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MATCHINGS AND TILINGS IN HYPERGRAPHS

CHUANYUN ZANG

Under the Direction of Yi Zhao, PhD

ABSTRACT

We consider two extremal problems in hypergraphs. First, given k£ > 3 and k-partite
k-uniform hypergraphs, as a generalization of graph (k = 2) matchings, we determine the
partite minimum codegree threshold for matchings with at most one vertex left in each part,
thereby answering a problem asked by Rodl and Rucinski. We further improve the partite
minimum codegree conditions to sum of all k partite codegrees, in which case the partite
minimum codegree is not necessary large.

Second, as a generalization of (hyper)graph matchings, we determine the minimum ver-



tex degree threshold asymptotically for perfect K, ~tlings in large 3-uniform hypergraphs,
where K, . is any complete 3-partite 3-uniform hypergraphs with each part of size a, b and
c. This partially answers a question of Mycroft, who proved an analogous result with respect
to codegree for r-uniform hypergraphs for all » > 3. Our proof uses Regularity Lemma, the

absorbing method, fractional tiling, and a recent result on shadows for 3-graphs.

INDEX WORDS:  Absorbing method, Regularity lemma, Hypergraph, Perfect matching,
Graph tiling, Graph packing, Minimum degree.
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PART 1

INTRODUCTION

Combinatorics is the study of discrete structures, and graph is perhaps the single most
important discrete structure in combinatorics. A graph G is an ordered pair (V(G), E(G))
consisting of a set V(G) of vertices and a set E(G), disjoint from V(G), of edges, together
with an incidence function ¢ that associates with each edge of G an unordered pair of (not
necessary distinct) vertices of G. In this thesis, we only consider the graph with each edge
associated to two distinct vertices and each pair of two vertices to one edge, i.e. simple graph.
It is of great interest to find some well performed substructures (which are called subgraphs)
in graphs. A subgraph is called spanning subgraph if it covers all vertices of the graph. A
matching of graph G is a subgraph that consists of a collection of vertex-disjoint edges in G.
A matching is called perfect if it is a spanning subgraph. A perfect matching is also called
1-factor because it is a 1-regular spanning subgraph. Similarly, we can introduce k-factor
to be a k-regular spanning subgraphs. In general, given graphs F' and G, an F-packing or
F'-tiling of GG is a subgraph of GG that consists of vertex-disjoint copies of F', and an F'-factor
is a spanning F-packing.

The perfect matchings or packings are finding a partition of vertex set. Another inter-
esting topic is finding a partition of edge set, which is usually called graph decomposition.
One problem is the edge coloring, a partition of the edges set into as few disjoint matchings
as possible (see section 1.3). When mentioning coloring, it is better to define proper vertex
coloring, which assigns colors to the vertices of G so that no two adjacent vertices share the
same color. The smallest number of colors needed is called chromatic number of G, denoted
by x(G). The first results in graph coloring is one of the most famous problems in graph
theory — the four color problem.

Extremal combinatorics is a field of combinatorics which has been growing spectacularly



in recent years. The word ’extremal’ comes from the nature of the problems this filed deals
with: if a collection of finite objects (numbers, graphs, vectors, sets. etc.) satisfies certain
restrictions, how large or how small can it be? Here is one question in extremal graph theory:
Given an n-vertex graph H and a g-vertex graph G, how many edges can H have so that
H does not contain a copy of a fixed graph G7 The celebrated Mantel’s Theorem [67] says
that if H has more than n?/4 edges, then H contains a K3 (triangle). This result has been
generalized by Turan [89] for G = K., a complete graph on r vertices (a graph in which
every pair of vertices are adjacent). In general, the Turdn number for a graph G is the
maximum number of edges in an n-vertex graph H such that H does not contain a copy
of G, denoted by ex(n,G). Erdos and Stone [22] extended Turdn’s result asymptotically to
K,.(t), the complete r-partite graph with ¢ vertices in each class, see Theorem , which
has been described as the "the fundamental theorem of extremal graph theory”. Many work
has been done on Turdn type problems for graphs and hypergraphs, see surveys [30], 49].
However, for example, we still do not know the Turan number for complete bipartite graphs
or Turdn number for complete hypergraphs.

Another important question in extremal combinatorics: given a fixed g-vertex graph
G, at least how many vertices are needed so that every 2-edge-colored complete graph on
these vertices contains a monochromatic G? This is a classic two-color Ramsey problem.
The smallest number of vertices needed here is called Ramsey number of GG. For example,
the Ramsey number of Kj is 6, i.e., every 2-edge-colored K¢ contains a monochromatic Kj.
Ramsey Theory is initiated and named after Frank Plumpton Ramsey who wrote a paper
[73] in 1930. At about the same time, Van der Waerden [91] in 1927 proved his famous
Ramsey-type result on arithmetical progressions (An arithmetic progression is a sequence
of numbers that advances in steps of the same size). More detailed introduction about
Ramsey theory can be found in the book [82]. Szemerédi [83] in 1975 improved Van Der
Waerden’s result and answered a notorious and decades-old conjecture of Erdos and Turan
[26]. He showed that any positive fraction of the positive integers will contain arbitrarily long

arithmetic progressions. The statement of Szemerédi Theorem is simple but the proof is much



more difficult. This theorem was originally proved by Szemeredi in 1975 by a sophisticated
combinatorial argument, introducing for the first time the powerful Szemerédi reqularity
lemma. There are several other deep and important proofs of this theorem, including the
ergodic-theoretic proof of Furstenberg [32], the additive combinatorial proof of Gowers [33],
and the hypergraph regularity proofs of Gowers [34] and Nagle, Rodl, Schacht, and Skokan
[T, [79], B0, BI]. Szemerédi’s Regularity Lemma has since become a powerful and now still
a central tool in extremal combinatorics. The survey paper [56] provides a wide range of
applications of regularity lemma. Also we briefly introduce it in Part 2.

We are more interested in finding spanning subgraphs. For matchings, there are a
large number of results related to matching theory. Tutte’s theorem [90] characterized the
graphs that have perfect matchings and Edmonds [20] provided an efficient algorithm to find
such a matching in polynomial time. However, when F'is not an edge, it is NP-complete
to determine whether a graph has an F-factor. Therefore it is natural to seek sufficient
conditions for finding perfect a packing, like degree conditions. Given graph G and v € G,
define deg(v) be the number of edges in G containing v. Minimum degree, denoted by §(G),
is the minimum of deg(v) taken over all vertices v. In 1952 Dirac [19] proved a celebrated
theorem stating that a graph on n > 3 vertices with minimum degree n/2 contains a Hamilton
cycle (a cycle containing all vertices) and in hence a perfect matching when n is even. So
problems related to minimum degree conditions are often called Dirac-type problems. Much
work has been done on Dirac-type problems for graphs. Started from complete graphs on
r vertices K., the celebrated Hajnal-Szemerédi theorem [35] in 1970 showed that a graph
with 6(H) > (1 — 1/r)n contain a perfect K,-tiling. More generally, for any fixed graph F,
Komlés, Sarkozy and Szemerédi [55] showed there is a constant C' such that the minimum
degree threshold to have a perfect F-tiling is (1—1/x(F))n+ C where x(F) is the chromatic
number of F. This confirmed a conjecture of Alon and Yuster [4] who had showed a weaker
result with o(n) in place of C. Finally, Kithn and Osthus [61] determined the minimum degree
threshold completely up to an additive constant for any F.

As a generalization of a simple graph, for k& > 2, a k-uniform hypergraph (in short,
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Figure 1.1. Graph and hypergraph on 4 vertices
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k-graph) consists of a vertex set V and an edge set £ C ( 1

), that is, every edge is a k-
element subset of V. If k = 2, it is just the graph we defined earlier. One particular type
of hypergraphs, a generalization of bipartite graphs, is k-partite k-graphs. A k-graph H is
said to be k-partite if V(H) can be partitioned into k parts, V(H) = V3 U --- UV} such
that every edge consists of exactly one vertex from each part. Similarly, given two k-graphs
F and H, we can also define F-packing/tiling in H. When turning to hypergraphs with
k > 3, the problem to determine the existence of a perfect packing gets harder. Even for
matchings, the decision problem whether a 3-partite 3-graph contains a perfect matching is
among the first 21 NP-complete problems given by Karp [46]. Therefore, we do not expect a
nice characterization, and again it is natural to seek sufficient conditions for finding a perfect
packing in hypergraphs.

It is worth mentioning that a relaxation of the perfect matching is to take into account
of the fractional edges. A fractional matching of a k-graph H = (V| E) is a function w : £ —
[0, 1] such that for each v € V' we have ) _ w(e) < 1. The size of w , denoted by v*(H), is
Seepw(e) =13, > o wle) <n/k. Tt is called perfect if 3., w(e) =1 for every vertex v,
and hence v*(H) = n/k. So the integer matching we introduced earlier is to take w(e) =0
or 1.

One of the natural parameter of (hyper)graphs is minimum degree. Suppose H is a
k-graph on n vertices. There are several definitions of the minimum degrees in H. For any

set S of d vertices, where 1 < d < k — 1, we define degy(S) to be the number of edges of H



which contain S. Let
da(H) := 04 = min {degy(S) : S = {vy,...,v4} CV(H)}

be the minimum d-degree d4(H) of H. Two cases have received more attention: minimum
1-degree and minimum (k — 1)-degree. When d = 1, it is referred as minimum vertex degree,

_d) and

and when d = k — 1, it is called minimum codegree. Observe that d4(H) < (37§

O(H) () ()

o)~ () - Tn—ktl

we have that for any ¢ > 0, if §;(H) > ¢( d)) then 6, 1 (H) > (n*(dfl))‘

k—d k—(d—1)

Now the question change to ask the minimum d-degree threshold to force an F-factor.
We briefly introduce two problems in extremal graphs in separate sections: matchings in
k-graphs (section 1) and tilings in k-graphs (section 2). More results can be found in the
surveys of Rédle and Rucinki [74], Kéhn and Osthus [60], and Zhao [94]. In the last section,

we put more information on edge-coloring.

1.1 Matchings in k-graphs

Hypergraph matchings have many practical applications such as the Santa Claus al-
location problem [6]. As we stated earlier, the decision problem whether a given k-graph
contains a perfect matching is NP-complete, so much attention are drawn to find sufficient
conditions for a perfect matching. Suppose H is a k-graph on N vertices. The first result
relating the minimum degree and the existence of a large (though, far from perfect) matching
in k-graphs was given by Bollobés, Daykin and Erdos [7]. It was further extended by Daykin
and Haggkvist [I8] who showed that every k-graph H with §;(H) > (1—1/k) (];[:11) contains

a perfect matching.

Definition 1.1. Given d,k,r and N satisfyingl < d < k—1 and k | (n—r), define m}(k, N)

as the smallest integer m such that every N-vertex k-graph H with 64(H) > m contains a



matching M with |V (M)| = N —r. As to finding perfect matchings with r = 0, we suppress
the subscript r, i.e., mg(k, N) := m9(k, N).

When k = 2, an easy greedy argument shows that m4(2, N) = N/2 (see Part 2). The
Dirac-type minimum d-degree thresholds for perfect matchings in general k-graphs have
been studied intensively, see [2] 17, [36] 47, BT (3] (2L 63] 66 68 72 85, 87]. For k > 3,
d = k — 1, a result of Rodle, Ruciriski and Semerédi [76] on Hamilton cycles implies that
mg—1(k, N) < N/2 + o(N). Kithn and Osthus [59] sharpened this bound to my_;(k, N) <
N/2 + 3k*\/Nlog N by using a result for the k-partite k-graphs which they had showed
first. It was furthered improved to mg_1(k, N) < N/2 + C'logn by Rédle, Ruciriski and
Semerédi [77] in which they used the absorbing method. Rédle, Rucinski, Schacht and
Semerédi in [75] found a fairly simple proof of my_i(k, N) < N/2 + k/4, and finally, in
[78] they determined exactly my_1(k, N) = N/2 — k + ¢ where ¢ € {3/2,2,5/2,3} depends
on N and k. In particular, for the decision problem of a given k-graph H under degree
conditions d_1(H) > N/k + o(N), Keevash, Knox and Mycroft [50] provided a polynomial-
time algorithm to determine the existence of perfect matchings. Later Han [39] improved
the degree condition to N/k in his polynomial-time algorithm.

For other values of d, Pikhurko [72] proved that for d > k/2, mq(k,N) = (1/2 +
0(1>)(]1Z:j)7 which is asymptotically best possible. Treglown and Zhao [86, 87] determined
the exact values of my(k, N) when d > k/2. Independently Czygrinow and Kamat [17]
determined the exact value of mq(4, N). Kiithn, Osthus and Treglown [63], and independently
Khan [53] determined the exact value of my(3, N). Khan [52] also determined m4(4, N)
exactly.

Based on all known results and constructions (see [94]), the following conjecture comes

up.

Conjecture 1.2 ([88]). Fork>3 and 1 <d <k —1,

malk, N) ~ max{%, = (%)k_d} (1:__5)



Note that the case when d > k/2 has been verified in [72]. Alon, Frankl, Huang, Rodl,
Rucinski and Sudakov [2] verified Conjecture for the case d > k — 4, and very recently
Treglown and Zhao [88] determined exact values of ms(5, N) and m3(7, N). More recently,
Han [40] determined the exact values of mgy(k, N) for 0.42k < d < k/2, ms(12, N) and
mz(17, N).

When k£ > 3 and 1 < d < k/2, Han, Person and Schacht [36] gave a general bound
as mg(k,N) < ((k—d)/k+o(1)) (Y-9). Markstrém and Rucitiski [68] improved it to
ma(k, N) < ((k — d)/k — 1/kF~4 + o(1)) (]Z:;). Very recently, Kiithn, Osthus and Townsend
[62] further improved it to mq(k, N) < ((k — d)/k — (k —d — 1) /k*=* 4 0(1)) (]Z__j) by using
fractional matchings. The conjecture [1.2]is still far from completion.

Instead of finding a perfect matching, one question of interest is how about the minimum
degree threshold for an almost perfect matching. Surprisingly, the threshold for perfect
matchings in general k-graphs drops significantly if we allow even one vertex to be uncovered.
When k t N, the threshold to have a matching of size | X | is shown to be between || and
[ %] + O(log N) in [78], and later proved to be exactly [£] in [39).

How about the minimum degree thresholds in k-partite k-graphs? Suppose H is k-
partite k-graph with V(H) = Vi U---UV,. A subset S C V(H) is called legal if |SNV;| <1
for each i € [k]. We define the partite minimum d-degree as the minimum of deg,(.S) taken
over all legal d-vertex sets S in H, denoted by ¢,(H). For L C [k], the partite minimum
L-degree 07 (H) is minimum of degy(S) taken over all legal |L|-set S C J,c, Vi

When k = 2, Hall’s Theorem gave a necessary and sufficient condition for the existence
of perfect matching in a bipartite graph. However when k& > 3, there is no such good result.
Suppose H is a k-partite k-graph with each part of size n. As a simple corollary of Hall’s
theorem for graphs, if 0, _,(H) > n/2 then H contains a perfect matching (It can also be
derived from Dirac Theorem, or simple greedy algorithm, see Part 2). Kiihn and Osthus
[59] gave an analogous result when k > 3, which is that if 6, ,(H) > n/2 4+ /2nlogn
then H has a perfect matching. Later Aharoni, Geogakopoulos and Spriiseel [I] improved

this result by using conditions on only two types of partite minimum codegrees (See Part



2 for a brief proof). They showed that there is perfect matching if ), ,,(H) > n/2 and
O gy (H) = 1/2, and consequently, if 6, _,(H) > n/2 then H has a perfect matching. Their
result is best possible with & even and n = 2(mod 4). However, for other values of k and
n, it is still possible to strengthen it (see survey [74]). In addition, a conjecture is stated in

their paper.

Conjecture 1.3 ([1]). If 6,(H) > n*"1*/2 and &, ,(H) > nl"/2 for some L C [k — 1],
then H has a perfect matching. Or a stronger version, if 8, (H)/nF~1H 4 5fk]\L(H)/n|L| > 1,

then H has a perfect matching.

Aharoni, Geogakopoulos and Spriiseel [I] gave a proof for the existence of a perfect
fractional matching under the above condition. Pirkurko [72] showed an asymptotic result
of the stronger version of Conjecture [I.3] see Theorem [3.9, Other than that, the conjecture
is still open.

As interesting as in the general k-graph case, the minimum degree threshold for almost
perfect matchings in k-partite k-graphs also drops significantly. Kiihn and Osthus in [59)
proved that 0, _,(H) > [#] guarantees a matching covering at least n — (k — 2) vertices
from each part. Rédl and Ruciniski asked in their survey paper [74, Problem 3.14] whether
[%] guarantees a matching in H covering at least n — 1 vertices from each part. In Part
3, we answer this question and show that the threshold can be further weakened to |7 |
when n = 1(mod k). In addition, we improve it to a new result by considering each partite
minimum codegree &, ;1 (H): if there are at least three i’s such that &j), ,,(H) > en for

some € > 0, then there is a matching covering at least min{n — 1,3, 0\ iy (H)} vertices

in each vertex class.

1.2 Tilings in k-graphs

Recall that given two k-graphs F' and H, an F-tiling (or F-packing) of H is a spanning
subgraph which consists of a collection of vertex-disjoint copies of F'in H. Given an integer

n that is divisible by |V (F)|, we define the tiling threshold t4(n, F') to be the smallest integer



Figure 1.2. K} —2e or C} or K15

t such that every k-graph H on n vertices with d,(H) > t contains an F-factor.

Much work has been done on graphs (kK = 2) as we stated earlier. When k£ > 3,
tiling problems becomes much harder. Other than the matching problem, only a few tiling
thresholds are known. Let’s take a look at some codegree thresholds first. The natural
starting point is 3-graphs on 4 points. Let C} be the unique 3-graph on four vertices with two
edges (this 3-graph was denoted by K3 — 2e¢ in [16], and by Y in [43]). Kiihn and Osthus [58]
showed that t5(n,C3) = (1+0(1))n/4. Later Czygrinow, DeBiasio and Nagle [16] determined
t2(n,C}) exactly for large n, tao(n,C3) = n/4+ 1 if n € 8N and ty(n,C}) = n/4 otherwise.
Let K3 denote the complete 3-graph on four vertices. Lo and Markstrom [66] proved that
ta(n, K3) = (14 0(1))3n/4. Simultaneously, Keevash and Mycroft [51] determined the exact
value of to(n, K3) for sufficiently large n is 3n/4—2 if n € 8N or 3n/4—1 otherwise. Let Kj—e
denote the (unique) 3-graph on four vertices with three edges. In [65], Lo and Markstrém
proved that t3(n, K} —e) = (1 + o(1))n/2, which confirmed a conjecture of Pikhurko [72].
Exact of t3(n, K3 — e) is recently proved to be n/2 — 1 by Han, Lo, Treglown and Zhao [41].

For the other k-graphs, Mycroft [70] determined t,_1(n, K) asymptotically for a wide
class of k-partite k-graphs including all complete k-partite k-graphs and loose cycles. Here
we state his result on complete k-partite k-graphs since there are some similarity between

his result for codegree and our result in Part 4 for vertex degree. Let K := K,,, ., be the

complete k-partite k-graph with parts of size m; < my < --- < m,. We divide all complete
k-partite r-graphs into types: K is type 0 if ged(mq,...,m.) >1orm; =---=my =1; K

is type d > 1 if ged(my,...,my) = 1 and ged({m; —m,; : j > i}) = d. Mycroft [70] showed
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that
(
n/2+ o(n), if K is type O;
ok-1(n, K) = waan + o(n), if K is type 1;

\max{%n, n/p}+o(n), if K is typed > 2,

where p is the smallest prime factor of d. The proof of [70] makes use of Hypergraph
Regularity Lemma and Blow-up Lemma of Keevash [4§].

As to the vertex degree conditions, there are even fewer tiling results. Lo and Markstrom
[66] determined ¢;(n, K3(m)) and t,(n, Kj(m)) asymptotically, where K¥(m) denotes the
complete k-partite k-graph with m vertices in each part. Recently Han and Zhao [44] and
independently Czygrinow [15] determined ¢;(n,C}) exactly for sufficiently large n. We [42]
extend these results by determining ¢;(n, K) asymptotically for all complete 3-partite 3-

graphs K, and thus partially answer a question of Mycroft [70], see Part 4.

1.3 Edge Coloring in Graphs

An edge-coloring is an assignment of colors to edges of a graph. A proper edge-coloring
is an edge-coloring such that no two edges with common endpoint receive the same color.
Clearly, a proper edge coloring is an edge coloring in which every color class is a matching.
The smallest number of colors in a proper edge-coloring is called edge chromatic number
of G, denoted by x'(G). Let G be a graph with maximum degree A. The edge chromatic
number of G is very closely related to the maximum degree A. Vizing’s theorem shows
X' (G) = A or A + 1. In particular, if every color class is an induced matching (a matching
in which no pair of two edges are joint by any edge from the host graph), it is called a strong
edge coloring. In other words, a strong edge-coloring is an assignment of colors to edges of
a graph such that no two edges of distance at most two receive the same color. Two edges
are of distance at most two if and only if either they share an endpoint or one of their end
points are adjacent. An induced matching is a set of edges such that no two edges are of

distance at most two.
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The strong edge chromatic number of G, usually denoted by x.(G), is the minimum
number of colors in a strong edge-coloring of GG. For example, the strong chromatic number
of Petersen graph is 5. Finding the best possible bound on x.(G) in terms of A would
be an analogue of Vizing’s Theorem for strong edge-coloring. P. Erdés and J. Nesettil [27]

proposed the following conjecture in 1985.

Conjecture 1.4 ([27]).

A2 if A is even

| Ot

X (G) <
(BA%2 —2A +1)  if A is odd.

1
4

The conjectured bounds are best possible with the constructions obtained from a blowup
of (5. When A is even, expanding each vertex of a 5-cycle into an independent set of
cardinality A/2 yields such a graph with 5A? /4 edges. Similarly when A is odd, expanding
each of two adjacent vertices into an independent set of cardinality (A + 1)/2 and each of
the other three vertices of C5 into independent set of cardinality (A — 1)/2 yields a graph
with strong chromatic number (5A? — 2A + 1)/4. Chung, Gyarfas, Trotter, and Tuza [11]
proved that this operation gives the maximum number of edges in a 2K,-free graph with
maximum degree A.

Conjecture has been verified for graphs with maximum degree A < 3. By using
greedy edge coloring strategy, we can easily get \.(G) < 2A% — 2A + 1. That implies the
conjecture is true for A < 2. For A = 3, it is proved by Andersen[5] and independently,
by Horak, He and Trotter [45], that x’(G) < 10 where G is a graph with maximum degree
A = 3. For A = 4, as conjectured x.(G) = 20. D. Cranston [02] proved that any graph
with maximum degree 4 has a strong edge-coloring using at most 22 colors. That is the best
upper bound known for A = 4. Conjecture for A =4 or 5 is still open.

