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Functional Principal Component Analysis for Discretely Observed Functional
Data and Sparse Fisher’s Discriminant Analysis with Thresholded Linear

Constraints

Jing Wang

Under the Direction of Xin Qi, PhD

ABSTRACT

We propose a new method to perform functional principal component analysis (FPCA)
for discretely observed functional data by solving successive optimization problems. The
new framework can be applied to both regularly and irregularly observed data, and to both
dense and sparse data. Our method does not require estimates of the individual sample

functions or the covariance functions. Hence, it can be used to analyze functional data



with multidimensional arguments (e.g. random surfaces). Furthermore, it can be applied
to many processes and models with complicated or nonsmooth covariance functions. In our
method, smoothness of eigenfunctions is controlled by directly imposing roughness penalties
on eigenfunctions, which makes it more efficient and flexible to tune the smoothness. Efficient
algorithms for solving the successive optimization problems are proposed. We provide the
existence and characterization of the solutions to the successive optimization problems.
The consistency of our method is also proved. Through simulations, we demonstrate that
our method performs well in the cases with smooth samples curves, with discontinuous
sample curves and nonsmooth covariance and with sample functions having two dimensional
arguments (random surfaces), repectively. We apply our method to classification problems of
retinal pigment epithelial cells in eyes of mice and to longitudinal CD4 counts data. In the
second part of this dissertation, we propose a sparse Fisher’s discriminant analysis method
with thresholded linear constraints. Various regularized linear discriminant analysis (LDA)
methods have been proposed to address the problems of the LDA in high-dimensional settings.
Asymptotic optimality has been established for some of these methods when there are only
two classes. A difficulty in the asymptotic study for the multiclass classification is that for the
two-class classification, the classification boundary is a hyperplane and an explicit formula
for the classification error exists, however, in the case of multiclass, the boundary is usually
complicated and no explicit formula for the error generally exist. Another difficulty in proving
the asymptotic consistency and optimality for sparse Fisher’s discriminant analysis is that the
covariance matrix is involved in the constraints of the optimization problems for high order
components. It is not easy to estimate a general high-dimensional covariance matrix. Thus,

we propose a sparse Fisher’s discriminant analysis method which avoids the estimation of the



covariance matrix, provide asymptotic consistency results and the corresponding convergence
rates for all components. To prove the asymptotic optimality, we provide an asymptotic
upper bound for a general linear classification rule in the case of muticlass which is applied to
our method to obtain the asymptotic optimality and the corresponding convergence rate. In
the special case of two classes, our method achieves the same as or better convergence rates
compared to the existing method. The proposed method is applied to multivariate functional

data with wavelet transformations.

INDEX WORDS:  Functional PCA, discretely observed functional data, successive op-
timization problems, roughness penalty, consistency, sparse Fisher’s
discriminant analysis, thresholded linear constraints, asymptotic consis-
tency, asymptotic optimality, convergence rate
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Chapter 1

INTRODUCTION

Principal component analysis (PCA) is one of the best known techniques in both
multivariate analysis and functional data analysis. Different from classical PCA, functional
principal component analysis (PCA) requires smoothing or regularizing of the estimated
principal component curves (see Chapter 9 in Ramsay and Silverman [33]). Readers can
find a general overview of many methods for computing the smoothed functional principal
components when the sample curves are fully observed in Ramsay and Silverman [33]. Ferraty
and Vieu [16] provides more discussions on nonparametric methods and developments for
functional data analysis. However, in practice, the sample functions are usually observed at
discrete points with measurement errors. The observation points might be irregular or sparse.
Several FPCA methods for discretely sampled functional data or longitudinal data have been
developed. Shi, Weiss and Taylor [38], Rice and Wu [35] and James, Hastie and Sugar [23]
proposed mixed effects approaches in which individual sample curves or eigenfunctions of
the covariance function are represented by basis function expansions. Staniswalis and Lee
[44] and Yao, Miiller and Wang [54] used nonparametric methods to estimate covariance
functions and then obtained the eigenfunctions. Huang, Shen and Buja [22] proposed an
FPCA method for regularly observed discrete functional data based on penalized rank one
approximation to the data matrix. Peng and Paul [29] assumed a finite rank model for
the covariance function, represented the eigenfunctions as basis function expansions, and
proposed the restricted maximum likelihood method to estimate the parameters. Other
nonparametric approaches to this problem tend to fall into two classes. The approaches in the
first class smooth each individual curve by the smoothing spline method or other methods (see
section 9.5 in Ramsay and Silverman [33]). Then the smoothed principal component curves
can be obtained by the usual functional PCA or other methods. For example, motivated
by the duality relation between row and column spaces of a data matrix, Benko et al. [6]

proposed an FPCA method for regularly observed discrete functional data. The methods



in the second class assume that covariance functions are smooth. Smoothing methods such
as kernel methods and free-knot spline smoothing are used to obtain smoothed estimates
of mean functions and covariance functions. Then the principal components curves can be
estimated by the eigenfunctions of the smoothed covariance function. However, some of these
methods (Huang et al. [22] and Benko et al. [6] ) cannot be applied to the discrete functional
data in which the observation points are irregular and sparse. Some of them (Staniswalis and
Lee [44] and Yao et al.[54]) need to estimate the covariance functions, hence it is hard to
apply these methods to functional data with two or three dimensional arguments since we
have to estimate four or six dimensional covariance functions.

In this dissertation, we first propose a new method to perform FPCA for discretely
observed functional data by solving successive optimization problems. The new framework
can be applied to both regularly and irregularly observed data, and to both dense and sparse
data. First, our method does not need to estimate the individual sample functions or the
covariance functions and we do not assume that they are smooth. Hence, it can be easily
applied to discretely observed functional data with two or three dimensional arguements and
to processes and models with complicated or nonsmooth covariance functions. Most of the
current methods assume that either the sample functions or the covariance functions are
smooth explicitly or implicitly. Some of them need to obtain the smoothed estimations of the
sample functions or the covariance functions. However, there are many important processes
and models with nonsmooth sample functions and nonsmooth covariance functions but with
smooth eigenfunctions. Our methods can be applied to these processes and models. Some
real functional data have complicated covariance functions in which we are not interested. In
this case , our methods avoid estimating the complicated covariance functions. Second, our
method controls the smoothness of eigenfunctions by directly imposing roughness penalties
on eigenfunctions and can use different smoothing parameters for different eigenfunctions.
Hence, it is efficient and flexible to tune the smoothness of eigenfunctions in this method.
Our methods can also be easily extended to analyze the discretely observed functions defined
on high-dimensional spaces, e.g. random surfaces. Section 5 in Miiller (2005) listed some
open problems concern the application of FDA methods including analysis of random surfaces

and higher-dimensional functions. We applied our methods to a simulated discretely observed



random surface data. For high-dimensional data, the covariance functions are defined on
higher dimension space with dimensions equal to two times of the dimensions of the sample
functions. Hence, it is very hard to obtain good estimations of covariance functions in this
case. Efficient algorithms for solving the successive optimization problems are proposed. We
provide the existence and characterization of the solutions to the successive optimization
problems. The consistency of our method is also proved. The following real example is used
to motivate and illustrate the method developed in this dissertation.

The linear discriminant analysis (LDA) has been a favored tool for supervised clas-
sification in the settings of small p and large n. However, it faces major problems for
high-dimensional data. In theory, Bickel and Levina [7] and Shao et al. [37] showed that the
usual LDA can be as bad as the random guessing when p > n. In practice, the classic LDA
methods have bad predictive performance in high-dimensional settings. To address these
problems, various regularized discriminant analysis methods have been proposed, including
Friedman [17], Krzanowski et al. [26], Dudoit et al. [13], Bickel and Levina [7], Guo et al.
[19], Xu et al. [53], Tibshirani et al. [47], Witten and Tibshirani [52], Clemmensen et al. [11],
Shao et al. [37], Cai and Liu [9], Fan et al. [15], Qi et al. [32] and many others. Asymptotic
optimality has been established in some of these papers when there are two classes. Shao
et al. [37] made sparsity assumptions on both the difference d = po — pq, where pq and po
are the population means of the two class, and the within-class covariance matrix 3. Then
thresholding procedures were applied to both the difference between the two sample class
means and the sample within-class covariance matrix 3. The asymptotic optimality and the
corresponding convergence rate for their classification rule were obtained. Cai and Liu [9]
observed that in the case of two classes, the optimal classification rule depends on ¥ only
through X7!8. Hence, they assumed [; sparsity for 3718, proposed a sparse estimate of it
through minimizing its [y norm with an [, constraint, and provided asymptotic optimality of
their classification rule. Fan et al. [15] imposed [y sparsity assumption on X714, estimated it
through a minimization problem with an [; constraint and derived the asymptotic optimality.
A major difficulty preventing the derivation of asymptotic optimality of the linear classification
rules for multiple classes is that for the two-class classification, the classification boundary

of LDA is a hyperplane and an explicit formula for the classification error exists, however,



for the multiclass classification, the classification boundary is usually complicated and no
explicit formula for the classification error generally exist.

As a special case of LDA, the Fisher’s discriminant analysis projects the original variables
X to a low dimensional subspace to generate new predictor variables, Xa, X, ..., Xag 1,
where the coefficient vectors vy, s, . . ., a1 are sequentially calculated and K is the number
of classes. The coefficient vectors are found by maximizing the between class variation of the
new predictor variables relative to their within class variation and the new predictors are
orthogonal to each other, that is, the linear constraints e/ Ya; =0 forany 1 < j <i < K
are satisfied. Once the coefficients are determined and the classification rule is to assign a new
observation to the class with the sample class mean closest to this observation in the projection
subspace. Besides the complicated classification boundary for multiclass, the linear constraint
a!Ya; = 0 poses additional difficulty in studying the asymptotic consistency and optimality
for the Fisher’s discriminant analysis in high dimensional setting for K > 2 because the
covariance matrix ¥ is involved. It is not easy to find a consistent estimate for a general ¥ in
the high-dimensional settings. Qi et al. [32] introduced a sparse Fisher’s discriminant analysis
method, an advantage of which is that the proposed algorithm is applicable to any linear
constraints imposed on the higher order components. In the second part of this dissertation,
instead of aiming to find a consistent estimate of 3, we apply a soft-thresholding procedure
to obtain a consistent estimate of the subspace {Za;, -+, Xa;_1} which defines the linear
constraints for o, for any 1 < ¢ < K — 1. Then taking advantage of the algorithm in the
paper above, we propose the estimates of «;, for all 1 <7 < K — 1, and an classification rule.
We study the theoretical properties of this method in high dimensional settings, including
the asymptotic consistency of the estimate of a; and the subspaces defining the orthogonal
constraints, the asymptotic optimality, and the corresponding convergence rates, where the
number K of classes can be any fixed positive integer. In the special case of K = 2, the
asymptotic optimality of the our method is compared to the existing method and our method
has the same or better convergence rate. We apply our method to the classification problems
for multivariate functional data through the wavelet transformations.

The remainder of the dissertation is organized as follow. In Chapter 2, we present our

new method to perform FPCA for discretely observed functional data by solving successive



optimization problems. We first give some background, basic notations and our main
assumptions. The classic Silverman’s method to perform smoothed FPCA is also introduced.
We then present our method along with its theoretical properties, and an algorithm for
solving the successive optimization problems in practice. Simulation results with comparison
to other established method are reported to illustrate the effectiveness of our method. At
last, we apply our method on 2 real data sets: the RPE data set and the Longitudinal CD4
counts data set. In Chapter 3, we propose a sparse Fisher’s discriminant analysis method
with thresholded linear constraints which avoids the estimation of the covariance matrix. We
first introduce notations and briefly review the classic Fisher’s discriminant analysis. Then
our sparse Fisher’s LDA method with thresholded linear constraints are introduced. We
also present the main theoretical results along with simulation studies and applications. All

proofs of our theorems can be found in the Chapter 4 of the dissertation.



