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ON SOME ASPECTS OF THE DIFFERENTIAL OPERATOR

by
PANAKKAL JESU MATHEW

Under the direction of LIFENG DING
ABSTRACT
The Differential Operator D is a linear operator from C,[0,1] onto
C[0,1]. Its domain C,[0,1] is thoroughly studied as a meager subspace of
C[0,1]. This is analogous to the status of the set of all rational numbers Q
in the set of the real numbers R.
On the polynomial vector space P, the Differential Operator D is a

nilpotent operator. Using the invariant subspace and reducing subspace
technique an appropriate basis for the underlying vector space can be
found so that the nilpotent operator admits its Jordan Canonical form. The

study of D on P, is completely carried out. Finally, the solution space V

n n-1
of the differential equation d—:+ an_1 d_x
dt

dx :
+....4+a1——+agXx=0is
dth-1 dt

studied. The behavior of D on V is explored using some notions from

linear algebra and linear operators.

INDEX WORDS: Differential operator, linear operator, nilpotent operator,

Jordan Canonical form.
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INTRODUCTION

i . d . .
The Differential operator D = e is a well known linear operator. In a standard

functional analysis course it is mentioned as an unbounded linear operator from
the space C4[0,1] to C[0,1] under the sup or the uniform norm. When the Closed
Graph Theorem is introduced, the differential operator serves as a counter
example which asserts that although it is a closed operator, it is not bounded due
to the fact that C4[0,1] is not a Banach Space. This reveals the significance of the
question “ the operator is defined from where to where?”. It is regretful that many
interesting aspects of the differential operator has not gained much attention.

In this thesis by using the well known Banach-Steinhaus Theorem we first
prove that C4[01] is meager, or a subspace of first category in C[0,1]. So the
status of C41[0,1] in C[0,1] is analogous to that of the rational number Q in the
real number R.

It is not easy to describe the structure of D in C4[0,1] directly. However, if we
restrict D to some nowhere dense subspaces we can get a clear “cross-sectional
view” of D.

In chapter 3 we restrict D on P, polynomials of degree upto n-1. We see that

D is nilpotent on P,,, and we go through the entire process to reach the Jordan



Canonical Form of D. The basis of P, under which D admits its Jordan
Canonical Form is obtained.

A linear operator T is algebraic if there is a polynomial p such that p(T) = 0.
In chapter 4 we note that D is not an algebraic operator on C,[0,1]. But we show
that for any polynomial p the solution space V of p(D) = 0 is a finite dimensional
subspace of C,[0,1]. p is the minimal polynomial of D, so D is algebraic on V.
As an algebraic operator on V, D has the advantage of Primary Decomposition.
So its structure on V is fully obtained. In fact the polynomial p plays an important
role. For some appropriate p, D is diagonalizable on V, and D is also semi-simple
on V.

All the above cross-sectional views are obtained on finite subspaces of
C41[01], which are nowhere dense subspaces of C[0,1].

We may ask the question “ could we further reveal the structure of D on other
“infinite dimensional subspaces of C4[0,1] ”? The answer is “yes”. For example D
on P, which is the collection of all polynomials. Under an appropriate basis of P,
D is a unilateral shift operator. Many issues may arise. But that is some future

research for the author.



CHAPTER 1

BANACH SPACES AND LINEAR OPERATORS

Throughout the thesis, the field F is either the field R of real numbers or the
field C of complex numbers. The reader is expected to be familiar with the notion
of vector spaces, normed vector spaces, norm on vector spaces and the linear
operators. First we introduce some of the notations used in the thesis.

(a) The vector space C(X) is the set of all real valued continuous functions on the
compact topological space X.

(b) Py, is the set of all the polynomials x(t) with complex coefficients of degree

up to n-1, over the field F, in variable t.

-1 n-1 .
(c) For any x € Py, let x(t) = nz F,J-tj, then D(x(t)) = gjtj_l, is the derivative
=0 j=1

of the polynomial x. Here, D is the differential operator and it is also a linear

operator.

Example 1 In C(X), mentioned in (a) above, since a continuous real valued
function on a compact topological space is bounded, we introduce the norm on

C(X) as below:

|f]l =sup {[f(x)|:xeX}<oo ¥V fe C(X).

| f || is called the super norm.



For a normed vector space (V.| . [) we can induce a metric by

dx,y) =x-y|, xyeV.

It is called the metric induced by the norm.

So a normed vector space V is also equipped with a metric topology induced
by its norm. We also call it a norm topology. Under this norm topology the
notions of neighborhood, interior points, open sets, closed sets, compact sets and
other concepts are defined in the conventional way.

In particular, a sequence {x,} inV converges to an element X in V if

lim d(x,,,x) = lim|x, — x| =0. Again, a sequence {x, }is a cauchy sequence
nN—o0 n—co

if for each € > Othere is positive integer N such that Hxn — XmH < & holds for

n,m >N. It is noted that every convergent sequence is a Cauchy sequence but the

converse is not true. If every Cauchy sequence in V converges in V, then V is
called a Complete normed vector space. A complete normed vector space is

called a Banach Space.

PROPOSITION 1 The vector space C(X) in (a) is a Banach Space.

Proof We need to prove that C(X) is complete under the metric

d(f,g) =|f —g|_. Let {f,} be a Cauchy sequence in C(X). Then,V £>0,3 N
such that n, m > N implies [f, —f | <e.. So, forall xeX,

£, ()~ ()| <[y —~Fl. <& ¥ nm>N.



So, for each x e X, {f,(x)} is a Cauchy sequence in R. Now, since R is
complete, we know that there exists a real number f(x) such that f_ (x) — f(x).
So we have a real valued function f(x) defined on X and f, —f pointwisely
on X.We now fix n and let m-—oo so that f (x) — f(x). Hence, for each
xeX, [f,(x)-f(x)|<e ¥V n>N.Then, sup{f,(x)-f(x)|:xeX}<e V
n>N. So, [f, —f||w <g¢ V n>N.

This means that f,, converges to f uniformly on X. Since the uniform limit of a
sequence of continuous functions is a continuous function, f is continuous i.e,
f € C(X) . Thus, every Cauchy sequence {f,}in C(X) converges to a vector f in

C(X). Hence, C(X) is complete.

THEOREM 1 [1] A linear operator acting between two normed vector spaces is

continuous if and only if it is continuous at vector 0.

PROOF Necessity This is trivial.

