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ON THE LEBESGUE INTEGRAL

JEREMIAH D. KASTINE

Under the Direction of Dr. Imre Patyi

ABSTRACT

We look from a new point of view at the definition and basic properties of the Lebesgue
measure and integral on Euclidean spaces, on abstract spaces, and on locally compact Haus-
dorff spaces. We use mini sums to give all of them a unified treatment that is more efficient
than the standard ones. We also give Fubini’s theorem a proof that is nicer and uses much

lighter technical baggage than the usual treatments.

INDEX WORDS: Lebesgue measure, Lebesgue integral, Fubini’s theorem, Locally compact

Hausdorff space, Riesz representation theorem
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1. INTRODUCTION

In this thesis we look at four basic topics about the beginnings of the theory of the Lebesgue
integral, namely, (i) the definition and fundamental convergence theorems of the Lebesgue
integral on Euclidean spaces, (ii) Fubini’s theorem, (iii) items (i) and (ii) for the Lebesgue
integral on abstract measure spaces, and (iv) the Riesz representation theorem (see [R]) for
positive linear functionals on the space of continuous functions with compact support on
locally compact Hausdorff spaces.

In the traditional development (e.g., [MW], [S]) of the above topics we have a heavy
technical baggage of notions that we are obliged to carry around but are not really useful for
purposes other than just building up the above. The build up is so long winded and markedly
unpleasant that the analysis textbook [L]| drops it entirely, and prefers to spend the more
than half a semester’s worth development of (i-iv) on more interesting topics. We give here
a simple and minimalistic treatment that is more economical than the usual ones. It has
neither measure, measurable sets, measurable functions, Borel classes of sets, Baire or Young
classes of functions, transfinite methods, nor gymnastics with algebras of sets such as the
monotone class lemma, m-systems, and A-systems. We only rely on the simplest properties

of the real line such as the supremum axiom and notions of elementary point set topology.



2. THE LEBESGUE INTEGRAL ON EUCLIDEAN SPACES

Definition. Let X = R¥X) be the usual Euclidean space of dimension d(X) € N, where
we denote the variable by @ = (21,22, ..., Ta(x)). Let Z¥X) be the integer lattice in X, i.e.,
74 = {x = (21,22, .., vqx)) € X 1 2; € Zfor 1 <i < d(X)}. A finite interval in X is a

subset of the form I = Hfff) I; where each [; is an interval in R with endpoints a; < b; in

R. The elementary volume of an interval [ = Hfff) I is |I|x = Hfgf)(bi

— a;). For any set
A C X, the indicator function of A is defined and denoted by

1 fze A
la(z) =

0 ifxe X\A.
Let K be the family of all functions f : X — R of the form f = """  v;1;, where y; € R

and I; C X is a finite interval for all 7. Let K denote the set of f € K for which f > 0 on
X. Any f € K can be represented in terms of pairwise disjoint I;; furthermore, if f € KT,

then f can be represented in terms of nonnegative y;. Note that K is a function lattice, i.e.,

if f,g € K and ¢,d € R, then ¢f +dg € K and |f| € K.

Proposition 1. For a finite interval I C R with endpoints a < b in R,
b—a—1<card(ZNI)<b—a+1

where card(A) is the cardinality of the set A.

Proof. If b—a < 1, then card(Z N 1) € {0,1}. So
b—a—1<0<card(ZNI)<1<b—a+1.
If b—a=1, then card(ZN1I) € {0,1,2}. So

b—a—1=0<card(ZNI)<2=b—a+1.



Now suppose b — a > 1. Then Z N (a,b) # 0, so we can let Ny = card(Z N (a,b)) and

ny = min(Z N (a,b)). Then ny + Ny — 1 = max(Z N (a, b)) and
b<nm+N <a+1+N

so that b —a —1 < Nj. Now let Ny = card(Z N [a,b]) and ny = min(Z N [a,b]). Then
ng + No — 1 = max(Z N [a, b]) and

b2n2+N2—1ZCL+N2—1
so that b—a+1 > N,. Note that N; < card(ZN1I) < N, since (a,b) C I C [a,b]. Therefore,

b—a—1< Ny <card(ZNI) < Ny<b—a+1 O

Definition. Define a positive linear functional ¢ : K — R by

§(f) = Jim H=O X" f(n/H).

n€ZAX)
Proposition 2. The following hold:

(1) If I C X is a finite interval, then £(17) = |I|x.

@) If f=YF ul € K, then €(f) = X0 wilLi|x.

(3) £: K — R is indeed a positive linear functional, i.e. &(cf + dg) = c&(f) + d&(g) for
¢,d € R and [£(f)] < &(f])-

Proof. Parts (2) and (3) follow easily from the definition of £ once we have established (1).
To prove part (1), let [ =[]

izl) I;, where the I, C R have endpoints a; < b;. Note that

HX) N" 1;(n/H) = H*Pcard(H2") N 1)

nezdX)

= H " card (24 N (HI))

d(X)
= H " ] card(Z N (HI)).

=1



d(X)
< H X [[(Hb; — Ha; + 1)
=1
d(X)

i=1

N
as H — oo. Similarly,
d(X)
H= N 1,(n/H) = H ) [] card(Zn (H))
nezdX) =1
d(X)
> H ") [ (Hb; — Ha; - 1)
=1
d(X)
1
= [ —ai- )
i=1
S x
as H—00. So &(1;) = limp_oo H~¥X) Y i) 11(2) = |I]x. O

Definition. For f: X — [0, o], let

() =it { D ¢(f): fo € KFF <D fuon X},
The sums in this definition conV:r:gle (possibly to inﬁnity)ns:iilce all terms are positive. The
set to which the infimum is applied is nonempty since we have f <> >, L1y pjecxy on X for

all f:X — [0,00]. So the value of &'(f) is well-defined and nonnegative.