Chapter 2

FUNCTIONAL PRINCIPAL COMPONENT ANALYSIS FOR DISCRETELY
OBSERVED FUNCTIONAL DATA

In this chapter, we present our new method to perform function principal analysis
(FPCA) for discretely observed functional data by solving successive optimization problems.
We first give some background, basic notations and our main assumptions. The classic
Silverman’s method to perform smoothed FPCA is introduced in Section 2.2. We then
present our method along with its theoretical properties, and an algorithm for solving the
successive optimization problems in practice. Simulation results are reported to illustrate
the effectiveness of our method. At last, we apply our method on the RPE data set and the
Longitudinal CD4 counts data set in Section 2.5. The proofs of all theorems are provided in

Section 4.11 of Chapter 4.

2.1 Background and Notations

First, we introduce notations and definitions used in this chapter. Let N denote the
collection of all the positive integers. In this chapter, we will mainly consider functions
defined in a finite interval [a,b] in the following two spaces, the space L?([a,b]) of square

integrable functions
b
L*([a,b]) = {f : f is a measurable function on [a, b] and/ |f(#)]2dt < oo}
and the Sobolev space W3 ([a,b]) of functions with square integrable second derivatives,

W?2([a,b]) = {f : f, f are absolutely continuous on[a, b] andf” € L?*([a, b])}



where f’ and f” denote the first and second derivatives of f, respectively. For any f,

g € L*([a, b)), define the usual inner product

(.00 = [ Foygltyi

with corresponding squared norm || f]|> = (f, f). Given a smoothing parameter a > 0 , for

any f,9 € W3([a,b]), define
b
fogl = [ £/ (0t

and the inner product

<f7,g>a: <f,g>+05[f7g]

with corresponding squared norm || f||2 = (f, f)a. Here we use the same notations as those
in Silverman [41].

Let X(t), a <t < b be a measurable stochastic process (random function) on [a, b] and
Xi(t), Xa(t), -+, X, (t) be i.i.d sample functions from the distribution of X (¢). Below we
give three basic assumptions on X (t) which are essentially the same as those in Silverman

1),
Assumption 1. E[||X|Y] = E {(ff \X(t)|2dt)2] < 0.

Under Assumption 1, X (¢) € L*([a,b]) a.s.. Assume that mean function EX (t) = u(t).

Define the covariance function of X (t)

[(s,t) = E[(X(s) = p(s)) (X () = p(1))], Vs, L € [a, ], (2.1)

Under Assumption 1, I' has a sequence of nonnegative eigenvalues A\; > Ay > --- > 0 and the
corresponding eigenfunctions 71, ¥s, - - - . Every eigenfunction has been scaled to have L2-norm
1. The set of all the eigenfunctions forms an orthonormal basis of L?([a, b]). Furthermore, we

have decomposition

mwziMmmw>

. Suppose that we are interested in estimating the first /K eigenvalues and eigenfunctions of

the covariance function I'.



Assumption 2. Any eigenvalue \;,1 < j < K has multiplicity 1, so that \y > Xy > -+ >

>\K > >‘K+1'

This assumption is just the third assumption in Section 5.2 of Silverman [41]. If an
eigenvalue has multiplicity 1, then the corresponding eigenfunction is uniquely determined
up to a sign. If the multiplicity is larger than 1, the eigenfunctions can not be uniquely

determined up to a sign (Qi and Zhao [31]).
Assumption 3. The eigenfunctions v;,1 < j < K belong to W3([a,b)).

If the covariance function I is smooth, then Assumption 3 holds. However, there are many
important random processes whose covariance matrices are nonsmooth, but the eigenfunctions
belong to W ([a, b]) (Qi and Zhao [31]). For example, the continuous parameter AR (1) model
in time series, Brownian motion, Poisson process and the stochastic differential equation

models driven by them.

Example 1. (Brownian motion and Poisson process). Consider the standard Brownian
motion and the Poisson process with rate 1 in time interval [0,1]. Their covariance functions
are the same and equal to min(s,t),0 < s,t <1 (see Page 89 in the book Glasserman [18])

which is nonsmooth. The eigenvalues and eigenfunctions are
2 4
2 . [ (25— D)mt\ .
>\j: <(2 )7_‘_> ,’}/j:\/§SlIl< 9 >7]:1727'” (22)

g —1

Example 2. (Stochastic differential equation models). SDE are widely used to model random
processes in may areas. One example is the famous Black-Scholes Model in finance. Let Sy

denote the price of a stock at time t. Then S; satisfies the following SDE,
dSt = I/Stdt + UStth

where v is the instantaneous mean return, o is the instantaneous return volatility and Wy s
a Brownian motion.

Another example is the counting processes model in survival analysis. Let N; be the number



of the occurrences of the event in [0,t]. Then N, satisfies

where \(t) is a smooth intensity function and My is a martingale (Qi and Zhao [31]).

Example 3. (Continuous parameter models in time series). Consider the con-tinuous

parameter AR(1) model in time series. Its covariance function is

—als—t|

[(s,t) = &

«

where «v s a positive number (see Section 3.7 in Priestley [30]). This covariance function is

nonsmooth.

For these models, the covariance functions are nonsmooth but the eigenfunctions are
smooth. In addition to these processes and models, some real functional data have covariance

functions with complicated patterns.

2.2 Silverman’s approach to smoothed functional PCA

In this section, the independent sample curves from the distribution of X (¢),
{X1(), Xa(t), -+, Xu(t) ra <t < b}

are assumed to be entirely observed and ¢ could be a continuum in [a,b], or in a two-
dimensional region [a, b] X [c,d], or in higher-dimensional regions. . The covariance function

is defined as 2.1 and covariance operator

b

(7)) = [ T(t,9)3(s)ds.

a

For any 3,v € L*([a, b)),
Cov[(B,X), (v, X)] = (B,I')
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FPCA is one of the key techniques in functional data analysis for patterns discovery and
dimension reduction in data sets. The first population functional principal component as a

one-dimensional projection of X

b
o0, X) = [ X @dt, |l =1
which maximizes the variance of principal component scores

(7, Ty)

Var((m, X)) = max Var({y, X)) = max(y,I'y) = max 5 (2.3)
=1 =1 =t [y
for all nonzero linear functionals [ in L?([a, b]) with the norm |[|I|| = 1. 7, is called the first

principal component weight function or the first PC curve. Let A\; be the maximum value of
(2.3). The pair (A1,71) are the first eigenvalue and eigenfunction of I' (see Section 2, Chapter
3 in Weinberger [51]),

I'vi =Mm

The second functional principal component (Y2, X): 72 is the solution to

(7,Ty)
MI=1,(vv)=0 ||y]|2

(2.4)

Let A2 be the maximum value of (2.4). The pair (Ag,72) are the second eigenvalue and
eigenfunction of I,

I've = A2

Similary, the successive population functional principal components are defined.

However, we usually do not know the true covariance function I' and the population
principal component weight functions can not be obtained directly. We can use the sample
covariance function I', to estimate I' and use the eigenvalues and eigenfunctions of I, to
estimate the eigenvalues and eigenfunctions of I', which are called non-smooth estimators.
It was pointed out that the non-smooth principal component curves can show substantial
variability (see Chapter 9 in Ramsay and Silverman [33]). Therefore, smoothing of the

estimated principal component weight functions is necessary.
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Silverman [41] (see also Chapter 9 in Ramsay and Silverman [33]) proposed an important
method which incorporates smoothing by replacing the usual L? norm with a norm that takes
the roughness of the functions into account. Qi and Zhao [31] summarizes the theoretical

and practical advantages of Silverman’s approach as follows:

First, the weak assumptions underlying this method make it applicable to data
from many fields. Silverman [41] did not make any assumptions on the mean
curves and sample curves. Hence, in addition to data with smooth random curves,
this method can be applied to analyze data where the sample curves can be un-
smooth or even discontinuous, such as those encountered in financial engineering,
survival analysis and other fields. For covariance functions, Silverman [41] only
assumed that they have series expansions by their eigenfunctions without imposing
smoothing constraint. This is attractive because the covariance functions are
continuous but unsmooth in many important models such as stochastic differential
equation models in financial engineering and counting process models in survival
analysis. Second, Silverman’s method controls the smoothness of eigenfunction
curves by directly imposing roughness penalties on these functions instead of
on sample curves or covariance functions. Furthermore, this approach changes
the eigenvalue and eigenfunction problems in the usual L? space to problems in
another Hilbert space, the Sobolev space (with a norm different from the usual
norm in the Sobolev space). Therefore, many powerful tools from the theory of
Hilbert space can be employed to study the properties of this method. Third, this
approach incorporates the smoothing step into the step for computing eigenvalues
and eigenfunctions. Therefore, this method is computationally efficient with the
same computational load as the usual unsmoothed functional PCA. Fourth, the
estimates produced by this method are invariant under scale transformations.
As pointed out by Huang et al. [22], the invariance property under scale trans-
formations should be a guiding principle in introducing roughness penalties to

functional PCA.

Let a be a nonnegative smoothing parameter. Silverman defines the smoothed estimators
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{(5\;&],%[-&]) : j € N}of {()\;,7;) : 7 € N} to be the solutions of the following successive

optimization problems:

First,ﬂa} is the solution of the optimization problem

A A

r r
max o) max 0. nv). (2.5)

M=t (v,7) +aly,y] =1 |2

Let 4/ be the maximum value of (2.5). For any k € N, if we have obtained {’Ay][-a], j =
1,2,--- ,k—1} and {Xga},j =1,2,--- k— 1},&,&“] is the solution of the optimization problem

A

L,
max 0Ly 27> (2.6)
=13 a=0,  1VIIZ

1<j<k-1

and S\La} is the maximum value of (2.6). Note that {(5\504,’?][-0‘]) : 7 € N} depends on both the

sample size n and the smoothing parameter o (Qi and Zhao [31]).

2.3 Functional PCA for discretely observed functional data

We consider two sample scenarios for sample functions observed at discrete points,

regular case and irregular case, respectively.

2.3.1 Regular case

In this case, we assume that the sample functions are observed at the same set
{t1,t5- -+ ,t,n} of discrete observation points across all the subjects with measurement errors,
where m is the total number of observation points for each sample function. After sorting
the observation points from the smallest to the largest, we get a = t(;) < @) <+ fim-1) <
t(m) = b. Let us consider the following model:

Y,

Prq

:Xp(t(q))+6pq7 p:l’... 7n7 q:l)-.. ’m, (27)
where Y}, is the observation of the sample function X, at point ¢, with measurement error
€pq and n is the total number of sample curves. Our estimates {5\1@, Ak tis1 of { g, Vi be>1 are

the solutions to the following successive optimization problems. The first pair of estimates
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{:\1, 41} are the maximum value and the solution to the following optimization problem:

A

- a1 21 gy () vty ) wewy
veW2 ([ab]),|lv]I=1 V]2 + a1 [, 7]

, (2.8)

where a; > 0 is a smoothing parameter, f]ql = % o1 (qu — Yq) (Ypl — 57.1>, 1 <q,l <m,
Yy=2(Yig+ - +Yy), and

(t(g) - t(l)) /2 q = 1
Wq = (t(q+1) — t(q71)> /2 l<g<m (29>
(t(m) — t(m—l)) /2 q=m.

The higher order estimates {S\k, Ak}, k > 2 are the solutions to the following optimization

problems:
2aer ity gy (tg)) vt ) wawy
Y112 + o [, 7]

max
“7‘| = 17 <’7?’AY]> = 07
j=1, k-1

, (2.10)

where ay, is the smoothing parameter for the k-th estimates and the estimates of eigenfunctions
are orthogonal to each other. We can choose different smoothing parameters for different
principal components.