Sufficiency

Suppose T is continuous at 0. So by definition, V' ¢>0, 3 &> 0such that
for any x e X,|x| <& implies |[Tx|<e. Now let x e X. Then for y e X, with
ly—x| <8, we have |[T(y-x)|<e or |[Ty—-Tx|<e So T is continuous at x.

Now, since X is arbitrary, T is continuous on X.



DEFINITION 1 Let T:X — Ybe a linear operator between two normed

spaces. The operator norm of T is defined by
[Tl =supT| = || =1
If |T| is finite, then T is called a bounded operator and if |T|| =0, T is called
an unbounded operator. Note that | Tx|| <|T|/[x| holds forall x e U.

To see this, if x =0, the inequality is trivial. For x = 0, the vector

W)

Then, [Tx| <[]/ |x]- In particular, it follows from the previous inequality that

—-x satisfies |y|=1, and so IT(y)| <|T| holds.

IT|| = sup{|Tx| : [x| < 3. Indeed,
[T = sup[Tx| <] = 3 < sup{[Tx| : x| < 2 < supg[Ti} ] : x| < 3
= || sup{|x||: |x| <B=|T]. So, |[T| = sup{|Tx|: | <13}. For a linear operator the

concepts of continuity and boundedness are equivalent. It is proved in the next

theorem.

THEOREM 2 [1] A linear operator acting between two normed spaces is

continuous if and only if it is bounded.

PROOF Necessity

Suppose T:X — Y is continuous where Xand Y are two normed vector

spaces. As T is continuous at 0, so V. &¢>0, 3 &> 0 such that x| <& =



[Tx| <& Wepick £=1s0 |x|<8=[Tx|<1= %”x” <1 [Tx|<1.
Let, y = %x Jand x =8y So |y| <1= [T(sy)| <1 = &[Ty <1
= [Ty|| < % < oo holds for all y with |y| <1.

So we have, x| <1=|Tx|< % <. Hence, Tis bounded.

b) Sufficiency

We assume T is bounded. So, sup{|[Tx|: [x| <1} = M < oo .. It suffices to prove

that T is continuous at 0. Suppose, € >0 let 6= % Then

e

So T is continuous at 0, hence T is continuous.

<1. So, <M =|T(x)|<e.

<= < = [*2*
M €

DEFINITION 2 A scalar valued linear operator on a normed vector space is

called a Linear Functional.

Example 2 [3] Let [a,b] be any finite interval on real t-axis, and let o be any

complex valued integrable function defined on [a,b]. Define y by

b
y(X) =Ja(t)x(t)dt V xeC[a,b],theny is a linear functional on C[a,b].
a



DEFINITION 3 Let f: X —> R be a linear functional. Then the Kernel of fis

defined as Ker f ={x € X:f(x) =0}.

THEOREM 3 Suppose f:X — R isa linear functional. Then f is continuous if
and only if Ker f is a closed set.

PROOF Necessity

Observe that , Ker f =f{0}. Now, {0} is a closed set in R and since f is

continuous f {0} is closed in X. Hence, Ker f is closed in X.

Sufficiency

Suppose Ker f is a closed set in X. If fwere not continuous, then fis

unbounded. Then, sup{|f(x)|:|jx|<L}=o. So for all N, there exists x,with
IX,[ <1 and [f(x,)|=n. (Here the norm is the absolute value which means
[f(xn)| =[f(xn)]). So there is a sequence {x,} € X with |x,||<1 and f(x,) — .

Since f is not bounded, Kerf = X.So, 3 xg¢Ker f and x e X.

Let y, =Xx—¢g,X,, Where g, :ff((x)), and f(yn)=Ff(X)—e f(xp)= f(x)-
Xn

f(x) = 0. So y, € Ker f ¥ n. Note that e, -0 as n »> o So y, — x.So there
exists a sequence {y,}cKer f, but y, — x¢Ker f, which contradicts our

assumption that Ker f is closed.



Note that every linear subspace of a finite-dimensional normed linear space is
a closed subspace. Since Ker f is a closed subspace in a finite dimensional normed
linear space , we have
COROLLARY 1 Every linear functional on a finite-dimensional normed linear
space is continuous.
COROLLARY 2 Every linear operator from a finite-dimensional normed space

to another normed space is continuous.

THE SPACE L(X,Y)

Let T:X — Y be a linear operator. We denote the collection of all bounded
linear operators from X to Y by L(X,Y). The addition and scalar multiplication
are introduced to L(X,Y) in a conventional way so that L(X,Y) is a vector space.

We mention a theorem, the proof of which follows immediately from the

definition.

THEOREM 4 [5] T is a bounded linear operator between two normed spaces X

and Y if and only if there exists a real number M >0such that

IT(x)| < M|}x||holds for all x e X.
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THEOREM 5 [1] Let X and Y be two normed spaces. Then L(X,Y)is a

normed vector space. Moreover, if Y is a Banach Space, then L(X,Y) is likewise
a Banach space.

PROOF  The norm on T is given by |T||=sup{|Tx|:|x|=1}. Clearly, from its
definition |T||>0holds for all TeL(X,Y). Also the inequality |Tx]|<|T||x|

shows that |T||=0if and only if T =0.The proof of the identity |oT|=|o/[T] is
straightforward. For the triangular inequality, let S, TeL(X,Y), and let

x e Xwith |x||=1. Then,
[(+T)0q] = [80) + TCA| < [[SE + [T < 8]+ (7]
holds, which shows that |S+T|<|S|+|T|. Thus, L(X,Y)is a normed vector

space.
Now assume that Y is a Banach space. To complete the proof we have to show

that L(X,Y) is a Banach space. Let {T,}be a Cauchy sequence of L(X,Y). From
the inequality |T,(x)— T, (X)||<[T, =Tl X[ it follows that for each x X the
sequence {T(x,)}of Y is Cauchy and thus convergentin Y.

Let T(x) =1imT, (x) for each x € X, and note that T defines a linear operator
from X to Y. Since {T,}is a Cauchy sequence, and Cauchy sequence is a

bounded set in a normed vector space, there exists some M >0 such that

[Tn||< M for every n. But the inequality [T, (x)[ < [T, [X| < M|, coupled with
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the continuity of the norm, shows that |T(x)| < M|x| holds for all x € X. So from
the previous theorem we have T e L(X,Y).

Finally, we show that limT, =T holds in L(X,Y). Let &€ >0.Choose K such
that T, =T || < & for every n,m > K.