We [93] intend to improve the greedy algorithm to give an upper bound of the strong
chromatic number in terms of A and use the algorithm to get an strong edge-coloring with

37 colors. See Part 5.
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PART 2

TOOLS AND PRELIMINARIES

2.1 Greedy Algorithms

A greedy algorithm is an algorithm that makes the locally optimal choice at each stage
with the hope of finding a global optimum. In many problems, a greedy strategy does not in
general produce an optimal solution, but nonetheless a greedy algorithm may yield locally
optimal solutions that approximate a global optimal solution in a reasonable time. Greedy

algorithms play a useful role in the exploratory searching for matchings in k-graphs.

2.1.1 Greedy algorithms in finding maximum matchings

In this section, we state the use of greedy algorithms in finding maximum matchings.
For example, when k = 2, we want to prove that a bipartite graph H with V(H) =V, U V5,
V1| = |Va| = n and &} (H) > § contains a matching of size min{n,2J§}. Suppose we find a
maximum matching M and |M| < min{n,20}. Let v, u be the leftover vertex from each part,
then N(v) C V(M) and N(u) C V(M) otherwise contradicting the maximality of M. Since
deg(v) + deg(u) > 26 > |M]|, there exists one edge e = {zy} € M incident to both u and v,
say zu,yv € F(H). Replacing e by zu and yv gives a larger matching, a contradiction.

Another example is from Kiithn and Osthus [59] to find an almost perfect matching in

k-partite k-graphs.

Theorem 2.1 ([59]). For s > 1, £ >0, let H be a k-partite k-graphs with each part of size
n. Denote 0’ = [n/k] =L ifk|n orn=k—1modk and &' = |n/k] —{ otherwise. Suppose
there are fewer than s*=1 legal (k — 1)-set S with degy(S) < &'. Then H has a matching

which covers all but at most (k — 1)s + lk — 1 wvertices.

Proof. Let Vi, ..., Vi denote the vertex classes of H. Assume the maximum matching M is

of size |M| < (k — 1)s + (k. Since each class has at least (k — 1)s + ¢k > (k — 1)s vertices
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unmatched, for each i = 1,... k, one can find (k—1)s-sets Ay, ..., Aj such that A; contains
exactly s unmatched vertices in V; with j # ¢. Thus each A; contains a legal (k — 1)-set .S;
with deg(S;) > ¢’, and all the neighbors of S; lie entirely in V(M) due to the maximality of
M. Since >~y deg(S;) = k6" > n — (k —1)s — lk > [M], there exist distinct indices i # j
such that S; and S; have neighbors on the same edge e € M, say v; € S;Ne and v; € S;Ne.

Replacing e by {v;} US; and {v;} U S; gives a larger matching, a contradiction. O

At last we state the beautiful and surprisingly short proof in finding almost perfect

matchings in k-partite k-graphs by Aharoni, Geogakopoulos and Spriiseel [1].

Theorem 2.2 ([1]). Let H be a k-partite k-graphs with each part of size n. If 5fk]\{1} >n/2

and 6fk]\{k} > n/2, then H has a perfect matching.

Proof. 1t suffices to prove the theorem for k£ = 3. To see this, let £ > 3 and choose a perfect
matching F' = ¢, go, . . ., g in the complete (k—2)-partite (k—2)-graph with vertex partition
Vo, Vs, ..., Vi_1. Let H' be the 3-partite 3-graph with vertex partition V;, F, V). such that
for x € Vi,y € Vi, (z,g;,y) is an edge of H' if and only if {z} U g; U {y} is an edge of H.
Clearly, H' satisfies the conditions of the theorem, with k£ = 3. Assuming that the theorem is
valid in this case, H' has a perfect matching, and 'de-contracting’ each g; results in a perfect
matching of H.

Thus we may assume that k£ = 3. Suppose that the theorem fails. We may assume that
H has a matching M that matches all but one vertex from each class; let x1 € Vi, x5 € V,
x3 € V3 be the unmatched vertices. Let U be the set of pairs (u,v) where u € Vo, v € V3 such
that there is an edge of M containing both u and v. Since each pair in U has more than
n/2 neighbors in V, there exists a vertex w € V; that is a neighbor of at least n/2 pairs in
U. We consider three cases, in all of which we will be able to construct a perfect matching
of H.

The first case is when w = x;. Since the pair (x9, x3) has more than n/2 neighbors in V7,
there is an edge e = (uq, ug, ug) € M such that (x1,us,u3) € E(H) and (uq, xo, x3) € E(H).

Then replacing e by (x1, us, uz) and (u1, xe, x3) gives a perfect matching of H.
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The next case is when w lies on an edge f = (w,us,u3) € M such that (z1,xs,u3) €
E(H). Since the pair (us, r3) has more than n/2 neighbors, there is an edge g = (v, v, v3) €
M such that v; is a neighbor of the pair (ug,z3) and the element (vy,v3) € U is in an edge
with w. If v; = w (in which case f = g) then replacing (w,ug,uz) by (x1,x2,us) and
(w, ug, x3) gives a perfect matching of H; if v; # w then replacing f and g by (1, x2,v3),
(x3,u2,v1) and (w, vy, v3) gives a perfect matching.

Finally, consider the case when w lies in an edge f = (w,us,u3) € M such that
(x1,29,u3) ¢ E(H). Since d((ug,u3)) > n/2 and d((x1,22)) > n/2 there is an edge
g = (v1,v2,v3) € M such that (vy,us,u3) € E(H) and (x1,29,v3) € E(H). Let M’ be
the matching M — f — g+ (v, ug, u3) + (21, 22, v3). The only vertices not matched by M’ are
v, x3 and w. Now we can repeat the argument of the first case with w playing the role of
x1. But in this case we have to be more careful: as w was a neighbor of at least n/2 pairs in
U, and the only element of U that is not in an edge of M’ is (v, v3), there are still at least
n/2 — 1 elements of U neighboring w that are each in an edge of M’. On the other hand,
if (w,ve,23) € E(H) we are done. Hence we can assume that the pair (vq,z3) has at least
(n +1)/2 neighbors in V; \ {w}. But n/2 — 14 (n +1)/2 > n — 1, thus there is an edge
e € M’ containing a pair neighboring w and a neighbor of (vq, x3). Replacing e from M’ by

the two corresponding edges yields a perfect matching of H. O

2.2 Tools in Extremal Graph Theory

2.2.1 Some extremal graph theorems

In this section, we list some standard results from extremal graph theory mostly often
used when employing the Regularity Lemma. Some of them may already be introduced in
Part 1. Given a family £ of prohibited graphs (hypergraphs), ex(n, L) denotes the maxi-
mum number of edges (hyperedges) that an n-vertex graph (hyergraph) G can have without
containing any subgraph L € L.

As is well known, Turan [89] proved that for every p there is a unique graph on ex(n, K,)
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vertices without containing K,. The unique graph, called Turdn graph, is the complete p-
partite graph with n vertices whose partite sets differ in size by at most 1. The following

form is weaker than Turan’s original form but it is more usable.

Theorem 2.3 (Turan Theorem [89]).

ex(n, K,) < (1 _ L) ”

p—1) 2

Paul Erdos and Arthur Stone [22] extended Turdn’s result to K,(t), the complete p-
partite graph with ¢ vertices in each class, which is asymptotically. (For a strengthen versions,

see [12, [13].)

Theorem 2.4 (Erdos-Stone Theorem [22]). For any integers p > 2 and t > 1,

calu 5,00 = (1= 15 ) (5) +oto)

Erdés and Simonovits [21] showed the general asymptotic result of ex(n, £), which plays

a crucial role in extremal graph theory.

Theorem 2.5 ([21]). If L is finite and minpes x(L) = p > 1, then

ex(n, L) = (1 - ﬁ) (Z) + o(n?)

In general, for r-graphs, we have similar results. Given ¢1,...,¢, € N, let K g) ¢, denote

goo

the complete r-partite r-graph whose jth part has exactly ¢; vertices for all j € [r].

Theorem 2.6 (Erdés Theorem [23]). For r-graphs,

-----

Now we state a generalization of the Erdos-Stone Theorem for hypergraphs by Erdos

[24] and Brown, simonovits [§].
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Theorem 2.7 (|24, [§]).
en(n, Ky7) ) = ex(n, Ki7)1) + o(n’)

Given L as a family of prohibited r-graphs, the r-graphs are called supersaturated if it
has more edges than ex(n, £). The basic question is how many copies of L € £ must occur
in a r-graph on n vertices with more than ex(n, £) edges. The following proposition is from

the result of Erdés and Simonovits on supersaturation.

Proposition 2.8 ([25]). Given pn > 0, l1,...,l, € N, there exists ' > 0 such that the
following holds for sufficiently large n. Let H be an r-graph on n wvertices with a vertex
partition Vi U --- U V,,. Suppose iy,...,i, € [m] and H contains at least un” edges e =
{vi,...,v,} such that vy € V;,, ...,v, € V;,. Then H contains at least u'n"** T copies of

Kl(:,).,.,lr whose jth part is contained in V;, for all j € [r].

2.2.2  Szemerédi’s Regularity Lemma

Szemerédi’s Regularity Lemma [84] has been proved to be an incredibly powerful and
useful tool in graph theory as well as in Ramsey theory, combinatorial number theory and
other areas of mathematics and theoretical computer science. The lemma essentially says
that, in some sense, all large graphs can be approximated by a random-looking graphs. It
helps to prove results for arbitrary graphs whenever the corresponding results are trivial for
random graphs.

Given a graph H and a pair (U, W) of disjoint non-empty subsets of V(H). We denote

the density of (U, W) by
e(U, W)

d = - 7,
CW) = T5w]

The pair (U, W) is called (¢, d)-reqular for ¢ > 0 and d > 0 if

(U, W) —d| < e
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for U CU,W' C W with |U'| > €|U|, |W’| > ¢|W|. The pair (U, W) is called e-regular if it
is (€, d)-regular for some d > 0. It is immediate from the definition that in an (e, d)-regular
pair (U, W), ifU' Cc U, |U'| > c|U] and W' C W, |W'| > ¢|W| for some ¢ > ¢, then (U, W)

is (¢/¢, d)-regular.

Lemma 2.9 (Regularity Lemma [84]). For all e > 0 and | € N there exist ng, M € N such
that for every n > ng the following holds. Let G be an n-vertex graph whose vertex set is
pre-partitioned into sets Vi, Vo, ..., Vi, I < 1. Then there exists a partition Uy, Uy, ..., U of
V(G), | <t < M, with the following properties.

(i) For everyi,j € [t] we have |U;| = |U;| and |Uy| < en
(i1) For every i € [t] and every j € [I'] either U;NV; =0 or U; C 'V
(iii) All but at most et* pairs (U;,U;), i,j € [t],i # j, are e-regular.

The partition given in Lemma 7?7 is called an e-regular partition of G. Given an e-
regular partition of G and d > 0, we refer to V;,i € [t] as clusters. The reduced graph (or
cluster graph) R is the graph whose vertices are clusters Uy, ...,U, and {U;,U;} form an
edge of R if and only if (U;, U;) is e-regular and d(U;, U;) > d. Reduced graphs inherit many

properties of G like the following degree result.
Proposition 2.10. If0 < 2¢ < d < ¢/2 and §(H) > ¢, then §(R) > (c — 2d)|R|.

Many proofs using Regularity Lemma are similar: If G has a reduced graph R then
every small subgraph of R is also a subgraph of G.

For a graph R and integer t > 0, let R(t) be the graph obtained by replacing each
vertex € V(R) with a set V,, of ¢ vertices, and for u € V,,,v € V,,, uwv € E(R(t)) if and only
if zy € E(R). So R(t) is obtained by replacing each edge of R by a copy of the complete
bipartite graph K.

A key lemma to use Regularity Lemma was stated by Komlés and Simonovites [56] as

follows.
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Lemma 2.11 (Key Lemma,[50]). Given d > € > 0, a graph R, and a positive integer m.
Let G be a graph by replacing every vertex of R by m vertices, and replacing the edges of R
with e-reqular pairs of density at least d. Let F' be s subgraph of R(t) with f vertices and
mazimum degree A > 0, and let ¢g = (d — €)*/(2+ A). Ife < e and t — 1 < eym, then
Fcd.

We will state another lemma, Blow-up Lemma, which plays the same role in embedding
spanning graphs as the Key Lemma played in embedding smaller graphs.

Given a graph G and two disjoint vertex sets A, B C V| we say the pair (A, B) is (€, )-
super-regular if for every X C A and Y C B satisfying |X| > ¢|A| and Y| > ¢|B]| we will
have e(X,Y) > §|X||Y|, and furthermore, deg(a) > §|B| for all a € A, and deg(b) > J|A|

for all b € B. Now we are ready to state the Blow-up Lemma.

Lemma 2.12 (Blow-up Lemma). Given a graph R of order r and positive parameters §, A,

there exists an € > 0 such that the following holds. Let ny.ns,...,n, be arbitrary positive
integers and let us replace the vertices of R with pairwise disjoint sets Vi, Vs, ..., V,. of sizes
ni,No, ..., (blowing up). We construct two graphs on the same vertex-set V.= UV;. The

first graph R is obtained by replacing each edge {v;,v;} of R with the complete bipartite
graph between the corresponding vertez-sets V; and V;. A sparser graph G is constructed by
replacing each edge {v;,v;} with an (e, §)-duper-reqular pair between v; and V;. If a graph H
with A(H) < A is embeddable into R then it is already embeddable into G.

An example of using Regularity Lemma We prove the following result by using

Regularity Lemma and Erdos-Stone Theorem. It is also discussed in Part 6.

Theorem 2.13. Given graphs H and F with |V(H)| = n, |V(F)| = f and f < n. Let
r=x(F). For~ >0 i §(H) > (1 — - +~)n then every vertex of H can be covered by

some copy of F.

Proof. Let v > 0 and 6(H) > (1 — =5 4+ 7v)n. Let v be an arbitrary vertex in V/(H). Let
V1 be the set of vertices that are adjacent to v, and V5 be the set of vertices which are not

adjacent to v. [Vi| > (1 — 25 +7)n.
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When r = 2, F' is a bipartite graph K, with s < ¢. In this case, |Vi| > yn. Choose
Vi € Vi with [Vi]| = yn/2. Let V{ = V(H) \ {Vi U {v}}, then e(V;, VJ) > (3n)?. By Erdos
Theorem, there exists a bipartite graph K;; C H [\71, V3]. Since v is adjacent to all vertices
in Vi, we can find a copy of F containing v.

When r > 3, we use Regularity Lemma. Let 0 < 2¢ < d < 7. Apply Regularity
Lemma on V(H) \ {v} with pre-partition {V;,V2}. We get a new partition {Uy,Us,...,U;}
and reduced graph R with §(R) > (1 — L f+y-2d)t>(1—- 25 +7/2)t and [RNV]| >
(1- L +v—en/(n) > (1 - L5 4+ v/2)t, where V/ C V(R) contains all clusters in V;.

In the induced graph R[Vl’],

degy (v) > (1 — —— +7/2)t = (—— —7/2)t
> (1-— 7 + )t
> (1 - —= +7/2)|V/|

By Edos-Stone Theorem [2 -, [V{] contain a K,_;. Without Loss of Generality, we may
assume V(K,_1) ={Uy,...,U._1}.

Claim 2.14. Let v > 0, k < t. Let X be a set of t elements and let Ay, Ay, ..., Ay be
subsets of X with size at least (52 + ~/2)t, then ﬂl LA # 0.

Proof. Let A¢ = X\ A; for i € [k]. Tt is sufficient to show that U¥_ | A¢ # X. This is obviously

true since |A¢| < (L —~/2)n and hence | UL, A¢] < 3% A < . O

Since [Ng(U;)| > (1 — =5 + 7/2)t, one can apply Claim on V(R) with subsets
Ng(U;) for t = 1,...,r — 1 and kK = r — 1. Therefore, there is a cluster, denoted by U,
disjoint from and adjacent to all vertices of {Uy,...,U,_1}. Hence there exists a K, in R
with vertices {Uy,...,U,_1,U’}.

By Key Lemma from K, C R we can get a complete r-partite graph K C

v, o In KU {v}, one can find a copy of F' containing v. O

-----
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2.2.3 Hypergraph version of Regularity Lemma

Weak Hypergraph Regularity Lemma Szemerédi’s Regularity Lemma [84] has
many generalizations to hypergraphs. In this thesis, we use the so-called Weak Hypergraph
Regularity Lemma, which is a straightforward extension of the original Szemerédi’s regularity
lemma to hypergraphs (see [29] 10]).

Let H = (V, E) be a k-graph and let Ay, ..., A; be mutually disjoint non-empty subsets
of V. We define e(Ay, ..., Ax) to be the number of edges with one vertex in each A;, i € [k],

and the density of H with respect to (Ay,..., Ax) as

. B(Al,...,Ak)

d(Al,...,Ak> == m

We say a k-tuple (V7, ..., Vi) of mutually disjoint subsets Vi,..., Vi, C V is (e, d)-regular, for
e>0andd >0, if
’d(AlaaAk) _d‘ <e€

for all k-tuples of subsets A; C V;, i € [k], satisfying |A;| > €|Vi|. We say (V4,..., V) is
e-reqular if it is (e, d)-regular for some d > 0. It is immediate from the definition that in
an (e, d)-regular k-tuple (V4,..., V), if V/ C V; has size |V/| > ¢|V;| for some ¢ > ¢, then
(Vi,.... V) is (¢/ec,d)-regular.

Theorem 2.15 (Weak Regularity Lemma). Giventy > 0 and e > 0, there exist Ty = Ty(to, €)
and ng = no(to, €) so that for every k-graph H = (V, E) on n > nq vertices, there erists a

partition V =V U Vi U--- UV, such that
(i) to <t < Ty,
(i) Vi = [Va| = --- = [Vi| and [Vo| < en,
(ii) for all but at most €(}) k-subsets {i, ... i} C [t], the k-tuple (V;,, ..., Vi) is e-reqular.

The partition given in Theorem [2.15] is called an e-regular partition of H. Given an

e-regular partition of H and d > 0, we refer to V;,i € [t] as clusters and define the cluster
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hypergraph R = R(e,d) with vertex set [¢t] and {i1,...,ix} C [t] is an edge if and only if
(Viy, ..., Vi) is eregular and d(V;,, ..., V) > d.

The following corollary shows that the cluster hypergraph inherits the minimum degree
of the original hypergraph. Its proof is almost the same as in [37, Proposition 16] after we

replace ﬁ + v by ¢ — we thus omit the proof.

Corollary 2.16. [37] Given c,e,d > 0 and integers k > 3,ty such that 0 < € < d*/4 and
to > 2k/d, there exist Ty and ng such that the following holds. Let H be a k-graph onn > ng
vertices such that ox_1(H) > en. If H has an e-reqular partition Vo U Vi U -+ UV, with
to <t < Ty and R = R(e,d) is the cluster hypergraph, then at most \/et*~' (k — 1)-subsets
S of [t] violate degr (S) > (¢ — 2d)t.

We will use the Weak Hypergraph Regularity Lemma in Part 4.

Strong Hypergraph Regularity Lemma One of the main reasons for the wide
applicability of Szemerédi’s Regularity Lemma is the fact that it enbles one to find all small
graphs as subgraphs of a regular graph. To generalize this application in finding small
subgraphs in its regular partition, we need to strengthen the definition of regularity.

Before we can state the strong regularity lemma, we first define a complex. A hypergraph
H consists of a vertex set V(H) and an edge set E(H), where every edge e € E(H) is a
non-empty subset of V(H). A hypergraph H is a complex if whenever e € E(H) and ¢’ is a
non-empty subset of e we have that ¢’ € E(H). All the complexes considered in this section
have the property that every vertex forms an edge.

For a positive integer k, a complex H is a k-complex if every edge of H consists of at
most k vertices. The edges of size ¢ are called i-edges of H. Given a k-complex H, for each
i € [k] we denote by H; the underlying i-graph of H: the vertices of H; are those of H and
the edges of H; are the i-edges of H.

Given s > k, a (k, s)-complex H is an s-partite k-complex, by which we mean that the
vertex set of H can be partitioned into sets Vi,. .., V, such that every edge of H is crossing,

namely, meets each V; in at most one vertex.
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Given i > 2, an i-partite i-graph H and an i-partite (i — 1)-graph G on the same vertex
set, we write K;(G) for the family of all crossing i-sets that form a copy of the complete

(¢ — 1)-graph Ki(ifl) in G. We define the density of H with respect to G to be

[Ki(G) N E(H)|

WHIC) = o)

it [Ki(G)| >0,
and d(H|G) = 0 otherwise. More generally, if Q = (Q1,...,Q,) is a collection of r subhy-
pergraphs of G, we define K;(Q) := UJ;_, Ki(Q;) and

Ki(Q) N E(H)]
Ki(Q)]

d(H|Q) := if |Ki(Q) >0,

and d(H|Q) = 0 otherwise.

We say that H is (d, 6, r)-reqgular with respect to G if every r-tuple Q with |K;(Q)| >
O|IC;(G)| satisfies |[d(H|Q) — d| <. Instead of (d,d, 1)-regularity we simply refer to (d,d)-
reqularity.

Given 3 < k < s and a (k, s)-complex H, we say that H is (dg,...,ds, o, 0, 7)-reqular

if the following conditions hold:

(i) For every i =2,...,k—1 and every i-tuple K of vertex classes, H;[K] is (d;, 0)-regular
with respect to H;_1[K] unless e(H;[K]) = 0, where H;[K] is the restriction of H; to

the union of all vertex classes in K.

(ii) For every k-tuple K of vertex classes, Hy[K]| is (dy,ds,r)-regular with respect to
Hy_1[K] unless e(Hy[K]) = 0.

The following states that the restriction of regular complexes to a sufficiently large set

of vertices is still regular, by Kiithn,Mycroft and Othus [57].

Lemma 2.17 ([57], Lemma 4.1). Let k, s,r,m be positive integers and o, da, . .., d, 0,5 be

positive constants such that

<

S |

1 1
— ,5§min{(5k,d2,...,dk}§(5k<<oz<<dk,—
m S
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Let H be a (dy,...,ds, 0, d,7)-reqular (k,s)-complex with vertex classes Vi, Va, ..., Vi with
size m. For each i let V! C V; be a set of size at least am. Then the restriction H' =

HWV], V3, Vi, ...,V of H to V]UVJUVJU---UV/ is (dg,dg,\/d_k,\/g,r)—regular.

Statement of the Regularity Lemma In this section we state the version of the
regularity lemma due to R6dl and Schacht [79] for 3-graphs, which is almost the same as
the one given by Frankl and Rédl [28]. We need more notation. Suppose that V' is a finite
set of vertices and P() is a partition of V into sets Vi, ..., V;, which will be called clusters.
Given any j € [3], we denote by Cross; = Cross;(P() the set of all crossing j-subsets of
V. For every set A C [t] we write Crosss for all the crossing subsets of V' that meet V;
whenever i € A. Let P4 be a partition of Cross,. We refer to the partition classes of P4 as
cells. Let P® be the union of all P4 with |A| =2 (so P@ is a partition of Crossy). We call
P ={PW P2} a family of partitions on V.