The idea behind our method is as follows. The true eigenvalues and eigenfunctions are

the solutions to the following successive optimization problems:

(v,I'y)
V112

max
H7H = 17 <77’7j> = 07
j=1, k-1

where I'y is the function defined by (I'v)(t) = [*T'(t, s)y(s)ds. These optimization problems
depend on the covariance function I" only through the inner product (vy,I'v). Hence, we
use the numerators in (4.95) and (2.10) to approximate (y,I'y). However, if there are no
penalty terms in the denominators in (4.95) and (2.10), the maximum values of (4.95) and

(2.10) are infinities. Since tuning oy does not affect the first k£ — 1 estimates, we can tune
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the parameters one by one. We give a theorem on the existence and characterization of
solutions of the successive optimization problems (4.95) and (2.10). Our methods solve the
optimization problems in the Sobolev space, hence many powerful tools from the theory of
Hilbert space can be used to study the asymptotic consistency of our method.

We give a theorem on the existence and characterization of solutions of the successive

optimization problems (4.95) and (2.10).

Theorem 2.3.1. The solutions {S\k,% : k > 1} of the successive optimization problems
(4.95) and (2.10) exist for any {ay > 0,k > 1}. Moreover, for each k, Ay has continuous
second derivatives on [a,b] and, on any subinterval {[tq—1).t)],1 < ¢ < m —1}, it can be

written as a linear combination of the following at most 4k functions,

t—a . t—a t—a t—a
exp T | sin T | exp T | cos T
\/5%‘-‘ 20 \/ﬁa;* \/ﬁa;*
t—a . t—a t—a t—a
exp | — T | sin |, exp|— T | cos T |
V2a) 20 20r) V2a!

where 1 < 5 < k.

Hence, the first solution 4, is similar to smoothing splines except that the solutions to
the optimization problems in smoothing spline methods are cubic polynomials between any

two adjacent observation points.

2.3.2 TIrregular case

In this case, we assume the observation time points are

{tpq:p::la"'7n7 q:17"'aNp}

, where n is the number of sample curves and NV, is the number of the observation points of

the p-th sample function X,. The model is

Yog = Xp(tpg) t €y p=1,---,n, q=1,--+ Ny, (2.11)
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where Y}, is the observation of the random function X, at time ¢,, and ¢,, is the measurement
€rror.

For irregular case, we assume that the mean function () is smooth and the observation
points t,, are random variables with a density function h(¢) which is bounded below away
from zero on [a, b]. Our FPCA procedure for irregular case has three steps.

In the first step, we estimate the mean function u(t) based on the pooled data from all
individuals by local linear smoother. This step is the same as the first step of the procedure
in Yao et al. [54]. We define the estimate fi(t) of w(t) by solving the following optimization

problem

min Eni g: K (tpq_t> {Yog — a—b(t — 1)}, (2.12)

’ p=1g=1 TIIJ«

where r is the kernel, and 7, is the bandwidth. Let a(t) and b(t) be the minimizers, then
p(t) = a(t).

In the second step, we estimate the density function h(t) based on pooled observation
time points by the maximum penalized likelihood estimation method (see Silverman [40],
Silverman [42] and Chapter 6 in Ramsay and Silverman [33]). Let §(¢) be the minimizer of

the functional
> o)
_szg(tm)‘i‘/& e dt +nylg, g, (2.13)

where N =377 ; N, and 7, is a smoothing parameter, then the estimate fl(t) = e9® . Here
we use the maximum penalized likelihood estimation method instead of the kernel density
estimation method because the density estimate in this step will appear in the denominators
in the third step. Hence, the density estimate must be positive. In the maximum penalized
likelihood estimation, the log density is first estimated, then its exponential is calculated as
the density estimate. Hence, the maximum penalized likelihood density estimate is strictly
positive.

The third step is to solve the following successive optimization problems. The first pair

of estimates {1, 41} of {A\1,71} are the maximum value and the solution to the optimization
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problem:

1

_ U(p)
n' Z XINp>UNT a7 1y N. (N _ 1 1%21 ql
o 27+ ar [,0] | 2
1€ W2 (lo, 1), ’
9l =1

where a; > 0 is a smoothing parameter, x|n,>1) is the indicator function of N, > 1,

n = 22:1 X[N,>1) is the total number of the sample functions with at least two observation

points and
U V(tpa) Vog = filtp)) 7 (tp) (Yt — i)

( ) ;L(tpl)

The higher order estimates {\,4x},k > 2 are the solutions to the following optimization

~

problems:

n

1
/p;l Np>1]N(Np Z

l#ql
max : (2.15)
7]l = 1, (7,4;) = 0 H7”2 + g [%”Y]
- 5 y 13/ T
j=1-- k-1

where «y, is the positive smoothing parameter for the k-th estimates.

Now we intuitively explain (2.14) and (2.15). For each 1 <p <mn, if N, > 1, then

N Z

l;éq 1
is an approximation to the U-statistic
1 Z V(tpg) Yog — iltpg)) ) V() (Yot — N(tpl)). (2.16)
Np(Np l;é 11 h(tpq) h(tpl)

For different p’s with IV, > 1, (2.16) are independently and identically distributed random

variables if we assume that N, is a random variable independent of ¢,, and the random
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function X. Therefore, by the law of large numbers, the numerators in (2.14) and (2.15) are

approximation to (7v,I'y). We give a similar theorem as Theorem 2.3.1 for the irregular case.

Theorem 2.3.2. The solutions {(\r,41) : k > 1} of the successive optimization problems
(2.14) and (2.15) ezist for any {ax > 0,k > 1}. Moreover, for each k, 4y has continuous
second derivatives on [a,b] and on the subinterval between any two adjacent pooled observation

points, it can be written as a linear combination of the following at most 4k functions,

t—a . t—a t—a t—a
T | sin T |, exp T | cos 1
\/Ea]‘-* \/ioz; \/§oz;-* \/§oz;-*

t—a . t—a t—a t—a
sin - |, exp|— Ccos

1 1 1 1
V2a] V2a] V2af V2a]

exp

exp | —

Y

where 1 < j < k.

2.3.3 Computational issues

Although Theorems 2.3.1 and 2.3.2 give the forms of the solutions to the successive
optimization problems in our FPCA procedure, it is not convenient to compute the exact
solutions in practice. Instead, we choose an appropriate basis and use the basis expansions to
approximate the solutions to the successive optimization problems as did [33] in Section 9.4.
We develop similar algorithms for computing the solutions to the successive optimization
problems in our method as those in Section 9.4 of [33]. We first choose an appropriate basis
{¢,}M |, where M is the number of basis functions. For example, we can choose the Fourier
series as our basis for the periodic case and the B-spline basis for the nonperiodic case.

Let 4, = M | cru¢y, k > 1, be the solutions to (4.2) or (2.15) restricted to the linear
space spanned by the basis functions. They are the approximations to {9y }x>1. The coefficients
)T

cr = (Cr1,- - ,ckn)” are solutions to the following successive optimization problems,

c'Ve

cTJe + apc’Ke'

(2.17)

max
cceRM cTJc=1

clJe=0,j=1,--- k-1
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J and K are M x M matrices with elements J,,, = [° ¢, (t)6,(t)dt and K, = [2 ¢ (¢ (t)dt

v, v/ =1,---, M, where ¢/ is the second derivative of ¢,,. V is a M x M matrix with elements
Vi =33 fzqlﬁbu )bty Jwqwr, (2.18)
q=11=1

in regular case and

_1¢ X[Np>1] du( pq)( pa — [i(tpg)) G (tp) (Yir — A(tp1))
Vi = g N 1) %1 ) on (2.19)

in irregular case.

The algorithm for solving (2.17) is as follows:

e Perform a Cholesky factorization LI L; = J + ;K and calculate the inverse matrix

L;l of Ll-

-1
e Let B; = (L;1)TVL;! and compute the first eigenvector d; of B;. Then ¢; = Llrildl

where r; is a real number chosen such that clTJ cp = 1.

e For k£ > 1, suppose that we have obtained c; --- ,c_q. Perform the Cholesky factoriza-

tion L;{Lk =J + o, K and calculate the inverse matrix L,;l of Ly.

o Let Cp_y =[cy--+, k1), that is, Cy_; is an M x (k — 1) matrix with the j-th column

equal to c;.

e Perform a QR-decomposition QR = (L, ")TJC;_1, where Qy, is a M x (k — 1) matrix
with columns have norm 1 and orthogonal to each other and Ry is an upper triangular

matrix.

e Calculate the projection matrix P, = I — Q; QY onto the linear space orthogonal to the
linear space spanned by the columns of (L;")?JCy_;, where I is the identity matrix of

M dimension.

e Let By = P(L;")TVL,'P; and compute the first eigenvector d; of By. Then c;, =

L 'd .
’“Tk, where rj is a real number chosen such that c{J c, = 1.
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2.3.4 Consistency

We assume throughout this section that we want to estimates the first K principal
component curves, where K is any fixed positive integer number.
First, we consider the regular model (2.7). For this model, we consider the following two

cases for the distributions of #;:

Case 1 (Nonrandom Case). {t,,1 < ¢ <m} are nonrandom. Define

0, = max (t(q) — t(q_l)) . (2.20)

2<q<m

Case 2 (Random Case). {t;,,1 < ¢ < m} are i.i.d. random variables having a density
functions h(t) in [a,b] with respect to Lebesque measure and are independent of the random

functions X,,1 < p < n. Furthermore, h(t) has a positive lower bound c.

In order to give the consistency result for the regular model (2.7), we need the following

two more assumptions:

Assumption 4. The measurement errors €y, 1 < p < n,1 < q < m are independent random
variables and are independent of the random functions X,,1 < p < n and the observation
times ty, 1 < q < m. For each q, {€14, - , €nq} have the same distribution with mean 0 and

variance 03. Furthermore,
2 2 3
supo, <07, sulpE\eql] < p,
q q,

where o and p are some positive numbers and do not depend on m.

Remark 2.3.3. We do not assume that all the measurement errors have the same distribu-
tions. Instead we only assume that the errors arising at the same observation time have the

same distribution, which is more general than the former.
Assumption 5. The covariance function I'(s,t) is a continuous function in |a,b] X [a,b].
Define a function

w(d) = sup [D(t, t) — 2T (s, t) + I'(s, 9)] , (2.21)

s,t€la,b],|s—t| <
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where 0 < 6 < b — a. Note that

D(t,t) = 20(s,) + T(s,8) = B [((X(s) — p(s)) — (X () = p())?] .

Under Assumption 5, we have lims_,ow(d) = 0 and T is bounded. If G is smooth, then
w(d) = O(6). Although the covariance functions of Brownian motion and Poisson process

with rate 1 are not smooth, for both of them, we have

E[((X(s) = p(s) = (X(t) = u(1)))*] =t = s,

and therefore, w(d) = §
Theorem 2.3.4. Under Assumptions 1 — 5, suppose that m,n — 0o, maxi<ix<x o — 0 and

MER=h<K Y _ 0 (1). (2.22)

minlngK (%3

If the following is satisfied that for Case 1,

ﬁwﬂf]

m11f11<1<;<K (6773 [

and for Case 2,

1 3logm logm logm
.{Uw( S ) + S +4/ S ]—)O
miny<g<g O cm m nm

then the estimators {(\g, %) : 1 < k < K} are consistent.

Second, we consider the irregular model (4.130). For this model, we make the following
assumptions on the number of observation points, measurement errors, mean functions and

density functions. They are actually parts of assumptions in Yao et al. [54] and Hall et al.

120].

Assumption 6. The numbers of the observation points N,, 1 < p < n, are i.i.d random

variables taking positive integer values with EN, < oo and P(N, > 1) > 0. The measurement
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errors €pg, 1 < p < n,1 < g < m are i.i.d random variables with mean zero and finite variance.
The random functions, the observation points, the number of the observation points and the

measurement errors are independent.

Assumption 7. Both the mean function and the density function have square integrable
second derivatives, that is, p(t),h(t) € Wi([a,b]). The kernel r in (4.91) is compactly

supported, symmetric and Holder continuous. The smoothing parameter n,, in (4.91) satisfies
E <= o(1), e =o(n),

where p; > 0 is some constant. There are two positive constants ¢ < C' such that ¢ < h(t) < C

Va <t <b and the smoothing parameter 1, satisfies
ng — 0, nl_”zng — 00,

where ps > 0 is some constant.
Now we present the consistency result for the irregular model.