Now, the relation [Ty, (X) = Ty (X)[ < [T = Tn| X[ < &]x| forall n,m>K

implies |T(x)-T,(X)|= rTI]|L130||Tm (x) =T, (x)| <¢|x| for all n>Kand x e X. That

is, we have |[T—T,|<e forall n>K,and therefore, limT, =T holds in L(X,Y).
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CHAPTER 2

THE DIFFERNTIAL OPERATOR D = %

. . d. : . .
The differential operator D =EIS a linear operator. Let us first discuss the

question “D is defined from where to where”, and then set the domain of D.
We start with the familiar case C[0,1], the Banach space of continuous real

valued functions on the closed interval [0,1]. Consider the function

s . 1 .
=, if 1
()= X smx,l x e (0]

0 Jf x=0.

It is easy to verify that f(x) is differentiable at each point of [0,1] and

1 1 .
(DRAX)= f ()= XN ~cos o if xe (0]

0 JfF x=0.

We see that f (x) is not continuous at 0. So the differential operator D
could map a differentiable function (that is also continuous and hence a member
of C[0,1]) to a function that is not a member of C[0,1].

Hence, if we choose the domain of D as the collection of differentiable
function on [0,1] which is also a subspace of C[0,1], then the range of D would
not be easy to determine. We impose a tougher condition : the domain of D

consists of real valued functions with continuous derivatives denoted by C,[01],
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which is a subspace of C[0,1]. Then D maps every member of C,[01] to a

member C[0,1]. In fact D is an onto map. Indeed, if the function f(x) is continuous

at x €[0]], then F(x) = ?f(t)dt is differentiable at x and F (x) = f(x) . Hence we
0

observe that the mapping D : C,[0,1] — C[0,1] is onto.

Next, we explore and get a better understanding of C,[0,1]. Let us begin with

a few notions.

DEFINITION 1  Suppose A is a subset of a metric space X. The set A is said

to be nowhere dense set in X if the closure of A contains no interior points.
J— [¢]
Note that if we denote the closure of A by A, the interior of set E by E, and

the complement of set E by E® ={x € X, x ¢ E},then the set A is nowhere dense
o 0 c o
if A=¢. Since, foranysetE, E = (E) ,hence, A =¢ ifand only if
° )\’
b=A= ((A)"j .

Hence, (K)c = X. In other words A is nowhere dense in X if (K)C is dense in X

i.e, the complement of the closure of A is dense in X. The typical examples of

nowhere dense sets are finite sets of real numbers in R.
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DEFINITION 2 A set is a meager set or of first category if it is the union of

countably many nowhere dense sets. A set which is not meager is said to be of

second category. For example the set Q is meager in R because Q is countable, so

Q admits an enumeration : Q ={r;,r,,...} and hence Q= ?}{rn},where each {r,}
n=1

is nowhere dense. We have a very well known result on complete metric space,
called the Baire Category Theorem. It asserts that a complete metric space is not

of first category.

PROPOSITION 1 In a complete metric space the complement of a meager set

is dense and is of second category.

PROOF Let (X,d) be a complete metric space and A be a set of first category.

- - © -
Now, since A is meager,A= YA, , where each A, is nowhere dense. We
n=1

show that A‘is not meager. We prove this by contradiction. Suppose A‘is

meager. Then, A® = %?Bn, where each B, is nowhere dense. Now, X = AUA°®
n=1

o0 o0
=X :( YAnju( Yan . So X is the union of countably many nowhere dense
n=1 n=1

sets. Since, (X,d) is complete, so it contradicts the Baire Category Theorem.

Now, we show A°is dense in X.

c

A=YA, Cc YA, =>A°ST(A,)
n=1

n=1 n=1
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Since, each A, is nowhere dense, (A_n)" is open and dense, so their countable

intersection is also dense. This follows from the result that countable intersection

c

- - - 0 —Qr" -
of open dense sets is also dense in a complete metric space. Hence, 1 (A,) is
n=1

dense, so is A°.
Next we introduce a well know result on continuous linear operators on a

Banach space : the Banach- Steinhaus Theorem.

BANACH -STEINHAUS THEOREM ([1])

Let {A}Dbe a family of continuous linear operators defined on Banach space
X and taking values in a normed vector space. In order that sup{||A,, | <o} it is
necessary and sufficient that the set {x e X : sup|A,X|| < oo} be of second category

in X.

PROOF Necessity

Assume sup [A,[ <. Then V¥ x [Ax|<[A,][X]| <. Hence we have
o

{x e X:sup |A,x|<o}=X. Now, since X is complete, by the Baire Category

Theorem, X is of second category.

Sufficiency

Suppose {x € X : sup |A x| < =} is of second category. Let us consider



16

F, ={xeX:sup [A,x[<n} VneN.
We note two things :
1) F, isaclosed subset of X since each F, can be written as
Fo= 1A, B0,
where each m is the closed ball centred at 0 with radius n in the normed

linear space. Since A, is a continuous linear operator, each of the sets in the

intersection is closed and arbitrary intersection of closed sets is closed, hence F, is

closed.
2) {x e X:sup |[A x| <x}= YF,.
o n=1
By the assumption that {x € X:sup[A,x|<} is of second category , so

there is an F,, which is not nowhere dense. Hence F,, has a neighborhood, that is

there is r>0and x,such thatS={x € X : |[x — xq| < r} = Fy.Forany |x| <1, we
1 1

have X, +rxeS. Then, A Xx==A_[(Xq+rX)—X,] = =[A,(Xo +IX)—A_ X,].
r r

Now, since X, and X, +rx areinS,

[Aux] < %IIAa(xo + fX)||+%||Aax0|| < %m ime

2m
r r

This is true for every o and |x| <1.So, we have sup {|A,x|:|x| <1} < ZTm < o0



= |IAy] < sz < oo forevery a = sup |A,|< ZTm <o
o

NOTE We make a small note before we prove the next theorem.
For a real valued function x on [0,1] we show that for t € (0,1) if x'(t) exists,

X(t+h)—=x(t-h) _

then rll|_r)rg) o X'(t)
Indeed, lim x(t+h)—x(t=h) . x(t+0h)=x(0+x(t)-x(-h)
h—0 2h h—0 2h

Iim[x(t +h)—x(t) x(t—h)- x(t)}
h—0 2h 2h

— lim x(t+h)—x(t)+ lim x(t—h)—=x(t)
~ h>0 2h -0 2(=h)

% x'(t)+% xX'(t) = x'(t).

x(t+h) - x(t—h)
2h

It is noted that the converse is not true i.e existence of L'”&
5

does not imply that x'(t) exists. For example, x(t) =|t, te[0,]

X(t+h)—x(t-h) _0at
2h

Iimw does not existatt =0 but lim
h—0 h h—0

t=0.