Given P = {PW P@) and K = vvjv, with v; € Vi, v; € V; and v, € Vi, the polyad
P(K) is the 3-partite 2-graph on V;UV; UV}, with edge set C'(v;v;) UC(v;v,) UC (vjv), where
e.g., C(v;v;) is the cell in V; x V; that contains v;v;. We say that P(K) is (da, d)-regular if
all C'(v;v;), C(vivg), C(vjug) are (dg, 0)-regular with respect to their underlying sets. We let
P® be the family of all P(K) for K € Crosss.

Now we are ready to state the regularity lemma for 3-graphs.

Theorem 2.18 ([79]). For all 63 > 0,ty € N and all functions r : N — N and 6 : N — (0, 1],
there are dy > 0 such that 1/dy € N and integers T, ng such that the following holds for all
n > ng that are divisible by T!. Let H be a 3-graph of order n. Then there exists a family of
partitions P = {PY) PP} of the vertex set V of H such that

(i) PV ={Vi,...,Vi} is a partition of V into t clusters of equal size, where tg <t < T,
(ii) P is a partition of Crossy into at most T cells,

(i11) for every K € Crosss, P(K) is (dg, 6(T))-regular,
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(iv) S |Ks(P)| < 65|V [P, where the summation is over all P € P® such that H is not

(d, 03,7 (T))-regular with respect to P for any d > 0.

2.3 Absorbing Method

2.3.1 Technique descriptions

The absorbing method, initiated by Rédl, Rucinski, and Szemerédi [76], has been shown
to be effective handling extremal problems in graphs and hypergraphs. Roughly speaking,
the absorbing method reduces the task of finding a spanning structure to finding an almost
spanning structure. One example is the re-proof of Posa’s conjecture by Levitt, Sarkozy,
and Szemerédi [64], while the original proof of Komlds, Sérkozy, and Szemerédi [54] used the
Regularity Lemma.

We will briefly introduce the simple and basic version of the absorbing lemma, and then
use it to illustrate the algorithm of using the absorbing method. For this purpose, more
detail can be found in [66].

Let H be an r-graph on n vertices. Given a vertex set U C V(H ), H[U] is the subgraph
of H induced by the vertices of U. Given an r-graph F' of order ¢, 5 > 0, i € N and two
vertices u,v € V(H), we call that u, v are (F, (3,i)-reachable in H if and only if there are at
least An™~1 (it — 1)-sets W such that both H[{u} U W] and H[{v} UW] contain K-factors.
In this case, we call W a reachable set for u and v. A vertex set A is (F,[3,i)-closed in
H if every two vertices in A are (F, (3,17)-reachable in H. When it is clear, we use (8,17) to

represent for (F, 3, 1).

Lemma 2.19 (Absorption Lemma for F-factors, [66]). Let F' be an r-graph of ordert. Given
B >0, and ig € N, there exists n > 0 such that the following holds for all sufficiently large
integers m. Suppose H is an (F,[3,iy)-closed r-graph on n vertices. Then there ezists a
vertexr set W C V and |W| < nn such that for any vertex set U C V\W with |U| < n*n and
\U| € tZ, both HIW] and H[W U U] contain F-factors.

Equipped with the absorption lemma, we can break down the task of finding an F-factor
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in large hypergraphs H into the following algorithm.

Algorithm for finding F-factors via the Absorbing Method.

1. Remove a small set 7 of vertex-disjoint copies of F' from H such that the resultant

graph Hy = H[V \ V(T1)] is (F, 8,i0)-closed for some integer iy and constant 5 > 0.

2. Find a vertex set W C V(H;) satisfying the conditions of the absorption lemma. Set

3. Show that Hs contains an almost F-factor, i.e. a set 75 of vertex-disjoint copies of F’

such that |V (Hy) \ V(T2)| < o|V (H3)| for small a > 0.

4. Set U = V(H) \ V(Tz). Since H,[W UU] contains an F-factor T3 by the choice of W,

Ty UT,U T3 is an F-factor in H.

Step 1 and Step 3 of the algorithm require most of the work. Main use of Step 1 is to get
the hypergraph ready to use absorbing lemma, the closeness. However it is not always the
case that Hy = H[V\V(T7)] is (58, i0)-closed, instead in Part 4 we have V'\ 1 is (3, ig)-closed
in H. In this case, we adjust the absorbing lemma, but the core idea of proof is essential,

which is the crucial proof we show in the next section.

2.3.2  Crucial proof in the absorbing method

In this section, we show a classic proof of Lemma [2.19, One crucial part of the absorbing
method is the probabilistic arguments. We include the well-known Chernoft’s bound and

Markov’s bound [3] here.

Proposition 2.20 (Chernoff’s bound). Let 0 < p < 1 and let Xy,..., X, be mutually
independent indicator random variables with P[X; = 1] = p for all i, and let X = > X;.
Then for all a > 0,

P[|X — E[X]| > a] < 2e%/?".
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Proposition 2.21 (Markov’s bound). If X is any nonnegative random variable and a > 0,

then
E[X]

PX >a] <
a

We call an m-set A an absorbing m-set for a t-set T if ANT = () and both H[A] and
H[AUT] contain F-factors. Denote by A™(S) the set of all absorbing m-sets for S. We are

ready to illustrate the proof of the absorbing lemma.

Proof of Lemma [2.19, Define

1
m = igk? —igk,n = —(é)k and a = 0.
m!" 2

There are two steps in our proof. In the first step, we show that every t-set has suf-
ficiently many absorbing sets; in the second step, by probabilistic argument, we build an
absorbing family F’ such that any small portion of vertices in V' can be absorbed by using

different members of F'.

Claim 2.22. For every t-set T, |A™(T)| > nn™.

Proof. Fix a t-set T' = {vy,vq,..., v} C V. We first find a t-set S" = {v,ug,...,us} CV
such that 5" intersects 7" only at v; and spans a copy of F. Since v; and u is (5, ip)-reachable
for any u ¢ T, there are at least Sn™~1 (igt — 1)-sets S such that H[S U {v;}] contains an
F-factor. Hence, by averaging argument there are at least 3n'~! copies of I containing v;.
Therefore there are at least

t—1

Bnt —(t—1)n""?>2n

SIS

choices for S’.

Since V is (83, ig)-closed, there are at least fn!~!

reachable (it — 1)-sets S; for u; and
v; where ¢ = 2,...,t. Next we choose a collection of pairwise disjoint sets S; for i = 2, ... t.

Since in each step we need to avoid at most igt(t — 1) + ¢ previously selected vertices, there

are at least Sn?'~1/2 choices for each S;. Let A = S'U (UJ; S;), therefore |A| = m. In total,



27

we get at least

t—1
gnt_l (gniot_l) = (m!)nn™

m-sets A with multiplicity at most m!. Since H[A] and H[AUT] contain F-factors, A is an

absorbing m-set for S and |A™(T)| > nn™. O

Now we will build a family F' by standard probabilistic arguments. Choose a family
F of m-sets by selecting each of the (;:L) possible m-sets independently with probability
p=nn'""/(8m). Then by Chernoff’s bound with probability 1 —o(1) as n — oo, the family

F satisfies the following properties: V1" € (‘t/),

ny _mm plA™(T)| _ mn
F| <2 < —and |[A"(T)NF| > > : 2.1
F1<2( ) < ™ ana Janry n 7| > B> A 21)
Furthermore, the expected number of pairs of m-sets that are intersecting is at most
n n 2 n*n
. m . . _—
m m—1 b= 64m
Thus, by using Markov’s inequality, we derive that with probability at least 1/2
2
F contains at most intersecting pairs of m-sets. (2.2)

m

Hence, with positive probability the family F has all properties stated in (4.2)) and (4.3)). By
deleting one element of each intersecting pair and removing m-sets that are not absorbing

sets for any t-set T C V' \ Vj, we get a new family F’ and

V(F)| = m|F| <m|F| <nn.

Note that F’ contains pairwise disjoint m-sets. Since every m-set in F’ is an absorbing m-set

for some k-set S, H[V (F')] has an F-factor and therefore |V (F’)| € tZ. For any t-set T, by
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(4.2) above we have

2 2 2
|Am(T>m]_—/|> 77”_77”_77”

= 2.
— 16m 32m 32m ( 3)

For any set U C V' \ V(F') of size |[U| < an and |U| € tZ, it can be partitioned into at most

(am/t) t-sets. Since

2

an n

2

3

<

Y

w

2m

each t-set in U can be greedily absorbed by using some unique absorbing m-set in ’. Hence,
H[U UV(F")] contains an F-factor.

Let W = V(F’). We get the desired absorbing set W satisfying |W| < nn such that
for any vertex set U with U C V' \ W, |U| € tZ and |U| < an, both H[W] and H[U U W]

contain F-factors. O

When r-graph is dense enough, the absorbing method provides a powerful, global (small)
absorbing structure that can absorb any (smaller) set of leftover vertices. This reduces the
job of finding a spanning structure into the one of finding an almost spanning structure.
Interestingly, when the minimum degree condition falls below the critical threshold for which
the absorbing structure exists, a partite structure appears in the (hyper)graph (see [511, 50]).
In this case, we modify Step 1 and Step 2 of the Algorithm (see Part 4). First we partition
the vertex set of the r-graph into a few parts such that each part is closed, and then build
the lattice-based absorbing structure on the partition. Our lattice-based absorbing structure
works under the subcritical degree conditions and gives enough structural information in

some applications.
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PART 3

MATCHINGS IN K-PARTITE K-GRAPHS

3.1 Introduction

A k-graph H is said to be k-partite if V(H) can be partitioned into k parts, V(H) =
Vi U--- UV, such that every edge consists of exactly one vertex from each class, that is,
E(H) C V4 x+-+x V. Given such a partition, a subset S C V(H) is called legal if |[SNV;| < 1
for each ¢ € [k]. In a k-graph H with a set S of d vertices, where 1 < d < k — 1, we define
degy(S) to be the number of edges containing S. The minimum d-degree 64(H) of H is the
minimum of deg(S) taken over all d-vertex sets S in H. When d = k — 1, it is referred as
codegree. In a k-partite k-graph H, we define the partite minimum d-degree as the minimum
of degy () taken over all legal d-vertex sets S in H, denoted by d/(H).

First of all, we state our main result as follows.

Theorem 3.1 (Main Result). For any k > 3 and ¢y > 0, there exists ng such that for
any n > ng the following holds. Let H be a k-partite k-graph with parts of size n such
that Sppgy > a; for all i € [k] and (1 — e)n > a1 > az > --- > ag, a3z > €n, and

Zie[k] a; >n—k+3. Then H contains a matching of size at least min{n — 1, Zie[k] a;}.

Let v(H) be the size of a maximum matching in H. The following fact gives a proof of

Theorem 3.1 when >-,ppa; <n—k +2.

Fact 3.2. Fiz € > 0 and n is sufficiently large. For i € [k], let a; = a;(n). Let H be a

k-partite k-graph with parts of size n such that Sy > a; for all i € [k], then

I/(H)ZZai if Zaign—k—l—l

i€[k] i€[k]

Proof. Assume a maximum matching M is of size M| < }7,jya; —1 < n—k+ 1. Since

each class has at least k — 1 vertices unmatched, we can find k disjoint legal (k — 1)-sets
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Ay, ..., Ay such that A; contains exactly one unmatched vertex in V; with j # i. Each A,
has at least a; neighbors and all of them lie entirely in V' (M). Since }, ;; a; > [M], there
exist distinct indices 7 # j such that A; and A; have neighbors on the same edge e € M, say
v; € A;Neand v; € AjNe. Replacing e by {v;} U A; and {v;} U A; gives a larger matching,

a contradiction. ]

To Prove Theorem [3.1] two cases are separately considered: when H is close to the
extremal k-partite k-graphs (extremal case), and when H is far from extremal k-partite k-
graphs (nonextremal case). In our paper, there are two types of extremal k-partite k-graphs.

Given € > 0, a k-partite k-graphs H is called e-close to k-partite k-graph H' if H
becomes H' after adding and deleting at most en* edges. Given k-partite k-graph H, it is
called e-S-extremal if V(H) contains an independent set I such that [INV;| > n —a; —en

for each i € [k].

Theorem 3.3 (Non-extremal case). Fiz k > 3 and 0 < v < €, and let n be sufficiently
large. Let H be a k-partite k-graph with parts of size n such that Sy iy > a; for each i € [k]
where (1 —eg)n > ay > ag > -+ > ay, az > €n, and Zie[k] a; > (1 —~)n. Suppose H is not

5kvy-S-extremal. Then H contains a matching of size at least n — 1.

Theorem 3.4 (Extremal case). For any integer k > 3 and ¢y > 0, there exists 0 < € < €
such that the following holds for sufficiently large integer n. Let H be a k-partite k-graph
with vertex classes of size n. Suppose for each i € [k], oy (H) > a;, where (1 — eo)n >
a, > ag > - > ay, ag > €n, and Zie[k] a; > n—k+ 3. If H is e-S-extremal, then H

contains a matching of size at least min{} ;)  a;;n —1}.

Proof of Theorem [3.1. When > ici @ < n—k+2, it follows from Fact . When 37, ai >
n — k + 2, it follows from Theorem [3.3] and Theorem [3.4] immediately. O

For the rest of this paper, in Section 3.2 we introduce the two types of absorbing lemmas
in k-partite k-graphs. In Section 3.3 and Section 3.4, we give the proof of Theorem and
Theorem [3.4] respectively.
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A Vs 1A Vi

Figure 3.1. S-absorbing edge in k-partite k-graphs

Notation: Throughout this paper, we denote by H a k-partite k-graph with the vertex
partition V(H) = V3 U--- UV} such that |Vi| =--- = |Vi| =n. Let V; =V, noax if i > k.

3.2 Absorbing Techniques in k-partite k-graphs

In this section, we show the absorbing lemma that will be used to prove Theorem [3.3]
Let H be a k-partite k-graph. A set S is called balanced if it consists of the same
number of vertices from each part of V(H). Given balanced 2k-set S, an edge e € E(H)
disjoint from S is called S-absorbing if there are two disjoint edges e; and es in E(H) such
that ey, N S| =k —1, lesNel =1, |[eaNS| =2, and |ea Ne| = k — 2. Given legal k-set
S, a balanced set T' C V(H) disjoint from S is called S-perfect-absorbing if both H[T] and

H[S UT] contain a perfect matching.

Proposition 3.5. Given \,€,a > 0, the following holds for sufficiently large n. Let H be a
k-partite k-graph with parts of size n, and let § = {S : S C V(H)} such that any S € § has
at least An™*% S (-perfect)-absorbing igk-sets in H. Then there exists a matching M’ in H of
size |M'| < €'n such that for every set S € §, the number of S (-perfect)-absorbing edges in

M’ is at least an.

Proof. We build the matching M’ by standard probabilistic arguments. Choose a collection

M of induced matching of size ig in H by selecting each independently with probability
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p = ¢/(2n"*1). For every legal k-set S, let X5 be the number of S(-perfect)-absorbing
ipk-sets in M. Then by Chernoff’s bound, with probability 1 — o(1), the family M satisfies

the following properties:
. : 1
M| < 2n*p = én and | Xg N M| > g Atk = L—l)\e’n for any legal k-set S.

Furthermore, the expected number of intersecting pairs of members in M is at most
kn20k=1p2 — ¢?kn/4. By Markov’s inequality, M contains at most ¢°kn/2 intersecting
edges with probability at least 1/2.

Let M’ C M be the obtained collection by deleting one edge of each intersecting pair
and removing all edges that are not absorbing edges for any legal k-set S in M. Therefore,

|M'| < |M| < €'n and each legal k-set S has
1 1 1
| Xs N M'| — 56,2]{571 > ZAe'n — 56/2]{/‘% > an

S(-perfect)-absorbing edges in M’. Hence, such an absorbing matching M’ exists. O

Lemma 3.6 (k-partite Absorbing lemma). Given 0 < €, a < ¢, the following holds for
sufficiently large n. Let H be a k-partite k-graph with parts of size n such that oy > €n
for i € [3], then there exists a matching M' in H of size |M'| < €'n such that for every

balanced 2k-set S of H, the number of S-absorbing edges in M' is at least an.

Proof. First we show that there are sufficiently many S-absorbing edges for each balanced 2k-
set S; then we prove the existence of a small absorbing matching by probabilistic arguments.
Given 0 < ¢ < ¢ and sufficiently large n, let H be a k-partite k-graph with parts of

size n such that dyp ;3 > en for i € [3]. Define v = €*¢’/16.

Claim 3.7. For every balanced 2k-set S, the number of S-absorbing edges is at least €3n* /2.

Proof. Let {w,v} := SN V3 and {u} := SNV, We only count those S-absorbing edges e

for which the corresponding edge e, contains v and v. To this end, we will count ordered
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k-sets {v1, va, ..., v} such that v; € V}, e = {v1,vq,..., v} is disjoint from S, {w, v} € ey,

ley U (S \{u,v})| =k —1and ey = {u,v,v4, ..., 05,01}

For each j € [4, k], there are exactly n—2 choices for v;. Having selected {vs4, vs, ..., vy},
we get the following property of vy, vy and v3: v; must be a neighbor of {u, v, vy, ..., vx}; vg
must be a neighbor of S\ {u,v}; vs must be a neighbor of {vy,..., v, v1,v2}. Therefore,

there are at least a; — 2 choices of v; for j = 1,2,3. Hence, there are at least

1
(n —2)"3(en — 2)* > §e3nk
S-absorbing edges. The last inequality holds since n is sufficiently large. O]
Next we build the matching M’ by applying Proposition [3.14] O

3.3 Nonextremal k-partite k-graphs: Proof of Theorem 3.3

In this section we derive Theorem from the absorbing lemmas in Section 3.2 and a
lemma that provides a matching covering all but a constant number of vertices when H is
non-extremal.

A matching that covers all but a constant number of vertices is provided by the following
lemma. We give the more general assertion with the degree condition in Theorem fails

for a small fraction of legal (k — 1)-sets.

Lemma 3.8 (Almost perfect matching lemma). For any integer k > 3 and 0 < € < «, 7,
the following holds for sufficiently large integer n. For i € [k], let a; = a;(n) such that
Zie[k] a; > (1 —~)n. Let H be a k-partite k-graph with parts of size n which is not 2y-
extremal. Suppose for each i € [k|, there are fewer than en*~! legal (k — 1)-sets S such that
SNV, =0 and deg(S) < a;. Then H contains a matching that covers all but at most an

vertices in each vertex class.

Proof. Let M be a maximum matching of size m in H. Let V/ = V,N V(M) and U; =
Vi\V(M). Let s := |Uy| = --- = |Ug|. Suppose that s > an.
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M| = ZID,| c" |
_ =L,
v vl |
P
I e | |U;| > an

Figure 3.2. The proof of Almost Perfect Matching Lemma

For each i € [k], we greedily find a collection of ¢; = [k/e| disjoint legal (k — 1)-sets
A such that ANV; = 0 and deg(A) > a;. This is possible since in each step, the legal
(k — 1)-sets that cannot be picked are those either intersect the ones that have been picked,

or those with low degree, whose number is at most

k(k — 1)tn*2 4+ en* ! < (an)F! < H |U;],
JEk\{7}
by € < « and that n is sufficiently large. Label these sets by Ay,..., A; accordingly so that
A;NVj; = 0 where j' = j mod k.Therefore, deg(A;) > a; and all neighbors of A; lie entirely
in Vj, by the maximality of M.

For i € [k], let D; be the subset of V; each vertex of which has at least k sets A;,
j € [t] as neighbors, and let D = |JD;. We claim that |e N D| < 1 for each e € M.
Indeed, otherwise assume that z,y € e N D and pick A;, A; for some ¢,j € [t] such that
{z} UA; {y} UA; € E(H). We obtain a matching of size m + 1 by deleting e and adding
{z} U A, as well as {y} U A; in M, contradicting the maximality of M.

Next we show that |D;| > a; — en for each i € [k]. Since there are no edges between A;
and V; for j # i mod k, by counting the number of edges between V/ and {A;,..., A}, we
get

ti-a; < Y deg(Ay) < |Dylt; +nk.

j=i mod k
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Therefore, by t; > k/e, we have

k
]Di|2ai—7;—2ai—en.

)

Define M' :={e € M :en D # ()}. Then for each i € [k], we have

(V(M)\ D)NV;| = Z|D|>Z j—€n) —a; >n—a; — 2yn.
J#i JEK]
Since H is not 2y-extremal, H[V(M') \ D] contains at least one edge, denoted by ey. Note
that eg & M since eg C V(M') \ D. Assume that e, intersects ey, ..., e, in M for some
2 < p < k. Suppose {v;} = e; N D, from the choice of ey, we have v; & ey for all j € [p].
By the definition of D, we can greedily pick Ay, ..., Ay, such that {v;} U A, € E(H) for
all j € [p]. Let M" be the matching obtained from replacing the edges e, ..., e, by ey and
{v;} U Ay, for j € [p]. Thus, M" has m + 1 edges, contradicting the choice of M. O

Now we are ready to prove Theorem [3.3]

Proof of Theorem[3.3 Suppose H is a k-partite k-graph with parts of size n and oy iy > a;
for each i € [k], a1 > as > ag > en and Zie[k] a; > (1 —~)n, and H is not 5kvy-S-extremal.
In particular, v < é We first apply Lemma on H and find the absorbing matching M’
of size at most yn such that for every balanced 2k-set S C V(H), the number of S-absorbing
edges in M’ is at least an.

Let H' = H[V(H)\ V(M')] and n' = |[V(H') N Vj| = (1 —v)n. Note that > ,_, a; >
>icy @ — kyn > (1 = 2ky)n/. If H' is 4ky-extremal, i.e., V(H') contains an independent
set I such that |[I N (V;NV(H"))| > n' — a, — 4kyn’ for each i € [k], then we get that H is

5kvy-extremal since
n' —a, —4kyn' > (1 —y)n — a; — (1 — v)dkyn > n — a; — 5kyn,

a contradiction. Thus, H' is not 4kvy-extremal. By applying Lemma|3.8/on H’ with parameter
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27, a and € = 0, we obtain a matching M"” in H' that covers all but at most an vertices in
each vertex class.

If there are at least three a; > en, then since for every balanced 2k-set S C V(H),
the number of S-absorbing edges in M’ is at least an, we can greedily absorb the leftover
(at most an times, each time the number of the leftover vertices in each class is reduced
by 1) until there is 1 leftover vertex in each class. It is possible since each class has the
same number of leftover vertices and a legal k-set S always exists if the size of the leftover
is greater than k. Denote by M the matching obtained after absorbing the leftover vertices

into M’. Therefore M U M" is the required matching in H. m

3.4 Extremal k-partite k-graphs

In this section, we prove Theorem . As inspired by [39], we apply the following weaker
form of a result from Pikhurko [72]. Let H be a k-partite k-graph with parts ViUVaU- - -UV}, =
V(H). Let L C [k] and recall that

87 (H) = min {deg(S) 2 S C U Vi is a legal ]L]—set} :

1€L

Theorem 3.9. [72, Theorem 3] For k > 2, L C [k], let m be sufficiently large.Let H be a
k-partite k-graph with parts ViUVoU--- UV, = V(H) such that |V;| = m for each i € [k]. If

or, (H)ym!* + 5fk]\L(H)mk7|Ll =

N | o
3

then H contains a perfect matching.