Theorem 2.3.5. Under Assumptions 1—3 and 6—7, suppose that n — oo, maxi<g<x ar — 0

and

maxi<g<g O 0 (1)
————— = 0,(1).

minlngK (%3
If the following is satisfied

1

| —i-e 3_¢
———— n" 2 +n* )+mg | =0,
miy <g<g Ok

for some € > 0, then the estimators {(\,, %) : 1 < k < K} are consistent.

2.3.5 Extensions to FPCA for functional data with multidimensional arguments

Functional data with multidimensional arguments are collected in a growing number

of fields. For example, in spatial data analysis, data are collected from different places
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and at different times. Such data can be view as discretely observed functional data which
are functions of both space and time. Analysis of such data is considered an important
direction of functional data analysis (see Section 22.2 in Ramsay and Silverman [33] and
Section 5 in Miiller [28]). Our method can be easily extended in this context by defining
similar successive optimization problems in multidimensional spaces. The numerators in the
successive optimization problems (2.14) and (2.15) can be straightforwardly extended to the

multidimensional case and the penalty terms in the denominators can be replaced with

2
’ B m! o™y
I (7) = Z /Q(at{l...aﬁd) dty---dty
J

Pl A |
J14-+ja=m Ji: Jd:

where d is the dimension of the space of the arguments, 2 € R? is the region in which
the function is defined and we assume that the eigenfunctions have square integrable m-th
derivatives. Our method avoids the estimates of covariance functions which have 2d arguments

and are not very easy to estimate when d > 2.

2.4 Simulation studies

To illustrate the performance of our method, we conduct three simulation studies. In the
first study, the sample curves are smooth with both equally and unequally spaced observation
time points, and we will compare our method with an alternative method (Method II) which
first obtains the smooth estimate of mean curve and covariance functions, and then compute
the eigenfunctions of the smoothed covariance function as the estimations of the PC curves.
We use the software package PACE for the second method, which was developed by Yao
et al, and downloaded the software from http://www.stat.ucdavis.edu/PACE/download. In
the second study, the sample curves are simulated with 3 true principle curves and we will
compare our mthod with Method II. In the third study, we simulate random surfaces and

perform FPCA in a two-dimensional space with our method.
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2.4.1 Smooth random curves with 2 PC curves

We first simulate 200 curves from the following random curve on [0, 1],

X(t) = V2sin(270) Sin(ﬂ;) + cos(270) sin(ggt),

where U is a random variable with uniform distribution on [0, 1]. The covariance function of

X (t) has two nonzero eigenvalues and the corresponding eigenfunctions are v/2sin(%) and

V2 sin(%). Figure 2.1 shows the plot of the first two principal component curves.

The first two principal component curves

15

1.0

0.5
|

¥(t)

-05
|

Figure 2.1 The First Two Principal Component Curves
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Figure 2.2 Simulated Sample Curves for the simulations in Section 2.4.1

For discrete observations, we will consider two cases.

Regular case The observed data are generated from the following model

qg—1

Yo = Xp(tq) +epg, g = 100

qzlv'”na

24
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where the measurement errors €,, ~ N (0, 3), the observation points {t,,} are equally spaced
on [0,1]. We consider n = 101,51 and 21, that is, we sample different number of observation
points: 101 equally spaced with measurement errors; 51 equally spaced with measurement
errors; 21 equally spaced with measurement errors. Plots of the simulated sample curves are
shown in 2.2.

We will estimate the first two eigenfunctions by our method and Method II respectively.
We conducted 200 simulations and in each simulation, 200 observations are generated as
training sample and 500 observations as test sample. For our method, use the usual cross-
validation procedure to select the smoothing parameter o from {le — 10, 1le — 09, le — 08, le —
07,1e — 06,1e — 05,1e — 04, le — 03, le — 02, 1e — 01}, such that the total variance accounted
for by all the principal components on the test data is maximized. We obtain the smoothing
parameter a = le — 04. The parameters for Method II can be chosen by generalized cross-
validation (GCV) method. Table 2.1 lists the cumulative variance of selected principal
component scores. Under different settings, the first two estimated principle component

curves obtained by our method explain larger total variation in the data.

Table 2.1 The averages and standard deviations of cumulative variance of selected principal
component scores for the simulations in Section 2.4.1: Regular Case. For each sampling
strategy shown in column 1, the first row is the average and standard deviation of the first
estimated PC score variance; the second row is for the second esitmated PC score variance.

Our Method Method II (PACE)

Selected PCs Var.PC.Score Var.PC.Score Var.PC.Score Var.PC.Score
(Mean) (Variance) (Mean) (Variance)

101 Equally spaced
1st PC  0.005264516  0.0002149985 0.0053 0.0035
2nd PC  0.008040198  0.0001687864 0.0056 0.0035

51 Equally spaced
1st PC  0.01088641  0.0004329838 0.0108 0.0075
2nd PC  0.01695650  0.0004169770 0.0119 0.0075

21 Equally spaced
1st PC  0.03002970 0.001443941 0.0322 0.0164

2nd PC  0.04807245 0.001607120 0.0391 0.0164
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Irregular case In this case, the observed data are generated from the following model

Yo, =Xp(ty) + €. g=1,---n, p=1,---,200.

where the measurement errors €,, ~ N(0,3), the observation points {t,,} are i.i.d random
variables from Uniform[0, 1]. That is, we sample 200 curves and make different number of
observation points: 101 unequally spaced with measurement errors; 51 unequally spaced with
measurement errors; 21 unequally spaced with measurement errors.

We use the principal component curves estimated from both methods to approximate
the true principal component curves. We conducted 200 simulations. Similarly to the regular
case, we use the usual cross-validation procedure to obtain the parameters for our method
such that the total variance accounted for by all the principal components on the test data is
maximized. We obtain the smoothing parameter &« = 1le — 04 and the cumulative variance of
selected PC scores are listed in Table 2.2. Under different settings, the estimated PC curves

obtained by our method explain larger total variation in the data.

Table 2.2 The averages and standard deviations of cumulative variance of selected PC scores
for the simulations in Section 2.4.1: Irregular Case. For each sampling strategy shown in
column 1, the first row is the average and standard deviation of the first estimated PC score
variance; the second row is for the second esitmated PC score variance.

Our Method Method IT (PACE)
Selected PCs Var.PC.Score Var.PC.Score Var.PC.Score Var.PC.Score

(Avg.) (Std.) (Avg.) (Std.)

101 Unequally spaced
1st PC  0.005266157  0.0001979994 0.0053 0.0037
2nd PC  0.007900791  0.0001649976 0.0056 0.0037

51 Unequally spaced
1st PC  0.01037529  0.0004865600 0.0112 0.0061
2nd PC  0.01672025  0.0004334033 0.0123 0.0061

21 Unequally spaced
1st PC  0.02997724  0.001536284 0.0288 0.0171

2nd PC  0.04821568 0.001759098 0.0359 0.0170




2.4.2 Smooth random curves with 3 PC curves

We consider the following random curve on [0, 1],

X =3 Sin(#zt) + 26 Sin(ggm> + B sin(57;>,

27

where (;,7 = 1,2, 3 are random variables with normal distribution on [0, 1]. The covariance

function of X (¢) has three nonzero eigenvalues and the corresponding eigenfunctions are

V2sin(Z), v2sin(22t) and v/2sin(22%). Figure 2.3 shows the plot of the first three principal

component curves.
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The first three principal component curves

Figure 2.3 The First Three Principal Component Curves
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Similar to the previous simulation, we will consider two cases.

Regular case The observed data are generated from the following model

Y,

Pq

:Xp(tq)+€pq7 tqzi g=1,---n, p=1,---,200.

where the measurement errors €,, ~ N (0, 3), the observation points {t,,} are equally spaced
on [0, 1]. Plots of the simulated sample curves from one simulation are shown in 2.4.

We conducted 300 simulations with different number of observation points sampled:
101 equally spaced measurements; 51 equally spaced measurements; 21 equally spaced
measurements. In each simulation,200 observations are generated as the training sample and
500 observations as the test sample. For our method, we use the usual cross-validation to
obtain the smoothing parameter from {le — 10, le — 09, 1le — 08, le — 07, 1e — 06, le — 05, le —
04,1e — 03,1e — 02, 1le — 01}, such that the total variance accounted for by all the principal
components on the test data is maximized. The smoothing parameter chosen under different
sampling strategies are listed in 2.3. We use the principal component curves estimated from
both methods to approximate the true principal component curves. The cumulative variance
of selected PC scores are listed in Table 2.4. We can see that the first three estimated

principle component curves obtained by our method acccount for larger variation in the data.

Table 2.3 Selected smoothing parameter with the usual cross-validation procedure for the
simulations in Section 2.4.2: Regular Case

Smoothing Parameter | 101 Equally Spaced 51 Equally Spaced 21 Equally Spaced
« 1e-09 1e-06 le-04

Irregular case In this case, the observated data are generated from the following
model

Yoo =Xp(ty) +€pq qg=1,---n, p=1,---,200.

where the measurement errors €,, ~ N(0,3), the observation points {t,,} are i.i.d random

variables from Uniform[0, 1]. We use the principal component curves estimated from both
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Table 2.4 The averages and standard deviations of cumulative variance of selected PC scores
for the simulations in Section 2.4.2: Regular Case. For each sampling strategy shown in
column 1, the first row is the average and standard deviation of the first estimated PC score
variance; the second row is for the second esitmated PC score variance.

Our Method Method II (PACE)
Selected PCs Var.PC.Score Var.PC.Score Var.PC.Score Var.PC.Score

(Avg.) (Std.) (Avg.) (Std.)

101 Equally spaced
1st PC  0.04248567 0.003085132 0.0452 0.0030
2nd PC  0.06662123 0.003577294 0.0456 0.0030

51 Equally spaced
1st PC  0.08836079 0.005708103 0.0894 0.0058
2nd PC  0.13893059 0.006298565 0.0909 0.0058

21 Equally spaced
1st PC 0.2178350 0.01486907 0.2221 0.0152
2nd PC 0.3435396 0.01646455 0.2313 0.0153
3rd PC 0.3506672 0.01646290 0.2344 0.0157

methods to approximate the true principal component curves with our method and Method
IT. Similarly to the regular case, we conducted 300 simulations with different number of
observation points sampled: 101 unequally spaced measurements; 51 unequally spaced mea-
surements; 21 unequally spaced measurements. We use the usual cross-validation procedure
to obtain the parameters from for our method, such that the total variance accounted for
by all the principal components on the test data is maximized. The smoothing parameter
chosen under different sampling strategies are listed in 2.5 and the cumulative variance of

selected PC scores are listed in Table 2.6.

Table 2.5 Selected smoothing parameter with the usual cross-validation procedure for the
simulations in Section 2.4.2: Irregular Case

101 Unqually Spaced 51 Unqually Spaced 21 Unqually Spaced
o} 1e-06 le-04 le-03
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Table 2.6 The averages and standard deviations of cumulative variance of selected PC scores
for the simulations in Section 2.4.2: Irregular Case. For each sampling strategy shown in
column 1, the first row is the average and standard deviation of the first estimated PC score
variance; the second row is for the second esitmated PC score variance.

Our Method Method II (PACE)
Selected PCs Var.PC.Score Var.PC.Score Var.PC.Score Var.PC.Score

(Avg.) (Std.) (Avg.) (Std.)

