a, and possessed an 

understanding of the range process, APOS 3b. However, an understanding of the 

coordination of these two processes, APOS step 3c, was not in evidence. This student 

indicated that he was glad he was ―glad you paired people you knew were friends.‖  

Group 1N  

 

Using the leftLim and rightLim tools, the pair utilized them to infer the 

behavior of the four mystery functions from Lab 2. The mystery graphs are shown for 

comparative purposes. The group‘s analysis of mystery function f is shown in Figure 137. 

The pair inferred a vertical asymptote at x=-3 using the resulting tables shown. No 

analysis was done to explore the graph near x=2. Unfortunately, the way in which they 

call the leftLim procedure (see Figure 137) indicates the group misunderstands the 

function of the parameters to the procedure. This is further reinforced by their subsequent 

analysis of function g, see Figure 138. Specifically, when the pair was asked to analyze 

the graph at x=-3 and x=2, the group provided both points as parameters to leftLim 
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and rightLim rather than a single point and a specification of the degree of closeness 

desired. The pair does not understand that the second parameter is the point and the third 

parameter is an integer specifying the degree of closeness to that point. Thus, luck played 

a significant role in their accurate inference of f‘s behavior around x=-3. In spite of 

misinterpreting the parameters functions, they tables produced provided relevant data 

relating to graph f at x=-3 which did lead to an appropriate inference. Subsequently, it is 

unclear why they evaluated the function at x=0.  

 

Actual Mystery Function ( )f x  

 
Hole at x=2, Vertical asymptote at x= -3. 

Inferred Behavior 

 

 

Support at x=-3 and x=2 using leftLim and rightLim  

> leftLim(f, -3, 2); 
[Left Limit]  x            f(x) 

--------------- --------------- 

    -3.10000000   -100.00000000 

    -3.01000000  -1000.00000000 

> f(0); 

 3.33333333 

> rightLim(f,-3,2); 
[Right Limit] x            f(x) 

--------------- --------------- 
    -2.90000000    100.00000000 
    -2.99000000   1000.00000000 

Figure 137. Group 1N 's analysis of mystery function f(x) in Lab 3 
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They were similarly unsuccessful in their analysis of g, h, and k as shown in 

Figure 138, Figure 139, and Figure 140. Their graph of g, shown in Figure 138, in no way 

resembles the actual graph of g. Again, not understanding the parameters to the 

leftLim and rightLim procedures lead to erroneous interpretations of the graph‘s 

behavior. As with function, f, the pair used all three points of interest as parameters to the 

procedures. Figure 139 

 

 

Actual Mystery Function ( )g x  

 
Jump at x=4, no left limit at x=1, no right 

limit at x=-1. 

Inferred Behavior 

 

 

Support at x=-1, 1, and 4 using leftLim and rightLim  

 

> leftLim(g, -1, 1, 4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

    -1.10000000      2.00000000 

> g(0); 

    Undefined 

> rightLim(g, -1, 1, 4); 

[Right Limit] x            f(x) 
--------------- --------------- 

     -.90000000             NaN 

Figure 138. Group 1N 's analysis of mystery function g(x) in Lab 3 
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Actual Mystery Function ( )h x  

 
Corner at x=0 and a Vertical asymptote at x=3. 

Inferred Behavior 

 

Support at x=0 using leftLim and 

rightLim  

> leftLim(h, 0, 3); 
[Left Limit]  x            f(x) 

--------------- --------------- 

    -0.10000000      0.01000000 

    -0.01000000      0.00010000 

    -0.00100000      0.00000100 

    -0.00001000      0.00002000 
    -0.00000100      0.00000200 

 

Support at x=3 using leftLim and 

rightLim  

> rightLim(h,0,6); 
[Right Limit] x            f(x) 
--------------- --------------- 

      .10000000       .20000000 
      .01000000       .02000000 

      .00100000       .00200000 
      .00010000       .00020000 

> h(0); 

0 

Figure 139. Group 1N 's analysis of mystery function h(x) in Lab 3 
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In the second half of the lab, rather than explore a given functions behavior, pairs 

were instructed to construct functions in Maple that have specified behavior.  

As shown in Figure 141, the pair accomplished the task of creating function b 

possessing a hole at x=2 and a vertical asymptote at x=-1. They were successful in 

creating a suitable function in Maple but provided no justification using the leftLim 

and rightLim tools for the requested behavior nor did they use evaluation to verify the 

function possessed a hole at x=2. This is not surprising as the group clearly does not 

understand how to utilize the tool.  

They explained how they created the requested function as follows. ―Since there 

is a hole at x=2, the numerator & denominator must include (x-2) and the vertical 

Actual Mystery Function ( )k x  

 
hole at x=2. 

Inferred Behavior 

 

 

Support at x=1 and x=2 using leftLim and rightLim  

> leftLim(k, 1, 2); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     0.90000000      1.90000000 

     0.99000000      1.99000000 

> rightLim(k,1,2); 
[Right Limit] x            f(x) 

--------------- --------------- 
     1.10000000      2.10000000 
     1.01000000      2.01000000 

> k(0); 

1 

Figure 140. Group 1N 's analysis of mystery function k(x) in Lab 3 
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asymptote (x+1) is on the denominator.‖ The pair used methods explored in a prior math 

course for producing such behavior but could not use the leftLim and rightLim 

tools to justify the behavior. Additionally, the phrase “…and the vertical asymptote (x+1) 

is in the denominator‖ suggests that don‘t have a clear understanding of an asymptote; 

they fail to differentiate between the asymptote, and the factor, x+1, that causes the 

asymptotic behavior. 

Desired Behavior Function definition Plot 

Hole at x= 2 

Vertical Asymptote 

at x=-1 

b:= x-> ((x-2)/(x^2-x-2)); 

 
Supporting data 

produced with tools. 

 

None 

 

Figure 141. Group 1N 's construction of function b(x) in Lab 3 
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Again, for function c (see Figure 142), the pair produced none of the requested 

behavior. They were unable to effectively construct an appropriate procedure and make 

accurate inferences using the data produced with the tools. The pair was able to create a 

discontinuity but not at the requested location, x=-1 and they did not produce any 

asymptotic behavior. 

 

 

 

Desired Behavior Function definition Plot 

Jump discontinuity 

at x= -1 

3
lim ( )

x
c x


   

3
lim ( )

x
c x


   

c:=x-> piecewise( 

   x > -3, 3, 

   x < -3, x+1 ); 

 
Supporting data 

produced with 

tools. 

 

None 

 

Figure 142. Group 1N 's construction of function c(x) in Lab 3 
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Function d, shown in Figure 143, does possess the requested domain restriction as 

well as the requested limiting behavior. As with the previous functions, the pair does not 

provide any justification using leftLim and rightLim tools. 

 

Desired Behavior Function definition Plot 

Undefined on [1,2] 

1
lim ( ) 2
x

d x


  

2
lim ( ) 3
x

d x


  

d:=x-> piecewise(  

    x<1, 2, 

    x>2,3, 

    undefined); 

 
Supporting data 

produced with 

tools. 