Proof of Theorem[3.]] Let € < ¢y and o = \/e. Suppose n is sufficiently large. Let H be a
k-partite k-graph with parts V; UV, U --- UV, = V(H) such that |V;| = n for each i € [k]
and Sy iy (H) > a;, where (1 —€g)n > a1 > ag > -+ > ay, ag > €n, and without loss of
generality,

n—k+3§2ai§n—1.
1€[k]
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Assume that H is e-S-extremal, namely, there is an independent set I C V(H) such that
|IINV;| > n—a;—en for each i € [k]. Note that n—a; —en > (¢y—€)n > 0 by our assumption.
Our goal is to find a matching in H of size at least Zie[k] a;.

Let C' be a maximum independent set of V(H) satisfying |C'NV;| > n — a; — en for each

i € [k]. We partition each V; into A; U B; U C; for i € [k] as follows. Let C; = C NV,
A; = {xéVi\Ci:deg(x,C’)2(1—04)H\Cj\}, (3.1)
JF#
and B; = V; \ (4; UC;). Moreover, let A = U1§i§k A; and B = U1§z‘§k B;. We observe the
following bounds of |A4;|, |B;|, |C;| for each i € [k].

Claim 3.10. |4;| > a; — an, |B;| < an, and n — a; — en < |C;| < n — a;.

Proof. The lower bound for |C;| follows from our hypothesis immediately. For any legal

(k—1)-set S C C'\'V;, we have N(S) C A; U B;. By the minimum degree condition, we have
a; < IN(S)| < |Ai| + |Bil =n —|Ci| <a; + en, (3.2)
which gives the upper bound for |C;|. By the definitions of A; and B;, we have
a; [ 11651 < 1E(A4 U B, O) < |Bi|(L — o) [ TG + 14 [T 165,
J#i J#i JF
where F(A; U B;, C) is the set of edges that consist of a legal (k —1)-set in J,_; C; and one

vertex in A;UB;. Thus, we get a; < |A;|+|B;| —«|B;|, which implies a| B;| < |A;|+|Bi| —a; <
en by (3.2). So |Bi| <an and [A;| > a; — |Bi| > a; — an. O

Our procedure towards the desired matching consists of three steps. First, we build
small disjoint matchings that cover all vertices of B. Second, we adjust the sizes of the parts
such that we can finish the desired matching by Theorem Finally, we apply Theorem

and get the final matching, leaving at most n — Zie[k] a; vertices in each class uncovered.
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Step 1. Small disjoint matchings that cover all vertices of B.

For each i € [k], define ¢; := max{0,a; — |A4;|}. From (3.2)), we have |B;| > a; — |4,
Together with the definition of ¢; and Claim we get that for each i € [k],

First we build a matching M; of size t; for each i € [k]. If t; = 0, then M} = 0. If t; > 0,
since dp (i (H) > a; and C' is independent, every legal (k — 1)-set in {J,,; C; has at least
a; — |A;| = t; neighbors in B;. We greedily pick ¢; disjoint edges each of which consists of a
legal (k —1)-set in |J;; C; and one vertex in B,;.

Next for each i we greedily build a matching M2 that covers all the vertices in B;\V (M7).
First, for ¢ # 1, we pick one uncovered vertex in B;, one uncovered legal (k — 2)-set S’ in
U isin C;, and by codegree one uncovered vertex in V;. Second, for ¢ = 1, we pick one
uncovered vertex in By, one uncovered legal (k — 2)-set S” in | 42 Cj, and by codegree one
uncovered vertex in V5. Let M; = Ule M j’ for j = 1,2. Now we show that the greedy process
is possible. Since a; < (1 —¢€p)n and as > az > - -+ > ag, we have a; > ay > ag > eyn > kan,
as € € €y and a = /e. By definition, each edge in M; U M, contains at least one vertex
from B. Thus the number of vertices in V; covered by the existing matchings is at most
|My U Ms| < |B| < kan < as. So the greedy process is possible.

For each i € [k], let
Al = A\ V(MU M,), Cl=C; \ V(MU M,) and V/ = V; \ V(M; U M,).
Since M; does not contain any vertex in A, we have |A}] = |A; \ V(M3)] or

Al > |Ai| = | M), (3-4)

Step 2. Adjust the sizes of the parts.
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In this step, we will first build a small matching Mjs that adjust the sizes of the parts

as follows.

Claim 3.11. There exists a matching Ms of size at most ken in H[|Jr_, V/] so that |C!\
V(Ms)| — Z#i |AS\ V(M3)| =7, where 0 <r < |n — Ziem a;.

Proof. Let n’ = |V/| = |Aj| + |C]|. Note that s := [Cj| — 32, [A}| = n' — Z?Zl | A%|, which

is independent of i € [k]. We claim that —ken < s < |n — 3, ai|. Indeed,

s> (n—|MyUM|) = [Al >n—|B|—|A] = n—> (ai+en) > —ken.
1€[k]

On the other hand, by (B.4) and t; = |M]| for j € [k], we have

s<n—Y (IM/|+|M3)) = > (14 = IM3)=n—) (t;+|4]) < n-) a
Jj€lk] JElk] Jj€lk] JElk]

In our process of finding M3, we update s as (n' — [Mz|) — > [AL \ V(Mz)]. If s > 0,
then set Mz = (). Otherwise if s < 0, we do the following procedure: greedily add edges
from |J(A; U CY) to M3 by picking an uncovered legal 2-set in A}, U A%, an uncovered legal
(k —3)-set in ¢y € and by codegree one uncovered vertex in V. Whenever one edge
e is added to M3, |Ms| is increased by 1 and ) |A}\ V/(Ms3)] is reduced by |e N A|, which is
2 or 3, and hence s is increased by 1 or 2.

The iterations stop when s € {0,1}. In this case, we have added at most —s < ken
edges and thus |Mj| < ken. Note that we can always form an edge in each step. First
observe that as long as we can pick the 2-set in A, U A%, we can always form the desired edge

in each step because the number of covered vertices in V; is at most | B| + ken < 2kan < a;.

Moreover, recall that as > a3 > eon/(k — 1), and thus by (3.4) and Claim we have
|ALl > |As| — |M3| > a; — an — kan > ken,

where : = 1,2 or 3 as € < ¢. O
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Step 3. Find the final matching.

For each i € [k], let
A= AN VML), O = O\ V(My) and V' = V/\ V(M)
By Claim and the definitions of Mj, My, Mj, for each i € [k], we have
|AY| = |A;| — |My U My U M3| > (a; — an) — kan — ken > a; — 2kan.
Recall that a1 > as > az > €egn, by € < ¢y, we have
| AT, |AS], | A5| > a3 — 2kan > eon/2. (3.5)
By Claim 3.11], we have

0<r=10/ -3 1A < In— Y al (3.6)

i =N

This implies that for each i € [k],
|G| = min{|AY| + [A3], [AY] + |A35], |A3] + [A5]} = 2a3 — 2kan > en. (3.7)

Now we greedily match the vertices in A, ..., A}. Indeed, for any 4 < j < k and
any vertex v € A7 C A;, by (3.1, the number of legal (k — 1)-sets S in [],; ¢}’ such that
SU{v} ¢ E(H) is at most

a[[IG] < an* < a(k/e) [T ICTT < Va]TICT,
1] 1% 1]
where we used (3.12)) and that o < €y. So we can greedily match these vertices because the
number of leftover vertices in each C7 is at least min{|A7|+|A5], |A7|+|A5], |A5|+|A5|}+7r >

con and thus the number of available legal (k — 1)-sets is at least (egn)*~t > /an*~! >
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VaTll; |C/']. Let M} be the resulting matching in this step.

Finally, consider the unmatched vertices of H. Let m; := |AY| for all i € [3]. Note
that the number of unmatched vertices in C7, CY and CY} are mg + mg +r, my +ms +r
and my + mgy + 7, respectively, and the number of unmatched vertices in C/, i € [4,k] is
my + mo +mg +r. For i = 1,2 and 3, pick arbitrary disjoint subsets CZ, C} of uncovered
vertices in C7 of size my,m3 and C3,Cs of uncovered vertices in CY of size my, ms; for
i € [4,k], we can partition all but r vertices of C! into C} of size my, C? of size my and C?
of size m3. Therefore, we get k-partite k-graphs H; := H[A7,|J,,; C7] for j € [3]. Let us
verify the assumptions of Theorem for H; where j = 1,2, 3.

First, for any legal (k —1)-set S C [J,; O}, the number of its non-neighbors in A; U B;
1s at most

$-2) ke

[ Al + 1Byl —a; < en < —m; < amy,
0

as € < €. So we have

fk]\{j}(HJ‘) >mj —am; = (1 —a)m;.

Next, for any v € A7, by (3.1)) the number of its non-neighbors in [ J, 4 Cg is at most

: oo\
aH |07 < anf ! < a (—mj) < Vam™,

€o

which implies that 0y, (H;) > (1 — \/E)m?_l. Thus, we have

0y (Hj)m; + 5fk]\{j}(Hj)m§?_l > (1- \/a)mf_lmj + (1 - a)mjm;?_l

3 k

since € is small enough. By Theorem , we find a perfect matching MZ in H; for each
J € [3]. Let My = M) U Mj U MZ, then M; U My U M3z U M, is a matching in H of size at

least n —r > 7, a; and we are done. O
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3.5 Future Work

We proved that a k-partite k-graph H with three sufficiently large codegrees has a
matching of size min{n — 1,31, a;} where Sp\fiy = a; for all @ € [k]. We would further
improve our result by weakening the conditions to a k-partite k-graph H with two sufficiently
large codegrees. Under this condition, there are two types of extremal graphs. One is called
Space Barrier, and the other is called Divisibility Barrier. Here we only state the divisibility
barrier: suppose a k-partite k-graph H with |Vj| = --- = |Vi| = n. Further partition V; for
i =1 or 2 into two parts such that V; = X; UY; and |X;| = [n/2], |Yi| = [n/2] for t = 1,2.
The edge set consists of those edges who intersect X; U X, at either even or odd vertices.
In the former case, the edge set is denoted as FE...,; and in the later case, the edge set is
denoted as F,qq. A k-partite k-graph H with edge set E..e, or F,qq is called a divisibility
barrier. Given k-partite k-graph H, it is called e-D-extremal if H is e-close to divisibility
barriers.

Now we show some extension of our proof to a k-partite k-graph H with only two
sufficiently large codegrees. The almost perfect matching lemma keeps the same as in the
case with three sufficiently large codegrees. We state some work on Absorbing Lemma and

the extremal case.

3.5.1 Absorbing Lemma.

The following states that the minimum vertex degree in terms of codegrees.

Fact 3.12. Let H be a k-partite k-graph with parts of size n such that o)y > a; for each

i € k], then any i € [k] and v € V;, we have deg(v) > max;; a;n*~2

Given 8 > 0,1 € N, j € [k] and two vertices u, v € V}, we say that u, v are (3, 7)-reachable
in H if and only if there are at least Sn™~! (ik — 1)-sets W such that both H[{u}UW] and
H[{v} UW] contain perfect matchings. W is called reachable set for u,v. If all u,v € V; are
(8,1)-reachable, then we say V; is (3, 1)-closed. Denote by Nj;(v) the set of vertices that are

(B, 1)-reachable to v.
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We show that the number of one-step reachable neighbors to any vertex in each part V;

is not much less than the corresponding codegree a;, where i € [k].

Proposition 3.13. Suppose 0 < 1/n < a < € < 1/k and let H be a k-partite k-graph such
that (S[k]\{l}(H), (S[k]\{g}(H) >en. For any j € [k] and v € Vj, \le(v)] > (S[k}\{j}(H) — \/5n

Proof. Fix a vertex v € Vj for some j € [k], note that for any other vertex u € V;, u € Ny (v)

if and only if [Ny (u) N Ny (v)| > an**. By double counting, we have

Z degy(S,V;) < |Na,1(’0)\ |Ng ()| +n-ant
SENH(v)
For any S in the above inequality, we know that degy (S, V;) > o\ ;3 (H). Moreover, since

v is not in one of V; and V5, we have that
INg(v)| > n*2en > an* !,

as a K €. Thus, |Na’1(2})| > (S[k]\{j}(H) - % Z 5[k}\{j}(H) — \/571 as desired. ]

Throughout the rest of this subsection, without loss of generality, we may assume only
ai,as > en. The following is the key point to our proof. Here we only give a tentative

outline.

Lemma 3.14 (draft). Given 0 < €,v < €,€¢* and sufficiently large n, there exists a > 0
such that the following holds. Let H be a k-partite k-graph with parts of size n such that
Sy = a; for each i € [k|. If Zie[f} a; > (L =9)n, a1 > ay > en and a; < en for j > 3,

then one of the following holds.
(i) a1 > ag > n/2 — ken, H is €*-D-extremal.

(ii) There exists a matching M’ of size |M'| < €'n such that for every legal k-set S of H,

the number of S-perfect-absorbing sets in M’ is at least an.
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Proof. Given 0 < € < € and sufficiently large n, let H be a k-partite k-graph with parts of

size n such that 5[k]\{1}, 5[k]\{2} > en. By Fact ,

81 (H) > min{a;n*72, ayn*~2} > enf1.

Claim 3.15. If any of V; where j € [2]| is B-closed for some 3 > 0, then there ezists a
matching M' in H of size |M'| < €n and o > 0 such that for every legal k-set S of H, the

number of S-perfect-absorbing sets in M' is at least an.

Proof. 1f one of Vi, Vy is -closed for some 5 > 0, assume V] is (3, ig)-closed, i.e., any u,v € V;
are (3, 1)-reachable.

Fix a legal k-set S = {v1,vq,...,v;} such that v; € V;, we claim there are at least
eBnio* /2 S-perfect-absorbing igk-sets. First of all, we find v € Vi \ {v1} such that
{v},va,..., v} spans an edge. Since deg(S \ {v1}) > en, there are at least en — 1 choic-
es of v}. Since V; is S-closed, there are at least Bn"*~! reachable (iok — 1)-sets W for v; and
v}. Among them, at least fnf=1 — (k — 1)n*f=2 > pni*=1/2 reachable (igk — 1)-sets W are
disjoint from S. In total, we have at least enio* /2 S-perfect-absorbing sets. Next we build

the matching M’ by applying Proposition [3.14] O]

We have two cases.

Case 1: If a; > n/2 + en, then V5 is (2¢,1)-closed. Indeed, by Fact[3.12] any v € V4
has deg(v) > (1/2 + €)n*~1, therefore, for any u,v € Vs, we have| Ny (u) N Ny(v)| > 2en*L.
By Claim [3.15] (ii) is true.

Case 2: If a; < n/2+en, since a;+ay > n—yn—(k—2)en, we have a; > ay > n/2—ken.

In this case, for any v € V, by Fact [3.12 deg(v) > (1/2 — ke)n*~L.

Claim 3.16. For any i € [k|, either V; is B-closed for some [ > 0 or there is a partition
Vi = X! UY/ such that X] and Y] are (§',1)-closed for some ' > 0.

K3 3

Proof. Fix i € [k]. If for any pair of vertices z;,y; € V; , there exists v > 0 such that

IN(z;) N N(y;)| > an*~! or at least an vertices z € V; such that |N(x;) N N(2)| > an*!
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and |N(y;) N N(2)| > an®!, then V; is (8, 2)-closed for some 3 > 0.

We may assume that there exists z;,y; € V; such that for any a > 0, |[N(z;) N N(y;)| <
an®~1 and, at most an vertices z € V; such that |N(z;)NN(2)| > an*~t and |N(y;)NN(z)| >
an®1. In this case, let X; = {v € V; : [N(y;) N N(v)| < an* '} and Y = {v € V; :
N(z;)NN(v)| < an* 1} Let Z; = V; \ (X;UY;). We have the following properties of X;, Y;
and Z;.

(i) z; € X; and y; € Y; by definations of X;,Y;.

(ii) X; NY; = 0. Suppose v € X; NY;.

[N (i) UN(y:) UN ()] = [N(0) \ N(zi) UN ()| + [N (@) \ N(ya)| + [N (ys)]

1
> 3(5 —e)n*t = 3anfTt > pht

a contradiction.

(iil) |Zi| < an

(iv) For any z,2’ € X, |N(z)AN(2")| < 8an*!, and hence z, 2’ are 1-reachable to each
other. The same holds for any pair of vertices in Y;.

(v) For any z € X; and y € Y;, |[N(xz) N N(y)| < 5an*!

For vertex z € Z;, if z; is 1-reachable to any vertex x € X;, then add z to X;; otherwise,
there exists 7o € X; such that |[N(z¢) N N(z)| < en®*L. In the later case, we claim that z is
1-reachable to any y € Y;, and hence we add z to Y;. For y € Y;. assume |N(y)NN(2)| < €'n,
then |N(z¢) U N(y) U N(2)| > nF~1, a contradiction. Denote the resulted sets as X and Y/

, which will be the desired partition. O

By Proposition with o < €, for i = 1,2, [Ny (v)] > gy (H) — Van > (1/2 —
ke — \/a)n . So |X[],|Y;| > (1/2 — €)n for i = 1, 2.

After having the partition of each part, we need to consider the edge set of H. This is

the hard part, and more work need to be done. O

The almost perfect matching lemma is the same as Lemma [3.8] Hence the above would
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give an outline to solve the non-extremal case. For the extremal case, we need to handle two

subcases: the space barrier similar to the one we did and the divisibility barrier.

3.5.2 Extremal Case

Space barrier when there are at least two large partite codegrees Most of the
proof can be borrowed directly from the previous section. We first partition each part and
get Claim [3.10] Step 1 follows the same approach to get small disjoint matchings that cover
all vertices of B. We need some careful adjustment in Step 2.

Since we only have two sufficiently large codegrees, in the process of finding Mj (see
Claim [3.15), the iterations stop either when s € {0, 1} or we cannot continue. In the former
case, we have added at most —s < ken edges and thus |M3| < ken. In the latter case, first
observe that as long as we can pick the 2-set in A5 U A, we can always form the desired edge

in each step because the number of covered vertices in V; is at most |B| + ken < 2kan < a;.

Moreover, recall that as > eyn/(k — 1), and thus by (3.4) and Claim [3.10] we have
|AL| > |Ag| — |M3] > ag — an — kan > ken,

as € < €. So the only reason such that we cannot continue the process is that we have
run out of vertices in Ay, ..., A}, ie, Y s o |All < ken. By definition, we have A; C

(A; U B;) \ V(M U Ms) and recall that |M; U M| < |BJ. By (3.2)), we have
since |V(M; U My) NV;| = |My U My| < |B| < kan. This implies that

Z a; < Z (|| + kan) < ken + (k — 2)kan < k*an. (3.9)

3<i<k 3<i<k

Since a; < (1 — €p)n and € < €y, we get that ay > egn — k%an > eqn /2.

Now we do the following. We greedily add edges that consist of uncovered vertices and
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have type A} x Ay X ([[ ;¢34 Cj) to Mz . First note that when one such edge e is added to
Ms, |Mjs] is increased by 1 and ) |A} \ V(Ms3)] is reduced by |e N A| = 2, and hence s is
increased by 1. So we can make s = 0 in at most ken steps (this includes the previous edges
added to Ms).

It remains to show that the above process is possible. First, if a; > (1/2 + €y)n, then

the process is always possible. Indeed, by (3.8)), we get
n—|A <n—(a; — kan) < (1/2 — €/2)n < a; — ken.

This means that each legal (k — 1)-set of type Ay X ([[;c(34 C7) has at least ken neighbors
in A}, and thus we can pick up to ken disjoint edges of type A} x Ay x ([];c34 Ci)- So we
may assume that a; < (1/2 + ¢y)n. Together with (3.9)), this implies that

(1/2 —2e0)n < aj, a2 < (1/2 4 €)n. (3.10)

Moreover, suppose that we cannot finish this process, that is, after picking at most ken such
edges of type A} x AL, x (] JeBA (%) , all other such edges intersect V' (M3). Or, equivalently,
all edges of type (A1 U Bi) x (A2 U Ba) X ([[jepp ) intersect V(My U My U Ms). Since
| My U My U Ms| < kan + ken < 2kan, there are at most 2kan - n*~1 = 2kan® such edges.
Note that since C' is an independent set, there is no edge in H of type [ Jelk] C;. So all but
at most 2kan” edges of H contains exactly one vertex in A; U A;. By and , H is
2¢e9-D-extremal, a contradiction.

For Step 3, we only need to modify accordingly like the following equations:

|AT], A > ag — 2kan > eyn/k. (3.11)

C"| > min{|AY|, |AY|} > as — 2kan > eyn/k. 3.12
7 1 2
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Let m; := |AY| for all i € [2]. Note that the number of unmatched vertices in C7 and C¥
are mo + 1 and my + r, respectively, and the number of unmatched vertices in C?, i € [3, k]
is my +my + 7. For i = 1,2, pick arbitrary subset C? of uncovered vertices in C of size
my and Ci of uncovered vertices in CY of size my; for i € [3, k], we can partition all but r
vertices of C! into C} of size m; and C? of size my. Therefore, we get k-partite k-graphs
Hj = H[A], Uy, C7] for j € [2]. Let us verify the assumptions of Theorem [3.9| for H; and
H,, respectively.

We can follow the same process to verify that the conditions of Theorem are satisfied
so that to find a perfect matching Mj in H; for each j € [2]. Let My = M?U M} U M2, then
My U My U M3 U My is a matching in H of size at least n — r > Zie[k] a; and we are done.

Divisibility barrier when there are exactly two large partite codegrees

In this case, without loss of generality, we may assume only a; > as > en. By Lemma
m, aj,> ay > n/2 — ken and H is divisibility barrier such that each of V; and V; is
partitioned into two closed subsets of size around n/2, and each of V; for i > 3 is either
closed or can be partitioned into two closed subsets. This part needs real hardwork and we

hope to finish it soon.
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PART 4

MINIMUM VERTEX DEGREE THRESHOLD FOR TILING 3-PARTITE
3-GRAPHS

4.1 Introduction

Given r > 2, an r-uniform hypergraph (in short, r-graph) consists of a vertex set V
and an edge set £ C (‘T/), that is, every edge is an r-element subset of V. Given an r-graph
H with a set S of d vertices, where 1 < d < r — 1, we define degy(S) to be the number of
edges containing S (the subscript H is omitted if it is clear from the context). The minimum
d-degree 04(H) of H is the minimum of degy (S) over all d-vertex sets S in H. The minimum
1-degree is also referred as the minimum vertex degree.

Given two r-graphs F' and H, an F'-tiling (also known as F'-packing) of H is a collection
of vertex-disjoint copies of F'in H. An F-tiling is called a perfect F-tiling (or an F'-factor)
of H if it covers all the vertices of H. An obvious necessary condition for H to contain an
F-factor is |V(F)| | |V(H)|. Given an integer n that is divisible by |V (F')|, we define the
tiling threshold ty(n, F') to be the smallest integer ¢ such that every r-graph H of order n
with 04(H) > t contains an F-factor.

In this Part we extend these results by determining t;(n, K) asymptotically for all
complete 3-partite 3-graphs K, and thus partially answer a question of Mycroft [69)].

Given a < b < ¢, let d = ged(b — a,c — b) and define

(

1/4, if a =1, ged(a,b,c) =1 and d = 1;

6 —4v/2~0.343, if a > 2, ged(a,b,c) =1 and d = 1;

fla,b,c): (4.1)

4/9, if ged(a, b, c) =1 and d > 3 is odd;

1/2, otherwise.