101 Unequally spaced
1st PC  0.04388102 0.002888812 0.0436 0.0029
2nd PC  0.06803005 0.003254693 0.0440 0.0029
3rd PC  0.06900475 0.003255002 0.0440 0.0029

51 Unequally spaced
1st PC  0.08348801 0.005615962 0.0757 0.0051
2nd PC  0.12794842 0.006420639 0.0772 0.0051
3rd PC  0.12948339 0.006429075 0.0772 0.0051

21 Unequally spaced
1st PC 0.2062827 0.01513302 0.2206 0.0140
2nd PC 0.3182653 0.01546205 0.2304 0.0140

3rd PC 0.3275431 0.01565964

2.4.3 Random surface

We sample 200 surfaces from the distribution of

7r(32— t)) eysin <7r(52+ t))j

where 0 < s,t < 1, & ~ N(0,2), & ~ N(0,1). The summation of the first three terms is

X(s,t) = 1+escos(t)+(s—1)2t+§1sin(

the mean function. The covariance function of X (s,t) has two nonzero eigenvalues with

eigenfunctions
1 2. . [(7w(s—1) 1 2, . (m(s+1)
—(1 —— —(1+ — 0<s,t<1.
5= Dsn (T20) D By (), o<

For each sampled surface, we make 10 to 30 observations (irregular case) from a dis-
tribution with a truncated bivariate normal density with mean (0.4,0.6) and covariance
matrix [ restricted to the region [0, 1] x [0,1]. The number of the observations for each

surface is a random variable with discrete uniform distribution on {10,11,---,30}. The
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measurement error € ~ N(0,0.2%). The eigenfunctions and their estimates in one simulation

are plotted in Figure 2.5. The smallest MISE of our method are 0.022 and 0.026 for the first

two eigenfunctions respectively.
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Figure 2.5 Eigenfunctions and their estimates in one simulation: The top left is the first

true eigenfunction; the top right is the estimate of the first eigenfunction; the bottom left is

the second eigenfunction; the bottom right is the estimate of the second eigenfunction.
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2.5 Applications

2.5.1 Retinal pigment epithelium (RPE) data

The retinal pigment epithelium (RPE) is the pigmented cell layer between the choroid
and the photoreceptor cell layer of eye. RPE is essential for visual function (see Strauss
Strauss [45]). It provides multiple functions that support normal photoreceptor function,
such as shielding the retina from excess incoming light, transporting water, nutrients and
metabolic end products between the subretinal space and the blood, as well as secreting a
variety of growth factors and signaling molecules (Zinn and Marmor Zinn and Marmor [55]).
RPE is a key site of pathogenesis of age-related macular degeneration (AMD) which is a
main source of vision loss even blindness in the elderly (Spaide and et al. Spaide and et al.
[43]). The data is the collection of images of RPE cells of 88 mouse eyes provided in Emory
Eye Center’s L. F. Montgomery Lab at Emory University (Jiang and et al. Jiang and et al.
[24]). The purpose of the study is to examine the relationship between the morphology of
RPE layer and the age and disease status of the eye. Specifically, it is desirable to construct a
classification rule based on the data so that the morphology of RPE of the eyes with different
genotypes and in different age groups can be separated. There are two genotypes: wild and
mutated, and two age groups: young (age< 60 days) and elderly (age > 60) groups in the
data. Hence, we have four classes (that is, four combinations of genotypes and age groups).
In each image, there are several thousands of cells. Several characteristics of each cell were
measured including area, perimeter, aspect ratio, and so on. Local regions of two images
with different genotypes, but having the same age equal to 60 days, are shown in Figure 2.6
(Chrenek and et al. Chrenek and et al. [10]). It can be seen that the distributions of the area
and the shape of cells in the two images are quite different. Hence, we use the distributions
of the area and the aspect ratio (a measure of shapes) of cells as classifiers respectively. The
density curves of the area and the aspect ratio for each eye are estimated using the penalized
likelihood method (see Section 5.4.3 in Ramsay, Hooker and Graves Ramsay et al. [34]),
respectively, and the principal component scores are calculated and used to construct the
classification rules. The eyes in different age groups can be separated using the distribution

of the area of cells which cannot distinguish the eyes with different genotypes in the same
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Figure 2.6 Local regions of two images with different genotypes, but same age equal to 60
days: (Left) RPE cells of the wild type and age 60 days; (Right) RPE cells of the mutated
type and age 60 days.

age groups. Conversely, the distribution of the aspect ratio of cells can separate the eyes
with different genotypes, but cannot distinguish those with the same genotypes in different
age groups. Hence, we will combine the information of the area and the aspect ratio of cells
together and apply our method to the joint density functions.

The data contains 88 images of mouse eyes. 27 are in the young age group with the
wild genotype, 13 are in the elderly age group with the wild genotype, 27 are in the young
age group with the mutated genotype and 21 are in the elderly age group with the mutated
genotype. We first estimate the joint density function of the area and the aspect ratio of
cells in each image using the kernel method (see Section 5.6 in Venables and Ripley [49]).
The values of the density functions are calculated on a grid of 731 x 21 equally spaced points
in the two-dimensional space (the area of cells are distributed between 0 and 730 pum? and
the aspect ratio between 0 and 1). The mean joint densities of the four categories are plotted
in Figure 2.7 which indicates the joint density curve is a good classifier of the genotype and
the age group. We apply our method to the 88 joint density functions. Most of variations in
the data are accounted for by the first four principal components which are plotted in Figure
2.8. Then we calculate four PC scores for each eye image, hence all the PC scores form a
88 x 4 matrix which is used to construct classification rules. We apply three classification
methods, LDA (linear discriminant analysis), QDA (quadratic discriminant analysis) and

SVM (support vector machine), to the matrix. Leave-one-out cross validation is used to
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wild, Age<70 wild, Age>70

Figure 2.7 Mean joint densities of four categories.

assess the predictive accuracy. The PC scores of one eye image is selected as the test data
and the PC scores of the remaining eye images are used as training data to construct the
classification rule which is applied to the test data. This is repeated such that each eye image
is used once as the test data. The predictive accuracy are 96.6% (85 are correctly classified

amon eves), 95.5% and 95.5% or an respectively.
g 88 eyes), 95.5%(84) and 95.5% (84) for LDA, QDA and SVM, resp ly.

2.5.2 Longitudinal CD4 counts data

This dataset is from the Multicenter AIDS Cohort Study, which includes repeated
measurements of physical exams, laboratory results, and CD4 percentages for 283 homosexual
men who became HIV-positive between 1984 and 1991. The CD4 cell level is one of the
important biomarkers to evaluate the disease progression of HIV infected subjects. All

individuals were scheduled to have their measurements made at semiannual visits. However,
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because many individuals missed scheduled visits and the HIV infections happened randomly
during study, the data are sparse. The number of observations per subject ranged from 1 to
14, with a median of 6. Plots of sample curves from the data are shown in 2.9. As we can
see, the CD4 count data are unbalanced, due to mistimed measurements and missing data

that resulted from skipped visits and dropout.

This dataset has been studied by many authors (see Yao et al. [54]). The plots of

all observed individual trajectories and the estimated mean curve can be found in Yao
et al. [54]. We apply our method to this dataset and plot the estimates of the first three

eigenfunctions in Figure 2.10. Our estimate of the first eigenfunction is similar to that in

36
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Figure 2.9 Sample curves from CD4 data: (Upper) 4 sample curves; (Lower)Sample curves
of 283 patients between 1984 and 1991

Yao et al. [54]. However, there are some differences between our estimates of the second
and third eigenfunctions and theirs. Our estimate of the second eigenfunction corresponds
to the contrast between the cd4 counts before year 2.5 and those after that. The third
estimate corresponds to the contrast between the cd4 counts during the middle course of the
observations and the summation of those at the beginning and towards the end of the study

period.
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Chapter 3

SPARSE FISHER’S DISCRIMINANT ANALYSIS WITH THRESHOLDED
LINEAR CONSTRAINTS

This chapter is organized as follows. In Section 3.1, we introduce notations and briefly
review the classic Fisher’s discriminant analysis. Our sparse Fisher’'s LDA method with
thresholded linear constraints are introduced in Section 3.2. In Section 3.3, we present
the main theoretical results. Sections 3.4 and 3.5 are simulation studies and applications,

respectively. The proofs of all theorems are provided in Section 4.11 of Chapter 4.

3.1 Fisher’s discriminant analysis

We first introduce the notations used throughout the chapter. For any vector v =
(v1, -+ ,vp) T, let [|[v]l1, [[v]]2, and [|v]|e = max;<i<, |v;] denote the Iy, I3, and I, norms of v,
respectively. For any p X p symmetric matrix M, we use Apaz(M), Apin (M) and A, (M) to
denote the largest eigenvalue, the smallest eigenvalue and the smallest positive eigenvalue of

M, respectively. Now suppose that M is symmetric and nonnegative definite. We define two

norms for M,

IIM]|| = sup IMvV||2 = Az (M), and ||M||oc = max |My], (3.1)

VER? [|v][2=1 1<k,I<p

where My, is the (k,{)th entry of M. The first norm is the usual operator norm and is also
called the spectral norm. The second is the max norm.

Throughout this chapter, we assume that the number K of classes is any fixed positive
integer number. Suppose that the population in the ¢-th class has a multivariate normal
distribution N,(p;, ), where p; is the true mean of the ith class, 1 < i < K, and X is
the true common within-class covariance matrix for all classes. We assume that the prior
probabilities for all the classes are the same and equal to 1/K. It will be seen that when we

add a constant vector to all the observations (including all the training and the test data),
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the classification results are not changed under the classification rules involved in this paper,
therefore, without loss of generality, we assume that the overall mean of the whole population

is zero, that is,

Define a p x K matrix U = [uq, po, - - - , x|, which is the collection of the class means.

Under the assumption (3.2), the between-class covariance matrix is defined as
K
B =Y wpl/K =UUT/K (3.3)
i=1

Then Fisher’s discriminant analysis method (when the true class means and the true covariance
matrix are known) sequentially finds linear combinations Xa, -+, Xag 1 by solving the
following generalized eigenvalue problem. Suppose that we have obtained aq,--- , a1,

where 1 <17 < K — 2, then ¢ is the solution to

max a'Ba, subjectto a'Sa=1, a'Sa; =0, 1<j<i-1 (3.4)
ac

The Fisher’s classification rule is to assign a new observation x to the class ¢ if

(x — )" D(x — ps) < (x — ;) "D(x — p;) (3.5)

forall 1 < j #i < K, where D = Y1 e
It is well known that under our setting, that is, the population in each class has a normal
distribution with the same covariance matrix and the prior probabilities for all classes are

the same, the optimal classification rule is to assign a new observation x to class ¢ if

(x = ) T2 x = ) < (x = ) TETH(x - ) (3.6)

for all 1 < j # i < K,(See Theorem 6.8.1 in Anderson [3] or Theorem 13.2 in Hérdle and

Simar [21]). Moreover, the optimal rule (3.6) is equivalent to the Fisher’s discriminant rule
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(3.5).

In practice, the true class means and the covariance matrix ¥ are unknown. Consider
a training data set, X = {x;; : 1 <i < K,1 < j < n;}, where x;; is the jth observation
from the ¢th class and n; is the number of the observations of the ¢th class. The numbers
(n1,na, -+ ,ng) can be either random or nonrandom. Let n = 3%, n;. Throughout this

paper, we use

1 ni 1 K n; . 1 K n;
Xj = — Zij, X =— Z Xij, 2= I ZZ(XU X;)(xi5 — Scz)T,
Lt [ n i=1j=1
. 1 X
B=_3 n(x-x)(x-x%)7, 1<i<K (3.7)

to denote the sample class means, the sample overall mean, the sample within-class covariance

matrix and the sample between-class covariance matrix, respectively. Then the classic Fisher’s

discriminant analysis is to sequentially obtain the estimates &y, -+, ag_1 of &y, -+ , g1
by solving
max o"Ba, subjectto a'Sa =1, an)&j =0, 1<j<i, (3.8)
ac

where 1 <1¢ < K — 1. The classification rule is to assign a new observation x to the class 7 if
(X — }7(2>T,D/(X — }21) < (X — ij)T,D/(X — ij), (39)

forall 1 < j #i < K, where D = YK ayaf.