Proposition 3. Let f, f, : X — [0,00] and g : X — R. The following properties hold:
(1) If c € [0,00), then &' (cf) = c&'(f). In particular, £'(0) = 0.
(2) If fi < f2 on X, then £'(f1) < E'(f2).
(3) (Markov’s inequality) If ¢ € (0,00), then c&'(1{g>¢) < &' (l9])-

(4) If f <3200 fa on X, then &' (f) < 3207, €'(fa)-



Proof. Part (1) is clear. Part (2) follows directly from the definition of &', since any series of
functions in Kt that dominates f» also dominates fi. For part (3), we apply parts (1) and
()1 ¢€(1gza) = €(cl ) < €(1g)).

For part (4),if > 7, &(f,) = oo, then there is nothing to show. So suppose > 7 &'(f,) <
co. Let € > 0 and, for each n, choose {gnx}3>,; C K% such that f,, <> 7, g on X and
> he1 §(gnk) < &'(fn) +27". Then f <377 > 77 guk and

(P <D0 Elgm) <D _(E(f) +27" Zs (fa) +
Letting € \, 0, we obtaig:g’écz)l <3< {T/L(:}n) O
Definition. Let X be a topological space and f : X — R. We say that f is lower semicon-

tinuous on X if {f > ¢} is open in X for all ¢ € R.

Proposition 4. Let X be a topological space. The following hold:

(1) If f: X — R is lower semicontinuous, then so is af for a € [0, 00).

(2) If f,g: X — R are lower semicontinuous, then so is f + g.

(3) If G C X is open, then 1g is lower semicontinuous.

(4) If F C X s closed then —1p is lower semicontinuous.

(5) If f : X — R is lower semicontinuous and f(x¢) > 0 for an xo € X, then there is an

open neighborhood of U of x¢ such that f >0 on U.

Proposition 5. If f, f, € Kt forn>1and f <> 0", fn on X, then for any ¢ > 0 there

exists N > 1 such that £(f) < e+ SN €(f).

The condition in the conclusion of Proposition 5 is, of course, equivalent to &(f) <
Yoo &(fn), which expresses a form of o-subadditivity of &, and is the crucial point for

all of our further development here.



Proof. Choose M > 0 such that f < M on X and f =0 on X\[—M, M]¥X). Let ¢ > 0 and

e =¢e/[(2M + 2)¥X) + M +1]). Write f and f, as

=1 =1

where y;, ¥,; > 0 and define

F:Zyilfi FnzzyilJm
i=1 i=1
where each J,; is an open set that covers I,,; and &(F,) < &(f,) + €'/2". This is possible
since the elementary volume of an interval varies continuously with its edge lengths, as the

explicit product formula shows. Since each 0I; is a null set, we can choose open intervals

{Gir}, such that U,ﬁil Gy 2 0I; and Y ", Zszl |Gik|x < &'. Let

m K;
=33 1

i=1 k=1

Q= (—M—1,M+ 1)4

N
Hy=¢lg—F+MG+) F,

n=1

H=¢1g-F+MG+ ) F,
n=1

Note that H > 0 on C' = [-M, M]*®) since F < MG +>.°°  F, on X and C C Q. For

each = € C, we can choose N(z) € N such that
N(z)

Hyw(z) = 'lg(x) — F(z) + MG(z) + Z Ey(
As Hy(y) is lower semicontinuous, we can choose an open nelghborhood U(z) of z such that
Hywy =€1lg—F+ MG+ YN F, > 00n U(z). Since {U(x)}aec is an open cover of the

compact set C, we can choose a finite subcover {U(z;)};_; of C. Fix N = max{N(z;)};_,.

Then Hy > 0 on C and
N

0 < &(Hy) = '€(1g) — £(F) + ME(G) + ) &(F).

n=1



So

N

< E€(1g) + MEG) + D E(Fy)

n=1
N
< &'(2M +2)%0 4 M+ Y (€(f) +£//27)
. N
<M + 21 4 M+ 1]+ €(f)
n=1
N

=c+> &(fa). O

n=1

Proposition 6. If f € KT, then &'(f) = £(f).

Proof. Letting fi = f and f, = 0 for n > 2, we see that &'(f) < >°°° &(fn) = &(f) by the
definition of &’. To show the opposite inequality, let {f,}>>, € KT with f < > f, on

X. For € > 0, we can choose N > 1 such that {(f) < e+ Zgilf(fn). Letting N — oo and

£\, 0, we have £(f) < Y%, £(f,). Therefore, £(f) < £/(/). O

Definition. Let K; be the set of functions f : X — [—o0, oo] for which there is a sequence

{fu}ee, C K with &(|f — fu]) 2 0asn —o0. Let Ky ={f € K;:f>0on X}

Definition. The positive and negative parts of a number z € R are denoted and defined by
L1
vt = 5(Je] +2),

1
2" = 5 (lz] — @),

and satisfy

(—x)t = a7, 2" —y*| < fr -yl
(_x)i = :EJr? |xi_y7| < |CL’—y|,
lz| = xt 427, llz] = Jyl| < |z—yl.



Proposition 7. The following hold:

(1) If f € K{", then there is a sequence {g,}°%, C KT with &(|f — gn|) = 0 as n — cc.
(2) If f,g € Ky and ¢,d € [0,00), then cf +dg € K.