THEOREM 1 C,[0,] is meager in C[0,1].

17



PROOF Let x € C[0,1]. Now, fix tin (0,1). So for large n € N we have

(t —1,t+1) < (0,1) . Define a functional f : C[0,]] > R by
n n
x(t+i)—x(t—i) N .
f,.(xX)= =—|X(t+=)-x(t—-=
.09 2 o e Dy
n

Itis easy to verify that f, is a linear functional. Now we show that |f, | =n.

x(t+ %) —Xx(t— %)‘ x| = 1}

ol =sptt 0, =5= o[

< sup{% X = 1}

< sup{(%.l+2.l) supglx(t)] : te [0,1]}:1} =n.

x(t—2)
n

x(t+3)
n

n
4+—
2

This shows |f, [ <n.

We next show that there is a function “x” such that f_(x) =n.

Let x(s) = ¢n(s—1), t-lcs<tet
n n

18

Then, x e C[01]and x| =1.Then,f,(x)= %[1— (-1)]=n. So we have |f,|=n.
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Hence, {f, :n e N} isasubset of L(C[0],R). But,{|f,||:n € N} is not bounded.

So, by the Banach-Steinhaus Theorem B ={x e C[0,1]:sup |ff,(X)| <o} is
n

meager.

Now, if x is differentiable at t, then lim fn(x(t))zx'(t) eR,so if x is
n—o0

differentiable at t, then {f,(x),n € N} is a bounded set of real numbers. So, the
set T of all differentiable functions at t is a subset of B. Of course
C,[01] < T < B. Hence C,[0,1] is meager in C[0,1].
We note here that C,[0,1] is not a Banach space due to Baire Category Theorem.
Now, let P denote the set of all polynomials. By the well known Weierstrass
Theorem, P is dense in C[0,1] under the uniform sup norm i.e, pP= C[0,1].
Again, P < C,[0,1] < C[0,1]. This shows that C,[0,1] = C[0,1].
The above discussion tells us that most of the functions in C[0,1] are not
differentiable, but the differentiable functions are dense in C[0,1].
Note that the set Q of rational numbers is meager in the space R of real
numbers, and Q is dense in R under the Euclidean norm. So the status of C,[0,1]

in C[0,1] is analogous to that of Q in R.

Next, we show that D is an unbounded operator. As we showed earlier

D:C,[01] > C[01]. Let {x,}eC;[01]and x,(t)=t"then, |x,| =1 and

ID(x,))]., =sup{nt"™* :t<[0,1]} = n holds for each n, implying |D|| = oc. Hence, D
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IS an unbounded operator. However, D is what we call a closed operator. We
introduce a few notions below which will lead to a better understanding of closed

operators.

CARTESIAN PRODUCT SPACE

If X and Y are normed vector spaces equipped with norms ||| and | e |,

respectively. The Cartesian product space is given by

XxY ={(x,y),xe X,ye Y}
Then the norm defined on XxY is given by|(x,y)| =X+ |y] This norm is

called the product norm. There are other equivalent norms, such as

o)1= (47 + 12 F ano. Jox ) = max -

It should be noted that lim(x,,y,) = (x,y) holds in XxY with respect to the
product norm if and only if limx, =x and lim y, =y both hold. Moreover, if
both X and Y are Banach Space, then X x Y with the product norm is a Banach
Space.

Now, let T be a linear operator from X and Y. The graph of T is the subset G

of XxY givenby G ={(x,T(x)):x e X}and |(x, T(x))|=|x]+]T|

DEFINITION 3 A linear operator T: X — Y is a closed operator if the graph

G ={(X,T(X)):x e X}isaclosed setin XxY.

Now, we show that differential operator D is a closed operator.
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Let D:C,;[0,1] —» C[0,1].The graph of D is given by
G ={(x,Dx):x e C,[01]}
We show that G < C,[0,1]x C[0,1] isa closed setin C,[0,1]xC[01].
Let (x,,Dx,)converge to (x)y) in C;[01]xC[01].Then, X, —>X and
Dx,, — yunder uniform sup norm. Now by the well known theorem :

“If f, converges uniformly to f, and if all the f, are differentiable, and if the
derivatives f', converge uniformly to g, then f is differentiable and its
derivative isg.”
We have, x is differentiable and y = Dx. Then (x,y) € G is a closed set, and D
is a closed operator.
Finally, we mention the Closed Graph Theorem that asserts that if X and Y are
Banach spaces and T: X — Y is a linear operator, then the closed property of the

graph T ={(x,T(x)):x e X} in XxY implies that T is a bounded operator.
In the above discussion D has a closed graph in C,[0,1]xC[0,1]. But the fact

that D is not bounded gives a counterexample to the Closed Graph Theorem,
where if X is not a Banach space then D is not necessarily bounded. We encounter

this problem because C,;[0,1] is not a Banach space, though C[0,1] is a Banach

space.
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CHAPTER 3

NILPOTENT OPERATORS AND JORDAN FORM

In this chapter we come across some properties of the differential operator D. We
first review some notions below.

DEFINITION 1  Let T be a linear operator on a vector space V. If W is a

subspace of V such that T(W) < W, we say W is invariant under T or is T-
invariant. For example Ker T is an invariant subspace of V as v e Ker T then
T(v) =0 Ker T. So Ker T is an invariant subspace of T

If we have an invariant subspace in a finite dimensional vector space its matrix

representation becomes much simpler as we see in the theorem below.

THEOREM 1 [6] Let W be an invariant subspace of a linear operator T on V.

A B
Then T has a matrix representation [0 C},Where A is the matrix representation

of T, that is the restriction of T on W.

DEFINITION 2 Let V be a vector space over a field F. Let M and N be two

subspaces of V, such that

1) MAN={0}
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2) VveV,dxeM and yeN suchthat v=x+y.

Then V is called the direct sum of M and N. We writeitas V=M® N ..

We state a theorem without proof, pertaining to the dimension of the direct sum.

THEOREM 2 [6] If V is a vector space and M and N are subspaces with
dimensions m and n respectively, such that V=M @& N, then

dimV=dimM+dimN ie, dimV=m+n.

DEFINITION 3 If M and N are two subspaces of V such that both are invariant

under Tand V=M@ N, then T is reduced by the pair (M,N).
The matrix representation of T is further simplified than the one mentioned in

Theorem 1.