3.2 Sparse Fisher’s discriminant analysis with thresholded linear constraints

In the high-dimensional setting, the classic Fisher’s discriminant analysis has several
drawbacks. First, the sample within-class covariance matrix 3 is not full rank, so the solution
to (3.8) does not exist. Second, the sample between-class covariance matrix B and the sample
within-class covariance matrix 3 as given in (3.7) are not consistent estimates in terms of
the usual operator norm. Hence, ay, 1 < k < K — 1, are not consistent. Third, suppose that

we have obtained an estimate a; of «, in order to estimate iy, we have to estimate the
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coefficient vector of the linear constraint in (3.4), Xa;. However, even if & is a consistent
estimate , f]&l is not a consistent estimate of Y a; due to the inconsistency of 3. In this
section, we describe our method and address these drawbacks. We will consider the cases
that K = 2 and K > 2 separately because when K = 2, there is only a component and no

linear constraints exist.

3.2.1 The case of K =2

When there are two classes, there is only one component c; and B = (] +popg ) /2 =

i because py = —po . It is easily seen that
o =X 15/VETE1S

, where § = po— p1. Cai and Liu [9] and Fan et al. [15] imposed [; and [, sparsity assumptions
on X714, respectively. Equivalently, we assume that a is sparse in terms of /; norm as in
Cai and Liu [9]. As in Qi et al. [32], we propose to get an estimate &; of a; by solving

max a'Ba, subject to a'Za+7|al? =1, (3.10)

where ||a||2 = (1 — A\)|la]]3 + A|a||? and both 7 > 0 and 0 < A < 1 are tuning parameters.
The introduction of ||a||2 overcomes the issue that 3 is not full rank in high-dimensional
setting, and the term ||a||? encourages the sparsity of the solution. A difference between our
penalty and the usual lasso or elastic-net penalty is that we use the squared [;-norm, which
leads to the following scale-invariant property. For any nonzero real number ¢, t&x; is the
solution to the penalized generalized eigenvalue problem,

a"Ba

max _ ,
ackr  aTYa + 7|}

(3.11)

because the objective function is scale-invariant. Note that the problem (3.11) is equivalent
to (3.10). This scale-invariant property is intensively used in our theoretical development.
Once we obtain &, our classification rule is to assign a new observation x to class ¢ if

(x —%)TD(x — %;) < (x —%;)TD(x — x;) for 1 < j #i <2, where D = a,a;.
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3.2.2 The case of K > 2

If K > 2, more than one components need to be estimated. The a; is estimated in
the same way as that when K = 2. Since the higher order component ;, 1 < i < K — 1,
satisfies the constraints in (3.4), a; is actually orthogonal to the subspace spanned by
{¥ay, - ,3a; 1} in RP. Because «; is the eigenvector of the generalized eigenvalue problem
(3.4), Ba; and Yar; (1 < j < K — 1) have the same direction and only differ by a scale
factor, which is the j-th eigenvalue. Hence, the subspace spanned by {Bay,--- ,Ba;_;} is
the same as that of {Xay, -+, Xay_1}.

Because neither ¥ nor B are consistent estimates of ¥ and B in terms of the op-
erator norm, respectively, neither of the subspaces spanned by {f]&l, e ,f]&i_l} and
{f%&l, e 7]A364i,1} is a consistent estimate of the subspace spanned by {¥ay, -, a1}
(or by {Bay, - ,Bay_1}), even if @;, 1 < j <i— 1, are consistent estimates. Therefore, in
order to estimate these subspaces, in addition to the sparsity assumption on {a, -, ax 1},
we also make sparsity assumptions on the vectors, Bay, -+ ,Bag_1, in terms of [; norm,
which is equivalent to the sparsity on ¥ay, -+ , Yk 1. Lemma 2 in Section 3.3 shows that
making sparsity assumptions on Yoy, --- , Yok 1 is equivalent to assuming the sparsity of
{pmi —p;,1 <i#j<K—1} in terms of /; norm. This assumption has been made in Shao
et al. [37]. Bickel and Levina [7] assumes that gy and pe are sparse when K = 2, which
implies that gy — o is sparse.

Under the above assumptions, suppose that we have obtained the estimate a; of o,
1 <j <i—1, then we propose to estimate Ba; by applying the soft thresholding to E&j.

This is equivalent to get the estimate éj of Ba; by solving the following optimization problem:

min [|€ — Bay||3 + sll€]] (3.12)

£CRP

where £ > 0 is a tuning parameter. It can be shown that the [-th coordinate of éj is

~

(&) = sign((Ba,)y) [|(Bé)l = #/2| L5z oy LSS D, (3.13)

where I 55 is the indicator function of [|(B&;),| > #/2]. We will show that the

a;)i|>k/2]
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subspace spanned by {él, e é_l} is a consistent estimate of the subspace spanned by
{Bay,--- ,Ba;_1} and provide the convergence rate in Section 4. Now suppose that we have

obtained the estimates &, - -+, &;_1 and él, cee @,1, then a; is the solution to

max a'Ba, subjectto a'Sa+7lali=1, o' =0, j<i. (3.14)

Once we obtain all the estimates &, - -+, &g _1, we build the classification rule which assigns

a new observation x to class ¢ if

(X — }_(Z)TD(X — }_C,) < (X — }_(j)TD(X — )_(j), (315)

and K is a symmetric (K — 1) x (K — 1) matrix with the (i, 7)-th entry equal to &) Za;.

The reason that we use the form (3.16) for D will be explained in Section 3.3.

3.2.3 Computation
The optimization problems (3.10) and (3.14) are special cases of the the following

problem:

max a'Tla, subject to o' Ca+7|alf <1, La=0, (3.17)
ac

where IT and C are any two p X p nonnegative definite symmetric matrices, and L is any
matrix with p columns. For example, (3.14) is the special case of (3.17) with Il =B, C = X
and L = (él, e ,é,l)T. In Qi et al. [32], (3.17) is solved by the following algorithm,

Algorithm 3.2.1. 1. Choose an initial vector a'® with TIa®) # 0.

2. Iteratively compute a sequence oV, a® ... a® ... until convergence as follows: for
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any i > 1, compute a® by solving

m%é(na(i_l))Ta, subject to o' Ca+7|ali <1, La=0. (3.18)
ac

The key step (3.18) of Algorithm 3.2.1 is a special case of the following problem with
¢ = IMalD:

max c'a, subjectto a'Ca+r7lal} <1, La=0, (3.19)
where c is any nonzero vector. The algorithm and the related theory to solve (3.19) have

been developed and described in details in supplementary materials of Qi et al. [32].

3.3 Asymptotic consistency and asymptotic optimality

In this section, we study the asymptotic properties of the proposed method in Section 3.2.
We first consider two mechanisms of class label generation. The first is a random mechanism in
which sample observations are randomly drawn from any of K classes with equal probability
1/K. Hence, (n1,n9,---,ngk) follows a multinomial distribution with parameters n and

(1/K,---,1/K). In this case, we have the following result.

Lemma 1. Suppose that (ny,ne, - ,ng) follows a multinomial distribution with parameters

nand (1/K,--- ,1/K). Given any (K, n,p) satisfying thatp > 2, K <p+1 and /K logp/n

is bounded by some constant dy, for any M > 0, we have

n; 1 log p M
— - = C < 3.20
n K ~ Kn ) =P ( )

P | max
1<i<K

for all C'> (M +3)(do + 1).

In the following Condition 1, we will assume that the distributions of x;; is independent
of this random mechanism of class label generation. The second mechanism is nonrandom,
that is, (nq,ng, -+ ,ng) are nonrandom numbers. In this case, we will impose the following

Condition 1 (a) on these numbers.

Condition 1.
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(a). If (n1,n9,--- ,ng) are nonrandom, then there exists a constant Cy (independent of n,
p and K ), such that we have maxi<;<x [n;/n — 1/K| < Cyy/logp/(Kn) for all large
enough n. If (n1,ng, -+ ,nk) are random as in Lemma 1, we assume that they and x;;,

1 <1< K and 1 <5 <n;, are independent.

(b). There exists a constant ¢y (independent of n, p and K ) such that

Cal S Amzn(2> S Amax(z) S Co, and 1215%)% HI’I”LHOO < Co-

Lemma 1 and Condition 1 (a) ensure that the number of observations in different classes
do not differ greatly in each of the two mechanisms. The regularity condition for ¥ in
Condition 1 (b) has been used by many authors. The condition about p; can be achieved by
scaling each of the p variables. Under Condition 1, we have the following two probability
inequalities about ||X — 2| and |[B — Bl|e, which play basic roles in our theoretical
development. Recall that 3 and B are the sample within-class covariance matrix and the

sample between-class covariance matrix, respectively, as defined in (3.7).

Theorem 3.3.1. Suppose that Condition 1 holds, p > 2, K <p+1 and Klogp/n — 0 as
n — oo. Then for any M > 0, we can find C large enough and independent of n, p and K
such that

_ K1 _ K1
P<||E—ZJ||OO>C\/ ng) <p ™M, P(||B—B||OO>C’\/ ng) <pM
n n

for all large enough n.

Remark 3.3.2.  Theorem 3.3.1 holds even if K — 0o as n — oo under the conditions
in the theorem. Howewver, since we need the condition that K is bounded in the following

theorems, we fix K in this paper.

We next impose some conditions on the maximum values of the generalized eigenvalue

problem (3.4). Define

A=U's"'U E=x"1Bx 2 (3.21)
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where U = [pq, o, -+, ], A is K x K and plays the same role as that of A, in Shao
et al. [37] and Cai and Liu [9] when K = 2, and E is a p X p nonnegative definite matrix.
Solving the generalized eigenvalue problem (3.4) is equivalent to computing the eigenvalues
and eigenvectors of 2. As ay, 1 < k < K — 1, are the generalized eigenvectors of the problem

(3.4), we have
Ba, = M Zay,, and hence, EXY?qy, = Z7?Bay, = M X, (3.22)
for any 1 < k < K — 1, where )\ is the corresponding generalized eigenvalue. Therefore,
=2, y=%"ay -, g =30k, (3.23)

are the eigenvectors of E with corresponding eigenvalues Ay, Ao, ..., Ag_1, respectively. So
they are orthogonal to each other. In the following, we will use \y(E), 1 <k < K — 1, to
denote the eigenvalues of 2, which are also the generalized eigenvalues and the maximum
values of (3.4). Since E has the same rank as B which is equal to K — 1 due to the constraint

(3.2), E has at most K — 1 positive eigenvalues. By the conditions o] Sy = 1,1 < k < K —1,

we have [|y1l2 = [[v2ll2 = -+ = [[yk-1ll2 = 1. Let
7 =22q), Ay =3q,, - Ak = B Ak, (3.24)
which are estimates of 7;, ---, vx_1, respectively. Since —ay, is also the solution to the

optimization problem in (3.10) or (3.14), without loss of generality, we choose the sign of &
such that 4]~ > 0, for 1 <k < K — 1. We impose the following regularity conditions on

the eigenvalues of =.

Condition 2.  There exist positive constants ¢y, co and c3 which are all independent of n,

p and K such that
(@) M(E) Z Xa(8) 2 -+ = Ag1(B) 2 a1,

. A (E)—X2(E A2 (B)—A3(E A—2(B)-Ak_1(E
(b). mm{ 1()\)1(2)2( )’ 2(}\)2(35%( )’... 2K 2)(\1()72(;) 1( )} > ¢y,

(c). The ratio between the largest and the smallest eigenvalue: A\ (E)/Ag_1(E) < cs.
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Condition 2(b) prevents the cases that the spacing between adjacent eigenvalues is too
small. Condition 2(c) excludes the situations where the effects of higher order components
are dominated by those of lower order components and are negligible asymptotically.