\
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Theorem 4.1 (Main Result).

t(n, Kope) = (max {f(a, be), 1 — (%)2 (%)2} + o(1>> (Z)

Let us compare Theorem with the corresponding result in [70], which states that

(

n/2 4 o(n) if ged(a,b,c) >1lora=b=c=1,;

ta(n, Kape) =  an/(a+ b+ c) + o(n) if ged(a,b,c) =1 and d = 1;

\max{an/(a +b+c),n/p}+o(n) otherwise.

where p is the smallest prime factor of d. Not only is Theorem more complicated, but
also it contains a case where the coefficient of the threshold is irrational. In fact, as far as
we know, all the previously known tiling thresholds had rational coefficients.

The lower bound in Theorem 4.1{follows from six constructions given in Section 2. Three
of them are known as divisibility barriers and two are known as space barriers. Roughly
speaking, the divisibility barriers, known as lattice-based constructions, only prevent the
existence of a perfect K-tiling; in contrast, the space barriers are ‘robust’ because they
prevent the existence of an almost perfect K-tiling. Our last construction is related to the
nature of tiling, where every vertex must be contained in a copy of K,., so we call it a
tiling barrier. Such a barrier has never appeared before — see concluding remarks in Part 6.

Our proof of the upper bound of Theorem consists of two parts: one is on finding
an almost perfect K-tiling in H, and the other is on ‘finishing up’ the perfect K-tiling. Our
first lemma says that H contains an almost perfect K-tiling if the minimum vertex degree

of H exceeds those of the space barriers.

Lemma 4.2 (Almost Tiling Lemma). Fiz integers 1 < a < b < ¢. For any v > 0 and

a > 0, there exists an integer ng such that the following holds. Suppose H is a 3-graph

of order n. > no with & (H) > (max{l — (:37%)* (z%22)?} +7)(5), then there exists a

K pc-tiling covering all but at most an vertices.
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The absorbing method, initiated by Rodl, Ruciriski and Szemerédi [76], has been shown
to be effective in finding spanning (hyper)graphs. Our absorbing lemma says that H contains
a small K, ~tiling that can absorb any much smaller set of vertices of H if the minimum

vertex degree of H exceeds those of the divisibility barriers.

Lemma 4.3 (Absorbing Lemma). Fiz integers 1 < a < b < c. For any v > 0, there exists
a > 0 such that the following holds for sufficiently large n. Suppose H is a 3-graph on n

vertices such that

(1) = (b0 +)(3)

Then there exists a vertex set W with |W| < tyn such that for any vertex set U C V(H)\W
with |U| < an and |U| € (a + b+ ¢)Z, both HW] and HW U U] have K, .-factors.

The upper bound of ¢;(n, K, ) in Theorem {.1{follows from Lemmas and 4.3 easily.

Proof of Theorem (upper bound). Let 1 < a < b < cbeintegers and v > 0. Let o > 0 be
the constant returned by Lemma |4.3| and let n € (a + b+ ¢)N be sufficiently large. Suppose
that H is a 3-graph on n vertices with &;(H) > (6 +v)(5}), where

bte \ (_atb Y
_ l———) \—1) ¢
5 maX{f(a7b>c)’ (a+b+0) ’(a+b+0)}

We apply Lemma to H and get a vertex set W with |[W| < iyn and the described
absorbing property. In particular, |W| € (a + b+ ¢)N. Let H = H[V(H) \ W]. Then

Su(H') > 61(H) — [W|(n — 1) > (5 +7) (’;) - g(g) > (5+72) ('”f’)’)

Next we apply Lemma on H' with /2 in place of v and get a K, -tiling covering 7" all
but a set U of at most «|V (H')| < an vertices of H'. Since |V (H)|,|W|,|V(T)| € (a+b+c)N,
\U| = |V(H)| —|W|—=|V(T)| € (a + b+ ¢)N. By the absorbing property of W, there exists
a K, p-factor on HW UU]. Thus we get a K, ~factor of H. O

Although this proof is a straightforward application of the absorbing method, there are
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several new ideas in the proofs of Lemmas [4.2] and First, in order to show that almost
every (a + b+ c¢)-set has many absorbing sets, we use lattice-based absorbing arguments
developed recently by Han [38]. Second, in order to prove Lemma we use the concept of
fractional homomorphic tiling given by Buf}, Han and Schacht [9]. Third, we need a recent
result of Fiiredi and Zhao [31] on shadows, which can be viewed as a vertex degree version
of the well-known Kruskal-Katona Theorem for 3-graphs.

The rest of the paper is organized as follows. We prove the lower bound in Theorem
by six constructions in Section 2. We prove Lemma in Section 3 and Lemma in

Section 4, respectively. Finally, we give concluding remarks in Section 5.

Notations. Throughout this paper we let 1 < a < b < ¢ be three integers and k = a+b+c >
3. When it is clear from the context, we write K, . as K for short. By x < y we mean that
for any y > 0 there exists xg > 0 such that for any z < z( the following statement holds.

We omit the floor and ceiling functions when they do not affect the proof.

4.2 Extremal Examples

In this section, we prove the lower bound in Theorem [4.1|by six constructions. Following
the definition in [70], we say a 3-partite 3-graph K,;. is of type 0 if ged(a,b,c) > 1 or
a=b=c=1. Wesay K, is of type d > 1 if ged(a,b,c) = 1 and ged(b — a,c —b) = d.

Construction 4.4 (Space Barrier I). Let Vi and V3 be two disjoint sets of vertices such that
\Vi| = ¢n—1 and [V1|+|Va| = n. Let Gy be the 3-graph on ViUV, whose edge set consists of all
triples e such that |eNVi| > 1. Then 6;(G1) = (") — ((1_2%)") =(1-(1- a/k)Q)(g) +0(n?).
Since a < b < ¢, we have a < k/3 and 0 <1 — (1 —a/k)*> < 5/9.

We claim that G has no perfect K, tiling. Indeed, consider a copy K’ of K, in Gj.
We observe that at least one color class of K’ is a subset of V; — otherwise V5 contains at least
one vertex from each color class; since K’ is complete, there is an edge in V5, contradicting
the definition of GG;. Hence a K, -tiling in GG} covers at most ‘%”k: < n vertices, so it cannot

be perfect.
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Figure 4.1. Space barriers

Construction 4.5 (Space Barrier II). Let Vi and Va be two disjoint sets of vertices such that

V1| = “T*bn —1 and |Vi| + |V2| = n. Let Gy be the 3-graph on Vi UV, whose edge set consists

a+b

of all triples e such that |e N Vi| > 2. Then §;(Go) = (+77") = ((a+b)?/k*)(3) + o(n?).

2

Since a < b < ¢, we have a +b < 2k/3 and 0 < (a + b)?/k* < 4/9.

We claim that (9 has no perfect K, -tiling. Similarly as in the previous case, for any
copy K’ of K, in G, at least two color classes of K' are subsets of V;. Hence a K, -tiling

. V; . .
in (G5 covers at most Lﬁ'}k < n vertices, so it cannot be perfect.

Construction 4.6 (Divisibility Barrier I). Let V; and Vy be two disjoint sets of vertices such
that V1| = | 5] + 1 and |Vi| + |Va| = n. Let Hy be the 3-graph on Vi UV, such that H,[Vi]

and Hq[Va] are two complete 3-graphs. Then 01(Hy) > (%;2) =1(3) + o(n?).

We claim that H; has no perfect K, -tiling. Indeed, each copy of K,;. must be
a subgraph of Hi[Vi] or H[V5]. Since k > 3, due to the choice of V; and V3, we have
|Vi| # |Va| mod k and therefore k cannot divide both |[V;| and |V5|. Hence H; has no perfect

K, p-tiling.

Construction 4.7 (Divisibility Barrier II). Suppose that K, . is of type d for some even d.
Let Vi and V3 be two disjoint sets of vertices such that |Vi|+|Va| = n and |Va| € [§ -2, 5 +2]
is odd, and ged(a,b,c) {1 |Va| if ged(a,b,c) > 1. Note that we can pick |Va| satisfying these

conditions because in the interval [5—2, 5 +2], there are at least two consecutive odd numbers,
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Figure 4.2. Divisibility barriers

therefore at least one of them is not divisible by ged(a,b,c). Let Hy be the 3-graph on
Vi UV, whose edge set consists of all triples e such that |e N Vs| is even (0 or 2). Then
01(Hz) = min{ (")) + ("), VAl(1Val = 1)} = 3(3) + o(n?).

We claim that Hs has no perfect K, -tiling. Consider a copy K’ of K, in Hs. Since
every edge intersects V5 in an even number of vertices and K’ is complete, no color class of
K’ intersects both V; and V5. Moreover, either 0 or 2 color classes of K’ are subsets of V5.
Thus |V(K') N V3| € {0,a+b,a+ ¢,b+ c}. If ged(a, b, c) > 1, then |V (K') N V| is divisible
by ged(a,b,¢). Since ged(a,b, c) t |V, there is no perfect K, -tiling. Otherwise, either
a=b=c=1orged(b—a,c—0)is even. In either case, all of a 4+ b,a+ ¢ and b+ ¢ are even

and thus |V(K’) N V3| is even. Since |V3| is odd, Hs has no perfect K, ~tiling.

Construction 4.8 (Divisibility Barrier III). Suppose that K, is of type d for some odd
d > 3, let Vi and Vy be two disjoint sets of vertices such that |Vi| + |Va| = n and |Vi| €
(5 —1,%+1] and d 1 (|Vi| — Ra). Let Hs be the 3-graph on Vi UV, whose edge set consists of
all triples e such that |eN'Vy| = 1. Then §;(H3) = min{|V;|(|Va] — 1), (|V2|)} 5(5) 4+ o(n?).

We claim that Hs has no perfect K, -tiling. Consider a copy K’ of K,;. in Hj.
Similarly as in the previous case, exactly one color class of K’ is a subset of Vi, which
implies |V; NV (K')| € {a,b,c}. Since ged(b — a,c — b) = d, we have a = b = ¢ mod d and
thus [Vi N V(K')| = a mod d. If Hs contains a perfect K, -tiling IC, then |Vi| — Za =
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Figure 4.3. Tiling barrier

[V(K)NVi|—%a = 0 mod d, contradicting our assumption on |Vi|. Hence Hj has no perfect

K, p-tiling.

Construction 4.9 (Tiling Barrier). Let o = V2 — 1 and suppose that V is partitioned into
{v} UVL UV U V3 such that |Vi| = |Va| = an and |V| = n. Define a 3-graph F' on V' whose
edge set consists of all triples vey with x € Vi,y € V4 and all triples e in Vi U Vo U Vs such
that eN'Vy =0 or eN Vo = 0. Therefore, 6;(F) = (6 — 4v2)(}) + o(n?) ~ 0.343(3).

It is easy to see that v is not contained in any copy of Ks 22, and hence not contained

in any copy of K,;. with a > 1. Therefore, F' has no perfect K, -tiling with a > 1.

Proof of Theorem[{.1] (lower bound). Given positive integers a < b < ¢ and n € kN, where
k=a+b+c,let t; =t1(n, K,p.) be the tiling threshold. By Constructions and we
have t; > (1—(1—a/k)?)(5) +o(n?) and t; > ((a+b)?*/k*)(}) + o(n?). Furthermore, assume
K, has type d. First, by definition, d is even if and only if ged(a,b,¢) >1lora=b=c=1
or d > 2 is even, in this case by Construction , we have t; > %(g) +0(n?). Second, assume
that d > 3 is odd, then by Construction , we have t; > %(g) + o(n?). Finally assume

that d = 1. If a = 1, by Construction , we have ¢; > }L(Z) + o(n?). If @ > 2, then by
Construction , we have t; > (6 — 4v/2)(5) + o(n?). O



o6

4.3 Proof of the Absorbing Lemma

4.3.1 Preparation

We need a simple counting result, which, for example, follows from the result of Erdds
[23] on supersaturation. Given [y,...,l. € N, let Kl(lr)...lr denote the complete r-partite

r-graph whose jth part has exactly [; vertices for all j € [r].

Proposition 4.10. Given u > 0, r,m,ly,...,l. € N, there exists i’ > 0 such that the
following holds for sufficiently large n. Let H be an r-graph on n vertices with a vertex
partition V4 U --- U V,,. Suppose iq,...,i, € [m] and H contains at least un" edges e =
{vi,...,v,.} such that v € Vi, ... v, € V;,. Then H contains at least y/'n"* T copies of

Kl(;) .. whose jth part is contained in Vi, for all j € [r].

weey

Given a 3-graph H, its shadow OH is the set of the pairs that are contained in at least

one edge of H. We need a recent result of Fiiredi and Zhao [31] on the shadows of 3-graphs.

Lemma 4.11. [31] Given a 3-graph H on n vertices, if 6, (H) > d(}) where d € [3, %ﬁ],
then [OH| > (4vVd —2d — 1)(3).

The next lemma says that for any 3-graph, after a removal of a small portion of vertices
and edges, any two vertices with a positive codegree in the remaining 3-graph has a linear

codegree in H.

Lemma 4.12. Given ¢ > 0 and an n-vertex 3-graph H = (V, E), there exists a verter set

Vg €V and a subhypergraph H' of H such that the following holds
(i) Vo] < 3en,
(it) degy:(v) > degy(v) —€(}) for anyv € V\ Vg,

(iii) degy(S) > €*n for any pair of vertices S € OH'.

Proof. If an edge e € E(H) contains a pair S € (5) with degy(S) < €?n, then it is called

weak, otherwise called strong. Let H' be the subhypergraph of H induced on strong edges.
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Then (iii) holds. Let
Vy = {v € V : v is contained in at least e(g) weak edges} :

Then (ii) holds. Note that the number of weak edges in H is at most (})e*n. If [Vj| > 3en,
then there are more than 3en - €()/3 = (})€e*n weak edges in H, a contradiction. Thus (i)

holds. [l

We use the reachability arguments introduced by Lo and Markstrom [65] 66]. Given
B > 0,1 € N and two vertices u,v € V(H), we call that u,v are (K, (,1)-reachable in H
if and only if there are at least Bn*~1 (ik — 1)-sets W such that both H[{u} U W] and
H[{v} UW] contain K-factors. In this case, we call W a reachable set for u and v. A vertex
set A is (K, f3,i)-closed in H if every two vertices in A are (K, f3,i)-reachable in H. For
z € V(H), let Ng,;(z) be the set of vertices that are (K, 3, i)-reachable to z. Throughout
this section, we assume that K = K,; . where a <b <cand k = a+ b+ c > 3 and thus we
omit K from the notations and only say (0, )-reachable and (3, i)-closed.

We use the following two results from [66].

Proposition 4.13. [66, Proposition 2.1] For B,e > 0 and integers iy > iy, there exists
B > 0 such that the following holds for sufficiently large n. Given an n-vertexr 3-graph H
and a verter x € V(H) with | Nz, (x)| > en, then N, (z) C Nﬁ/,i()(m). In other words, if
z,y € V(H) are (B,io)-reachable in H and |Ng,, (x)| > en, then x,y are (8',i4)-reachable in
H.

The following lemma is essentially [66, Lemma 4.2] [1]

Lemma 4.14. [66] Given € > 0, there exists n > 0 such that the following holds for suffi-
ciently large n. For any n-vertex 3-graph H, two vertices v,y € V(H) are (n, 1)-reachable if
the number of pairs S € N(z) N N(y) with deg(S) > en is at least €(7).

n fact, [66, Lemma 4.2] essentially shows that there are many copies of K. . +1 containing z and y both
in the part of size c+ 1. To obtain the result we need, one can get many copies of K p 41 containing x and
y both in the part of size ¢ 4 1, by deleting vertices from each copy.
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4.3.2 Auxiliary Lemmas

We call an m-set A an absorbing m-set for a k-set S ift AN S = 0 and both H[A] and
H[A U S] contain K-factors. Denote by A™(S) the set of all absorbing m-sets for S.

Our proof of the Absorbing Lemma is based on the following lemma.

Lemma 4.15. Given 0 < n < 1/(2k), 8 > 0, and iy € N, there exists o > 0 such that
the following holds for all sufficiently large integers n. Suppose H = (V| E) is an n-vertex

3-graph with the following two properties
(&) For any v € V, there are at least nn*~! copies of K containing it.
(1) There exists Vo CV with |V < n*n such that V(H) \ Vg is (8, 1o)-closed in H.

Then there exists a vertex set W with Vo CW CV and |W| < nn such that for any vertex
set U CV\W with |[U| < an and |U| € kZ, both HW] and H[U UW] contain K -factors.

Proof. Let

m = g <§>k1 and o = 77_%
There are two steps in our proof. In the first step, we build an absorbing family F; that can
absorb any small portion of vertices in V' \ V5. In the second step, we put the vertices in
Vo \ V(F1) into a family F; of copies of K. Then V(F; U F,) is the desired absorbing set.
Fix a k-set S = {vy,v9,..., 01} C V \ Vp. Let m = ipgk? — igk. We claim that there are
at least myn™ absorbing m-sets for S, namely, [A™(S)| > mn™. Indeed, we first find a k-set
S" = {v,ug,...,ux} C V\ Vp such that "N S = {v1} and S’ spans a copy of K. By (),

there are at least

nnkfl . (/{Z . 1)nk72 o n2nk71 > T]nkil/Q

choices for S’. Since V' \ Vj is (3, 4)-closed, there are at least Bn‘*~! reachable (ipk — 1)-sets
S; for u; and v; for ¢ = 2,... k. Next we choose a collection of pairwise disjoint sets S;
for i = 2,...,k. Since in each step we need to avoid the vertices of S, S" and the previous

S;’s, which are at most m + k vertices, there are at least Sn?*~!/2 choices for each S;. Let
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=(S"\{nphU <Uf:2 Si), then |A| = m. We claim that both H[A] and H[A U S] contain
K-factors. Indeed, since for i = 2,..., k, each S; U {u;} spans a copy of K, H[A] contains a
K-factor; since S’ spans a copy of K and for i =2,... k, each S; U {v;} spans a copy of K,

H[AU S] contains a K-factor. Thus A is an absorbing m-set for S. In total, we get at least

such m-sets, thus [A™(S)| > mn™.

Now we build the family F; by standard probabilistic arguments. Choose a family F
of m-sets in H by selecting each of the ( ) possible m-sets independently with probability
p = mn'~™/(8m). Then by Chernoff’s bound, with probability 1 — o(1) as n — oo, the

family F satisfies the following properties:

n - plA™(S)| _ min VAVy
< < — > > . .
]}"\_2p<m> 4m " and JA™(S)NF| > 5 2 Tom’ for all S € i (4.2)

Furthermore, the expected number of pairs of m-sets in F that are intersecting is at most

2
n n 2
.m - o< AT
(m> " (m — 1) P= Gam

Thus, by using Markov’s inequality, we derive that with probability at least 1/2,

2

F contains at most intersecting pairs of m-sets. (4.3)

m

Hence, there exists a family F with the properties in (4.2) and . By deleting one
member of each intersecting pair and removing m-sets that are not absorbing sets for any k-
set S C V'\ 1, we get a subfamily F; consisting of pairwise disjoint m-sets. Let W1 = V(F;)
and thus |Wy| = |V(F1)| = m|Fi| < m|F| < mn/4. Since every m-set in F is an absorbing
m-set for some k-set S, H[W;] has a K-factor. For any k-set S, by and above we
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have

2 2 2

mn mn mn
m(S)y N Fy| > - — . 4.4
[A™(S) N Al = 16m 32m  32m (44)

For any set U C V' \ (Vo U W) of size |U| < an and |U| € kZ, it can be partitioned into
at most 4* k-sets. By the definition of Fi, each k-set S has at least % > o absorbing
sets in Fi, thus each k-set can be greedily matched to a distinct absorbing set in F;. Hence,
H[U U W] contains a K-factor.

In the second step, by (), we greedily build F5, a collection of copies of K that cover
the vertices in Vj \ Wi. Indeed, assume that we have built 7 < [V \ Wi| < n*n copies of K.
Together with the vertices in Wy, at most ki + mn/4 < kn*n + mn/4 vertices have already
been covered by F. So for any vertex v € Vj not yet covered, we find the desired copy of K
containing v by (<), because (kn*n + mn/4) - n*=2 < g1,

Let W = V(F,) UW,, we get the desired absorbing set W with |W| < kn*n +nn/4 <

nn. O

So it remains to show that ({) and (A) hold in the 3-graph H. We first study the
property (). Throughout this subsection, let dy = 6 — 4v/2 ~ 0.343 and note that (4v/dy —
2dy — 1) + dy = 1 because /dy = 2 — v/2.

Lemma 4.16. For any v > 0, there exists n > 0 such that the following holds for sufficiently
large n. Let H be an n-vertex 3-graph with 6;(H) > (do+7)(5). Then each vertez v € V(H)

is contained in at least nn*F~! copies of K.

Proof. Let € = ~v/12. Let n be returned by Lemma when ~¢2/2 plays the role of e.
Suppose that n is sufficiently large and H is an n-vertex 3-graph with & (H) > (do +7)(3)-
We apply Lemma on H and get Vy and H' satisfying (i) — (iii). Let H”" = H'[V \ V]
and n' = |V \ Vj|. By Lemma (ii), we have

1) = (o) (5) = o(3) = 1%l -2 > o)
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because |Vj| < 3en. Since 1 < dy < %ﬁ ~ 0.385 and n’ > (1 — 3¢)n, Lemma {4.11|implies

that

OH" > (4y/do — 2dy — 1) (Z) > (4v/dy — 2dy — 1)(1 — 6e) (”)

2

Since 6,(H) > (do 4+ 7)(3), for every z € V(H), we have
" n

by the definitions of dy and e.
Fix z € V(H) and note that every S € Ny(z) N OH" has degree at least ¢?n in H.
Therefore, the number of (S, y) with S € Ny(z) NOH” and y € Ny(S) is at least 1(}) - €n.

By averaging, there exists a vertex y such that
[Niu) 1 N 08") 2 9 () /2.

This means that z and y have at least e (g’) /2 common neighbors with degree at least ¢’n.
By Lemma [4.14) x and y are (1, 1)-reachable. Hence, there are at least nn*~! (k — 1)-sets
W such that H[{z} U W] forms a copy of K. O

Now we study the property (A). Following the approach in [38], given a 3-graph H, we
first find a partition of V/(H) such that all but one part are (/3,7)-closed in H and then study

the reachability between different parts. The following lemma provides such a partition.

Lemma 4.17. Given 6 > 1/4 and v > 0, there exist constants 0 < < € < 7 such that the
following holds for sufficiently large n. Let H be an n-vertex 3-graph with §,(H) > (0+7) (g)
Then there is a partition P of V(H) into Vo, Vi,..., V. such that

o |Vp| < den,
o r < |1/(0+4+~/2)|, and

o |Vi| > €n and V; is (B, 2/ CH/20=1) _closed in H for all i € [r].
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Proof. Let s = [1/(6+/2)]. Then we may choose € > 0 such that (*}')e?/16 < (s+1)(0 +
v/2) — 1. Let n be the constant returned from applying Lemma with €2/16 in place of
€. Note that we may require 7 < € because Lemma [4.14] is monotone, i.e., the conclusion

holds with 7 replaced by any 0 < " < 7. Furthermore, let
In<pf=Fa1< <l <h<na<Ley(s+1)(0+7/2) -1 < 1/k.