 

None 

 

Figure 143. Group 1N 's construction of function d(x) in Lab 3 
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Function e (see Figure 144) satisfied all the criteria specified and was not 

supported with the application of leftLim and rightLim and evaluation. 

Desired Behavior Function definition Plot 

1
lim ( ) 3
x

e x


  

(1) 5e   

2
lim ( )

x
e x


   

2
lim ( )

x
e x


   

e:=x->piecewise( 

     x=1, 5, 

     x>-2, (-1/(x+2)), 

     x<-2,-1/(x+2), 

     undefined);  

 
Supporting data 

produced with tools.
 

 

None 

 

Figure 144. Group 1N 's construction of function e(x) in Lab 3 
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Following the lab, the group completed a written post-lab activity to explore the 

degree to which they understood the coordination between the domain and range process 

of the limiting process. The two group members gave responses that differed significantly 

and are shown in Figure 145. 

Post-lab 3: Sample Responses 

Table 2 

              x                    f(x) 

     ---------------      --------------- 

     2.10000000      4.87930340 

     2.01000000      4.08722195 

     2.00100000      4.00871339 

     2.00010000      4.00087125 

     2.00001000      4.00008712 

     2.00000100      4.00000871 

     2.00000010      4.00000087 

     2.00000001      4.00000009 

 

              x                    f(x) 

     ---------------     --------------- 

     1.68000000      6.85900000 

     1.87800000      7.88059900 

     1.62000000      7.98800600 

     1.16200000      7.99880006 

     1.40500000      7.99988000 

     1.71600000      7.99998800 

     1.70100000      7.99999880 

     1.29000000      7.99999988 

 

Conclusions: 

As the limit of the function is 2 from the right, the 

function gets closer to 4. As the limit of the 

function is 2 from the left, the function gets closer 

to 8. 

 

Table 4 

              x                   f(x) 

     ---------------    --------------- 

     2.10000000     16.11758758 

     2.01000000     12.50332216 

     2.00100000     10.07769600 

     2.00010000     17.57600000 

     2.00001000      8.21794983 

     2.00000100     16.71830269 

     2.00000010     13.16097188 

     2.00000001      9.48773561 

 

              x                    f(x) 

      --------------- --------------- 

     1.90000000      6.85900000 

     1.99000000      7.88059900 

     1.99900000      7.98800600 

     1.99990000      7.99880006 

     1.99999000      7.99988000 

     1.99999900      7.99998800 

     1.99999990      7.99999880 

     1.99999999      7.99999988 

 

Conclusions: 

 

When x approaches 2 from the right there is a 

jump discontinuity and as it further approaches 

to the left there is continuity and increases to 8. 

 

 Student B 

Conclusions: 

The first chart tells you that as you get closer and 

closer to x=2, the y-value gets closer and closer to 

4, therefore
2

lim (2) 4
x

f


 . You can conclude 

nothing from the second table. 

 

Conclusions: 

 

Nothing can be concluded from the first table. 

As the x-values approach 2 from the left, the 

limit is 8. Therefore the left sided limit is 8. 

Figure 145. Group 1N 's Selected Responses to Post-lab 3 
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Student B demonstrated an awareness of the need for a coordinated domain and 

range process in the limiting process whereas student A did not. The group was unable to 

utilize leftLim and rightLim to justify any of their responses. One of the two clearly 

had not conceptualized the domain-range coordination, APOS step 3c. In fact, one 

student was unable to infer that a limit failed to exist when either the domain or range 

process failed to converge. Specifically, they did not achieve an understanding of APOS 

step 3b. This group experienced difficulties stemming from two main sources.  

First, due the programming related issue of not understanding parameters to 

procedures, the pair could not make use of either of the tools. Therefore, as a group, the 

pair did not progress beyond APOS step 3a. Arguably there are still some issues related 

to step 3a as well.  

The group was quite aware of their difficulties as expressed in their peer reviews. 

Each gave the other a perfect review and made the following comments ―This lab was a 

little confusing to us, but having a partner helps.‖ And ―We had trouble graphing many 

of the graphs because of missing simple instructions but my partner cooperated with me 

in completing the lab.‖ 
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Group 
  
N

2
 

 

Using the leftLim and rightLim tools, the pair inferred the behavior of the 

four mystery functions. In analyzing mystery function f, see Figure 146, the pair 

accurately inferred a vertical asymptote at x=-3 using the resulting tables shown. 

Additionally, they additionally inferred the presence of a hole at x=2 using leftLim, 

rightLim, and evaluation at x=2.  

 

Actual Mystery Function ( )f x  

 
Hole at x=2, Vertical asymptote at x= -3. 

Inferred Behavior 

 

Support at x=-3 and x=2 using leftLim and rightLim  

 

> leftLim(f,-3,4);  

[Left Limit]  x            f(x) 

--------------- --------------- 

    -3.10000000   -100.00000000 

    -3.01000000  -1000.00000000 

    -3.00100000 -10000.00000000 

    -3.00010000 -100000.00000000 

> rightLim(f,-3,4) 
[Left Limit]  x            f(x) 

--------------- --------------- 

    -3.10000000   -100.00000000 

    -3.01000000  -1000.00000000 

    -3.00100000 -10000.00000000 

    -3.00010000 -100000.00000000 

 

 

> leftLim(f,2,4); 

rightLim(f,2,4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

     1.90000000      2.04081633 

     1.99000000      2.00400802 

     1.99900000      2.00040008 

     1.99990000      2.00004000 

[Right Limit] x            f(x) 

--------------- --------------- 

     2.10000000      1.96078431 

     2.01000000      1.99600798 

     2.00100000      1.99960008 

     2.00010000      1.99996000 

> f(2);                                  

 undefined 

Figure 146. Group 2N 's analysis of function f(x) in Lab 3 
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This response demonstrates a clear ability to interpret limiting behavior as well an 

understanding of the concept of asymptote and hole. Of particular interest is that this pair 

only shows behavior near the indicated point suggesting an understanding that such 

limiting behavior can only yield local information near respective points. 

The partners have similar success in their analysis of functions g, h, and k. In each 

analysis of the respective mystery function, shown in Figure 147, Figure 148, and Figure 

149, the pair accurately inferred the behavior of the function; their proposed graphs 

closely resemble the actual graphs. 
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Actual Mystery Function ( )g x  

 
Jump at x=4, no left limit at x=1, no right limit 

at x=-1. 