(3) If f € Ky, then |f| € K.

(4) If fi1, fo € K1, then fi A fo € K1 and f1V fo € K.

(5) If f € K, then 5 € K,

Proof. For part (1), choose {f,}>2, C K with &'(|f—f.]) = 0asn — co. Let g, = f,;F € K.

Then

EUf = gal) =& UfT = fD) E(f = ful) O

as n — 0o.
For parts (2) and (3), choose {f,}5%,,{9.}5>, C K such that £'(|f — fu]) = 0asn — oo

and &'(lg — gn|) = 0 as n — oo. Then cf, + dg, € K and
g lef +dg = (cfn = dgn)]) < & (clf = ful +dlg = gal)
< €' (If = ful) +d€'(lg = gnl)
N, 0
as n — 00. So c¢f +dg € K;. Also, |f,| € K and
E(FI=1fal]) <EUf = fa) N0
as n — oc0. So |f| € K.
For part (4), note that

finfe=s(fit fo—1fi— fa]) € Ki

LV a=(fi+ fot|fi—fo]) € K1

N~ N~



For part (5), choose {f,}2, € K with &'(|f — f.]) 1+f
/ f f f_fn /
(i - l) = 5((1+f)<1+fn))§€(|f—fn!)\0
as n — oo0. O

Theorem 8. (Monotone convergence theorem) The following hold:

(1) If f,, € Ky for n > 1 and Y 07 &' (fn) < oo, then &7, f) = Y07, &(f,) and
> fn € KT
(2) If f,, € K|t for n > 1, f, 7 f pointwise on X as n — oo, and lim,, ., &'(f,) < 0o,

then &(f,) /€ (f) asn — oo and f € K.

Proof. For part (1), note that §'(3°07, f) < >°02, §'(fa) by Proposition 3. To show the
opposite inequality, let £ > 0 and, for each n > 1, choose g, € Kt such that &'(|f, — ga]) <

g/2"1. Then

Zgl(fn)gz (9n+|fn_gn|)
<3 €000+ 3 € — g2

<¢(SUn+1h—mh) + 5

n=1



Sﬁ’(ifn)Jri::’\fn gal) + =

< 5’(2 fn> +€
Letting N — oo and € N\ 0, we have Z L8 () SEOS L fa)-
Fix N > 1 such that 3>2°° . €(f.) < /2. Then 3.0 g, € K* and

[e%s) N N [e%s)
¢( > —;gn)§;§’<\fn—gn\>+ S df)<e

n=N+1
Therefore > 7| f, € K.

For part (2), we have f; — fi_1 € K; for each k > 1 (with f, = 0) by Proposition 7. So

et —¢( XU~ i)

k=1

=Y & (fi = fir)
k=1

2 Zf’(fk — fi1)

(S0 a)

and f =372 (fx — fr1) € K7 by part (1). O

Definition. If f : X — [—o0,00] and &'(fT) or £'(f7) is finite, then we can define £'(f) =
E(fT) =& (f). Clearly ' (cf) = c&'(f) for ¢ € R whenever either side is defined.

We call a f : X — [—00,00] a null function if {'(|f]) = 0 and A C X a null set if
14 is a null function. We say that two functions f and g are equal almost everywhere if
{r € X : f(x) # g(x)} is anull set. In this case, it is clear that £'(f) = &' (g), £ (f) =& (¢7),

§(f7) =¢&g7), and &([f]) = &' (Ig])-

10



If AC B C X and B is a null set, then A is a null set, since 14, < 1 on X. Also, if
§'(f]) < oo, then A = {|f| = oo} is a null set, since 14 < 1>, for all n and 0 < &'(14) <
& (Lgpzny) < 2€(If]) \( 0 as n — oo by Proposition 3.

For f € K, let

. fl@) if [ f(z)] < oo

fx) =
0 if |f(x)] = 0.

Note that f = f almost everywhere. For f,g € K, we can define f + g = f+ g.
Proposition 9. If f, € K| for n > 1, then inf,> f, € K.

Proof. Let fr, = fi —/\’:L:1 fn- Then f, 7 fi —inf,>1 f,. By theorem 8, f; —inf,>; f,, € K.

So inf,>1 f, = f1 — (fi —inf,>1 fr) EKfr- O

Theorem 10. (Fatou’s lemma) The following hold:
(1) If fo € K forn > 1, then &(liminf, o fn) < liminf, oo &(fn). If, furthermore,
liminf, o &'(f,) < oo, then liminf, .. f, € K.

(2) If fn,g € Kf“ and g > fn for n > 1, then limsup,,_, &' (f.) < & (limsup,,_,. fr)-

Proof. For part (1), if liminf,, &' (f,) = oo, then the inequality obviously holds. So suppose
that liminf, .., &(f,) < oo. Let g, = infx<, fr. Note that g, € K;" and g, < f, for all n
and g, /" liminf, .. f, as n — oco. Also,

lim ¢'(g,) = liminf &'(g,) < liminf &'(f,) < co.

n— 00 n—00 n—o0
So by Theorem 8,

¢'(liminf f,) = &'( h_)m In) = h_{n ' (gn) < linl}inf §'(fn)

n—oo

and liminf, . f, = lim, oo gn € K.