THEOREM 3 [6] If W and U are invariant subspaces of a linear operator T on a

finite dimensional vector space V over F and V =W @ U, then there is a basis

T 0
of V such that the matrix of T with respectto f is { (\)N - } or diag(Ty,, Ty),

u
where T, is the matrix of restriction of T on W and T, is the matrix of

restriction of T on U.
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In general we note that the greater the number of invariant subspaces of a
linear operator , the simpler will the matrix representation of the linear operator
be.

Let us take the case of the differential operator D acting on P, i.e, polynomials

X in t of degree <n-1.We note here that each P,,P,,...,P, is an invariant

n
subspace under D. The basis for P, is given by x;(t)= t? 1<i<nand
dimP, =n.
Now let us find the matrix representation of the differential operator D.
Dx; =0=0x; +0x,+...+0x,, +0x,.
Dx, =1=1x; +0X,+...+0x,; +0x,.

Dxj; =2t = 0X; +2X,+ ...+ 0x,, 4 + 0X,,.

DX, = (N -Dt"? =0x; + 0Xy+...+ (N -1)x, ; +0X,,.

The matrix representation of D is given by

0 1 0 . . . 0
0 0 2 . . . 0
0 0 0 3 . . 0
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We proceed to introduce and study a very special but useful class of linear

operators called the nilpotent operators.

DEFINITION 4 A linear operator A is called nilpotent if there exists a positive

integer p such that AP =0; the least such integer p is called the index of
nilpotence.

We note that D: P, — P,, is a nilpotent operator of index n.

THEOREM 4 [3] If T is a nilpotent linear operator of index p on a finite

dimensional vector space V, and if & is a vector for which TP£ =0, then the

vectors &, TE,.., TP ¢ are linearly independent. If H is a subspace spanned by

these vectors, then there is a subspace K such that V = H & K and the pair (H,K)

(H,K) reduces T.

_1 .
PROOF To prove the asserted linear independence, suppose that pZociT'E_, =0,
i=0

and let j be the least index such that o; = 0.(We do not exclude the possibility

j=0). Dividing through by —a; and changing the notation in a obvious way, we

. -1 . . -1 . .
obtain a relation of the form Tig = 5 B.Tie = TH($p. T Hg) =Ty, where
.= 1 |

i=j+1 i=j+1

-1 L.
y= pZBiT'*Hi. It follows from the definition of index of p that
i=j+1
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Tp—la _ Tp—]—lTJ'EJ _ TP—J—1T1+1y _ pr =0
since this contradicts the choice of £ ,we must have a; =0 for each j.

It is clear that H is invariant under T; to construct K we go by induction on the
index p of nilpotence. If p=1, then T = 0 and we have V ={0}® V.we now
assume the theorem is true for p-1.The range R of T is a subspace that is invariant
under T ; restricted to R the linear operator T is nilpotent of index p-1. We write
H,=HNRand &, =TE; then His spanned by linearly independent vectors
0. TEy,. .. TP2¢,. The induction hypothesis may be applied, and we may
conclude that R is the direct sum of H,and some other invariant subspace K.

We write K;is the set of all vectors x such that Tx is in K;it is clear that
K,is a subspace. The temptation is great to set K = K;and to attempt to prove
that K has the desired properties. But this need not be true ; H and K, need not be

disjoint. (It is true, but we shall not use the fact, that the intersection of H and

K, is contained in the null-space of T.) In spite of this, K, is useful because of the
fact that H+ K, =V. To prove this, observe that Tx is in R for every X, and,

consequently, Tx =y + zwithy in H, and z in K,. The general element of H, is

a linear combination of T, ...., TP™*&; hence we have

-1 . -2 .
y =S, Te=T(sY a,,T'€) = Ty, where y, is in H.
i=1 i=0
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It follows that Tx =Ty, +z, or T(x—Y,)isin K,.This means that X -y, is in
K, so that x is the sum of an element (namelyy,) of H and an element (namely
x—-y,) of K.

As far as disjointness is concerned, we can say at least that H Ky ={0}. To
prove this, suppose that x is in H K, and observe first that Tx is in H (since x
is in H). Since, K, is also invariant under T, the vector Tx belongs to K,along

with x, so that Tx = 0. From this we infer that x is in H, .(Since x is in H, we have
-1 . -1 :

X = pz a;T'E; and therefore 0=Tx = pz a;_,T'E, from the linear independence of
i=0 i=1

Tlg, it follows that oy =....= o, , =0,s0that x = ocp_lTp‘lé). We have proved
that if x belongs H " K, then it also belongs to H, N K, and hence that x = 0.
The situation now is this : H and K, together span V, and K, contains the two
disjoint subspaces K,and HNK,. If we let K, be the complement of
Ko ®(HNK,)in K, that is if K, ®K,®(HNK;)= K,,then we may write
K =K,° ®K,;we assert that this K has the desired properties. In the first place,
K < K,and K is disjoint from H nK_; it follows that HNK={0}. In the second
place, H @ K contains both H and K, so that H® K = V. Finally, K is invariant
under T, since the fact that K < K, implies that AK c K, < K.The proof of the

theorem is complete.
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DEFINITION 5 Let V be a vector space over a field F, and T be a linear

operator on V. For any vector & in V the subspace
Z, ={P(T)&:Pis a polynomialin F(x)}
is called the T-cyclic subspace generated by & If Z. =V, then Eis called a cyclic
vector of T.
In particular, if T is nilpotent with index p and TP£ « 0, then
Z, = <§,T§, e Tp‘1§> is the T-cyclic subspace generated by &.

Theorem 4 shows that every nilpotent operator T on a finite dimensional

vector space has a T-cyclic subspace Z. generated by vector &, and this cyclic
subspace has a complementary T-invariant subspace V, such that the pair Z, and

V, reduce T.

Let us further analyze the result in Theorem 4. Suppose T is nilpotent on V

with index p;. Then there is a T-invariant subspace V, such that
V=2, ® V,,where Z :<TP1*1(§1), ....T(&l),§1> . From Theorem 3 we

know that T is represented by a matrix of the form diag(Aq,B;), relative to the

basis for V' consisting of a basis for Z. and a basis for V. Relative to the &,-

basis for Z, , {rpl‘l(gl),....T(al),gl}, the restriction of T on Z, is represented

by
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0 0 0

0 00

. 00
A=[1z.].=|. 0 0|=13,(0).

S 10

000 01

0 0 0]

We use the same notation for general J,(A)which denotes the rxrmatrix with
Aon the diagonal, ones on the super diagonal, and zeroes elsewhere. J,(X) is

called a simple Jordan block.