Inferred Behavior 

 

Support at x=-1, 1, and 4 using leftLim and rightLim 

> leftLim(g,-1,4);  

  rightLim(g,-1,4);  

  g(-1); 
[Left Limit]  x            f(x) 

--------------- --------------- 

    -1.10000000      2.00000000 

    -1.01000000      2.00000000 

    -1.00100000      2.00000000 

    -1.00010000      2.00000000 

[Right Limit] x            f(x) 

--------------- --------------- 

    -0.90000000             NaN 

    -0.99000000             NaN 

    -0.99900000             NaN 

    -0.99990000             NaN 
                                      

2 
 

>leftLim(g,1,4);rightLim(g,1,4); 

g(1); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     0.90000000             NaN 

     0.99000000             NaN 

     0.99900000             NaN 

     0.99990000             NaN 

[Right Limit] x            f(x) 

--------------- --------------- 

     1.10000000      2.01000000 

     1.01000000      2.00010000 

     1.00100000      2.00000100 

     1.00010000      2.00000001                                

undefined  
> 

leftLim(g,4,4);rightLim(g,4,4);g(4) 
[Left Limit]  x            f(x) 

--------------- --------------- 

     3.90000000     10.41000000 

     3.99000000     10.94010000 

     3.99900000     10.99400100 

     3.99990000     10.99940001 

[Right Limit] x            f(x) 

--------------- --------------- 

     4.10000000      3.00000000 

     4.01000000      3.00000000 

     4.00100000      3.00000000 

     4.00010000      3.00000000 
11 

Figure 147. Group 2N 's analysis of mystery function g(x) in Lab 3 
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Actual Mystery Function ( )h x  

 
Corner at x=0 and a Vertical asymptote at x=3. 

Inferred Behavior 

 

 

Support at x=0 and x=3 using leftLim and rightLim  

> leftLim(h,0,4); rightLim(h,0,4); 

h(0); 

 
[Left Limit]  x            f(x) 

--------------- --------------- 

    -0.10000000      0.01000000 

    -0.01000000      0.00010000 

    -0.00100000      0.00000100 

    -0.00010000      0.00000001 

[Right Limit] x            f(x) 

--------------- --------------- 

     0.10000000      0.20000000 

     0.01000000      0.02000000 

     0.00100000      0.00200000 

     0.00010000      0.00020000 
                                      

0 

> leftLim(h,3,4); 

rightLim(h,3,4); h(3);  

 

[Left Limit]  x            f(x) 

--------------- --------------- 

     2.90000000      5.80000000 

     2.99000000      5.98000000 

     2.99900000      5.99800000 

     2.99990000      5.99980000 

[Right Limit] x            f(x) 

--------------- --------------- 

     3.10000000     10.00000000 

     3.01000000    100.00000000 

     3.00100000   1000.00000000 

     3.00010000  10000.00000000 
                                      

6 

Figure 148. Group 2N 's analysis of mystery function h(x) in Lab 3 
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Actual Mystery Function ( )k x  

 
hole at x=2. 

Inferred Behavior 

 

 

Support at x=1 and x=2 using leftLim and rightLim  

> leftLim(k,1,4); rightLim(k,1,4); 

k(1); 

[Left Limit]  x            f(x) 

--------------- --------------- 
     0.90000000      1.90000000 

     0.99000000      1.99000000 

     0.99900000      1.99900000 

     0.99990000      1.99990000 

[Right Limit] x            f(x) 

--------------- --------------- 

     1.10000000      2.10000000 

     1.01000000      2.01000000 

     1.00100000      2.00100000 

     1.00010000      2.00010000 
                                      

2 

> leftLim(k,2,4); 

rightLim(k,2,4); k(2); 

[Left Limit]  x            f(x) 

--------------- --------------- 

     1.90000000      2.90000000 

     1.99000000      2.99000000 

     1.99900000      2.99900000 

     1.99990000      2.99990000 

[Right Limit] x            f(x) 

--------------- --------------- 

     2.10000000      3.10000000 

     2.01000000      3.01000000 

     2.00100000      3.00100000 

     2.00010000      3.00010000 
                                  

undefined 

Figure 149. Group 2N 's analysis of mystery function k(x) in Lab 3 
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In the second half of the lab, rather than explore a given functions behavior, pairs 

were instructed to construct functions in Maple that have specified behavior. As shown in 

Figure 150, the pair accomplished the task of creating function b possessing a hole at x=2 

and a vertical asymptote at x=-1. They were also successful in providing clear 

justification using the leftLim and rightLim tools.  

 

Desired Behavior Function definition Plot 

Hole at x= 2 

Vertical Asymptote 

at x=-1 

b := x->piecewise(  

   x<-1,  (x+2)/(x+1), 

   x=2,   undefined, 

   x>-1,  x); 

 
Supporting data 

produced with tools. 

> leftLim(b,2,4); 

rightLim(b,2,4); b(2); 

[Left Limit]  x      f(x) 

--------------- ----------- 

     1.900000      1.900000 

     1.990000      1.990000 

     1.999000      1.999000 

     1.999900      1.999900 

[Right Limit] x      f(x) 

--------------- ----------- 

     2.100000      2.100000 

     2.010000      2.010000 

     2.001000      2.001000 

     2.000100      2.000100 

                                  

undefined 

 

> leftLim(b,-1,4); 

rightLim(b,-1,4); b(-1); 

[Left Limit] x   f(x) 

----------- ------------ 

-1.100000     -9.000000 

-1.010000    -99.000000 
-1.001000   -999.000000 

-1.000100  -9999.000000 

[Right Limit] x   f(x) 

------------   --------- 

 -0.900000     -0.900000 

 -0.990000     -0.990000 

 -0.999000     -0.999000 

 -0.9999000    -0.999900 

                                      

0 

 

Figure 150. Group 2N 's construction of function b(x) in Lab 3 
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For function c, the pair produced all of the requested behavior through effective 

construction and appropriate procedure use. Accurate inferences regarding the functions 

limiting behavior were made utilizing data produced with the tools (see Figure 151). 

Notably, the pair was observed using the tool to incrementally test limiting behavior as 

they proposed candidate functions. Rather than work on paper initially, the group 

proposed candidate functions in Maple and then tested that behavior utilizing the 

leftLim and rightLim tools; there was exploration and not just verification with the 

tool in which the tool was used to guide their construction. 

Desired Behavior Function definition Plot 

Jump discontinuity 

at x= -1 

3
lim ( )

x
c x


   

3
lim ( )

x
c x


   

c:=x->piecewise(  

 x<-3, (x)/(x+3), 

 x>-3 and x<=-1,-x/(x+3), 

 x>-1, x+5); 

 
Supporting data 

produced with 

tools. 

> leftLim(c,-1,4);    

  rightLim(c,-1,4);    

  c(-1); 

[Left Limit]  x    f(x) 

--------------- --------- 

-1.100000      0.578947 

-1.010000      0.507537 

-1.001000      0.500750 

-1.000100      0.500075 

[Right Limit] x    f(x) 

--------------- --------- 

-0.900000      4.100000 

-0.990000      4.010000 

-0.999000      4.001000 

-0.999900      4.000100 
                                      

1/2                                      

> leftLim(c,-3,4);    

  rightLim(c,-3,4); 

   c(-3); 

[Left Limit]  x      (x) 

--------------- --------- 
  -3.100000     31.00000 

  -3.010000    301.00000 

  -3.001000   3001.00000 

  -3.000100  30001.00000 

[Right Limit] x     f(x) 

--------------- --------- 

  -2.900000     29.00000 

  -2.990000    299.00000 

  -2.999000   2999.00000 

  -2.999900  29999.00000 
                                      

0 

 

Figure 151. Group 2N 's construction of function c(x) in Lab 3 
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For function d (see Figure 152), the pair was not able to accomplish the requested 

domain restriction but was able to construct the requested limiting behavior. As with the 

previous functions, the pair provided appropriate justification using leftLim and 

rightLim tools. 