Now we consider the choice of the tuning parameters, 7 and A, in the penalized opti-
mization problem (3.10) and (3.14). We will show that the choice of X is not essential for
the asymptotic convergence rates as long as it is asymptotically bounded away from zero. In
the following, we will choose tuning parameters (7,,, A,,) (which depend on the sample size n)

satisfying

Kl
0< A\, <1, linginf An > Xo, To=Cs,, where s, =1/ ng, (3.25)
n o0 n

Ao > 0 and C' are constants independent of n, p and K. The constant C' is chosen based on

Theorem 3.3.1 such that for all large enough n,

~ C _ ~ C _
P (HZ — 3|0 > c*f”) <p 4 P <|B — Bl|o > 5n> <p ! (3.26)

Co

where Cy = 2(1 4 ¢;') /Ao and ¢; is the constant in Condition 2 (a). Define the event

Q= {2 = Ello < 7/Cs,  |B=Blloo <7/Ca}, then P(Q) >1-2p7  (3.27)

by (3.26). Since the probability of the complement of €2,, goes to zero as n,p — oo, we will
only consider the elements in €2,,.

We adopt the same definition of asymptotic optimality for a linear classification rule as
in Shao et al. [37], Cai and Liu [9], Fan et al. [15] and other papers. Let Topr denote the
optimal linear classification rule (3.5) or (3.6) and Ropr represent its misclassification error

rate.

Definition 3.3.3. Let T' be a linear classification rule with conditional misclassification rate

Ry (X), given the training sample X. Then T is asymptotically optimal if

Rp(X)
Ropr

—1<o0,(1). (3.28)
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Note that (3.28) implies that Ry(X) — Ropr < 0,(1) because 0 < Rp(X) < 1. Hence
we have Rp(X) — Ropr in probability and E[Rr(X)] — Ropr. If Ropr is bounded away
from 0, then Rp(X) — Ropr < 0,(1) also implies (3.28). However, if Ropr — 0, (3.28) is
stronger than the inequality Ry (X) — Ropr < 0,(1). In the following, we will consider the
asymptotic properties of our method for K = 2 and K > 2 separately because of the more

complicated classification boundary and the additional linear constraints when K > 2. In

both cases, we will assume that K is fixed, p — oo and s,, = /K logp/n — 0 as n — oc.

3.3.1 The case of K =2

In this case, there exists only one component a;. The following theorem provides an
upper bound for the sparsity (measured by the [; norm) and the consistency of the estimator

& obtained from (3.10).

Theorem 3.3.4. Suppose that K = 2 and Conditions 1-2 hold. If s, — 0 and || ||3s, — 0

as n,p — oo, then for all large enough n, we have, in €2,
[Gl[f < 6lleallf/ Ao, A —mllz < Csllaallisn, e — aull3 < coCsllanlisn,  (3.29)

where Cs is a constant independent of n and p, and cq is the constant in Condition 1 (b).

Therefore, &y is a consistent estimate of a;.

Next, we provide explicit formulas for the misclassification errors of the optimal rule
and our rule in terms of D = oy and D = &,a] |, respectively, when K = 2. Then based
on Theorem 3.3.4, we can prove the asymptotic optimality of our method and provide the

corresponding convergence rate.

Theorem 3.3.5. Suppose that K = 2 and Conditions 1-2 hold. Then the misclassification
rate of the optimal rule (3.5) and the conditional misclassification rate of our sparse LDA

rule as given in Section 3.2.1 are

07Dd ) , (3.30)

Ropr=(—— o0

( 26 TDE2]l;

RIX) - le (_ gTﬁ(zf‘“i_ x| — >‘<2)> 1y (_ gT/D\(sil + % — 2u1)> |
2 2|6TDX2| 2 2|6TDX2|
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respectively, where ® is the cumulative distribution function of the standard normal distribution,
6 = py — py and d =Xy — X;. Moreover, if $n — 0 and A\ (B)||ay]|?s, — 0 as n,p — oo,

our method is asymptotically optimal and we have

R(X)

OPT

~1<0,(ME)eullsn) (3.31)

Remark 3.3.6.

(1). The misclassification rate of the optimal rule is expressed in terms of X7, that is,
Ropr = @ (—mﬂ) in Equation (1) in Shao et al. [37] and Equation (5) in
Cai and Liu [9]. Since it is established that X7'8 = Dé in (4.153) (Supplementary
Material) in the proof of Lemma 8, the Ropr in (4.54) is the same as in those papers.

(2). Cai and Liu [9] assumed sparsity on 378 (where they used the notation S rather than

371), and obtained the convergence rate

§<X>—1sop{(||z 1611/B + 157 léu)\/l"g} (332

OPT

(see Theorem 3 in Cai and Liu [9]), where A, = §'27'8. When K = 2, a; =
»-16/V/6T%-18. By (4.65) (Supplementary Material) in the proof of Theorem 3.3.5,
we have 6" DS = 6"X 715 = 4\ (E). Hence, our convergence rate on the right hand
side of (4.55) is

- KIng
Op(A1<=>rra1\\%sn):0{<6T £74) m: }

_ log p
Oy (HE 15\!?\/ . )

Compared to the convergence rate in (3.32), our convergence rate does not have the

first term in (3.32). Hence, the convergence rate of our method is the same as or better

than that in Cai and Liu [9].
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3.3.2 The case of K > 2

In this subsection, we study the asymptotic properties of our method when K > 2.
We first show that making sparsity assumptions on {Xa, -+, Xay 1} is equivalent to or

weaker than assuming the sparsity of {p; — p;,1 <i # j < K}.

Lemma 2. Suppose that Conditions 1-2 hold. Then

1
(K — 1)cg /2K (B) (1<I£55§KH”’ “J‘h) - 153%&!?—1”2“"'1
WE) 152@{!% il ) -

By Lemma 2, since A\(E) > ¢; by Condition 2, if A\;(Z2) is bounded from the above,
then max;<;<x—_1 ||Xcyl|; has the same order as maxi<;zj<k ||[pti — pslli. If M (B) — oo,
then we have maxi<;<x_1 || Xoy||1/ maxi<;zi<k ||ti — pjl[i — 0. We define the following

measurement of sparsity on a; and Ya;, 1 <i < K — 1:

Ap = max {[eully, [|Zell}- (3.33)

1<i<K-1

In the following theorem, we show that for each 1 < i < K — 1, the sparsity of the estimate
a; (measured by the [; norm) is bounded by A, multiplied by a constant which does not
depend on n and p, and &; is a consistent estimate. Moreover, we show that the subspace
spanned by {él, e ,é} is a consistent estimate of the subspace spanned by {Bay, -+, Ba;}
(or equivalently the subspace spanned by {Xay, -+ ,Xa;}) and provide the convergence
rates. In this paper, to measure whether the two subspaces with the same dimensions in RP
are close to each other, we use the operator norm of the difference between the projection

matrices on the two subspaces.

Theorem 3.3.7. Suppose that Conditions 1-2 hold. Let the tuning parameter in the optimiza-
tion problem (3.12), k, = 6A1(E)Apsn, where C is a constant large enough and independent

ofn andp. Forany 1 <i< K —1, let Q; and /Q\z be the orthogonal projection matrices onto
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the following subspaces of RP, respectively,

Wi - Span{éh £2a T 7€i}7 Wz = Spa’n{é\la 527 e 751'}7 (334)

where & = Ba; = N(E)Xay. If s, — 0 and Af,sn — 0 as n,p — oo, then for each
1 <i< K —1, there exist constants D; 1, D;o and D; 3 independent of n and p such that in
Qn;

lailli < Diihy, oy — a3 < Di,QAJZOSna 1Qi — QilI* < Di,3A]275n- (3.35)

Hence, for each 1 <1< K — 1, & is a consistent estimate of o, and the projection matriz

/Q\,; is a consistent estimate of Q.

Based on Theorem 3.3.7, we will prove the asymptotic optimality of our classification
rule and provide the corresponding convergence rate. However, because the classification
boundary is usually complicated and no explicit formula for the classification error generally
exist when K > 2, we first prove a theorem which provides the asymptotic optimality
and the corresponding convergence rate for a general linear classification rule. Then by
applying the general result to our sparse Fisher’s discriminant analysis method, we obtain

the corresponding asymptotic optimality results. Define
1/2 1
aj; =X "D(p; — pi), bji= 5(%‘ + pi), (3.36)

where 1 < 4,7 < K. The Fisher’s optimal rule Topr in (3.5) assigns a new observation x to
the ith class if a;X""2(x —bj;;) < 0 for all j # i. Consider a general linear classification

rule 7" which assigns a new observation x to the ith class if
a2 2(x —by) <0, for all j # i, (3.37)

where a;; and Bﬁ are estimates of a;; and bj;, respectively. Let Ry (X) denote the conditional
misclassification rate of the rule T given the training sample X. The following theorem

studies the asymptotic property of the general linear classification rule 7. In fact, many
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linear classification rules in practice can be written in this form. For example, the classic
Fisher’s rule (3.9) is of the form (3.37) with a;; = £'/?’D(x; — X;) and bj; = L(%; +X;). The

rule of our sparse Fisher’s discriminant analysis method is also a special case of (3.37) with
a 127y (% < h L 5
Aj; = b D(Xj — Xi), bji = §(Xj + Xi>, (338)

where D is defined in (3.16).

Theorem 3.3.8. Suppose that Conditions 1 and 2 hold and the general classification rule T
in (3.37) satisfies: a;; = —a;; and lA)jl- = B” Let {6, : n > 1} be a sequence of nonrandom

positive numbers with 6, — 0 and Apap(A)d, — 0 asn — co. Forany 1 < j#1i < K, let
aj; = tjdy; + (ay:) L

be an orthogonal decomposition of a;;, where tja; is the orthogonal projection of a;; along

the direction of aj;, t;; is a real number, and (aj;) . is orthogonal to t;;a;. Let

~ ~ 1

djy =a ;X P (by — ), dji = a X (by — ;) = §||ajz‘||§- (3.39)
If the following conditions are satisfied,

layill3 — 18013 = lajill305(6n),  t;i =1+ 0,(6,), dji — dji = |a;il|30,(6,),  (3.40)

where O,(9,) are uniform for all 1 < j # i < K, then we have

Ry (X)

=12 0y (K2 M ()0, 108 [ (8)0,)1 1) (3.41)

The convergence rate in Theorem 3.3.8 is given in terms of A,,4.(A)d,. By Lemma 9
(Supplementary Material), there is a simple relationship: A0 (A) = K (B) = KA (B).
Moreover, in this paper, we assume that K is fixed. Then the inequality in (4.142) can be
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given in terms of \;(E)d, as follows,

Rp(X)
Ropr

120, (V@b log [(M(E)o,}1]).

Applying Theorem 3.3.8 to our classification rule (3.15), which is a special case of the general
classification rule (3.37) with a;; and Bji as given in (3.38), we get the asymptotic optimality

of our classification rule as stated in the following theorem.

Theorem 3.3.9. Suppose that Conditions 1-2 hold, s, — 0 and Al(E)Agsn — 0 asn,p — oo.
Then the classification rule (3.15) of our sparse Fisher’s discriminant analysis method is

asymptotically optimal. Moreover, we have

Rp(X)
Ropr

~-1<0, <\/)\1(E)A§sn log [{AI(E)Agsn}—lD . (3.42)

Remark 3.3.10.  Now we ezplain why we choose the particular form (3.16) ofﬁ mn our
classification rule (3.15). By (4.106) in the proof of Theorem 3.5.9, X~Y2DX~Y2 js equal to
the projection matriz onto the subspace spanned by {~1, - ,Yx_1}. By (4.103), (4.104) and
(4.109) in the proof of the theorem, one can see that £~Y2DX Y2 is a consistent estimate of
the projection matriz onto the subspace spanned by {71, ,¥x_1} and hence it is a consistent

estimate of the projection matriz X~/*DX~1/2,

3.4 Simulation studies

In this section, we compare the proposed sparse Fisher’s discriminant analysis with
thresholded linear constraints (SFDA-threshold) with the sparse Fisher’s discriminant analysis
without thresholding (SFDA) (Qi et al. [32]), regularized discriminant analysis (RDA) (Guo
et al. [19], R package “rda”) and penalized discriminant analysis (PDA) (Witten and Tibshirani
[52], R package “penalizedLDA”). Three simulation models are considered. In each simulation,
50 independent data sets are simulated each of which has 1500 observations and three classes.
In each dataset, for each observation, we randomly select a class label and then generate
the value of x based on the distribution of that class. Then the 1500 observations in each

dataset are randomly split into the training set with 150 observations and the test set
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with 1350 observations. There are 500 features (that is, p=500) in these datasets. For our

methods, SFDA-threshold and SFDA, we use the usual cross-validation procedure to select
tuning parameters 7 from {0.5,1, 5,10}, and p from {0.01,0.05,0.1,0.2,0.3,0.4}. For SFDA-

threshold, we choose « in (3.12) from the three values which are equal to ||&;|; multiplied by

0, 0.001 and 0.01, respectively. For RDA and PDA, the default cross-validation procedure in

the corresponding packages are used. The details of the three simulation studies are provided

below.