11



For part (2), let F,, = g — f,,. Then
&(g) = ¢(liminf F, + limsup f,,) < ' (liminf F,) + £ (lim sup f,,)
n—00 n—00 n—o0 n—00

and, by Theorem 8

Therefore
limsup &'(f,) = limsup(&'(g) — ' (F))

n—oo n—oo

=& (g) — liminf ¢'(F},)

n—oo

<&(g9) — ¢(liminf F,,)

n—o0

< &(limsup f,,). l

n—oo

Lemma. [f fl,fg ~ Kl, then ‘fl(fl) - fl(f2)| S gl(’fl - f2|>

Proof. First, we show that this result holds for fi, f, € K;. Note that &(f1) < &(|f1 —
fol) + & f])- So &'(f1) = &(f2) < &(|f1 — f2l) and, similarly, £'(f2) —&'(f1) < (/1 — fol)-
Therefore, [§'(f1) — &'(f2)] < E(|fi — fol) for f1, fo € K.

Now let f1, fo € K. Then fi' + fy € K and f; + fy € K;". So
€' (f1) =€ (f) =€) = () =€) +€(f>)]
=+ 1) =€ + 1)
<A+ ) = + £
=&(lfi = fl). O
Theorem 11. (Dominated convergence theorem) Let f,,g € Ky with |f,| < g for alln > 1.

If f, — f pointwise on X, then f € Ky, (|f — ful) = 0 as n — o0, and £'(f,) — &' (f) as

n — oQ.

12



Proof. Note that g + f, € K{. Also, g &+ f = liminf, ,,og = f € K, by Theorem 10.
Therefore, f = 1(g+ f) — 3(9 — f) € K1. Next, note that |f — f,| € K{" and |f — f,| < 2g
for each n. So

Tim &(|f = ful) = Timsup &'(|f — ful) < &' (limsup [f — fu]) = £'(0) =0,

n—oo n—oo

and by the previous lemma, [£'(f) — &' (f.)| < E(|f — fa]) = 0 as n — oc. O

Theorem 12. (Bounded convergence theorem) If A C X, 14 € K, f, € Ky, and |f,| <
M1y for some M < oo and all n > 1, and f, — [ pointwise on X, then f € K; and

E(f = fal) = 0 asn— oo, and ' (fn) — &'(f) as n — oo.
Proof. 1t follows directly from the previous theorem with g = M1 4. 0

Definition. Define Kj(loc) to be the set of all functions f : X — [—o00, 00| that such that
flg, € K, for all cubes Q,, = [—n,n]¥) with n > 1. Let K, (loc) = {f € K (loc) : f >

0 on X}. Let 2 be the set of all A C X with 14 € K (loc).
Proposition 13. If f : X — R is continuous, then f € K;(loc).

Proof. For k> 1,let fi, = f(3|ka1], k2], ..., £ [kzacx))) where |2] = max{m € Z :m <
xz}. Fix n € N. Note that fylg, € A for all £ and filg, — flg,. So by Theorem 12,

flg, € K. Therefore, f € K;(loc). O

Proposition 14. The following hold:

(1) A is a o-algebra on X.
(2) If f € Ky(loc), then {f >0} ={z € X : f(x) >0} € A. Also, for c € R,

{f>c},{f20},{f<c},{fSc},{f:oo},{f:—oo}EQ[

13



(3) A contains all open sets and all closed sets in X and, therefore, all Borel sets in X

since it s a o-algebra on X.

Proof. For part (1), note that () € 2, since 19 = 0 € K (loc). If A € 2, then X\ A € A since
Lxulo, = lo, — lalg, € K{
for all n. If {Ag}p°, C A, then A = ;- Ax € 2, since
Lalg, = lg, — Lxulo, = lg, — inf 1xa, 1o, € K7

For part (2), fix n > 1 and note that
+

e, = s le. <
by Theorem 11, since ]%1%\ < fT € AT. Therefore, {f > 0} € 2. The other sets are
in A since A is a o-algebra and f € K;(loc) if and only if £f + ¢ € K;(loc).

For part (3), it is sufficient to show that any open set O C X is in 2. Let f(z) =
d(z, X\O) = inf,co |z — y|. Then f € K (loc), since f is continuous. Therefore, O = {f >

0} e 2. O

Proposition 15. The following hold:
(1) If f : X — [0,00] and &' (f) < oo, then there exists F € K~ such that f < F and
&(f)=¢(F). We call F a hull of f.
(2) If fo, f: X — [0,00] and f, 7 f pointwise on X an n — oo, then &' (f,) & (f) as

n — oQ.

Proof. For part (1), choose {gu}i>, C K for each n > 1 such that f < f, = > "7, gnr On
X and &(f) < 3021 &(gnk) < E(f) 4+ 1/n. Note that f,, € K" by Theorem 8 and &'(f) <

E(fn) <m0 &(gur) < &(f)+1/nfor each n > 1. By Theorem 10, F' = liminf, . f, € K

14



and

¢(F) < liminf€(f,) < liminf(€'(f) + L) = &().

n—00 n—00 n
Also, &' (f) < (F) since f < F. Therefore, &'(f) = &' (F).

For part (2), clearly &'(f,) /L < & (f) as n — oo for some L € [0,00]. We must show
that &'(f) < L. Without loss of generality, suppose L < oo. By part (1), we can choose
F, € K{ such that f, < F,, and £(f,) = &(F,). Then

¢(f) < €(liminf F,) < liminf ¢'(F,) = liminf '(f,) = L. .

n—oo n—oo

Theorem 16. (Riesz-Fischer theorem) If f, € Ky for n > 1 and for each ¢ > 0 there
exists N such that &' (|f, — fim|) < € for all n,m > N, then there exists f € K such that

E(f—fnl) = 0as N — .