 

Desired Behavior Function definition Plot 

Undefined on [1,2] 

1
lim ( ) 2
x

d x


  

2
lim ( ) 3
x

d x


  

d :=x->piecewise(  

  x=1, undefined, 

  x>1, x+1,  

  x<1, 2); 

 
Supporting data 

produced with tools. 

> leftLim(d,1,4); 

rightLim(d,1,4); d(1); 
[Left Limit]  x  f(x) 

------------- -------- 

0.900000      2.000000 

0.990000      2.000000 

0.999000      2.000000 

0.999900      2.000000 

[Right Limit] x  f(x) 

-------------- ------- 

1.100000      2.100000 

1.010000      2.010000 

1.001000      2.001000 

1.000100      2.000100 
                                  

undefined 

> leftLim(d,2,4); 

rightLim(d,2,4); d(2); 
[Left Limit]  x     f(x) 

-------------- ------------- 

1.90000000      2.90000000 

1.99000000      2.99000000 

1.99900000      2.99900000 

1.99990000      2.99990000 

[Right Limit] x     f(x) 

-------------- ------------- 

2.10000000      3.10000000 

2.01000000      3.01000000 

2.00100000      3.00100000 

2.00010000      3.00010000 
                                      

3 

 

Figure 152. Group 2N 's construction of function d(x) in Lab 3 
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Function e satisfied all the criteria specified and was supported with the 

application of leftLim and rightLim and evaluation (see Figure 153).  

 

Desired Behavior Function definition Plot 

1
lim ( ) 3
x

e x


  

(1) 5e   

2
lim ( )

x
e x


   

2
lim ( )

x
e x


   

e := x->piecewise( 

  x<-2, -(x+3)/(x+2), 

  x>-2 and x < 0,  

         -(x+3)/(x+2), 

   x>=0 and x<1, 3,  

   x=1, 5, 

   x>1, 3); 

 
Supporting data 

produced with tools.
 

> leftLim(e,1,4); 

rightLim(e,1,4); e(1); 
[Left Limit]  x  f(x) 

------------- --------- 

0.900000      3.000000 

0.990000      3.000000 

0.999000      3.000000 

0.999900      3.000000 

[Right Limit] x  f(x) 

------------- --------- 

1.100000      3.000000 

1.010000      3.000000 

1.001000      3.000000 

1.000100      3.000000 

                                      

5 

> leftLim(e,-2,4); 

rightLim(e,-2,4); 
[Left Limit]  x   f(x) 

---------- --------------- 

-2.100000      9.000000 

-2.010000     99.000000 

-2.001000    999.000000 

-2.000100   9999.000000 

[Right Limit] x   f(x) 

---------- --------------- 

-1.900000    -11.000000 

-1.990000   -101.000000 

-1.999000  -1001.000000 

-1.999900 -10001.000000                                    

Figure 153. Group 2N 's construction of function e(x) in Lab 3 
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Following the lab, the group completed a written post-lab activity to explore the 

degree to which they understood the coordination between the domain and range process 

of the limiting process. The two group members gave similar responses highlighted 

below in Figure 154.  

Table 2 

              x                    f(x) 

     ---------------      --------------- 

     2.10000000      4.87930340 

     2.01000000      4.08722195 

     2.00100000      4.00871339 

     2.00010000      4.00087125 

     2.00001000      4.00008712 

     2.00000100      4.00000871 

     2.00000010      4.00000087 

     2.00000001      4.00000009 

 

              x                    f(x) 

     ---------------     --------------- 

     1.68000000      6.85900000 

     1.87800000      7.88059900 

     1.62000000      7.98800600 

     1.16200000      7.99880006 

     1.40500000      7.99988000 

     1.71600000      7.99998800 

     1.70100000      7.99999880 

     1.29000000      7.99999988 

 

Conclusions: 

You can’t make a conclusion because it is unclear 

what is happening on [1,2]. 

 

The limit as you approach from the left of 

SOMETHING appears to be 8 and the limit as you 

approach 2 from the right is 4. 

 

Table 4 

              x                   f(x) 

     ---------------    --------------- 

     2.10000000     16.11758758 

     2.01000000     12.50332216 

     2.00100000     10.07769600 

     2.00010000     17.57600000 

     2.00001000      8.21794983 

     2.00000100     16.71830269 

     2.00000010     13.16097188 

     2.00000001      9.48773561 

 

              x                    f(x) 

      --------------- --------------- 

     1.90000000      6.85900000 

     1.99000000      7.88059900 

     1.99900000      7.98800600 

     1.99990000      7.99880006 

     1.99999000      7.99988000 

     1.99999900      7.99998800 

     1.99999990      7.99999880 

     1.99999999      7.99999988 

 

Conclusions: 

 

The limit as x approaches 2 from the left is 8 but 

you can’t tell what the limit is from the right 

because of the random list of numbers on the 

right. 

Figure 154. Group 2N 's Selected Response from Post-lab 3 



222 

 

Clearly from these comments, the pair understands there is a lack of coordination 

between the domain and range processes at play. However, the comment ―The limit as 

you approach from the left of SOMETHING appears to be 8‖ also suggests greater focus 

on the range process. Their knowledge of this coordination is not fully formed, i.e. it has 

not been interiorized. Thus the pair appears to have an understanding of APOS steps 3a, 

3b, and 3c but continues to refine their understanding of 3c. Moreover, when the 

instructor asked the students, under what circumstance does a limit exists, the pair gave 

this telling response with regard to further use of leftLim and rightLim, ―If the 

answer continues to decimate itself (ha-ha), then there is a limit. If it doesn't then there 

isn’t a limit.” The pair suggests the limiting process is one in which the limiting value is 

trapped via an unending process of challenge and response implying a clear sense of 

coordination. 

The pair gave each other perfect peer reviews commenting that they have been 

friends since middle school and, as a result of their friendship, work together effortlessly. 

As mentioned in lab two, this pair changes roles like clockwork and does not need to be 

reminded of the importance of changing roles; they still have a tendency to overlap their 

respective responsibilities, however. The dynamics of their interaction rarely changes 

much even after they change roles. 
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Group 
  
N

3
 

 

Using the leftLim and rightLim tools, the pair utilized them to infer the 

behavior of the four mystery functions from the previous lab.  

For function f, see Figure 155, the pair accurately inferred a vertical asymptote at 

x=-3 as well as a hole at x=2 using the tables produced by leftLim and rightLim, 

coupled with evaluation at x=2. The do not discern the decreasing behavior at x=2 

however. Their response completely analyzes the functions behavior and demonstrates a 

clear understanding how the limiting behavior implies these characteristics. 

Actual Mystery Function ( )f x  

 
Hole at x=2, Vertical asymptote at x= -3. 