Now, the restriction of T on V,, T,  is nilpotent on V,of index p, <p,.
From Theorem 4 we can find a T-invariant decomposition V, =Z. ®V,, where
TP, 20, Z,,= (TP (E,), . T(E,).E,) Then V=2, ©Z &V,

As above, we have the matrix of T on Z; ,|TZ; , . ,=Jp, (0). This means

that there exists a basis for V relative to which T is represented by
diag(Jp, (0).Jp, (0),B7).
Continuing in this way, we eventually find, since dim(V) is finite, a T-

invariant direct-sum decomposition of the form V =2 £,92:,9...0Z;, | and
a basis for V:
TPHED, - T, &

TP2H(E,), ... T(E,) &,
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TP (), - TG i

relative to which T is represented by diag(J Py (0),JIOZ 0),... Jpy (0)).

The above discussion can be summarized in the following theorem.

THEOREM 5 [2] If T is a nilpotent operator of index p,, then there exists an

integer Kk, k distinct vectors &,,....,&,, and integers p, >p, >....>p,such that

vectors
TR, - T(E) &
TP, - T(E2), &,

THED - T(ER) &k
form a basis for V. Moreover V is the direct sum of the T-cyclic subspaces

generated by &;: V=2, ®Z, ®....®Z, .Relative to the above basis, T is
represented by the matrix diag(J p1 (O),J|O2 0).... o, (0)).

In fact, Theorem 5 concludes that for a nilpotent operator T on a finite
dimensional vector space V we can find a suitable basis B of V such that T
admits a Jordan canonical form, where the number k of distinct “simple Jordan

blocks” is equal to the number of vectors &,,...,&,. Note that the vectors
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TR, TR, ..., T%g, are linearly independent, and they are in the null
space of T. So the nullity of T is greater than or equal to k. On the other hand
V=Z,0©72..0..®Z, and
n=dimV=dimZ, +...+dimZ, =p;+...+p,.
Note that the rank of Tis (p; - +...+ (P D =(p; +...+p)—k=n-k.
Hence the nullity of T is equal to n — (n — k) = k. So the geometric multiplicity
of Tiskand {TP?e, TP ,,. .., T, }is a basis of null space of T. So

we conclude that the number k of distinct simple Jordan blocks is exactly equal to

the geometric multiplicity of T.

Example 1 Let T:R® — R®.The matrix representation of T under the standard

basis is [T], = ,we apply Theorem 5to T.

O O+ N O
O O w O o
O O O o o
O O O o o
o A O O O

We note here that T®> =0and T2 = 0.T is nilpotent on R>.

Let &, = , Where &,,TE, and Tzélare linearly

O O O O -
o O oo O o

o
2

S0 Tg, =|1]| and T?¢, =
0
_0_

independent.



Hence the cyclic subspace generated by &, is

1(/0(]0 ap
0(12]|0 a,
Z, = (8 TE,T28)=( |0}[1]|6] )=1]a; |;a1,8,,8, €R
0(|0]((0 0
10]]0]]0] |0 |

If the ordered basis is {Tzal,Til, &l}, the simple Jordan block is

If the ordered basis is {gl,Tal,ngl}, the simple Jordan block is

0 0
0 0
Now, let &, =| 0| and TE, =|0].
0 4
_1_ _0_
[0][0] [0 ]
0[|0 0
Sothat V, =(&,,T€,)=( [0|,|0| )=4]| 0 |;a,,a5s €R .
0|4 a,
11]]0] | as |
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If the ordered basis is {T¢,,&,}, the matrix of representation of T on V, is

01
[0 O] If the ordered basis is {&,,T&,}, the matrix of representation of T on V,

.10 0 . i .
IS { } So the matrix representation of T on R® is

10
[0 1 0 0 O] [0 0 0 0 O]
00100 100 00
either (/0O 0 0 O O] or|0O 1 0 O O}
0 00001 0 0000
10 0 0 0 0] 0 0 01 0]

Using the terminology in Theorem 5, we have k =2, p, =3 and p, =2.

Now, we recall D:P, —» P,, where P, is the set of all polynomials with
degree < n—1 in variable t, the cyclic vector is t".With respect to Theorem 4,
the vector & is t". Note that the vectors t"*,D(t"™),...,D"*(t" ™) are
linearly independent ., t"* (n—Dt"2,...,(n=Dit,(n-1)! are linearly
independent. Hence, H =span{t"™,t"2 ... t1} and K ={0}, so that

P, =H®K.

The Jordan canonical form for a general linear operator is discussed below. We

quote the next result without proof.
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THEOREM 6 [2] Let V be a finite-dimensional vector space over an

algebraically closed filed F. For any linear operator T on V, there exist T-

invariant subspaces M and N, such that V=M @ Nand T,,, the restriction of T

on M, is nonsingular and T, the restriction of T on N, is nilpotent.

THEOREM 7 [2] Let V be a finite-dimensional vector space over an

algebraically closed field F. If T is a linear operator on V with characteristic
polynomial c(x) = i:1111(x —2;)%, then there exist T-invariant subspaces N1, N>, ..,
N, such that

Q) V=N, ®N,®....®N,,

b) dim(N;)=s;,

¢) Ty, =Ail+n;, where n;is nilpotent.

PROOF Let T, =, -T, be a linear transformation on V. Using Theorem 6, there

are complementary T, -invariant subspaces N,and M, (V =N, ®M;) such that

TlNI1 Is nonsingular and T1Nl is nilpotent. Now, T =A,1-T,, so for a. € N, we have

T(a) =Aa—T;(a) € N,. It follows that N, is also T-invariant and similarly M,
is T-invariant. Now, Ty, = (A1-T;)y, =4l —T1Nl =Xyl +m,;, Where n; = _'|'1Nl

is nilpotent by construction.
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Suppose that dim(N,) = n, . Relative to the basis for V, consisting of a basis for
N,and a basis for M,;, T is represented by a matrix of the form

A =diag(A1,A»), where the n; xn; matrix A, represents TNl and A, represents
T, - Now, det(xl —A) = c(x) = det(xI - A) det(xI - A,)
and det(A,1-A,)=0,since A 1-A, represents T1Ml =MI-Tyand is
nonsingular by construction. Thus x —2;is not a factor of det(xl—-A,)and hence
(x—2;)™ must be a factor of det(xl-A,).Since the degree of det(xl-A,)is
n,,we have n; >s,.

Now, (A, —Aq1) represents (T =441y, :—T1Nl =m,, Which is nilpotent by
construction. By Theorem 5 we can choose a basis for N, such that (A; —A,l)is

upper triangular matrix whose only nonzero elements are ones on the super

diagonal. This A has A,on every diagonal position and zeroes and ones on the
super diagonal so det(xl-A,;)=(x—X,)™. Thus n, <s;and , with the inequality
established above, it follows that n; =s,;.