Let H = (V, E) be an n-vertex 3-graph with 0;(H) > (6 +7)(}). We apply Lemma on
H and obtain Vj and H’ satisfying (i) — (iii).

Given v € V and 0 < i < s — 1, let N;(v) = Np,2i(v) be the set of vertices in H
that are (3, 7)-reachable to z (note that N;(v) may contains the vertices of V). Throughout
this proof, we say 2%-reachable (respectively, 2'-closed) for (f3;, 2%)-reachable (respectively,
(B;, 2%)-closed) for short.

Fix v € V'\ Vj, we claim that [Ny(z)| > 3€2n. To see this, let

D= {v €V ¢ [Ny (v) O Ny ()] > %(Z)}

Since degy(p) > €2n for any p € OH', Lemma implies that two vertices z,v € V
are l-reachable if [Ny (v) N Ny (z)| > €2(3)/16. Therefore D C No(z). Let t be the
number of pairs (p,u) where p € Ng/(z) and u € Ng/(p). By Lemma [4.12] (iii), we have
t > degy () - €2n. Note that if u ¢ D, the number of p € Ny/(z) such that u € Ny (p) is
|Ng(v) N Ny ()] < %(g), and thus

2
degy/(z)en <t <n- ;—6 (Z) +|D| - deg ().

So we get |D| > €’n — e*n(}) /(16 degy, (x)). Since z € V'\ V{, by Lemmam (i), we have

degyp() > (547 — o (Z) > 6+/2(5) 2 5 (Z) (45)
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because § > 1/4. Consequently, | No(z)| > |D| > 3én.

Since |Ny(z)| > 3¢2n, by Proposition and the choice of 3;’s, we know that N;(x) C
Niji(z) forall 0 <i<s—1andallz € V\V, and if a set W C V \ V{ is 2-closed in H
for some i < s — 1, then W is 25~ !-closed in H.

Given a set S C V' \ Vj of s + 1 vertices, the Inclusion-Exclusion principle implies that

S deti () — 3 o) 1 M) < 1 M) < ()

zeS z,y€S zeS
By and (s + 1)(6 +7/2) — 1 > (*1')€?/16, there are two vertices z,y € S such that
|Ng(z) N Ny (y)| > %(g), so x,y are l-reachable to each other. Consequently, if s = 1,
then V'\ Vj is 1-closed and we get the desired partition P = {Vy,V \ Vi }.

We may thus assume that s > 2 and there are two vertices in V' \ V{ that are not
25~ 1_reachable to each other (otherwise we are done). Let r’ be the largest integer such that
there exist vy, ..., v, € V'\ V{J such that no pair of them are 2°*!~""-reachable to each other.
Earlier arguments show that r exists and 2 < v’ < s. Fix such vy,...,v» € V' \'Vj. By

Proposition |4.13] we can assume that any two of them are not 2°~"'-reachable to each other.

Then N,_,(v;), i € [1'] satisfy the following properties.
(a) Any v € (V\ V) \ {v1,...,v} must be in N,_.(v;) for some i € [r'] — otherwise

{v,v1,...,v.} contradicts the definition of r’.

(b) | Ny (vi) N N,_u(v;)| < an for any i # j — otherwise there are at least

an

@2k — 1)

'(ﬁsﬂq/nzs_wkq _ n25—r’k72)(/8577'/”25_7"]{:71 B 2877“,]{“28_#]{72)

s+17'r/ _
Z ﬁs—&-l—r’nQ el

reachable (251" k — 1)-sets for v;, vj, contradicting the assumption that v;,v; are not
25+1=""_reachable to each other. Note that we get the lower bound of the number of
the reachable sets for v;,v; above by fixing one element w € N, . (v;) N N, . (vj), one

(s —r')-reachable set S for v; and w (not containing v;), and then one (s —r’)-reachable
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set for v; and w (not intersecting {v;} U S). Finally, it is divided by (2°¥1="'k — 1)! to

eliminate the effect of overcounting.

For i € ['], let V; = (No_p (v;) U {;}) \ (VU Ujerna N,_(v;)). We observe that V;
is 257" _closed for all i € [7']. Indeed, if there exist u;,us € V; that are not 25=""_reachable
to each other, then {uy,us,vy,..., v} \ {v;} contradicts the definition of r'. Without loss
of generality, we may assume |Vi| > --- > |V.|. Let r be the largest integer i € [r'] such
that [Vi| > é®n. Let Vo = V' \ (U<, Vi)- Clearly Vj € V;. By (a) and (b), we have
Vol < Vgl + (5)an +1'¢*n < den. So P = {V;, Vi,...,V;} is the desired partition. O

We need some definitions from [51]. Fix an integer » > 0, let H be a 3-graph and
let P ={Vy,Vi,...,V,.} be a partition of V(H). The indezx vector ip(S) € Z" of a subset
S C V(H) with respect to P is the vector whose coordinates are the sizes of the intersections
of S with each part of P except Vg, i.e., ip(S)y, = |SNV;| for i € [r]. We call a vector i € Z"
an s-vector if all its coordinates are nonnegative and their sum equals s. Given u > 0,
a 3-vector v is called a p-robust edge vector if at least u|V(H)|> edges e € E(H) satisfy
ip(e) =v. A k-vector v is called a p-robust K -vector if at least u|V (H)|* copies K’ of K in
H satisfy ip(V(K')) = v. Let I(H) be the set of all u-robust edge vectors and let I, ;-(H)
be the set of all p-robust K-vectors. Let L} ;(H) be the lattice generated by the vectors
of I, x(H), in other words, L ;-(H) consists of all linear combinations of the vectors of
I (1)

Given a partition P, 0 < p < 1 and a p-robust edge vector i, Proposition 4.10] implies
that there exists ¢/ > 0 such that the edges with index vector i form at least p/n* copies
of K with certain index vectors. For example, when r = 2 and (1,2) € I/5(H), we have
(a,b+c),(b,a+c)and (c,a+b) € [giK(H) for some y/ > 0. For j € [r], let u; € Z" be the
Jth unit vector, namely, u; has 1 on the jth coordinate and 0 on other coordinates.

Given a partition P = {Vy, Vi,...,V,} of V(H) provided by Lemma [4.17] the following

lemma shows that V(H) \ Vj is closed if u; —u; € L%:K(H) forall 1 <j<il<r.
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Lemma 4.18. Given integers r,iy and constants €, 3,/ > 0, there exists ' > 0 and an
integer i, > 0 such that the following holds for sufficiently large n. Let H be a 3-graph with
a partition P = {Vo, Vi,...,V,.} such that for each j € [r], |V;| > €*n and V; is (B, i0)-closed
in H for some 8 > 0 and integer ip. If u; —u; € L‘;)/,K(H) foralll <5<l <r and some

W, then V(H)\ Vy is (B',1y)-closed in H.

Proof. We call a set I of k-vectors in Z" base if all u; —u;, 1 < j <1 < r, can be written as

linear combinations of the vectors in I, namely, there exist a?! € Z such that

u;, —u = Z allv. (4.6)

vel

For example, the set of all k-vectors in Z" is a base. We denote by C(r,k,I) the largest
laZ| over all v.€ [ and 1 < j <[ <7 and let C(r, k) = maxC(r,k,I) among all bases I.
Given integers r,ig and constants €, 3,/ > 0, let n be sufficiently large and in particular,
1/n < 1/C(r, k).

We claim that for any 1 < j < <r, any z; € V; and any z; € V; are (3;,,,;)-reachable
for some B;; > 0 and some 4,; > io. Once this is done, since | Ny, (v)| > |V;| — 1 > €n/2
for any j € [r] and v € V;, we can apply Proposition with €2/2 in place of ¢ and
if, = max{i;} and derive that any z; € V; and any x; € V; are (f, i))-reachable for some
3 > 0. For the same reason, any two vertices in Vj, j € [r], are (8", i)-reachable for some
" > 0. We thus conclude that any two vertices of V(H) \ V, are (f,1i()-reachable with
B = min{3, 5"},

Below we prove the claim for j = 1 and [ = 2. By our assumption, there are nonnegative

integers py, ¢y, V € I;;iK(H), such that

u; — us = Z (py — qv)V  i.e., Z ¢vV +u; = Z PV + Us. (4.7)

/ ! !
VEI,]'L;,K(H) VEI;;,K(H) VEI;;K(H)

By comparing the sums of all the coordinates from two sides of either equation in (4.7]), we
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obtain that

o= D>

vers . (H) vels . (H)

Denote this constant by C' and thus C' < |]7’;:K(H)|C'(7“, k) < (k:fizl)C(T, k) < u'n/(4k), as
n is sufficiently large. For each v € [7’;: x(H), we select py + g vertex-disjoint copies of K
with index vector v that do not contain z; or x5, and form two disjoint families KP and
K4, where KP consists of p, copies of K with index vector v for all v € 17’5 x(H), and K?
consists of ¢, vertex-disjoint copies of K with index vector v for all v & [7‘31 x(H). Note
that |[V(KP)| = |[V(K?)| = kC. When we select any copy of K, we need to avoid at most
2kC vertices, which are incident to at most 2kCn*~1 < y/n*/2 copies of K. Therefore, the
number of choices of these copies is at least (u/'n*/2)%C.

By (4.7), we have ip(V (K9)) + u; = ip(V(KP)) + up. Fix two vertices 2} € V(KP) NV,
and o € V(K9 NVa. Let VKO a1} = {on, - ot} and VKO {25} = {0 vho 1)
such that for i € [kC —1], y; and y; are from the same part of P and thus are (5, iy)-reachable
to each other. We next select a reachable (igk — 1)-set S; for each y;,y., i € [kC — 1] such
that all these (ipk — 1)-sets are vertex disjoint and also disjoint from V (KP U K9) U {xy, x2}.
Since in each step we need to avoid at most (kC — 1)(igk — 1) 4+ 2kC + 2 vertices, there are
at least gnio’“_l choices for each S;. Finally, since x; and 2| and respectively, xo and z, are
(B,10)-reachable, we pick two vertex-disjoint reachable (igk — 1)-sets Sy, , Sy, for them such
that they are also disjoint from all Sy, ..., Skc—1 and V(KPUK?)U{xy, x9}. Since in each step
we need to avoid at most (kC' —1)(igk — 1) 4+ 2kC 4+ 2+igk — 1 vertices, there are also at least
Bpiok=1 choices for each of S,,, S,,. We claim that A := Uiee 1 SiU Se, USe, UV (KPUKY)
is a reachable (igk*C' + kC + igk — 1)-set for 1 and x5. Indeed, H[A U {z1}] contains a K-
factor because all of H[S;U{y;}] for i € [kC' —1], H[S,, U{z1,x]}] and K9 contain K-factors;
H[AU{x2}] contains a K-factor because all of H[S;U{y.}] for i € [kC' —1], H[S,, U{xs, z4}]

and /P contain K-factors. There are at least

2C 2C
2 2 _ 2 2 iok2C+kC+igk—1

(i0k2C + kC +igk — 1)!  (igk2C + kC + ik — 1)!
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)\ 2C
such reachable sets. We thus obtain the desired ;o = (%) (g) ke /(igk*C+kC+igk—1)!
and i172 = Zok‘c + C + io. ]

4.3.3 Proof of Lemma

The following simple fact will be used later for finding linear combinations of robust

K-vectors.

Fact 4.19. Let a,b,c € Z. If gcd(a,b,c) =1 and ged(b—a,c—b) is odd, then ged(a+0b,a+
ce,b+c¢)=1.

Proof. Let | = ged(a + b,a+ ¢,b+¢). Then ! | (b —a) and [ | (¢ — b) and consequently
] ged(b—a,c—b). Thus [ is odd. On the other hand, I | 2(a + b+ ¢). Since [ is odd, it
follows that [ | (a+b+c). Consequently, [ | a,l | b and [ | ¢, which implies [ | ged(a,b,c) =1,

namely, [ = 1. O

Proof of Lemmal[{.3 Fix § > f(a,b,c) and v > 0. Let n = n(7y) be the constant returned by
Lemma [4.16] In addition, assume that n < min{1/(2k), /4, | /2}, where 1 is the constant
returned by Proposition With inputs = 1/8, I = b, and I, = c. Let iy = 211/0+7/2)]=1,
Let f < € < v be the constants returned by Lemma , and assume that ¢ < n%/4. We
pick 0 < u < € and let i/ the constant returned by Proposition with p, [y = a, Iy =D,
and l3 = ¢. We apply Lemma with /3, ip and p' and get 8’ and 4. Finally, we apply
Lemma [£.15| with 3’,  and 4f, and get o > 0.

Let n be sufficiently large and let H be a 3-graph on n vertices such that 6;(H) =
(6 +7)(3). It suffices to verify the assumptions (A) and (¢) in Lemma — Lemma m
thus provides the desired vertex set W (here |W| < nn < yn/4).

If 6;(H) > (6—4v2+7)(}), then (<) holds by Lemma . Otherwise by the definition
of f(a,b,c), we know that a = 1 and & (H) > (3 +7)(5), then by Proposition m, there

are at least pf(n — 1)"7¢ > nnk~1 copies of K 1522 in the link grap of each vertex of H (thus

2Given a 3-graph H and a vertex v € V(H), the link graph is defined as the graph with the vertex set
V(H)\ {v} and the edge set {S\{v}:v e S, S € E(H)}.
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({) holds).

In the rest of the proof we verify (A) in cases depending on the type of K. We first
apply Lemma to H and obtain a partition P = {Vy, Vi,...,V,.} of V(H) such that
Vol < den < nn, r < [1/(6+7/2)], |Vi| > €2n and V; is (8, ig)-closed in H for all i € [r].
In particular, 7 = 1 when d = ged(b — a,c — b) is even (and § > 1); r < 2if d > 3 is odd
(and52%);r§31fd:1 (and § > 7).

We are done if r = 1. When r > 2, we consider p-robust edge vectors in H with respect
to the partition P. By Lemma [£.18] it suffices to verify the assumption in Lemma [4.18] that
is, (1, —1) € Lt ,(H) when r = 2 and respectively, (1, —1,0), (1,0, —1), (0,1, —1) € L¥ . (H)

when r = 3. For convenience, write
ty = (a,b+c¢),ta = (b,a+c¢),t3 = (c,a+b),ty = (a+b+¢,0)

and

t:=(a+b+ca+b+c)—t; for 1 <i<A4.

Claim 4.20. For any partition P' = {Vo, V', V"} of V(H) with |Vo| < 4en and |V"|,|V'| >
*n, we have (1,2) or (2,1) € [}(H).

Proof. Without loss of generality, assume that |V’| < n/2. Fix v € V'. We observe that v is
contained in at least en? crossing edges (those with index vector (1,2) or (2,1)) — otherwise
n(H) < ("42) + en? + [Voln < (3 +7)(3), contradicting our assumption on & (H). Hence
v is in at least en?/2 edges with index vector (1,2) or en?/2 edges with index vector (2,1).
Without loss of generality, assume that at least half of the vertices in V' are in at least en?/2

edges with index vector (1,2). Thus the number of edges with index vector (1,2) is at least

1e2n - en?/2 > 3un® as < e. This means that (1,2) € I4(H). O

Case 1: K is of type d > 3 with d odd.
In this case, 6,(H) > (5 +7)(5). Thus r = 2 and P = {V;, V4, Va}. By Claim [4.20]
without loss of generality, assume that (1,2) € I5(H). If I5(H) = {(1,2)}, then assume
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that |V2| = pn for some 0 < p < 1. The number of edges with index vector (1,2) is at most

3

SIS

§
w7 < a -z <

where equality holds when p = 2/3. Thus, e(H) < g%g +3un® 4 [Voln? < 5(5) +5en® (where
3un® bounds the number of edges with other index vectors), contradicting our assumption
on 01(H). Therefore, [I5(H)| > 2 and there are 3 possibilities: I5(H) 2 {(1,2),(3,0)},
I5(H) 2{(1,2),(0,3)} and I5(H) 2 {(1,2),(2,1)}. By Proposition [£.10]

I 1o (H) 2 {1, o, ts,ta} or I o (H) D {ty, o, b3, t,} or I (H) D {t1, ta, ts, t], th, t5 1,
respectively. If {t,to, t3,t4} C ]%ﬁK(H),
134_131 = (b+C7—(b+C)), t4_t2 = (CL—{—C,—(CL—FC)), 134_t3 = (a+b7_(a+b>> € L%/,K(H)

Since K is of type d > 3 and d is odd, Fact implies that ged(b+ ¢,a + c,a+b) =1
and hence (1, —1) = x(ty — t1) + y(ty — to) + z(ty — t3) € L;‘;K(H) for some integers z,y, z.
Otherwise {t1, t2, t3,t}} C [gl,K(H> or {tq,tq, t3,t],t5,t5} C I;;l’K(H), it is easy to see that
in either case

(a, —a), (b, =b), (¢, —¢c) € Lk (H).

Since ged(a, b, ¢) = 1, we conclude that (1,—1) € L;LD/’K(H).

Case 2: K is of type 1 and r = 2.
By Claim [4.20 without loss of generality, assume that (1,2) € I’5(H). By Proposition
[4.10, we have

ti,to,ts € I 1 (H),

and thus
ty—ti = (b—a,a—b),ty —to = (c—b,b—c) € L5 (H).

Since K, is of type 1, namely, ged(b — a,c — b) = 1, we conclude that (1,—-1) € L%:K(H).
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Case 3: K is of type 1 and r = 3.

If (1,2,0) € I)5(H), then the arguments in Case 2 show that (1,—1,0) € L;‘;K(H). If we
also have (0,1,2) € I5(H), then (0,1,—-1) € L#K(H). Consequently (1,0,—1) € L’;’K(H),
and we are done. In general, let T" be the set of all vectors with three coordinates 0, 1,2 (in

any order). If
I5(H) contains any two members of 7" not having 0 on the same coordinate, (4.8)

then the arguments above show that (1,—1,0),(0,1,—1),(1,0,—1) € L%/K(H)

We claim that holds if (1,1,1) ¢ I5(H). In fact, we prove a stronger statement:
for each i € [3], there is a member of T in I5(H) whose ith coordinate is positive. Fix
i € [3]. By applying Claim to P = {Vo, Vi, Vie1 U Viyo} (the addition is modulo 3),
we may assume that at least 3un® edges have index vector (1,2) with respect to P’. Since
(1,1,1) ¢ In(H), at most un® of these edges have index vector (1,1,1) with respect to P.
Thus, there exists j # ¢ such that at least un® of these edges intersect V; with two vertices.

This proves the desired statement.

What remains is the case when (1,1,1) € I5(H). In this case, by Proposition [£.10]
(a,b,¢), (b,a,c), (a,c,b), (b,c,a), (c,a,b), (¢, b,a) € I (H).

This anhes (y7 _y70)7 (072% _y>7 <y707 _y) € L‘L’IL?/,K<H) for all y € {b - ac— b} Since
ged(b — a,c — b) = 1, we derive that (1,—1,0),(0,1,—1),(1,0,—1) € L%K(H). O

4.4 Proof of the Almost Tiling Lemma

4.4.1 The Weak Regularity Lemma and cluster hypergraphs

We first introduce the Weak Regularity Lemma for 3-graphs, a straightforward extension
of Szemerédi’s regularity lemma for graphs [84].

Let H = (V, E) be a 3-graph and let V;, V5, V3 be mutually disjoint non-empty subsets
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of V. We denote the number of edges with one vertex in each V;, i € [3] by e(Vy, V3, V3), and
the density of H with respect to (V1, Vs, V3) by

e(V1, Vo, Vs)

diVi. Vo, Vo) = ———=~ =22
Vi Ve Vo) = v

The triple (V7, V5, V3) of mutually disjoint subsets Vi, Vo, V3 C V is called (¢, d)-regular for
e>0and d>0if
|d<A17 A27 A3> - d| S €

for all triples of subsets A; C V;, i € [3], satisfying |A4;| > €|V;|. The triple (V4, V2, V3) is
called e-regular if it is (e, d)-regular for some d > 0. By definition, if A; C V;, i € [3], has
size |A;| > p|Vi| for some p > €, then (A, Ay, A3) is (€¢/p, d)-regular.

Let H = (V, E) be an n-vertex 3-graph, a partition of V into V4, V1,...,V; is called an

(€, t)-reqular partition if
(i) Vi = [Va] = - -+ = [Vi| and Vo[ < en,
(ii) for all but at most e(é) sets {4, 7,1} € ([g]), the triple (V;,V}, V) is e-regular.

We call Vi,...,V; clusters. Given an (e, t)-regular partition P = {Vp, V4, Vs,...,V;} and
d > 0, the cluster hypergraph R = R(e,d,P) is defined as the 3-graph whose vertices are
clusters Vi,...,V; and {V;,V;,Vi} forms an edge of R if and only if (V;,V},V}) is e-regular
and d(V;,V;,V;) > d.

The following is a simple corollary of the Weak Regularity Lemma; it shows that the
cluster hypergraph inherits the minimum degree of the original hypergraph. Since its proof

is the same as that of [, Proposition 15], we omit the proof.

Proposition 4.21. [§/ For 0 < e < d < § and tg > 0 there exist T and ny such that
the following holds. Suppose H is a 3-graph on n > ny vertices with §;(H) > 5(3) Then
there exists an (e, t)-reqular partition P with to < t < T such that the cluster hypergraph
R =R(e,d, P) satisfies 6;(R) > (0 — e — d)(3)-

2
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Next we show that every regular triple can be almost perfectly tiled by copies of K, .

provided the sizes of its three parts is somewhat balanced.

Proposition 4.22. Let a < b < ¢ be integers, 0 < 2¢ < d, and m be sufficiently large.
Suppose (V1, Va, V3) is (e, d)-regular, |V1| < |Vo| < |V3] =m, and

Vil | vl 1l

, 2 . (4.9)

Then there is a Ko -tiling on Vi U Vo U Vs covering all but at most Se(|Vy| 4 |Va| + |V3])

vertices.

Proof. We will greedily pick vertex-disjoint Ki, Ks, ..., Ky until |V; \ U;_, V(K,)| < em for
some i € [3], where each Ky is a copy of K, or Ky by the algorithm described below.
This gives rise to a K, -tiling because each copy of Kj . consists of three vertex-disjoint

copies of K, .. Our algorithm is as follows. For i € [3], let U? = V;. For j € [s], let
{U1,03,U3} = {Vi\UV(Kz) i€ [3]} such that [U7| < |Us| < |Us],
=1

and U7 = U] UUJ UUJ. In other words, U7, UJ, U] are the subsets of V4, V3, V3 obtained from
removing the vertices of Ki,...,K; and arranged in the ascending order of size. Suppose
that we have already found K3, ..., K; and \U7| > em. We let K11 be a copy of Ky from
UJ if

U3 = |Uf| < ¢~ a; (4.10)

otherwise we let K1 be a copy of K,;. with a vertices from Uf , b vertices from U‘Zj , and
¢ vertices from UJ. In either case this is possible because |U/| > em for i € [3]; by the

regularity, we have d(U?,UJ,Ul) > d — e > € and

e(U,U3,U3) > e|UL||U3||U3| > é*m?.
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By Proposition 4.10, we can find a copy of Ky x or K, . from U’. The algorithm terminates
when |U7| < em. We need to show that |[U*| < 2e(|Vi| + [Vo| + [V3]). By (4.9), [Vi] + [Va] +
V3] > Em and thus Se(|Vi| + |Va| + |V5]) = Zem. So it suffices to show that |U*| < Zem.