Proof. At first, let us suppose that > 2 & (|f, — fa-1]) < 0o (with fo = 0). By Theorem 8,

o o0

F=Y (fo=Fa)™ =D (fo— fas1)” € K
Then - N
S0 = Iuh) =€(| D= fa)" = DU = far)” = D= fus)|)
:§/< Z (fn_fn—1>+_ Z (fn_fn—l)_D
n=N+1 n=N+1
<¢( X = fo) X (o= fur))
n=N-+1 n=N-+1
S Z g((fn - fn—1)+) + Z gl((fn - fn—l)_)
n=N+1 n=N+1
= Z g(‘fn_fnle
n=N-+1
N0
as N — oo.
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Now, if Y>> & (|fn — fa—1]) = 00, then we can choose a subsequence (using the Cauchy
property) such that Y7, &(| fuk) — fag—1)|) < 00. Then

E(f = fnD) < EUf = faml) + € ([ faery) — f]) O

as N — oo. O

Definition. Let X, Y, and Z = X X Y be Euclidean spaces with &, n, and { set up so
that ((laxp) = £(14)n(1p) for finite intervals A C X, B C Y, and A x B C Z. We use
the notations K (X), K;(X), K;'(X),... and similarly for Y and Z. For f : Z — [—00, 0]
and y € Y, define [f]Y : X — [—o0,00] by [f]¥(z) = f(x,y). Define [f], similarly. If
f € K(Z), we can interpret £(f) as a function of y € Y, i.e., {(f) : Y — [—00, 00| defined
by &(f)(y) = &([f]Y). The same convention holds for n(f), &(f) and n/'(f). With this

convention, compositions such as (£n)(f) = £(n(f)) make sense.

Proposition 17. The following hold:

(1) If f € K(Z), then n(f) € K(X), £(f) € K(Y), and ¢(f) = (&n)(f) = (n&)(f)-

(2) If f: Z = [0,00], then (€'0)(f) < ¢'(f) and (W'€')(f) < C'(f)

() Ifg: X —[0,00], h:Y = [0,00], and f : Z — [0,00] with f(z,y) = g(x)h(y) for
(z,y) € Z, then ('(f) < &'(g)n'(h) where 0 - 00 =00-0 = 0.

(4) In fact, given the conditions in part (3), C'(f) = & (g)n'(h). In particular, ('(1axp) =

(1) (1g) for any AC X and BCY.

Proof. For part (1), Let f =" u;la,«xp, where A; C X and B; C Y are finite interval and

u; € R. Then
=1 =1 1

1=

16



and

n

() = (Y wilBivia)

=1

=Y wi|Bily&(1a,)
i=1

= Zui|Ai\X|Bi|Y
i=1

n
i=1

= ((f)

The proof of the other claims in part (1) is directly analogous.
For part (2), if {'(f) = oo, then there is nothing to prove. So suppose ('(f) < oo, let
e > 0, and choose {f,,}22, C K*(Z) with f <> >° foon Z and > 7 C(fa) < C'(f) + <.

Then

€ < €N (X h)
<> () (fa)
=Y )

<{(f)+e
Letting € \, 0, we have (9’¢")(f) < {'(f).
For part (3), if £'(g)n'(h) = oo, then there is nothing to prove. We will first suppose that
¢'(9) = 0 and show that ¢’(f) = 0. Choose {hy}3°, C KT(Y) with b <> 72 hyon Y. Let

e>0and g, =¢-27%(1 +n(h))"! for k > 1. Choose {gn}>°, C KT(X) for each k such

17



that g < 3277, grn and 3207 &(gkn) < k. Let fun(z,y) = grn(2)hi(y) for (z,y) € Z and

k,n > 1. Then fy, € K*(Z) and for (z,y) € Z,

o0

fay) = g@h(y) < g@hy) < grn@)h(y) = D frnlz,y)
Therefore, B " o

CH< S i)

k,n=1

= Z &(Gn)n(Pr)

kn=1

[e.e]

=Y (b)) > &(gnr)

k=1

< iﬁ(hk)&c
_ i en(hu)

28(1 4 n(he))

e
Il

1
<e
Letting € \, 0, we have '(f) = 0 as desired.
Now assume that both ¢(g) and 7(g) are finite. Let ¢ > 0. Choose {g,}>°; C KT (X)
such that ¢ <> g, and >~ &(gn) < &'(g) + € and choose {h,}2°, C K*(Y) such that
h <3 hy,and > 07 n(h,) <n'(h)+e. Let fur(z,y) = gn(x)hi(y) for (x,y) € Z. Then
far € K7(Z), f < 30— fuk, and

<Y )

n,k=1

18



Letting € N\, 0, we have '(f) < & (g)n'(h).

For part (4), note that

En)(f) < () <9 (h)

from parts (2) and (3). But (£'7)(f) = &' (9)n'(h), so

&) (f) = () =& (g (h). m

Theorem 18. (Lebesgue, Fubini, Tonelli) If f € K, (Z,loc), then

¢'(f) = En)(f) = (rEH ().

Proof. We already have ('n')(f) < ('(f). To show the opposite inequality, first suppose
that ¢'(f) < oco. Then f € K (Z), so we can choose a sequence {f,}>>, C KT (Z) with

C'(If = ful) = 0 as n — co. Then

¢'(fn) = C(fn)
= (&n)(fn)
= (&) (fx)
<))+ E)Af = fal)

< EM+CAf = faD)
Taking the limit of both sides as n — oo, we have ('(f) < (&'7)(f). So '(f) = (&) (f)-
Now suppose ('(f) = oco. Let g, = J1i_, njacx) and apply the previous result to the g, to
get ("(gn) = (£7")(gn)- Note that g, ' f as n — oo, so by taking the limit as n — oo we

have, by Proposition 15, that '(f) = (7)) (f). O
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Theorem 19. The following hold:

(1) (Borel-Cantelli lemma) If A, C X, > 2 & (1a,) < 00, and A = limsup,,_, ., A, =
Nyei Urey Ay, then £(14) =0, ie. A is a null set.