If r=1,the proof is completed; if not, we repeat the above argument using the
operator Ty, .After r repetitions the proof is completed.

In addition to the assertions in the above theorem, we have established that

there is a basis for V relative to which T is represented by
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diag(A1,A,, ... A;),where A;has A;on the diagonal, zeroes and ones on the

super diagonal, and zeroes elsewhere. We thus have the following theorem.

THEOREM 8 (Jordan) [2] Let A be an nxn matrix whose entries are from

an algebraically closed field F. Suppose the characteristic polynomial of A is
c(x) =det(xl-A) = ﬁ(x —X;)%, then A is similar to a matrix with the A;on the
i=1

diagonal, zeroes and ones on the super diagonal, and zeroes elsewhere.
Note that if F is an algebraically closed field, then the hypothesis in Theorem 6
and 7 about the factorability of c(x) is always satisfied. From Theorem 5 we know

that for each i there exists an integer k(i) and k(i) integers :

Pi1 2 Pi2 2 Piz =+ 2 Pik(i)
whose sum is s;, such that the nilpotent matrix (A; —A;l) is similar to

diag(inl (0)’in2 ©..... ’ink(i) ©)
and hence that A; is similar to

diag(Jp, (Ai),Ip,, i), - ... ,ink(i) ri))-
We now see that a Jordan canonical matrix similar to A eF,is completely
determined by scalars : A;,A,,A5,...,A,,

S$1,55,53,+-+4S;,

P11:P12: P13+ -1 Py »
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P21:P22:P23: -+ Pak(2)

prl!prZ!pr37 te !prk(r)'

Note that the Jordan matrix is unique, except for the order in which simple

: k(i)
Jordan forms appear on the diagonal. Note also that isi =n, > p; =s; and that
i=1 =1

the minimal polynomial (its definition will be given in the next chapter) of A is
given by m,(x) = ﬁ(x—ki)IDil , Py being the size of the largest simple Jordan
i=1

block associated with A;.We summarize with :

Theorem 9 [2] The Jordan canonical form similar to A inF, is determined up to
the order of the diagonal blocks, by constants.

}\'11}\'21}\'31-"'1}\'r|
$1,55,53, ..+ ,5,,
P11:P12: P13+ -+ Pk ) »

P21:P22:P23: -+ -1 Pok(2)

PriPr2sPrgs-e- 1prk(r)
For each i=12,....,r the integer k(i) is the number of simple Jordan blocks

with eigenvalue A,;. Equivalently, k(i) =dim(ker(xjl —A)), which is the number
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of linearly independent eigenvectors associated with A;.The largest simple Jordan

block associated with A;is Jp  (A;)and the minimal polynomial of A is

M () =[x —2)P

MORE ABOUT JORDAN CANONICAL FORM [4]

As we have seen earlier a Jordan block is a k-by-k upper triangle matrix of the

form
A 0 0]
0 1 0
‘]k (k) = .
: 1
0 0 0 A

There are (k—1) terms “+1” in the super diagonal, the scalar A appears k times on
the main diagonal. All other entries are zero, and J,(A) =[A].A Jordan matrix

JeM,,where M, is the set of all nxnmatrices, is the direct sum of the Jordan

blocks.

[Jn, (A1) 0 . . . 0 ]
0 Jn, (1) . . . 0

0 0 . . . Ing O |
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Ny +ny+...+n, =n, in which the orders n; may not be distinct and the values
A; need not be distinct. If A€M, over an algebraically closed field, then there

exists P e M, , which is non singular so that A =PJP~'.Here, J is the Jordan

canonical form of A.
We note the following points:

1) The number of Jordan blocks in J corresponding to eigenvalue A;of A =
number of linearly independent eigenvectors corresponding to A; = null
space of (A;1 — A)=geometric multiplicity of ;.

2) The sum of orders of all Jordan blocks corresponding to 2;is the algebraic
multiplicity of A;.

3) If X is an eigenvalue of A, then the smallest integer k;such that

(A—A)* =0 is the size of the largest block. The rank of (A—il)?is

the number of blocks of size k;,the rank of (A=A 72 s twice the
number of blocks of size k, —1,and so forth. The sequence of ranks of
(A—AD"™ | recursively determine the orders of blocks in J.
4) If k =n, then J is diagonalizable.
Again, let us consider the differential operator D: P, — P,,. As we have already
seen that the matrix representation of D with respect to the basis {1,t,t2,...,t"*}

is given by
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0 1 0 0
0 0 2 0
0 0 0 3 0

Let us try to find the Jordan canonical form of D. We see that all eigenvalues of D
are 0, so A =0.The following results can also be easily verified

a) D" =0.

b) D" = 0.

c) Nullity of D is 1.

So the largest Jordan block is of size n and obviously there is only one block of

this size. So the Jordan canonical form of D is

010 0
001 . . .0
0001 . .0
J=

000 1
000 |

Let us find P for this differential operator D such that
D=PJP .

= DP =PJ.



=D[P, P, . . P]=[P P,
[DP, DP, . . DP,]=[P, P,
[DP, DP, . . DP]=[0 P, P,

So, DP, =0,DP, =P;,DP; =P,,.....,DP, =P,_;. We see that the solutions of

1

a) DP, =0 is span

. 1/2!
c) DP; =P, is span

0

Hence, the required P is of the form :

P.]J
0 1
0
0

Pn]
0
10 0

Pn—l]

0
b) DP, =P;is span

d) DP, =P, , is

1/2!

;Kﬁ—ng

42
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1 1 1 1 1
0 1 1 1 1
0 1 1 1
2! 2! 2!
P= 0
1 1
(n=2)! (n-=-2)!
1
L (n=1)!

It may be noted that
{(n ~“DL(N=-D't, (n-1)...3t%,...(n-D(n-2t"3,(n —1)t”—2,t”—1}

is a basis of Py, under which D admits the Jordan canonical form.
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CHAPTER 4

SOLUTION OF P(D) =0 AND SOME RESULTS

We already learned that Jordan canonical form works on an algebraically
closed field F, such as the complex C, but not on real R. The problem is the linear
operator T on a finite dimensional vector space V over F may not have a single
eigenvalue in R. Moreover, even if the characteristic polynomial factors complet-
-ely over R into a product of linear polynomials, there may not be enough
eigenvectors for T to span the space V. The primary decomposition takes care of

these issues.