Inferred Behavior 

 

 

Support at x=-3 and x=2 using leftLim and rightLim  

> leftLim(f,-3,5); 
[Left Limit]  x            f(x) 

--------------- --------------- 

    -3.10000000   -100.00000000 

    -3.01000000  -1000.00000000 

    -3.00100000 -10000.00000000 

    -3.00010000 -100000.00000000 

    -3.00001000 -1000000.00000000 
> rightLim(f,-3,5); 

[Right Limit] x            f(x) 

--------------- --------------- 

    -2.90000000    100.00000000 

    -2.99000000   1000.00000000 

    -2.99900000  10000.00000000 

    -2.99990000 100000.00000000 

    -2.99999000 1000000.00000000 

 

> leftLim(f,2,5); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     1.90000000      2.04081633 

     1.99000000      2.00400802 

     1.99900000      2.00040008 

     1.99990000      2.00004000 

     1.99999000      2.00000400 
> rightLim(f,2,5); 

[Right Limit] x            f(x) 

--------------- --------------- 

     2.10000000      1.96078431 

     2.01000000      1.99600798 

     2.00100000      1.99960008 

     2.00010000      1.99996000 

     2.00001000      1.99999600 
> f(2); 

     undefined 

Figure 155. Group 3N 's analysis of mystery function f(x) in Lab 3 
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 They were similarly successful in their analysis of g, h, and k as shown in Figure 

156, Figure 157 and Figure 158. Their graph of g closely resembles the actual graph of g 

and is clearly supported with output from the tools. 

Actual Mystery Function ( )g x  

 
Jump at x=4, no left limit at x=1, no right limit at 

x=-1. 

Inferred Behavior 

 

 

Support at x=-1, 1, and 4 using leftLim and rightLim 

> leftLim(g,-1,4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

    -1.10000000      2.00000000 

    -1.01000000      2.00000000 
    -1.00100000      2.00000000 

    -1.00010000      2.00000000 

> g(-1);                                                     

     2 
> rightLim(g,-1,4); 
[Right Limit] x            f(x) 

--------------- --------------- 

    -0.90000000             NaN 

    -0.99000000             NaN 

    -0.99900000             NaN 

    -0.99990000             NaN 

> leftLim(g,1,4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

     0.90000000             NaN 

     0.99000000             NaN 

     0.99900000             NaN 

     0.99990000             NaN 

> rightLim(g,1,4); 

[Right Limit] x            f(x) 

--------------- --------------- 

     1.10000000      2.01000000 

     1.01000000      2.00010000 
     1.00100000      2.00000100 

     1.00010000      2.00000001 

> g(1);                                

     undefined 

> leftLim(g,4,4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     3.90000000     10.41000000 

     3.99000000     10.94010000 

     3.99900000     10.99400100 

     3.99990000     10.99940001 

> rightLim(g,4,4); 
[Right Limit] x            f(x) 

--------------- --------------- 

     4.10000000      3.00000000 

     4.01000000      3.00000000 

     4.00100000      3.00000000 

     4.00010000      3.00000000 

> g(4); 

     11 

Figure 156. Group 3N 's analysis of mystery function g(x) in Lab 3 
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 Actual Mystery Function ( )h x  

 
Corner at x=0 and a Vertical asymptote at x=3. 

Inferred Behavior 

 

 

Support at x=0 and x=3 using leftLim and rightLim  

> leftLim(h,0,4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

    -0.10000000      0.01000000 

    -0.01000000      0.00010000 

    -0.00100000      0.00000100 

    -0.00010000      0.00000001 
> rightLim(h,0,4); 

[Right Limit] x            f(x) 
--------------- --------------- 

     0.10000000      0.20000000 

     0.01000000      0.02000000 

     0.00100000      0.00200000 

     0.00010000      0.00020000 
 

> leftLim(h,3,4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

     2.90000000      5.80000000 

     2.99000000      5.98000000 

     2.99900000      5.99800000 

     2.99990000      5.99980000 
> rightLim(h,3,4); 

[Right Limit] x            f(x) 

--------------- --------------- 
     3.10000000     10.00000000 

     3.01000000    100.00000000 

     3.00100000   1000.00000000 

     3.00010000  10000.00000000 
> h(0); h(3)                                    

 0 

      6 

 

Figure 157. Group 3N 's analysis of mystery function h(x) in Lab 3 
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Actual Mystery Function ( )k x  

 
hole at x=2. 

Inferred Behavior 

 

 

Support at x=1 and x=2 using leftLim and rightLim  

> leftLim(k,1,4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     0.90000000      1.90000000 

     0.99000000      1.99000000 

     0.99900000      1.99900000 

     0.99990000      1.99990000 

> rightLim(k,1,4); 
[Right Limit] x            f(x) 

--------------- --------------- 

     1.10000000      2.10000000 

     1.01000000      2.01000000 

     1.00100000      2.00100000 

     1.00010000      2.00010000 
> k(1);                                        

     2 

> leftLim(k,2,4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     1.90000000      2.90000000 

     1.99000000      2.99000000 

     1.99900000      2.99900000 

     1.99990000      2.99990000 

> rightLim(k,2,4); 
[Right Limit] x            f(x) 

--------------- --------------- 

     2.10000000      3.10000000 

     2.01000000      3.01000000 

     2.00100000      3.00100000 

     2.00010000      3.00010000 
> k(2); 

     undefined 

Figure 158. Group 3N 's analysis of mystery function k(x) in Lab 3 

 

In the second half of the lab, rather than explore a given functions behavior, pairs 

were instructed to construct functions in Maple that have specified behavior. As shown in 

Figure 159, the pair accomplished the task of creating a function possessing a hole at x=2 

and a vertical asymptote at x=-1. They were successful in creating a suitable function in 

Maple and provided clear justification using the leftLim and rightLim tools.  
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Desired Behavior Function definition Plot 

Hole at x= 2 

Vertical Asymptote 

at x=-1 

b:=x->((x-2)/(x^2-x-2)); 

 
Supporting data 

produced with tools. 

> leftLim(b,-1,4); 
[Left Limit]  x  f(x) 

-----------  ------------ 

-1.100000    -10.000000 

-1.010000   -100.000000 

-1.001000  -1000.000000 

-1.000100 -10000.000000 

> rightLim(b,-1,4); 
[Right Limit] x  f(x) 

-----------  ------------ 

-0.900000     10.000000 

-0.990000    100.000000 

-0.999000   1000.000000 

-0.999900  10000.000000 

 

> b(2); 
Error, (in b) numeric 

exception: division by 

zero 
> leftLim(b,2,4); 

[Left Limit]  x  f(x) 

------------ ---------- 

1.900000      0.344827 

1.990000      0.334448 

1.999000      0.333444 

1.999900      0.333344 
> rightLim(b,2,4); 

[Right Limit] x  f(x) 

------------ ---------- 

2.100000      0.322580 

2.010000      0.332225 

2.001000      0.333222 

2.000100      0.333322 

Figure 159. Group 3N 's construction of function b(x) in Lab 3 

 

Again, for function c, the pair produced all of the requested behavior. They 

effectively constructed an appropriate procedure and provided support for the functions 

behavior at x=-1 and x=-3. The results are shown in Figure 160.  
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Desired Behavior Function definition Plot 

Jump discontinuity 

at x= -1 

3
lim ( )

x
c x


   

3
lim ( )

x
c x


   

c:= x->piecewise( 

 x<-3, x/(x+3), 

 x>-3 and x<-1, -x/(x+3),  

 x>=-1, x-3); 

 
Supporting data 

produced with 

tools. 