(2) If {an}2>, C [0,00) and > 7 a, = A < oo, then there exists {b,}>>, C N with
by, /00 such that Y 7 | anb, < co.

(3) If ¢n : X — [0, 00] for all n with Y7 &' (¢pn) < 00, then ¢, — 0 for & almost every

r e X.

Proof. For part (1), note that 14 <> 7 14, for all N, so
C <€ (D) <3 €N\
n=N n=N
as N — oo.

For part (2), let N(0) = 1 and, for £ > 1 a natural number choose N(k) > N(k — 1) such
that 377 v an < A/2F. Note that {N(k)}22, is a strictly increasing sequence of natural
numbers, so N(k) > k oo as k — oo. For each n > 1, let b, be the unique natural
number such that N(b, — 1) <n < N(b,). Then N(b, —1) <n <n+ 1< N(byy41) for all
n and, by the strict monotonicity of {N(k)}32,, we have b, — 1 < b,y for all n . Therefore,
{b,}22, is monotonically increasing. Also, N(by) — 1) < N(k) for all k£ and, by the strict

monotonicity of {N(k)}z2,, we have by < k + 1 for all k. So

YIS S S

n=1 k=1 n=N(k—1)

N(k)-1

by Y. an

n=N(k—1)

A
9k—1

IN

IN

M T

O (k)

i

1
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> A
< Xﬂﬁn@:
k=1
< o0

by the ratio test.

For part (3), we can use part (2) to choose {b,}>°; such that {b,}>%, C N with b, o0
and Y7 & (¢n)by, < 00. Let B, = {z € X : ¢,(x) > 1/b,} and B = limsup,,_,,, B,. Note
that > &' (1g,) < > o7, b,&'(¢n) < 0o by Proposition 3. So by part (1), {'(15) = 0. Also,
if € X\B, then 0 < ¢,(z) < 1/b, for all but finitely many n, i.e. ¢,(x) \ 0. So X\B C A

and £,<1X\A) S 6/(13) =0. OJ

Theorem 20. If f € K| (Z), then

(1) 7'(f) € K (X).

(2) [f]s € K (Y) for & almost every x € X .

Proof. For part (1), choose {f,}2, C K*(Z) such that ¢'(|f — fu|) — 0 as n — co. Then
W (fa) = n(f.) € K*(X) for each n and

' (f) =n'(f)l < (E)Af = ful) < CUf = ful) = 0
as n — oo.

For part (2), we can assume Y > C'(|f — fu|) < oo (otherwise, pass to a subsequence).

Note that [f,], € K(Y) for all n > 1 and z € X and let h,(z) = 1/(|[f]z — [fa)z]). Then

D &) =D (EMNNF = fal <D N = ful < 0.
n=1 n=1 n=1

Therefore, h,(z) = 7'(|[flz — [fulz]) = 0 as n — oo for £ almost every x € X by the previous

theorem, i.e., [f], € K{ (V) for & almost every z € X. O
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Definition. For A C X, recall that the Lebesgue outer measure of A is
AA) = inf{z |Ix|x : I C X finite intervals, and U I, O A}

k=1 k=1
Also, let u(A) = &' (14).

Proposition 21. The following hold:
(1) For AC X, u(A) = p(A) = inf{u(G) : G is open, G O A}.
(2) For AC X, MA) = MA) = inf{\(G) : G is open, G D A}.
(3) For AC X, u(A) < A(A4).
(4) If G C X is open, then pu(G) = \NG).

(5) For AC X, u(A) = X(A).

Proof. For part (1), it is clear that pu(A) < p(A), since for all open sets G O A, we have
w(A) =¢&(1a) < &(1g) = u(G) by the monotonicity of &'. To show the opposite inequality,
let ¢ > 0 and suppose p(A) < oco. For ¢ > 0, choose {u,}2>, C [0,00) and finite open
intervals {7,}°°, such that 1, < > u,l;, on X and > 7 wu,|l,|x < u(A) +e. The
function g = "7 (1 + €)u,1y, is lower semicontinuous, so G = {z € X : g(z) > 1) is open
in X and G D A, so
A(A) < p(G) < (1+42)) |l |x < (1+2)(u(A) + ).

Letting € — 0, we have p(A) < u(A). "

For part (2), it is clear that A(A) < X(A), since for all open sets G D A, we have
AA) < A(G) by the monotonicity of A\. To show the opposite inequality, suppose that
A(A) < oo and let € > 0. Choose finite open intervals {I,,}>°, in X such that |J~ I, O A
and Y > |I,|x < A(A)+e¢e. Then G =J I, is open in X with G DO A and
MA) < MG) <3 [l < MA) 4 <.

n=1

Letting £ — 0, we have A(4) < A(A).
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For part (3), suppose that A(A) < oo, let ¢ > 0, and choose finite intervals {I,,}>°,
in X such that (J)~, I, 2 A and > .~ |I|x < AMA) +e. Then p(A) < 3% &(1;,) =
Yoo Hnlx < A(A) + €. Letting € N\, 0, we have p(A) < A\(A).