DEFINITION 1 Let T be a linear operator on a finite dimensional vector space

V over a field F. The minimal polynomial for T is the unique monic generator of
the ideal of polynomials over F which annihilate T.

We note here that if dimension of V is n, then dimension of L(V,V) is n2.

2
Check that the first n? +1 powers of T : LT, T2,...,T" are linearly dependent.

Hence, there is a non-zero polynomial of degree nZor less which annihilates
T. Note that the collection of polynomials p which annihilate T i.e, P(T) =0, is
an ideal in the polynomial ring F[x]. Since the polynomial ring is a principal ideal

ring, the generator of the above ideal exists. So the definition is reasonable.
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Theorem 1 (Primary Decomposition Theorem) [6] Let T be a linear operator

on a finite dimensional vector space V over a field F. Let p be the minimal

polynomial for T such that :

pO)=p1.. Pk,
where all the p; are distinct irreducible monic polynomials over F and the r; are
positive integers. Let W, be the null space of P;(T)",i=1,...k. Then
A V=W, ...&W,.
(B) each Wi is invariant under T.
(C) if T; is the operator restricted on W; by T, then the minimal polynomial for
T, is p;'.

We notice that in the Primary Decomposition Theorem, it is not necessary that
the vector space be finite dimensional, nor is it necessary for parts (A) and (B)
that p be the minimal polynomial for T. In fact, if T is a linear operator on an
arbitrary vector space and if there is a monic polynomial p such that p(T) = 0,
then parts (A) and (B) in the theorem are valid for T. (Note that we will call T an
algebraic operator which we discuss later). This is because the proof of the

primary decomposition is based on the use of projections E;(which are identity

on Wj, and zero on the other Wj), and the fact that if py,...,py are distinct

prime polynomials , the polynomials fq,...,fx, where f; :Lr_: Il pjrj,

pit I
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i=1...,k, are relatively prime. Thus there are polynomials g;,...,gy such that

Let us consider the differential equation

d" o d"x
dt" 0Ln_ldt”‘1

dx
oot —+ogX=0,....... *
15 T %0 ()
where a, ...,o,_gare some constants. Let C[0,1] denote all n times continuo-
-usly differentiable functions on [0,1], which is a linear subspace of C[0,1]. The

space V of solutions of this differential equation is a subspace of C,,[0]. Let p

denote the polynomial

p(s)=s" +ap 5" T+ +oys+ap.

Then the differentiable equation (*) can be denoted by p(D)x =0. Hence the

space V is the null space of the operator p(D). Therefore V is an invariant
subspace of the differential operator D.

Let us regard D as a linear operator on V. Then p(D) =0. It follows that p is
the minimal polynomial of D on V. The polynomial p can be factored into the

product of the powers of linear polynomials when we treat C,[0,1] and V as

complex vector spaces, and a, ...,0,_1as complex numbers. So we have

Ps) = (s—21) " (s=A2)"2 ... (s —Ak)'™
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where Aq,Ap,... A are distinct complex numbers and ry,rp, ... 1, are positive
integers. In fact, 21,2 ,,... Ay are eigenvalues of D. If Wj is the null space of
the operator (D—le)rj, j=1,...,kthen by Primary Decomposition Theorem,
we have the following direct sum for V :

V=W OW, ®...&W,.
It is easy to see that {tmekjt tm=01....1] —1} is a basis for Wi, j=1,... k.

Hence,
{tmeMt im=01....rj —1;j=1,...,k}
Is a basis for V. Moreover, r; +...+r, =n, and the dimension of V is n.
Let N; denote the restriction of the operator D—2jlon Wj. Then Nj is

nilpotent on Wj with index of nilpotence r;.Since any function which satisfies

the differential equation (D —2;l)x =0 is the scalar multiple of e™it the
dimension of the null space of D—A4jlis 1, thatis, the nullity of Njis 1. Hence,
corresponding to each eigenvalue A j there is only one elementary Jordan matrix
block with size rj. Thus, the Jordan canonical form for D on the space V is the
direct sum of k elementary Jordan matrices, one for each eigenvalue %; with size

rj.
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We next delve into some related issues.

DEFINITION 2 [5] A linear operator T on a vector space V is said to be

algebraic if there is a polynomial p such that p(T) =0 on V.

Hence D is algebraic on the space V of the solutions of the differential
equation (*). However, D is not algebraic on C,[0,1]. This is because for any
polynomial g the space of the solutions of the differential equation g(D)x = 0
must be finite dimensional and clearly C,,[0,1] is infinite dimensional. It follows
that we cannot expect the Primary Decomposition would work on C,[0,1] for D.

We mention the fact that the n-dimensional V of the solutions of (*) is a closed
subspace in C,[0,1]. This is due to the fact that every finite dimensional subspace
of a normed vector space is closed. Furthermore, V is nowhere dense in C,,[0,1].
Indeed, for every closed proper subspace X of a normed vector space Y, at each

point p e Xand for any &> 0, the €-open ball is B(p,s):{er:||y—p||<s}.

Let ge Yand qe Xand we a choose positive integer n satisfying i||q|| <¢, then
n

p +1q ¢ X, however
n

(p +%q)— pH :%”q” <g, SO p+%q e B(p,¢) . This shows

us that X contains no interior points, and X is nowhere dense in Y. So is V

nowhere dense in C,L[01].
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The other question is whether the differential operator D is diagonalizable on
the space V of the solutions of (*) . From linear algebra we know that a linear
operator D is diagonalizable if and only if the minimal polynomial for D on V is
the product of distinct linear polynomials , that is,

P(S) = (5=21)(s—A2)...(s—Ak),
where 1,1y, ... A are distinct scalars. Therefore the diagonalizability of D on
V depends on the polynomial p. Finally, we would like to ask the question: what

is the advantage of diagonalizability of D on V ? We answer the question below.

DEFINITION 3 LetV be a finite dimensional vector space over the field F, and

let T be the linear operator on V. We say that T is semi-simple operator if every
T-invariant subspace has a complimentary T-invariant subspace.

It is known that if the minimal polynomial for T is irreducible over the scalar
field F, then T is a semi-simple operator . Its converse is also true. Therefore , T is
semi-simple if and only if the minimal polynomial p for T is of the form

P =p1...Pk, Where pq,...,pgare distinct irreducible polynomials over the field

F. It follows that if the scalar field F is algebraically closed, then T is a semi-
simple if and only if T is diagonalizable.

Hence if the polynomial p is the product of distinct linear polynomials, then D
is diagonalizable on the corresponding V, and hence D is also semi-simple on V.

This may be the easiest way to handle D.
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