> leftLim(c,-1,4); 
[Left Limit]  x   f(x) 

--------------- --------- 

-1.100000      0.578947 

-1.010000      0.507537 

-1.001000      0.500750 

-1.000100      0.500075 
> rightLim(c,-1,4); 

[Right Limit] x   f(x) 

--------------- --------- 

-0.900000     -3.900000 

-0.990000     -3.990000 

-0.999000     -3.999000 

-0.999900     -3.999900 
 

> leftLim(c,-3,4); 
[Left Limit]  x   f(x) 

--------------- ----------- 

-3.100000     31.000000 

-3.010000    301.000000 

-3.001000   3001.000000 

-3.000100  30001.000000 
> rightLim(c,-3,4); 

[Right Limit] x  f(x) 

--------------- ----------- 

-2.900000     29.000000 

-2.990000    299.000000 

-2.999000   2999.000000 

-2.999900  29999.000000 

 

Figure 160. Group 3N 's construction of function c(x) in Lab 3 

 

For function d, the pair was able to construct the requested behaviors. As with the 

previous functions, the pair provided appropriate justification using leftLim and 

rightLim tools (see Figure 161). They did inquire about the error message reported in 

response to the left hand limit at x=2 and right hand limit at x=1. The instructor explained 

why this occurred and indicated that it was an oversight in the development of the tool.  
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Desired Behavior Function definition Plot 

Undefined on [1,2] 

1
lim ( ) 2
x

d x


  

2
lim ( ) 3
x

d x


  

d:= x-> piecewise(  

  x<1, x+1,  

  x>=1 and x<=2,      

           undefined, 

  x>2, x+1); 

 
Supporting data 

produced with tools. 

> rightLim(d,1,4); 
[Right Limit] x            

f(x) 

---------- ---------- 

1.10000000  

 
Error, (in fprintf) 

number expected for 

floating point format 
> leftLim(d,2,4); 
[Left Limit]  x f(x) 

---------- ---------- 

1.90000000  

 
Error, (in fprintf) 

number expected for 

floating point format 

 

> leftLim(d,1,4); 
[Left Limit]  x   f(x) 

------------- ------------

- 

0.90000000      1.90000000 

0.99000000      1.99000000 

0.99900000      1.99900000 

0.99990000      1.99990000 
> rightLim(d,2,4); 

[Right Limit] x    f(x) 
------------- ------------

- 

2.10000000      3.10000000 

2.01000000      3.01000000 

2.00100000      3.00100000 

2.00010000      3.00010000 

 

Figure 161. Group 3N 's construction of function d(x) in Lab 3 

 

Function e satisfied all the criteria specified and was supported with the 

appropriate application of leftLim, rightLim, and evaluation (see Figure 162). 
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Desired Behavior Function definition Plot 

1
lim ( ) 3
x

e x


  

(1) 5e   

2
lim ( )

x
e x


   

2
lim ( )

x
e x


   

e:= x-> piecewise( 

  x>-5 and x<0,   x/(x+2), 

  x>=0 and x<1, x+2, 

  x>1, x+2, 

  x=1,5,  

  undefined); 

 
Supporting data 

produced with tools.
 

> leftLim(e,-2,5); 
[Left Limit]  x   f(x) 

------------- -------------

- 

-2.100000     21.000000 

-2.010000    201.000000 

-2.001000   2001.000000 

-2.000100  20001.000000 

-2.000010 200001.000000 

> rightLim(e,-2,5); 
[Right Limit] x    f(x) 

------------ --------------

- 

-1.900000    -19.000000 

-1.990000   -199.000000 

-1.999000  -1999.000000 

-1.999900 -19999.000000 

-1.999990 -199999.000000 
> e(1); 

    5 

> leftLim(e,1,4); 
[Left Limit]  x  f(x) 

--------    ---------- 

0.900000      2.900000 

0.990000      2.990000 

0.999000      2.999000 

0.999900      2.999900 

> rightLim(e,1,4); 
[Right Limit] x  f(x) 

-----------  --------- 

1.100000      3.100000 

1.010000      3.010000 

1.001000      3.001000 

1.000100      3.000100 

 

Figure 162. Group 3N 's construction of function e(x) in Lab 3 

 

Notably, as with group 2N , the pair utilized the leftLim and rightLim tools 

for both analysis and synthesis of the requested functions. When asked to create functions 

with stated limiting behavior, the pair was observed utilizing the tool to aid in the 

construction of the functions on paper. The pair experimented with candidate functions 

using the tool to test their conjectures and incrementally build their resulting functions. 

The pair gave each other perfect peer reviews and commented that this was their favorite 

lab thus far.  
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Following the lab, the group completed a written post-lab activity to explore the 

degree to which they understood the coordination between the domain and range process 

of the limiting process. The two group members gave similar responses shown in Figure 

163.  

Clearly, from these comments, the pair quite clearly understands there exists a 

lack of coordination between the domain and range processes; In fact, prior to analysis, 

the pair reordered the table in increasing order of x! Thus, the pair possesses a clear 

understanding of APOS steps 3a, 3b, and 3c.  

 

Post-Lab 3: Relevant Student Responses 

Table 2 

              x                    f(x) 

     ---------------      --------------- 

     2.10000000      4.87930340 

     2.01000000      4.08722195 

     2.00100000      4.00871339 

     2.00010000      4.00087125 

     2.00001000      4.00008712 

     2.00000100      4.00000871 

     2.00000010      4.00000087 

     2.00000001      4.00000009 

 

              x                    f(x) 

     ---------------     --------------- 

     1.68000000      6.85900000 

     1.87800000      7.88059900 

     1.62000000      7.98800600 

     1.16200000      7.99880006 

     1.40500000      7.99988000 

     1.71600000      7.99998800 

     1.70100000      7.99999880 

     1.29000000      7.99999988 

 

Conclusions: 

The first table suggests
2

lim ( ) 4
x

f x


 . For the 

second table, no conclusion b/c you can’t tell what 

happens between (1,2]. 

Table 8 

              x            f(x) 

     --------------- --------------- 

     3.03300000     29.79100000 

     3.03500000     27.00000270 

     3.39700000     27.27090100 

     3.41400000     27.00270009 

     3.41900000     27.00000027 

     3.54600000     27.00027000 

     3.58900000     27.02700900   

     3.62800000     27.00002700 

 

              x            f(x) 

     --------------- --------------- 

     2.08900000     26.99997300 

     2.41800000     26.99999730 

     2.44800000     26.73089900 

     2.58100000     26.99999973 

     2.62000000     26.97300900 

     2.75900000     24.38900000 

     2.87000000     26.99730009 

     2.93300000     26.99973000 

 

Conclusions: 

 

The first table does not accurately show what 

the limit is, and the second table is the same 

way. 