For part (4), we only need to show that A(G) < u(G). Suppose p(G) < co. We can write
G =J.2, I, where the I,, are pairwise disjoint open intervals. Then

NG) < Y Ilx =D ¢10) =€(Xo1n) = €16) = (@)
by the monotone convezgénce theorne:rrll. -

For part (5), we have

u(A) = a(A) = inf{u(G) : G is open, G D A}

= inf{\(G) : G is open, G D A} = A(A). O

Definition. If f : X — [0,00], then we call G(f) = {(z,y) € Z : 0 < y < f(z)} the

subgraph of the function f.

Proposition 22. The following hold:
(1) If f: X = [0,00], then £'(f) = (€)(La(s))-
(2) If f : X — [0,00], then €'(f) < ¢'(Lop) = nz(G(f)-
(3) Ifa €[0,00) and A C X, then G(aly) = A x (0, q).
(4) If f € K*(X), then 1a(p) € K*(Z) and &(f) = ((lag) = p(G(f))-

(5) If f: X — [0,00], then §'(f) = ('(Lagp) = pz(G(f)).

Proof. For part (1), we have 1 (2,y) = Lo,f@)(y) for all (z,y) € Z. So n'([lgpl.) =
0 (Lo,5y) = f(z) for all z € X and (£7')(1a) = &' (' (La)) = &' (f).

For part (2), we have £'(f) = (§'0)(1a(y) < ¢('(La(y) = nz(G(f)).

Part (3) is clear from the definition.
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For part (4), write f = YV

1 Unlp, where u, € [0,00) and the I, are disjoint finite

intervals in X. Then 1) € KT (Z), since G(f) = UL

n=1

G(unly,) = UN_ (I, x (0,u,)) is the
disjoint union of finite intervals I,, x (0, u,) C Z. Also,
N N
) =Dl Lilx =D 1o x (0,un)z = (L)
For part (5), we already hi;; ¢(f) < uzn(:é(f)). To show the opposite inequality, suppose
pz(G(f)) < oo, let € > 0, and choose {f,,}22, C K*(X) such that F =7 f, > fon X

and 3.°°  £(fn) < €(f) +e. Note that Fy = SN | f, € K*(X) for each N and F, /' F as

N — oco. So

pz(G(f)) < pz(G(F))
= ((lary)
= Jim (1)

= lim €(F,)

N—oo

= lim > &(fn)

N—oo

<{(f)+e

Letting € N\, 0, we have uz(G(f)) < &'(f). O

In conclusion, let us say that K(X) is the set of Riemann step functions f on X where
£(f) is the elementary Riemann integral of f. Then &'(f) is the Lebesgue outer measure
of the subgraph G(f) of any f : X — [0,00], K;(X) is the usual Lebesgue class L;(X),
§'(f) = [ f(x)dx for Lebesgue summable functions f on X, 2 is the o-algebra of Lebesgue
measurable sets on X (including all subsets of null sets), and px is the usual Lebesgue outer

measure on X.
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3. THE LEBESGUE INTEGRAL ON ABSTRACT SPACES

Definition. Let (X, %[, u) be a measure space, i.e., 1 > 0 is a measure on a o-algebra 2

of subsets of a ground set X. Let K be the family of functions f : X — R of the form

f=>" 1 yila, where n > 1, y; € R, and A; € A with p(4;) <oo. Let Kt ={fe K:f>

0 on X}. For f € K, define (f) = > 11, yit(Ai) = > cr oy y0({z € X @ f(z) = y}). Then

¢ is a positive linear functional on the function lattice K. For any f : X — [0, 00], define
() =it { D ¢(f): fo € K5 F <Y fuon X}

Let K;(loc) be the family of func:i:olns f:X — [—o0,] :11:(:1h that flg € K forall Q € A

with u(Q) < co. Also, let K (loc) = {f € Ki(loc): f >0 on X}.

In order to establish that Propositions/Theorems 3, 6-12, 15-20 hold in the setting of
measure spaces (Theorems 18 and 20 for o-finite measure spaces only), it is enough to show

that Proposition 5 holds; all other arguments are generic.

Proposition 23. If f,f, € KT forn>1and f <> 7 f, on X, then for any € > 0 there

ezists No > 1 such that £(f) < e+ 3.0 E(fn).

Proof. We can write f = > " y;1a, with y; € [0,00) and A; € A. Let A = (J, A4,
and Y = > " y;. Note that pu(A) < >°7" u(4;) < co. For N > 1, consider gy =
—f+ 3N fula e Kand By = {z € X : gn(x) < 0} € 2. Since By \ 0 as N — oo
and p(By) < u(A) < oo, the decreasing continuity of the measure p gives us u(By) \, 0 as

N — o00. Let € > 0 and choose Ny > 1 such that u(By,) < e/Y. Then,

§(f) = 5(_9No "’ifnlfl)
n=1
No
S f(YlBNO + ;fn>
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=Y u(Bxo) + Y &(fn)

No
<e+ Y E(fa) N

n=1

Let us now assume a knowledge of the beginnings of the theory of the Lebesgue integral

so that we may show that &'(f) = [, fdu.
Proposition 24. If f : X — [0,00] and [ fdu exists and is finite, then &'(f) = [ fdu.