First, assume that (4.10) holds for some 0 < j < s. In this case K1 = Ky, and
U3 = 0f 7 = 10| = V7] < e —a.

Therefore K, = Ky for all £ > j and consequently |Us| — |Uf| < ¢ — a. Since |U;| < em,
it follows that |U*| < 3em + 2(c — a). If @ = ¢, then |U*| < 3em = £em and we are done.
Otherwise £ > 3+ 1. Since m is large enough, it follows that |U*| < (34 L)em < Eem, as

desired.

Second, assume that (4.10)) fails for all 0 < j < s. We claim that for all 0 < j <'s,

Ul 103 11

4.11
a b c ( )

This suffices because |Uj| < em and with j = s together imply that |U*] < (1+ 2+
|U;| < Eem.

Let us prove by induction. The j = 0 case follows from and the assumption
|Vi| < |Va] < |V3|. Suppose that holds for some j > 0. By our algorithm, K4 is
a copy of K, with a vertices from UJ, b vertices from UJ, and ¢ vertices from UJ. Let
Ul = U/ \ V(K1) for i € [3] and thus |U{|/a = |U]|/a — 1, |UJ|/b = |UJ|/b — 1 and
\U|/c = |Ul|/c — 1. By the inductive hypothesis,

|07

a

(4.12)

16
b

Since |U/| > em > b+ ¢ for all i € [3],

> —a® < (b—a)|U{| < b|U3| — a|U]]
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and

= < (c—b)|U3| < c|U]| - b|U]|

which implies that

7J J 7J 7J

Now we separate cases according to the order of |T7|, |U3| and |Uj|. Since |U]| —|U7| =
\UJ| — |U?| = (¢ — a) > 0, we only have three cases.

Case 1. |U!| < |UJ| < |U{|. Then (&.11) for j + 1 follows from (£.12)) immediately.

Case 2. |U]| < |U]| < |U]|. Together with (#.12) and (&.13)), we derive that

- .
03] _ |0
a — b

=,

_1a
b

Case 3. |U/| < |UJ| < |U]|. Together with (#.12) and (&.13)), we derive that

O7] 1031 1031 103
a — b T b T ¢
This implies that (4.11]) holds for 7 + 1 and we are done. O

When a = b = ¢, the proof of Lemma [4.2] is a standard application of the regularity
method. This was given implicitly in [53] and stated as [66, Lemma 4.4] without a proof.

For completeness, we include the proof here.

Proof of Lemmal[{.q when a =b=c. Let 0 < 4¢ = d < min{vy,a} and ¢, = 1/e. Suppose
T and ny are the parameters returned by Proposition with § = 5/9 + ~. Let H be
a 3-graph on n vertices with &;(H) > (2 + 7)(3) for some sufficiently large n > n,. We
apply Proposition and obtain an (e, t)-regular partition P with ¢y < ¢ < 7" and a cluster
hypergraph R = R(e,d, P) satisfying 61(R) > (3 +~ — ¢ — d)(;). Suppose that ¢ = r mod
3 for some r € {0,1,2}. Let R’ be the induced subgraph of R on clusters V,.1,...,V; each
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2

of size n/t > n/T. Then 6;(R') > 6;(R) — 2t > (3 +2) (;). We apply [36, Theorem 6]
to R and get a perfect matching M. For each edge e = {V;,V;,Vi} € M, Proposition m
provides a K, -tiling that covers all but at most e(|V;| + |V;| + |Vj]) vertices of V; UV; U V.

The union of these K, tilings covers all but at most
Vol + e(JVA| + |Va| 4+ - - - +|Vi]) + 2|Vi| < 2en +2n/t < 4den < an

vertices of V(H), as desired. O

We assume that a < ¢ in the next two subsections.

4.4.2  Fractional homomorphic tilings

To obtain a large K, -tiling in H when a < ¢, we follow the idea of Bufl, Han and
Schacht [9] considering a fractional homomorphism from K, . to the cluster hypergraph R.

Let us first define a fractional hom (K, .)-tiling (hom(K)-tiling for short).

Definition 4.23. Given a 3-graph H = (V, E), a function h : V x E — [0,1] is called a
fractional hom(K)-tiling of H if

(1) h(v,e) =0 ifv & e,
(2) hv) = 2eep hv,e) <1,

(3) for every e € E there exists a labeling e = uvw such that h(u,e) < h(v,e) < h(w,e)

and
h(u,e) - h(v,e) - h(w,e)'
a ~— b T ¢
Given e = uwvw € E, we simply write h(u,v,w) = (h(u,e),h(v,e), h(w,e)) and given a

constant A\, we write N(x1, T2, x3) = (Ax1, Axa, Ax3). We denote by hpyin the smallest non-

3We may alternatively use the exact result in [53] [63].
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zero value of h(v,e) and by w(h) the (total) weight of h:

w(h) = Z h(v,e).
(ve)eVXE
For example, suppose that the vertex classes of K are X,Y,Z with |X| =a, |[Y| =0
and |Z| = ¢. We obtain a fractional hom(K)-tiling h by letting h(z,y, z) = (3, =, =) for

every zyz € E(K) with x € X,y € Y,z € Z. Then w(h) = k (the largest possible) and

[ b—lc We later refer to (é, aic, ﬁ

) as the standard weight of an edge of K and refer to
the function mentioned above as the standard weight function on K.
The following proposition shows that a fractional hom(K)-tiling in the cluster hyper-

graph can be “converted” to an integer K-tiling in the original hypergraph.

Proposition 4.24. Let 1 < a < b < ¢ be integers. Suppose €,¢ >0, d > 2¢/¢,t € Z, and n
is sufficiently large. Let H be a 3-graph on n vertices with an (e, t)-reqular partition P and
a cluster hypergraph R = R(e,d, P). Suppose that there is a fractional hom(K)-tiling h of
R with hyin > ¢. Then there exists a K-tiling of H that covers at least (1 — 2ce/¢) w(h)n/t

vertices.

Proof. Let R’ be the subhypergraph of R consisting of the hyperedges e = vvw € E(R’) with
h(u,e), h(v,e), h(w,e) > hyin > ¢. For each u € V(R'), let V,, be the corresponding cluster
of H. Since P is an (e, t)-regular partition, all the clusters have size £ for some ¢ > (1—¢)n/t.
In each V,, we find disjoint subsets V¢ of size h(u,e)l for all e € E(R’) with u € e — this is
possible because 3 .y h(u,e) < 1. Note that every edge e = wvw € E(R’) corresponds
to an (e, d’)-regular triple (V,,, Vi, V,,) for some d' > d. Hence for every e = uwow € E(R'),
(Ve ve Vo) is (e/¢, d)-regular with at least ¢f > (1 — €)¢n/t vertices in each part. Because

of Definition [£.23] (3) and assumption d > 2¢/¢, we can apply Proposition and obtain

a K-tiling covering at least

> (1 — 2ce/o) hie)~

(1— ¢ 5) he)l > (1— ce/$)h(e)(1— :

a'qﬁ

=+ 3
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vertices of V,, UV, UV, where h(e) = h(u,e) + h(v,e) + h(w,e). Repeating this to all

hyperedges of R’, we obtain a K-tiling that covers at least

> (1—2ce/9) h(e)? — (1 — 2ce/9) w(h)%

uwweE(R')
vertices of H. N

Suppose H is a 3-graph satisfying the assumptions of Lemma and R is the reduced
graph found by Proposition £.21} By Proposition [£.24], if the reduced graph R has a large
K-tiling, so does H. The core of the proof of Lemma says that if a maximum K-tiling
in R is not large enough, then we improve it fractionally, which also gives a large K-tiling
in H by Proposition [4.24] The following two propositions show how we improve the tiling
fractionally.

Given a copy K; of K and two vertices u,u’ ¢ V (K1), let £4(K7,u, ') denote the family
of all 3-graphs on {u,u'} UV(K;) whose edge set contains F(K;) and at least a + 1 triples
wu'v with v € V(Ky).

Proposition 4.25. Let 1 < a < b < ¢ be integers with a < ¢ and k =a+b+c. Let K; be a
copy of Ko p. and let u,u' ¢ V(Ky) be two vertices. For any 3-graph L € L1(Ky,u,u’), there
. . ey . 1 1
is a fractional hom(K)-tiling h of L with w(h) > k + == and huyin > 33

be? *

Proof. Let the vertex classes of K be XY, Z with |X| = a, |Y| = b, and |Z| = ¢. Since
deg(uu’) > a+1=|X|+ 1, we have N(uu',Y U Z) # 0.
If there exists z € N(uu',Z), then we pick z € X and y € Y and assign weights

h(z,u,u’) - (bicu ia %)7

and assign the standard weight to all other edges of K;. Then h is a fractional hom(K)-tiling
OfLWithw(h):k+ﬁ+i—L—i>k‘+$andhmin:ﬂ> 1

ac be? c2 = bc? = bc?”
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Otherwise N(uw',Z) = (), then there exists y € N(uw/,Y). First assume a < b. We

assign h(y, u, ') = (5, 20 a5)s

for some z € X and z € Z, and the standard weight to all other edges. Then h is a fractional

hom(K)-tiling with w(h) =k + & + = — 7% — & > k + - and Ay, = 5% > 5. Second,

we assume a = b. By the degree condition, we have N(uu', X) # (). Pick z € N(uv’, X) and

z € Z. By assigning h(z,u,u’) = h(y,u,v') = h(z,y,2) = (50, 7=, 2#) and the standard
weight to all other edges, we get a fractional hom(K)-tiling with w(h) = 105>
k+$andhmin:2a0212asc>2 O

Given two vertex-disjoint copies Kj, Ky of K and a vertex u ¢ V(K;) U V(K>), let
Lo(Ky, Ko,u) denote the family of all 3-graphs on {u} U V(K;) U V(K>) whose edge set
contains E(K;) U FE(K;) and at least max{a® + 2a(b + ¢), (a + b)*} + 1 triples vvw with
veV(Ky) and w € V(K3).

The following proposition shows that any 3-graph L € Lo(K;, Ko, u) has a hom(K)-
tiling with weight greater than 2k. In its proof we assign weights to an edge as follows.
Suppose 0 < A < 1, then (%)\,g)\,)\) satisfies (3) in Definition m Furthermore, given
p1, p2 > 0 such that %X\ + g < X < X — o, then (2 4 pg, 2A, N — 1) satisfies (3) in
Definition 1.23] as well.

Proposition 4.26. Let 1 < a < b < ¢ be integers with a < ¢ and k = a + b+ c. Let
K1, Ky be two vertex-disjoint copies of K and let u ¢ V(K;) be a vertex. For any 3-graph
L € Ly(Ky, Ky, u), there exists a fractional hom(K)-tiling of L with w(h) > 2k + —= and

B > —

min — b02 .

Proof. For i = 1,2, let the vertex classes of K; be X;, Y;, Z; with |X;| = a, |Y;| = b, and
|Z;| = ¢. Let L, be the link graph of u in L, that is, L, is a bipartite graph with edges

between X; UY; U Z; and Xy U Y5, U Zy. Then L, satisfies the following properties.
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(i) Since deg;(u) > a® + 2a(b+ ¢) + 1, L, must have an edge not incident to X; U Xo.

(ii) Since deg; (u) > (a+b)*+ 1, L, must have an edge incident to Z; U Zs.

Write A = ﬁ. Our proof is now divided into cases based on the values of a,b and c.

Case 1. b<c.
First we assume that there is 2120 € L, for z; € Z; and zo € Zy. Let z; € X;,
y; € Y; for ¢ = 1,2. In this case let h(u, 21, 22) = (M, A\, A) and h(xy, y1, 21) = h(xa, Y2, 20) =

(L, L L)) Other edges of K, or K, receive the standard weight (=, -, X). (For the rest

bc? ac’ ab bc? ac’ ab

of the proof, any edge of K; or K, not specified receives the standard weight.) Therefore
we get a fractional hom(K)-tiling of L with w(h) = 2k + X and Ayin = A. We thus assume

L.[Z1, Z5] = () and proceed in two subcases.

Case 1.1. a < b < ¢. We first assume that there exists z1y € L, for z; € Z; and y, € Y5.

Let z; € X; fori = 1,2, y; € Y] and 2z, € Z,. In this case we let h(ya, z1,u) = (2, 2\ N),

c’ Ve

h(x1,91,21) = (bic, a%;? ﬁ—%)\), and h(zs, Yo, 22) = (é, é—%)\, ﬁ—%)\). So we get a fractional

hom(K)-tiling of L with w(h) = 2k 4+ (1 — )X > 2k + $X and Ay = 2.

[

We thus assume that L,[Z7, Y2] = ) and by symmetry, L,[Y7, Z5] = 0. By (i), it follows
that L,[Y7, Ys] # 0. By (ii), without loss of generality, assume that L,[Z;, X5] # (). Suppose
Y1Y2, 21x9 € Ly, with yp € Y7, yo € Ys, 21 € Z; and x5 € X5. Let x1 € x1 and 29 € Z5. We let
h(yi, v, u) = (2X, ZZ’)\, A), h(xo,u, 21) = (2N 5NN, h(x,y1,21) = (i L _ by L _ )\), and

c ’e be? ac ¢’ ab

h(x2, Yo, 22) = (1 ay L — %)\, ﬁ — )\). So we get a fractional hom(K)-tiling of L with

be ¢’ ac

w(h) =2k + X and hyin = 2\
Case 1.2. a = b < ¢. We first assume that both L,[Z1, X3] # 0 and L,[Z;,Y3] # 0.
Suppose z1xg, 21ys € L, with z1, 2 € Z3, 9 € X5 and y, € Y (we may have z; = z}). We

assign the weights h(z1, 22, u) = h(2],y2,u) = (X, 2\, ). If a > 2, then pick x;,2] € X,

C

y1,yy € Y1 and 2z € Zy. We assign h(xy,y1,21) = h(2),y), 2) = (1 L L _a ) and

ac’ ac’ a? c

h(x2, Yo, 22) = (i — 2 L_a) a% — )\). Otherwise a = 1 and ¢ > 2. Pick 1 € Xy, 91 € Y}

7 ac c
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Figure 4.4. L, in the last subcase of Case 1.2.

and zo € Z,. We assign

h(xhylazl) = h(xllayiuzi) =

(note that if z; = 2] then z1y12; and zjy;z; are the same edge) and h(za,ys,22) =

(Z—2X L -2\ 5 — ). In all cases we get a fractional hom(K)-tiling of L with w(h) =

2k + A and hpypin = 2A.

We may thus assume that at least one of L,[Z;, X3] and L,[Z;,Y5] is empty, and by
symmetry, at least one of L, [ X1, Z5] and L, [Y1, Z5] is empty. Sincea = b, X; and Y; (i = 1,2)
play the same role. Without loss of generality, assume that L,[Z;,Ys] = L,[Y1, Zs] = 0.
Furthermore, we observe that L,[Z;, X5] # 0 and L,[X1, Z5] # ) — otherwise, as L,[Z1, Z] =
0, it follows that deg; (u) < 4a® + ac < a® + 2a(b + ¢), a contradiction.

Suppose z1xq,x122 € Ly, where z1 € 7y, 9 € Xo, 1 € Xy, 29 € Z3. By (i), there
exists Y192 € Ly, where y; € Y1, yo € Y3 (see Figure 1). We assign the weights h(u, zq, 21) =
h(u, 21, 20) = h(y1,y2,u) = (%/\,%/\, A) and h(z1,y1,21) = h(Ta,Y2,22) = (C%c — N~

’ac

¢X,% — A). This gives a fractional hom(K)-tiling of L with w(h) = 2k + X + 22X and

Cc

hmin = 2A. Note that h(u) = 2“)\—1— A= 2““ < 1 because a > 1 and ¢ > 2. Thus this weight

assignment is possible.

Case 2. a<b=c.
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Since b = ¢, Y; and Z; (i = 1,2) play the same role. Thus by (i), without loss of
generality, assume that there exists z129 € L, for z; € Z; and 2z, € Z,. Furthermore,
generalizing (ii), we know that there must be an edge incident to Y; U Y, and without loss

of generality, say that edge is incident to Y;. We now proceed with three cases.

Case 2.1. There exists y x5 € L, where y; € Y] and zo € X5. Pick z; € Xy, yo € Y5 and
z; € Zi for i = 1,2. We assign h(u, z1,22) = (A, \, ), h(z2,y1,u) = (SA, A N), (21,91, 21) =
(C%, i — A, i — )\), and h(za,ys, 22) = (C% -2 ,aic -\, i — )\). Thus, we get a fractional
hom(K)-tiling of L with w(h) = 2k 4+ X and Ay, = 2.

Case 2.2. There exists 41y € L, where y; € Y] and y € Y5. Pick x; € X; and z; € Z;
for i = 1,2. We assign the weights h(u, z1, 22) = h(u,y1,92) = (A, A\, A) and h(xy,y1,21) =
Mz, y2,22) = (&,=— A = —A) and get a fractional hom(K)-tiling of L with w(h) =
2k + 2X and Ay = A

Case 2.3. There exists y;z5, € L, where y; € Y] and z, € Z, (it is possible to have
7y = 2y). Pick zy € Z;. We assign the weights h(zo,u,21) = h(zp,u,y1) = (2A A N).
Pick z; € Xj, xo € Xy and distinct y, 95 € Y3, which is possible as b > a > 1. Let
hr,y,z) = (5,2 =N L =) and h(za,y0, 22) = b2, 95, 2) = (5,2 — 2\ L —2)).
Thus, we get a fractional hom(K)-tiling of L with w(h) = 2k 4+ 2\ — 22X > 2k + 2X and
Pnin = 2.

In all cases we obtain a fractional hom(K)-tiling with w(h) > 2k + 2 = 2k + -1 and

hminZ%)\:L []

be?*
4.4.3 Proof of Lemma when a < ¢

Let H be a 3-graph on n vertices. Given 0 < 8 < 1, a K-tiling of H is called B-deficient

if it covers all but at most Sn vertices of V(H).

Proposition 4.27. Given 0 < d < 3/5 and ,p > 0, there exists an ng such that the
following holds. If every 3-graph H on n > ngy vertices with 6;(H) > d(g) has a B-deficient
K -tiling, then every 3-graph H' on n' > max{ng, 5} vertices with 6,(H') > (d — p) (g) has a
(B + 2kp)-deficient K -tiling.
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Proof. Let H' be a 3-graph on n’ vertices with 6,(H') > (d — p) (g) By adding a set A of
2pn’ new vertices and all the triples of V(H’) U A that intersect A as edges, we obtain a

3-graph H on n =n' 4 2pn’ vertices. Thus

S\(H) = 81(H') + 2pn'(n’ — 1) + (22”') > (d - p) <Z> +dp (Z) + (22”/).

Note that 3p(7g) > 2dpn'? because d < 3/5 and n’ > 5. Thus, 6;(H) > d(g) + 2dpn’® +
d(zg”/) = d(g) By assumption, H has a (-deficient K-tiling. After removing at most 2pn’

copies of K that intersect A, we obtain a (3 + 2kp)-deficient K-tiling of H'. O

Proof of Lemmal[{.q when a < c. Since a < ¢, we have k > 4. Let 6 = max{l —
(29)?, ()2}, Since a < b < ¢, it follows that § < max{5/9,4/9} = 5/9. Without
loss of generality, assume that 0 < v < min{3/5 — 9,26,a/(3k)}. Assume for a contradic-
tion that there is an « such that for all ny there is some 3-graph H on n > ny vertices
with 6, (H) > (6 +v)(5) but which does not contain an a-deficient K-tiling. Let o be the

supremum of all such a.

Let € < yayp. By the definition of «q, there is an integer ny such that

all 3-graphs H on n > ng vertices with §;(H) > (6 + ) (Z) have an (o + €)-deficient K-tiling.
(4.14)

We may also assume that n is sufficiently large so that we can apply Proposition [4.10] with

r=3m=1,1; =a,ly =0, l3 = con 3-graphs of order at least agng/2. Our goal is to show

that there exists an ny such that all 3-graphs H on n > ny vertices with & (H) > (6 +7)(5)

have an (ag — €)-deficient K-tiling, thus contradicting the definition of ay.

Let no and T by returned from Proposition with inputs €, d = 2bc%, t, =
max{ng, k/e}. Let n; = max{ng,ne} and let H be a 3-graph on n > n; vertices with
61(H) > (6+7)(3). We assume that H does not contain an (g — €)-deficient K-tiling — oth-
erwise we are done. After applying Proposition to H with the constants chosen above,

we get an (e, t)-regular partition P with ¢y < ¢t < T and a cluster hypergraph R = R (e, d, P)
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ont > to vertices with & (R) > (0+v—(2bc*+1)e) (3). By (4.14) and assumption 6+~ < 3/5,
we can apply Proposition and obtain an (o + € + 2k(2bc? + 1)¢)-deficient K-tiling of
R. Let M ={K;, Ks,...,K,} be alargest K-tiling in R and let U be the set of uncovered

vertices.
Claim 4.28. Let h be a fractional hom(K)-tiling of R with hmiy > . Then w(h) <

bc?
(1 — o+ €/2)t < mk + /et.

Proof. We know that |U| < (ag + € + 2k(2bc® + 1)e)t < (ap + Skbc?e)t. As e < 1, it follows
that
mk + et > (1 — ap — bkbce)t + et > (1 — ag + Ve/2)t.

So it suffices to show that w(h) < (1 — ap + /€/2)t. Suppose this is not the case. By
Proposition there is a K-tiling of H that covers at least

(1 —2bc’e) w(h)

|3

> (1—2bc’e) (1 — ag + Ve/2)t

|3

>(1—-ap+e)n

vertices (as € < 1). Therefore it is an (o —e)-deficient K-tiling, contradicting our assumption

on H. O

In the rest of the proof we will derive a contradiction to Claim Immediately Claim
4.28| implies that
U| > %t (4.15)

otherwise M gives a fractional hom(K)-tiling h with w(h) = mk > (1 —ap/2)t > (1 — o +
VE/2)t, as € < ay.
Let Fs={e€ E(R):eCU} and Ey ={e € E(R) : lenU| = 2}.

Claim 4.29. |E;| < (') /2 and |Es| < 5(Y)mk.