 

Figure 163. Group 3N 's Selected Response from Post-lab 3 

 



232 

 

Group 
  
N

4
 

 

Using the leftLim and rightLim tools shown in Figure 164, the pair inferred 

the behavior of the four mystery functions from the previous lab. The pair accurately 

inferred a vertical asymptote at x=-3 using the resulting tables shown. Additionally, they 

further inferred the presence of a hole at x=2 using leftLim, rightLim, and 

evaluation at x=2. This response demonstrates effective tool use and clear understanding 

of the limit process. 

Actual Mystery Function ( )f x  

 
Hole at x=2, Vertical asymptote at x= -3. 

Inferred Behavior 

 

 

Support at x=-3 and x=2 using leftLim and rightLim  

> leftLim(f, -3, 4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

    -3.10000000   -100.00000000 

    -3.01000000  -1000.00000000 

    -3.00100000 -10000.00000000 

    -3.00010000 -100000.00000000 
> rightLim(f, -3, 4);  
[Right Limit] x            f(x) 

--------------- --------------- 

    -2.90000000    100.00000000 

    -2.99000000   1000.00000000 

    -2.99900000  10000.00000000 

    -2.99990000 100000.00000000 

 

> leftLim(f, 2, 4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

     1.90000000      2.04081633 

     1.99000000      2.00400802 

     1.99900000      2.00040008 

     1.99990000      2.00004000 
> rightLim(f, 2, 4); 
[Right Limit] x            f(x) 

--------------- --------------- 

     2.10000000      1.96078431 

     2.01000000      1.99600798 

     2.00100000      1.99960008 

     2.00010000      1.99996000 

> f(2);  
     undefined 

Figure 164. Group 4N 's analysis of mystery function f(x) in Lab 3 
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They were similarly successful in their analysis of g, h, and k as shown. Their 

graph of g closely resembles the actual graph of g in terms of limiting behavior. 

Actual Mystery Function ( )g x  

 
Jump at x=4, no left limit at x=1, no right limit at x=-

1. 

Inferred Behavior 

 

 

Support at x=-1, 1, and 4 using leftLim and rightLim 

> leftLim(g, -1, 4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

    -1.10000000      2.00000000 

    -1.01000000      2.00000000 

    -1.00100000      2.00000000 

    -1.00010000      2.00000000 
> rightLim(g, -1, 4); 
[Right Limit] x            f(x) 

--------------- --------------- 
    -0.90000000             NaN 

    -0.99000000             NaN 

    -0.99900000             NaN 

    -0.99990000             NaN 

> leftLim(g, 1, 4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     0.90000000             NaN 

     0.99000000             NaN 

     0.99900000             NaN 

     0.99990000             NaN 

> rightLim(g, 1, 4);  
[Right Limit] x            f(x) 

--------------- --------------- 

     1.10000000      2.01000000 

     1.01000000      2.00010000 

     1.00100000      2.00000100 

     1.00010000      2.00000001 

 
> leftLim(g, 4, 4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     3.90000000     10.41000000 

     3.99000000     10.94010000 

     3.99900000     10.99400100 

     3.99990000     10.99940001 
> rightLim(g, 4, 4); g(5); 
[Right Limit] x            f(x) 

--------------- --------------- 

     4.10000000      3.00000000 

     4.01000000      3.00000000 

     4.00100000      3.00000000 

     4.00010000      3.00000000 

                                          

     3 

Figure 165. Group 4N 's analysis of mystery function g(x) in Lab 3 
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The pair again makes accurate descriptions of functions h(x) (see Figure 166) and 

k(x)‘s (see Figure 167) behavior using the resulting limit tables and evaluations.  

Actual Mystery Function ( )h x  

 
Corner at x=0 and a Vertical asymptote at x=3. 

Inferred Behavior 

 

 

Support at x=0 and x=3 using leftLim and rightLim  

> leftLim(h, 0, 4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

    -0.10000000      0.01000000 

    -0.01000000      0.00010000 

    -0.00100000      0.00000100 

    -0.00010000      0.00000001 
> rightLim(h, 0, 4); 

[Right Limit] x            f(x) 

--------------- --------------- 

     0.10000000      0.20000000 

     0.01000000      0.02000000 

     0.00100000      0.00200000 

     0.00010000      0.00020000 

> leftLim(h, 3, 4); 

[Left Limit]  x            f(x) 

--------------- --------------- 

     2.90000000      5.80000000 

     2.99000000      5.98000000 
     2.99900000      5.99800000 

     2.99990000      5.99980000 
> rightLim(h, 3, 4); 

[Right Limit] x            f(x) 

--------------- --------------- 

     3.10000000     10.00000000 

     3.01000000    100.00000000 

     3.00100000   1000.00000000 

     3.00010000  10000.00000000 

Figure 166. Group 4N 's analysis of mystery function h(x) in Lab 3 
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Actual Mystery Function ( )k x  

 
hole at x=2. 

Inferred Behavior 

 

Support at x=1 and x=2 using leftLim and rightLim  

> leftLim(k, 1, 4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     0.90000000      1.90000000 

     0.99000000      1.99000000 

     0.99900000      1.99900000 

     0.99990000      1.99990000 

> rightLim(k, 1, 4); 
[Right Limit] x            f(x) 

--------------- --------------- 

     1.10000000      2.10000000 

     1.01000000      2.01000000 

     1.00100000      2.00100000 

     1.00010000      2.00010000 

 

> leftLim(k, 2, 4); 
[Left Limit]  x            f(x) 

--------------- --------------- 

     1.90000000      2.90000000 

     1.99000000      2.99000000 

     1.99900000      2.99900000 

     1.99990000      2.99990000 

> rightLim(k, 2, 4); 
[Right Limit] x            f(x) 

--------------- --------------- 

     2.10000000      3.10000000 

     2.01000000      3.01000000 

     2.00100000      3.00100000 

     2.00010000      3.00010000 

Figure 167. Group 4N 's analysis of mystery function k(x) in Lab 3 

The graph sketched closely reflects the limiting behavior of the function. One 

notable omission, however, is that the group did not evaluate function k at x=1 nor x=2 

and is not justified in including the point at x=1 and drawing a hole at x=2. 

In the second half of the lab, rather than explore a given functions behavior, pairs 

were instructed to construct functions in Maple that have specified behavior. As shown in 

Figure 168, the pair accomplished the task of creating a function possessing a hole at x=2 

and a vertical asymptote at x=-1. They were successful in creating a suitable function and 

provided clear justification of the hole but not the vertical asymptote using the leftLim 

and rightLim tools.  
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Desired Behavior Function definition Plot 

Hole at x= 2 

Vertical Asymptote 

at x=-1 

b:=x->((x-2)/(x^2-x-2)); 

 
Supporting data 

produced with tools. 

> leftLim(b, 2, 5); 
[Left Limit]  x     f(x) 
------------  ------------ 

1.90000000       .34482759 
1.99000000       .33444816 

1.99900000       .33344448 
1.99990000       .33334444 
1.99999000       .33333444 

> rightLim(b, 2, 5); 
[Right Limit] x     f(x) 

------------- ------------- 
2.10000000       .32258065 
2.01000000       .33222591 

2.00100000       .33322226 
2.00010000       .33332222 

2.00001000       .33333222 

 

> b(2); 
Error, (in b) numeric 

exception: division by 

zero 

 

Figure 168. Group 4N 's construction of function b(x) in Lab 3 

 

For function c (see Figure 169), the pair correctly produced and defined a function 

with the requested jump discontinuity at x=-1 without justification using leftLim or 

rightLim. Further, they were not successful in creating asymptotic behavior at x=-3. 