Proof. It f <> | f, on X for f, € K%, then

[rans [ Yndu=Y [ hdu=Y e
X X pn=1 n=1"7X n=1
by the monotone convergence theorem for the Lebesgue integral with respect to p. Thus,
Jx Fdp<€(f).
To show the opposite inequality, first suppose that f is a p null function. Let € > 0 and
choose {A4,}5°, C A such that f <> > 14, on X and >~ u(A,) <e. Then
N <EO 1a) <D E1a) =D (A, <e.
n=1 n=1 n=1
Letting € \, 0, we have &'(f) =0 = [, fdpu.
Second, suppose that f =" f, on X for f, € K* and >>° | [\ fudp < co. Then
e <> ett) = [ hdu= [ Y hdu= [ s
n=1 n=1 X X n=1 X
by the monotone convergence theorem for the Lebesgue integral with respect to pu.
Third, consider the general case, in which f can be written as f = g+ h on X where g is
a p null function and h =3 h, on X for h, € K*. Then
[ fan= [ gans [ ndu=eto)+ et =¢m =<
b's X b's

since h = f almost everywhere on X. 0
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4. THE RIESZ REPRESENTATION THEOREM

Definition. Let X be a locally compact Hausdorff space and let K = K(X) the set of
all continuous functions f : X — R with compact support. Endow K with the sup/max
norm ||f|| = sup,ex |f(z)|, which is finite for all f € K. Let Kt = {f € K : f > 0}.
Let £ : K — R be a positive linear functional. (Recall that a functional £ is positive if
1E(H)] < &(|f)) for all f e K.) For f: X — [0, 00], let
§(f) =mf {3 €() i fo € KT F <D fuon X1,

In order to establish Proposition?/%heorems 3 and 6-12 Tilrjlthe setting of locally compact
Hausdorff spaces, it is enough to show that Proposition 5 holds; the rest of the arguments

are generic.

Proposition 25. If f, f, € KT forn>1and f <Y f, on X, then for any ¢ > 0 there

exists N > 1 such that £(f) < e+ SN €(fa).

Proof. Since f has compact support, there is a compact set L C X with f = 0 on X\ L.
Urysohn’s lemma gives a continuous function x : X — [0, 1] with compact support and y = 1
on L.

Let ¢ > 0 and ¢’ = ¢/(1 + &(x)). Since xf = f < > >, f, on X, the function ¢ =
e'x — [+ .00, fn is strictly positive on L. Let ¢ = &'x — f + 2221 fn and note that
¢r /¢ >0o0n L as k — oo. So for each point x € L, we can choose N(z) € N such that
én@) (x) > 0. Since ¢n(y) is continuous we can choose an open neighborhood U(z) of z on

which ¢n@) > 0. Then {U(x)}.er is an open cover of L which is compact. So there is a

finite subcover {U(x;)};_, of L. Setting N = max{N(z;)};_,, we see that ¢ > 0 on L.
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Also, ¢y >0 on X\L, since f =0 on X\L. So ¢y > 0 on X and {(¢pn) > 0. Therefore,

) SEEH)+ D &) <e+ D &(fa) O

Definition. Define u(A) = &'(14) for A C X and 2 as the o-algebra on X generated by the
Gs compact subsets of X, i.e., 2 is the Baire o-algebra. Then p is a measure on 2 by the
following proposition and the monotone convergence theorem. The o-algebra 2l contains all

compact sets of the form L = {x € X : f(x) > ¢}, where f € Kt and ¢ € [0, 00).

Proposition 26. If f € Kt and ¢ > 0, then there is a continuous function A : X — [0, 1]
with compact support such that X = 1 on the compact set L = {x € X : f(z) > 1} and

p(L) < &) < p(L) +e.

Proof. For each n > 1, Urysohn’s separation theorem gives us a continuous function A, :

X — [0, 1] with )
1 on L, ={f> Z—E
An = { continuous in between
0 on P, ={f < nLH}

\
Note that Ay = /\g:1 A, N\ 1z as N — oo and each Ay is a continuous function with support

in the compact set {f > %} By the monotone convergence theorem, 1, € K", L € 2, and
EAn) =& (An) \(&(11) = pu(L) as N — oo. Thus, A = Ay will work for sufficiently large

N. U

Theorem 27. (Riesz representation theorem) If f € K, then f is integrable in the measure

space (X7 A, :U’) and fX Jdp= g(f)

Proof. By decomposing f as f = f* — f~, it is enough to show that the theorem holds for

f > 0. As f is bounded and both fX and ¢ are linear, we can assume f is normalized so
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that || f|| = sup,ey |f(2)] < 1. Since f is continuous, {f > ¢} is open and, therefore, in 2
for all ¢ > 0 in R. Thus, f is measurable with respect to the o-algebra on 2.

Choose a compact set L € 2 such that f = 0 on X\L. Also, choose a continuous
function x : X — [0,1] with compact support such that x = 1 on L. Forn > i > 1,
let L, = {f > £} € 2 and consider the step function g, = =>°" 1, .. Note that if
L < f(z) < 2L, then g,(z) = L. So g, < f < gp + 21, on X for all n.

For each of the compact sets L,;, the previous proposition gives us a continuous function
Ani 0 X — [0,1] in K with 17, < Ay and p(Lp) < EAni) < p(Lng) + % Consider the

function h,, = %X + % > Ani which belongs to K and satisfies f < %1L +gp < h, on X.

Note that
1
d — d
/Xf NS/X(nlL‘f’gn) 1
= L)+ L)
nlu n i:llu "
< Lo+ 13 e
and

A
fiy
¥
_l’_
|
g
=
h
:
_|_

<
X

So [ fdp < &(hy) < 2(1+£&(x))+ [ fdp for all n. Therefore, £(hy,) — [, fdpas n — co.
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Next note that

and

=1

(1+&(x) +€'(g9n)
(L4+&() +£(f)

<

(14+£00) +£0f)

Sl 3= 31

So &(f) < &(hn) < 2(1+&(x)) + &(f) for all n. Therefore, {(h,) — &(f) as n — oo. Thus
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