Proof. By (4.15)) and Proposition , we have |E3| < 7('%[') /2, as otherwise there exists a

copy of K in U, contradicting the maximality of M.
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Suppose, to the contrary, that |Fy| > 5(‘g|)mk:. Recall that £(K;,u,u’) is the family
of all 3-graphs on {u,u'} UV(K;) whose edge set contains F(K;) and at least a + 1 triples
wu'v with v € V(K7), where K; is a copy of K and u,u’ ¢ V(K;). Let A be the set of all
triples iuu/, i € [m], u # « € U such that uu’ is adjacent to at least a + 1 vertices in K,
in other words, RV (K;) U{u,u'}| € L1(K;,u,u’). Let Ay be a largest matching in 4. By
the maximality of Ay, for any i € [m]\ V(Ap) and any u # v € U \ V(Ay), at least k — a
vertices of K; are not adjacent to uu’. Counting the number of non-edges e ¢ E(R) with
leNU| = 2, we have

= am— 1A (17170 < ()= 2y < () (1]

Since (1 —0)k < (&<€)%k = (k;a)Q, it follows that

<m—mm0”;%%ﬁsﬁ%%(€5. (4.16)

We claim that |Ay| > yaym. Indeed, (4.15)) implies that |U| > aot/2 > agmk/2 > 2aym
(as k > 4). If | Ao| < yaom, then m — |Ag| > (1 — yap)m and |U| — 2| 4y| > |U| — 2yaom >
(1 —~)|U|. Thus (4.16) implies that

e (91 > = ) 5 1< =2 (1) > =30 (Y)

contradicting v < 5. Now let A" C Ay be of size yagm. By Proposition for each

member of A’, there is a fractional hom(K)-tiling »’ of R[V (K;)U{u, v'}] with w(h') > k+-
and hl;, > . This gives rise to a fractional hom(K)-tiling h of R with hyi, > 75 and
w(h) > mk + yooym/(abe).

To complete the proof, we need a lower bound for m. Recall that 6;(R) > (1 — (l’ikc)2 +

v — (2bc® + 1)e)(3). Thus if [U| > 2<¢, then ('g‘) > (H)2()) — t and

aR) 2 a®) - (3) +(15) > - @e+na () -2 1(5),
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where the last inequality holds because ¢ > to > 1/e. This implies that |E3| > $|U|v(5)/2 >
7('?')/2, contradicting the first part of Claim . Therefore |U| < %<t and |[V(M)| =

mk > {t, which gives m > 5t. The fractional hom(K)-tiling i of R thus satisfies

agm oot
7o ka+70

abe k2be > mk + Vet,

w(h) > mk +

as € < yayp, contradicting Claim [£.28] O

Let T be the set of all triples uij, u € U, i # j € [m] such that there are at least 6k*+1
edges uwvw of R with v € V(K;) and w € V(K;). Recall that given two vertex-disjoint
copies K1, Ky of K and a vertex u ¢ V(K;) UV(K3), Lo( Ky, Ko, u) denotes the family of
all 3-graphs on {u} U V(K;) UV (K>) whose edge set contains E(K;) U E(K,) and at least
max{a’® + 2a(b + ¢), (a + b)*} + 1 triples vvw with v € V(K;) and w € V(K,). Note that
0k? + 1 = max{a® + 2a(b + ¢), (a + b)?} + 1, and thus each triple uij in T corresponds to a
member of L£o(K;, K;,u). Let Ty be a largest matching in 7.

Claim 4.30. |Tg| > 22o¢.

Proof. We first derive a lower bound for |7 by considering ), .., degz(u). Note that the
edges of R intersecting U may contain one, two or three vertices in U. Moreover, we can
partition the edges uzy of R with u € U and z € V(K,;),y € V(K;) (so exactly one vertex
in U) into three classes: such edges with ¢ = j, which is bounded above by (g)m|U|; the
edges with ¢ # j and wij ¢ T, bounded above by 6k?|U|(’}); and the edges with ¢ # j and
uij € T, bounded above by k?|T|. Thus, we get

k
U10,(R) < Y- dogelu) < 31 + 245l + (3 )] + o201y ) + #2171

uelU
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By Claim [4.29] it follows that

\U|6,(R )<|U|( <|U|)—|—5|U|mk—|—< )m+6k2(7g)>+kz2|T|
§|U|(5(2) 5|U|mk+5k2(2)+(2> )+k2|’r| as vy < 20
< |U| (5(;) 4 %) 2T,

On the other hand, §;(R) > (6 + v — (2bc® + 1)e)(}). Using ¢ > k/e and e < 7, we derive
that k27| > [U]- 2(%) or |T]| > 55 (3)|U].

By the maximality of 7, all triples of T are covered by V(7j). Given some uij € Ty,
the number of triples of T containing u is at most (ZL) and the number of triples containing
at least one of 4, j is at most 2(m — 1)|U|. Also, since mk — k + |U| = t — k, we get that
(mk — k)|U| < (t — k)?/4. Thus, we get

7] §2|To|(m—1)|U|+< )’TO' = |76|( ) +%®

because (m — 1)|U| = (mk — k)|U|/k < (t — k)*/(4k) < (})/(2k). Together with |T| >
2 ()|U], we derive that |To| > 27,5'2 > 120 ysing ([4.15). 0

For every uij € Ty, Proposition [1.26] provides a fractional hom(K)-tiling h of R[{u} U
V(K;) UV(K;)] with w(h) > 2k + chg and hyi, > ﬁ Furthermore, for every K; € M with
i & V(To), we assign the standard weight on K;. Hence, the union of all these fractional

hom(K)-tilings gives a fractional hom(K)-tiling of R with hy, > 55 and
1
w(h) > (2k + —> |To| + k(m — 2|To|) = mk + —|75] > mk + /et

as € < yay, contradicting Claim 4.28, This completes the proof of Lemma [4.2] n
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4.5 Summary

In this part, we investigate the minimum vertex degree conditions for tiling complete
3-partite 3-graphs K. Our result is best possible, up to the error term yn?. We remark that
in some cases (e.g., K = K, for t > 2) it seems possible to remove the error term and
obtain exact results — this was done for K ;5 in [I5, 44]. In general, in order to obtain an
exact result, we need to have a stability version of the almost tiling lemma or a stability
version of the absorbing lemma, together with an analysis of the 3-graphs that look like

extremal examples. (See Part 6.)
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PART 5

STRONG EDGE COLORING

5.1 Introduction

Recall that the strong edge chromatic number of G, usually denoted by x.(G), is the
minimum number of colors in a strong edge-coloring of G. In this part, inspired by papers of
Anderson [5] and Cranston [14], we want to get an upper bound for strong edge chromatic
number of graphs with maximum degree A. The girth of a graph is the length of the shortest
cycle. We prove that a A-regular graph G with girth at leat 5 has a strong edge-coloring
that uses 2A? — 3A + 2 colors. By applying this algorithm to graphs with maximum degree
5, we obtain a strong edge-coloring using 37 colors.

Our main results are as follows.

Theorem 5.1. If G is a graph with maximum degree A and girth at least 5, then G has a

strong edge-coloring that uses 2A% — 3A + 2 colors.

Theorem 5.2. If G is a graph with maximum degree A = 5, then G has a strong edge-

coloring that uses 37 colors.

For the rest of this part, we will prove Theorem in Section 5.2, and give an outline

of proof for Theorem [5.2]

5.2 Graphs with Maximum Degree A: Proof of Theorem 5.1

We refer to the color classes as the integers started from 1. A greedy coloring strategy
is to use the least color class that is not forbidden from use on an edge at the time the
edge is colored, i.e., when coloring an edge e = xy, we need to forbid the colors that are
already used by the edges incident to x or y, as well as the colors by the edges having an

end-vertex adjacent to x or y. Define the neighborhood of e as the set of edges that are
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incident to e, or has an end-vertex adjacent to some end-vertex of e, denoted by N(e). Then
|IN(e)] <2A(A—1). Let F(e) be the set of colors occurring on edges of N(e); edges of N(e)
that are still uncolored do not contribute to F'(e), therefore |F(e)| < |N(e)| < 2A(A —1).

Our aim is to find an order of the edges in which we can color the edges of G one by
one. Let v be an arbitrary vertex of G. For ¢« = 0,1,2,.., let D; be the set of vertices of
distance i from v and we call D; distance class i. So Dy = {v}. For any edge e of G, its
distance denoted as d,(e) is the smallest distance among end-vertices of e. We say an edge
order is compatible with vertex v if e; precedes es in the order only when d,(e;) > d,(es).
Intuitively, we color all the edges in distance class 7 + 1 before we color any edge in distance
class 1.

The following is an observation for graphs with maximum degree A.

Lemma 5.3. If G is a graph with mazximum degree A, then G has a strong edge-coloring

that uses 2A% — 3A + 1 colors except that it leaves those edges incident to a single vertex.

Proof. Let v be a vertex of GG. Greedily color the edges in an order that is compatible
with v. If e is an edge not incident to v, then d,(e) > 1, and an end-vertex = of e with
x € Dg() will be adjacent to a vertex u in Dg)—1. When we color e, none of the A edges
incident to u has yet been colored, so at most 2A? — 3A edges of N(e) have been colored,
i.e |[F(e)| <2A? — 3A. Hence, we get a strong edge-coloring that uses 2A% — 3A + 1 colors

except that it leaves those edges incident to v. O

Now we are ready to prove Theorem in two cases: G is not regular, and G is
A-regular with girth at least 5
Case 1: G is not regular.

In this case, we get a even stronger result as follows.

Lemma 5.4. Any graph with mazimum degree A that has a vertex with degree at most A —1

has a strong edge-coloring that uses 2A% — 3A 4+ 1 colors.

Proof. Let v be the vertex with degree at most A — 1. Greedily color the edges in an

order that is compatible with v, by Lemma [5.3| we get a partial strong edge-coloring using
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2A% — 3A + 1 except leaving those edges incident to v. Let e; be the edge incident to v,
|IN(e;)| <2A% —3A, wherei =1,2,...,A—1. We can color those edges incident to v in the
order ey, ez, €3, ...,ea_1, and |[F(e1)] < 2A%7 —3A — A +2, [F(ey)| <2A2 —3A—-A+3, ...,

|Fea_1)] <2A% — 3A, so there are colors available for each edge incident to v. O

Case 2: G is A-regular with girth at least 5.

In this case, we need to prove the following lemma.

Lemma 5.5. Any A-reqular graph with girth at least 5 has a strong edge-coloring that uses
2A? — 3A + 2 colors.

Before proving Lemma [5.5] we first do some observations. Let v be a vertex of G. We
want to greedily color the edges in an order that is compatible with v. By Lemma [5.3], we
get a partial strong edge-coloring that uses 2A? — 3A + 1 colors except that it leaves those
edges incident to v. To finish the proof, we need to consider the local structure of those
uncolored edges incident to v. By adding one more color class, we release A colors available
to be greedily assigned to those edges incident to v.

Let Dy, Dy be the vertex distance classes of v with distance 1 and 2, respectively. Since
the girth is at leat 5, there are no induced edges within D;, and any two distinct vertices in
D, don’t have common neighbor in Dy. Let E[Dy, Dy be the set of edges which have one

end in D; and the other end in Ds.
Proposition 5.6. By recoloring, we can assign the same color (say color a) to A edges of

E[Dy, D).

Proof. Let Dy = wq,ws,...,wa. For i =1,2,3,..., A, w; has A — 1 neighbors in D5, and
denote the set of these neighbors as W;. Since there is no triangle in G, w; U W; induces a

Kia—1. Now we give some observations as follows:

a. W;NW; =0, for any i # j.

b. no induced edges within D, .
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Figure 5.1. A edges of E[D;, Ds] receive the same color «

c. no induced edges within each W, =1,2,3,..., A .
d. |[N(u)NW;| <1 for any v € W; where ¢ # j and 4,7 =1,2,3,... A,

Let Ny(u) := N(u) N Dy for any u € Dy. Our goal is to find an induced matching in
E[Dy, D] with size A and assign new color « to them. It is sufficient to find an independent
set Vj of size A consisting of exactly one vertex from each W; where i =1,2,3,... A.

Case 1. |Ny(u)| < 1 for any u in Dy. If |[Ny(u)| = 0 for any u in D, i.e., there is
no edge in D,, then we can choose A edges in E[D;, Ds] by choosing one vertex from each
Wi i=1,2,3,...,A. If there exists u € D such that |[Ny(u)| = 1, note that the set of edges
in Dy is an induced matching. We choose a vertex with one neighbor in Dy, say it is from
W1, denoted as v;. Suppose the only neighbor of v in Ds is from W5, then we can choose one
vertex from W, which is not adjacent to v, denoted as vy. This is possible since Wi NW, = ().
Consider the only neighbor of vy in Dy, if it is not in W;, we may assume Ny(vy) C Wi, then
we choose one vertex from W3 which is different from this neighbor, denoted as v3; otherwise
we can arbitrarily choose one vertex from W3 with A choices. Continue this process, and
each step we have at least A — 1 choices. So we get a vertex subset V) C Dy of size A such
that E[Dy, Vp] is an induced matching.

Case 2. There exists a vertex u in Dy such that |Ny(u)| > 2. Let vy, v9 € Na(u), and

suppose u € Wa, vy € Wi, ve € Wy, 1t is obvious that vy, vy are nonadjacent otherwise there
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is a triangle. Let V; = {v;}, we will choose vertices sequentially as follows:

If we already have Vi_; = {v1,v9,...,vx_1}, then choose vy € Wi \ No(Vj—1) and let
Vi = Vik—1 U {vy}. This process is possible since |Wi| = A — 1 and |[W, N No(Vi—1)| < k —1
because of observation (d), we get |[W, N No(Vi—1)| > (A—1)—(k—1) > 1 when k < A—1.
When k£ = A, since Ny(vi,v9) N Wa = {u}, we have [Wa \ No(Va_1)| < (A—-1) -1 =
A — 2 < |Wal|. So we choose va € Wa and let Vo = Vi3 Uwa, and E[Dy, Vp] is an induced

matching. O]

Proof of Lemmal[5.5 First by Lemma , we get a partial strong edge-coloring 7 with 2A% —
3A + 1 colors except that it leaves those edges incident to some vertex v. Now consider the
local structure within 2 distance classes from v, by Proposition [5.6, we can assign a new color
a to A edges in E[D1, Ds] and release those colors used by these A edges in 7. By greedily
assign these released color to those A edges incident to v, we obtain a strong edge-coloring

that uses 2A% — 3A + 2 colors. m

5.3 Graphs with A =5

Lemma [5.3| with A = 5 provides a partial strong edge-coloring with 36 colors. So we
only need to consider the local structure within distance 2 from a single vertex v. When
the girth of the graph is at least 5, Theorem can be obtained from Lemma [5.5| since
2A% —3A+2 = 37 with A = 5. When there exists a vertex with degree less than 5, Theorem
[.2]is true by Lemma [5.4] Therefore the remaining cases are the 5-regular graphs with the
girth at most 4.

G is 5-regular with girth 3.

We have the following lemma.

Lemma 5.7. If G is a 5-regular graph with girth 3, then G has a strong edge-coloring that

uses 37 colors.

Proof. Start from a triangle {vq, ve,v3} with edges ¢; = vyva, ¢ = v9v3, c3 = v3vq, First by

Lemma 5.3 we get a partial strong edge-coloring using 36 colors with the edges incident to
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v1 uncolored. Now release the colors used by the edges incident to v, and edges incident to
vs, and we have 12 uncolored edges. Assign colors to all the edges incident to the triangle
first and then the edges on the triangle. Since any edge e incident to the triangle, we have
|IN(e)| = 39, and |F(e)| < 39 — 3 < 37, we can greedily color it. For i = 1,2,3,|N(¢)| =

35, | F(c;)| < 35 < 37, we can also greedily color ¢y, ¢, 3. O
G is 5-regular with girth 4.

Lemma 5.8. If G is a 5-reqular graph with girth 4, then G has a strong edge-coloring that

uses 37 colors.

Proof. Let G be a 5-regular graph with girth 4. Let v be a vertex on a 4-cycle of GG. Color
the edges in an order compatible with v, by Lemma|5.3| we get a partial strong edge-coloring
with 36 colors.

Let e; = vw; and W; = N(wi) N Dy where i = 1,2,3,4,5. Suppose w; and w, have a
common neighbor in D,. Because girth is 4, we have D; is independent. Observation:

(a) Since |N(e;)| = 40 — |E(Dy \ {w;}, Wy)|, if |E(Dy \ {w;}, W;)| > 4 then we can
greedily color e; where 7 =1,...,5.

(b) |Ds| > 7. Otherwise, we can greedily color e; where i = 1,...,5.

Since |F(e;)| < 39 —4 = 35 for i = 1,2 and |F(e;)| < 40 — 4 = 36 when ¢ = 3,4,5,
we’ll have a similar argument with the proof of Lemma to show that we can reassign a
new color to 3 edges in F(Dy, Ds), otherwise the neighborhood of e; where i = 1,2,3,4,5 is
small enough for us to greedily color it. If we have at least three W; that contains vertices
with no neighbor in Dy UW; \ {w;}, then we can choose an induced matching in E(D;, Do)
of size at least three. Otherwise we have the following cases.

Case 1. There are two W;, say Wy, W5 that contains vertices with no neighbor in
Dy UW;\ {w;}. Choose vy € Wy, v5 € Wi such that N(v;) N (D UW; \ {w;}) =0 for i =4, 5.
So we only need to choose one vertex v; € W; for some ¢ = 1,2, 3 such that wyvs, wsvs, w;v;
form an induced matching. If such vertex does not exist, then any v € U3, W;, v is adjacent

to wy or wy. Because w; and wy have a common neighbor in Dy, we have | U2_s W;| < 6.
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Therefore, |E(D; \ {w;}, W;)| > 4 for each i = 1,2, 3.

Case 2. There is one W, say W5 that contains vertices with no neighbor in DoUW,;\{w; },
and choose one such vertex as vs. By observation (b), we have at least one vertex v € Dy C
W, say v € Wy, then vsws and vw, is an induced matching. Following the same argument
in Case 1, we either find an induced matching of size 3 or |E(D; \ {w;}, W;)| > 4 for each
i€ [5].

Case 3. There is no W; that contains vertices with no neighbor in DoUW;\{w;}. Let v be
the common neighbor of w; and wy in Dy. If v is adjacent to all w;, then |E(Dy\{w;}, W;)| > 4
for each 7 = 1,...,5. We may assume v is not adjacent to ws. Since w; has at most 3
neighbors in W5 for ¢ = 1,2, we have either v is adjacent to at least one vertex in Wy or at
least one of wy,wsy is adjacent to any vertex in W;. In either case, we can find an induced

matching of size 3 in F(D;, Dy) otherwise |E(D; \ {w;}, W;)| > 4 for each i € [5]. O

5.4 Summary

In this part, we provide an algorithm to find a strong edge-coloring using 2A2? — 3A + 2
colors in graphs with maximum degree A and girth at least 5. With the help of this algorithm,
we get a strong edge-coloring with 37 colors for graphs with maximum degree 5. As for our
knowledge, this is the best upper bound known for A = 5. However, by Conjecture [1.4]
every graph with maximum degree 5 has a strong edge-coring using 29. We are still far from

finishing this journey in finding strong chromatic numbers.
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PART 6

CONCLUSION REMARKS

In Part 2, we provide the partite minimum codegree condition for (almost) perfect
matchings in k-partite k-graphs. So far we show that a k-partite k-graph with each part of
size n, three sufficiently large partite minimum codegrees and sum of all partite codegrees
at least n — 1 has a matching of size at least n — 1. If we only have two sufficiently large
partite minimum codegrees, we encounter the divisibility barriers and the clarity of these
divisibility barriers would be the key to tackle this problem.

In Part 3, we investigate the minimum vertex degree conditions for tiling complete 3-
partite 3-graphs K. Our result is best possible, up to the error term yn?. We remark that in
some cases (e.g., K = K1, for t > 2) it seems possible to remove the error term and obtain
exact results — this was done for K1, in [I5] [44]. In general, in order to obtain an exact
result, we need to have a stability version of the almost tiling lemma or a stability version
of the absorbing lemma, together with an analysis of the 3-graphs that look like extremal
examples. In many cases, when analyzing extremal examples, we need to know ex;(n, K),
the vertex-degree Turdn number for K, which is a challenging question in general. (The
generalized Turdn number of exy(n, F') of an r-graph F is the smallest integer ¢ such that

every r-graph H of order n with d4(H) >t + 1 contains a copy of F.)

When proving the lower bound of Theorem [4.1} we introduced the covering barrier. In
general, given an r-graph F, let c4(n, F') denote the minimum integer ¢ such that every r-
graph H of order n with d4(H) > ¢ has the property that every vertex of H is covered by some
copy of F. When F is a graph, it is not hard to see that ¢;(n, F) = (1—-1/(x(F)—1)+o(1))n:
the lower bound follows from the (x(F') — 1)-partite Turdn graph, and the upper bound can

be derived after applying the Regularity Lemma to V(H)\ {v} for an arbitrary vertex v (see
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[?] for details). Given an r-graph F', trivially
exq(n, F) < cq(n, F) < tq(n, F). (6.1)

We know that ¢;(n, F) = exi(n, F') + o(n) for all 2-graphs F. Construction and Lem-
ma m together show that ci(n, K,pe) = (6 —4v2 +0(1))(3) if 2 < a < b < ¢, while
Theorem [4.1| shows that t1(n, Kop.) = (6 — 4v/2 + 0(1))(}) for certain a,b, ¢ (for example,
K536). This shows that the upper bound for ¢4(n, F') in could be asymptotically tight
as well. For small 3-graphs F', determining cy(n, F) seems easier than determining exs(n, F)

or ta(n, F') (known as two difficult problems) — see [?] for recent progress.

Let us give the following constructions of space barriers for complete r-partite r-graph

tilings for arbitrary r.

Construction 6.1. Fix positive integers i <r and a; < --- < a,. Let s =a;+---+a, and
H; be an n-vertex r-graph with V(H;) = A; U B; and |A;| = (a1 + -+ 4+ a;)n/s — 1 such that

E(H;) consists of all r-tuples containing at least i vertices of A;.

To see why H; does not contain a K,, ., -factor, we observe that for each copy of
K, ...a,, at least i color classes of it are subsets of A;, and thus at least a; + --- + a;
vertices of it are in A;. Since |4;] < (a1 + --- + a;)n/s, there is no K, . -factor of
H;. Thus the minimum d-degree threshold for (almost) perfect K, .. -tiling is at least
max;cp—1] 0a(H;). Note that dq(H,—q41) = 0 since any d-set in B,_411 has degree zero. Thus,
maX;cfr—1) 04(H;) = max;ecf—q 64(H;). This means that there are r — d space barriers, e.g.,
there is only one construction for the (r — 1)-degree case, and there are two constructions
for the vertex degree threshold in 3-graphs.

Since our main idea of proving Lemma [4.2] (see also [43]) is to analyze the bipartite link
graph of any uncovered vertex on two existing copies of K in the partial tiling, new ideas
are needed to attack the general vertex degree tiling problem. On the other hand, this also
means that it is possible to extend our result to tiling r-partite r-graphs under minimum

(r — 2)-degree, provided a corresponding absorbing lemma.
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Another direction to strengthen the result of this paper is to study the minimum vertex
degree conditions for non-complete 3-partite 3-graphs. Clearly if F' is a spanning subgraph of
Kop.thenty(n, F) <ty(n, Kqp.). Note that there may be more than one choice of K, . that
contains F' as a spanning subgraph. It seems not clear whether ¢1(n, F') = mint;(n, K. p.),

where the minimum is over all K,; . that contain F' as a spanning subgraph.
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