Although the graph looks as if it possessed an asymptote x=-3, the pair utilized a pair of 

cubic polynomials to create this behavior. Closer exploration would have revealed these 

cubic graphs eventually intersect.  

As shown, the pair attempted to justify the requested asymptotic behavior at x=-3, 

but the tables do not suggest nor support this behavior; the function values do not appear 

to become arbitrarily large. 
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Desired Behavior Function definition Plot 

Jump discontinuity 

at x= -1 

3
lim ( )

x
c x


   

3
lim ( )

x
c x


   

c:=x -> piecewise( 

      x<-3, (x+6)^3,  

      x>-3 and x<-1, -x^3-1, 

      x>=-1, -x-3, 

      undefined); 

 
Supporting data 

produced with 

tools. 

> leftLim(c, -3, 4); 

[Left Limit]  x     f(x) 

--------------- ----------- 

-3.10000000     24.38900000 

-3.01000000     26.73089900 

-3.00100000     26.97300900 

-3.00010000     26.99730009 
> rightLim(c,-3, 4); 

[Right Limit] x     f(x) 

--------------- ----------- 

-2.90000000     23.38900000 

-2.99000000     25.73089900 

-2.99900000     25.97300900 

-2.99990000     25.99730009 
 

 

Figure 169. Group 4N 's construction of function c(x) in Lab 3. 

 

For function d, see Figure 170, the pair was able to accomplish the requested 

domain restriction as well as construct the requested limiting behavior. The pair provided 

appropriate justification using leftLim and rightLim tools for all behavior except 

the domain restriction. 
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Desired Behavior Function definition Plot 

Undefined on [1,2] 

1
lim ( ) 2
x

d x


  

2
lim ( ) 3
x

d x


  

d := x -> piecewise( 

  x<1, (x-2)^3+3,  

  x>2, (x-3)^3+4,  

  undefined); 

 
Supporting data 

produced with tools. 

> leftLim(d, 1, 4; 
[Left Limit]  x  f(x) 

--------------- ------ 

0.900000      1.669000 

0.990000      1.969699 

0.999000      1.996997 

0.999900      1.999699 

> rightLim(d,2,4; 

[Right Limit] x  f(x) 

--------------- ------ 

2.100000      3.271000 
2.010000      3.029701 

2.001000      3.002997 

2.000100      3.000299 

 

> d(1); 
      undefined 
> d(2); 

      undefined 

 

Figure 170. Group 4N 's construction of function d(x) in Lab 3 

 

Function e (see Figure 171) satisfied all the criteria except the limiting behavior at 

x=1 but was not fully supported with the application of leftLim and rightLim and 

evaluation.
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Desired Behavior Function definition Plot 

1
lim ( ) 3
x

e x


  

(1) 5e   

2
lim ( )

x
e x


   

2
lim ( )

x
e x


   

e := x -> piecewise( 

 x<1, (-1/(x+2))+3+(1/3), 

 x>=1,5); 

 
Supporting data 

produced with 

tools.
 

> e(1); 

5 

> rightLim(e,-2,4); 
[Right Limit] x    f(x) 

--------------- ---------- 

-1.90000000     -6.66666667 

-1.99000000    -96.66666667 

-1.99900000   -996.66666667 
-1.99990000  -9996.66666667 

 

 

 

> leftLim(e,1,4); 
[Left Limit]  x    f(x) 

--------------- ---------- 

0.90000000      2.98850575 

0.99000000      2.99888517 

0.99900000      2.99988885 

0.99990000      2.99998889 

 

Figure 171. Group 4N 's construction of function e(x) in Lab 3 

  

Following the lab, see Figure 172, the group completed a written post-lab activity 

to explore the degree to which they understood the coordination between the domain and 

range process of the limiting process. The two group members gave similar responses.  

Clearly from their comments, the pair very clearly understands there is must be a 

coordination between the domain and range processes The pair possess a clear 

understanding of APOS steps 3a, 3b, and 3c.  

One group member gave a perfect peer evaluation of the other. The other 

indicated their partner did not always cooperatively follow the pair-programming model 

giving them sub-score of 19/20; the instructor had to prod the group to change roles on 

several occasions as one student tended to monopolize time at the computer. 
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Post-Lab 3: Relevant Student Responses 

Table 2 

              x                    f(x) 

     ---------------      --------------- 

     2.10000000      4.87930340 

     2.01000000      4.08722195 

     2.00100000      4.00871339 

     2.00010000      4.00087125 

     2.00001000      4.00008712 

     2.00000100      4.00000871 

     2.00000010      4.00000087 

     2.00000001      4.00000009 

 

              x                    f(x) 

     ---------------     --------------- 

     1.68000000      6.85900000 

     1.87800000      7.88059900 

     1.62000000      7.98800600 

     1.16200000      7.99880006 

     1.40500000      7.99988000 

     1.71600000      7.99998800 

     1.70100000      7.99999880 

     1.29000000      7.99999988 

 

Conclusions: 

You can tell that
2

lim ( ) 4
x

f x


 by looking at the 

first limit table, but you can’t tell what is going on 

in the second table b/c the x-values jump all over 

the place.  

Table 4 

              x                   f(x) 

     ---------------    --------------- 

     2.10000000     16.11758758 

     2.01000000     12.50332216 

     2.00100000     10.07769600 

     2.00010000     17.57600000 

     2.00001000      8.21794983 

     2.00000100     16.71830269 

     2.00000010     13.16097188 

     2.00000001      9.48773561 

 

              x                    f(x) 

      --------------- --------------- 

     1.90000000      6.85900000 

     1.99000000      7.88059900 

     1.99900000      7.98800600 

     1.99990000      7.99880006 

     1.99999000      7.99988000 

     1.99999900      7.99998800 

     1.99999990      7.99999880 

     1.99999999      7.99999988 

 

 

Conclusions: 

 

As x approaches 2 from the left the y-value 

nears 8 but when the x-value approaches 2 

from the right, the y-value jumps all over the 

place. i.e. 

2
lim ( ) 8
x

f x


  and 
2

lim ( )
x

f x DNE


  

 

Figure 172. Group 
4N 's post-lab responses to Lab 3 
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 Tool Use and Justification in Lab 3 

 

 To assess the extent to which the leftLim and rightLim tools were being 

utilized by the groups, a tally of the number of times the tool was used successfully to 

justify limiting behavior in lab three was compiled. Groups were asked to construct four 

functions, ( ), ( ), ( ),b x c x d x  and ( )e x , with a total of 12 specific characteristics. The bar chart 

shown in Figure 173 indicates a tally of the number of characteristics created, the upper 

bar, and the number of characteristics justified using the tool, the lower bar.  

 

 

Figure 173. Tool Usage in Lab 3. The upper bar indicates the number of characteristics 

successfully created. The lower bar indicates the number of successful justifications using 

the leftLim and rightLim tools. 