(a).

Simulation 1: There is no overlap between the features for different classes, but there
are correlations among some feature variables. Specifically, let z;; be the i observation
on the j* variable, 1 < j < 500 and 1 < i < 1500. If the ¥ observation is in class
k(=1,2,3), then x;; = pyj + Z; + €5 if 1 < 5 <30, and z;; = pg; + €;; if j > 31, where
Z; ~ Normal(0, 1) and ¢;; ~ Normal(0, 02) are independent. Here y11; ~ Normal(1,0.8%)
if 1 < j <20, 2 ~ Normal(4,0.8%) if 21 < j < 30, u3; ~ Normal(1,0.8%) if 31 < j <50

and px; = 0 otherwise. We consider the cases that o = 1, 1.5? and 4, respectively.

. Simulation 2: There are overlaps between the features for different classes and the

variables are correlated. The i observation, x; = (21, Tia, - -+ , i 500) ~ Normal(py,, 3),
where pr = (g1, fk2s - fks00), if 1t is in class &, 1 < k < 3. The covariance matrix
3} is block diagonal, with five blocks each of dimension 100 x 100. The five blocks are the
same and have (4, j') element 0.617=7'I x o2 Also, 1; ~ Normal(1, 1), yz; ~ Normal(2, 1)
and p13; ~ Normal(3,1) if 1 < j <10 or 101 < j < 110 and py; = 0 otherwise. We

consider 02 = 1, 2 and 3.

. Simulation 3: Observations from different classes have different distributions about the

class means. If the i*" observation is in class k, x; ~ Normal(py, Xy). We take pq; = 3
if 1 <7<10, poj =2if1 <35 <20, pug; =1if 1 <5 <30, and pg; = 0 otherwise.
The covariance matrix 3 is diagonal with the diagonal elements generated from the
uniform distribution in (0.5,2) x 02. X, is block diagonal, with five blocks each of
dimension 100 x 100. The blocks have (j,’) element 0.9777'l x 6. And X3 is block
diagonal, with five blocks each of dimension 100 x 100. The blocks have (7, j') element

0.6 x 0% if j # j' and o? otherwise. We consider 0 = 1, 2 and 3.
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The mean misclassification rates (percentages) of 50 data sets for each simulation are shown in
Table 3.1, with standard deviations in parentheses. SEFDA-threshold performs similarly with
SFDA and both methods have good prediction accuracies in all the simulations. Therefore,
in addition to the theoretical advantages, the newly proposed method has good empirical

performance.

Table 3.1 The averages and standard deviations of misclassification rates (%) for the
simulations in Section 3.4.

o | SFDA-threshold| SFDA | RDA | PDA
Simulation 1| 1 0.21(0.26) 0.24(0.26) | 0.32(0.39) | 2.37(1.46)
1.5% 1.52(0.77) 1.54(0.71) | 1.75(0.96) | 5.40(2.07)
4 8.78(4.06) 8.60(3.71) |10.20(4.41) | 12.73(4.32)
Simulation 2 | 1 0.48(0.43) 0.48(0.47) | 0.79(0.73) | 0.86(0.57)
2 3.15(2.40) 3.29(2.38) | 3.61(2.15) | 4.84(2.45)
3 5.05(2.57) 5.10(2.43) | 6.05(2.99) | 8.55(3.52)
Simulation 3 | 1 4.86(1.12) 4.85(1.12) | 7.71(2.03) | 9.51(4.20)
2 13.02(2.73) 12.84(2.79) | 18.74(2.84) | 20.42(5.72)
3 21.49(3.45) 21.48(3.35) | 26.56(3.58) | 29.74(7.61)

3.5 Application to multivariate functional data

With the advance of techniques, multiple curves can be extracted and recorded simulta-
neously for one subject in a single experiment. In this section, we consider two real datasets
where observations are classified into multiple categories and for each subject, multiple curves
were measured. We first apply the wavelet transformation to those curves, and then apply
our method to the obtained wavelet coefficients. The setting for the tuning parameters is the

same as that in the simulation studies.

3.5.1 Daily and sports activities data

The daily and sports activities data set, available in UCI Machine Learning Repository
Bache and Lichman [4], recorded motion sensor data of 19 daily and sports activities each

performed by 8 subjects (4 female, 4 male, between the ages 20 and 30) in their own style for
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5 minutes. Five Xsens MTx units are used on the torso, arms, and legs Altun and Barshan
[1], Altun et al. [2], Barshan and Yiiksek [5]. Nine sensors (X, y, z accelerometers, x, y, z
gyroscopes, X, v, z magnetometers) were placed on each of five body parts (torso, right arm,
left arm, right leg, left leg) and calibrated to acquire data at 25 Hz sampling frequency. The
data from each sensor were recorded as 60 segments with each segment contained 125 discrete
time points. Each segment was considered as a sample observation from a sensor and a
subject for an activity. There are totally 8 x 60 = 480 observations for each activity and a
sensor. The purpose of the study is to classify the activities based on these observations each
of which has 45 curves recorded by 45 sensors at 125 time points. We first apply the Fast
Fourier Transformation to each of 45 curves to convert it from time domain to the frequency
domain and get its spectrum curve. After filtering the higher frequency, we use the first 64
frequency points for each of 45 frequency curves. Then we apply wavelet transformation
with 64 wavelet basis functions to the 64 frequency points for each curve and obtain 64
wavelet coefficients. In this way, for each observation, a vector with 64 x 45 = 2880 wavelet
coefficients is obtained as the features to make classifications.

We focus on nine activities which can be divided into three groups. Group 1 includes
three activities: walking in a parking lot, ascending and descending stairs; Group 2 has
three activities: running on a treadmill with a speed of 8 km/h, exercising on a stepper and
exercising on a cross trainer; Group 3 includes rowing, jumping and playing basketball. We
will consider seven classification problems. In each of the first three problems, we consider
the classification of the three activities in each of the three groups. In each of the next three
problems, we combine any two of the thee groups and consider the classification of the six
activities in the combined groups. The last problem is the classification of all nine activities.
In each problem, for each class, we randomly select 30 observations as the training sample
and all other 450 observations as the test sample. The procedure is repeated 50 times for
each of the seven problems and the averages and standard deviations of misclassification

rates are reported in Table 3.2.
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Table 3.2 The averages and standard deviations of the misclassification rates (%) for the
daily and sports activities data. For each classification problem shown in column 1, the first
row is the average of misclassification rates, and the second row is the standard deviations.

Classes included SFDA—threshold‘ SFDA ‘ RDA ‘ PDA
Group 1 0.23(0.23) 0.23(0.23)]1.94(1.91) | 1.96(2.10)
Group 2 0.14(0.43) 0.14(0.44) | 0.58(0.66) | 0.21(0.58)
Group 3 0.12(0.07) 0.12(0.08) | 0.58(1.08) | 0.23(0.36)

Group 1+2 0.45(0.44) 0.46(0.43)]1.13(0.79) | 2.39(1.52)
Group 143 1.50(0.84) 1.54(0.96) [ 1.92(0.99) [4.79(2.33)
Group 2+3 0.53(0.26) 0.54(0.24) | 1.06(0.72) | 0.80(0.37)
Group 14+2+3 1.63(0.60)  |1.53(0.63)|1.78(0.65) | 4.20(2.01)

3.5.2  Australian sign language data

The data is available in UCI Machine Learning Repository and the details of the
experiments can be founded in Kadous [25]. This data consists of sample of Auslan (Australian
Sign Language, it is the language used by the Deaf in Australia) signs. Twenty seven examples
of each sign were captured from a native signer using high-quality position trackers and
instrumented gloves. This was a two-hand system. For each hand, 11 time series curves
were recorded simultaneously, including the measurements of x (left/right),y (up/down),
z (backward/forward) positions, the direction of palm(is the palm pointing up or down?)
and five finger bends. The frequency curve of each of the 22 curves were extracted by
the Fast Fourier Transformation and then were transformed by 16 wavelet basis functions.
Hence, for each sign, we obtained 352 features. We choose nine signs and divide them into
three groups: Group 1 contains the three signs with meanings “innocent”, “responsible”
and “not-my-problem”, respectively; Group 2 contains “read”, “write” and “draw”; Group
3 contains “hear”; “answer” and “think”. As in the previous example, we consider seven
classification problems. For each class, we randomly choose 20 observations as the training
sample and the other 7 as the test sample. The procedure is repeated 50 times and the

averages and standard deviations of misclassification rates are reported in Table 3.3.
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Table 3.3 The averages and standard deviations of the misclassification rates (%) for the
Australian sign language data. For each classification problem shown in column 1, the first
row is the average of misclassification rates, and the second row is the standard deviations.

Classes included SFDA—threshold‘ SFDA ‘ RDA ‘ PDA
Group 1 0(0) 0(0) 1.24(2.32)0.19(0.94)
Group 2 0(0) 0(0) [1.43(2.76) 457(5 61)
Group 3 1.24(2.11) 1.14(2.05) [3.05(3.94) | 3.9(6.5)

Group 142 0.19(0.65) 0.62(1.26) |0.76(1.31) | 3.81(2.93)
Group 1+3 0.81(1.71) 0.62(1.16) | 1.29(1.94) | 2.24(2.38)
Group 2+3 0.93(1.45) 1.06(1.68) | 1.72(2.13) | 5.16(4.34)
Group 1+2+3 0.73(1.02) 10.57(0.95) | 1.14(1.11) | 6.0(2.78)
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Chapter 4

PROOFS OF THEOREMS

Here we provide the proofs of all our theoretical results. The proofs of some technical

lemmas can be founded in Section 4.11.

4.1 Proof of Theorem 2.3.1

Theorem (Theorem 2.3.1). The solutions {\y, % : k > 1} of the successive optimization
problems (4.95) and (2.10) exist for any {ay > 0,k > 1}. Moreover, for each k, 4 has
continuous second derivatives on [a,b] and, on any subinterval {[tg—1),t],1 < g <m —1},

it can be written as a linear combination of the following at most 4k functions,

t—a . t—a t—a t—a
T | sin T | exp T | cos T
\/Eoz]‘-* \/ﬁa;‘ \/504; \/504;
t—a . t—a t—a t—a

exp | — T | sin |, exp|— T | cos T
\/504]4 ﬂa;‘ ﬁa;‘ ﬁa;‘

exp

Y

where 1 < j < k.

Proof of Theorem 2.3.1. Consider the Sobolev space W ([a, b]). Given a smoothing parameter

a > 0, for any f,g € Wi([a,b]), we define an inner product,

(f9)a=(f9) +alf g] (4.1)

and the corresponding norm

1flle = (f. )+ f, f]

. Under this inner product, W3 ([a,b]) becomes a reproducing kernel Hilbert space. For an
introduction on the reproducing kernel Hilbert space, we refer the reader to Wahba [50]. For

the reproducing kernel Hilbert space (W3([a, b], (-),,), the reproducing kernel has the following
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form (see Thomas-Agnan [46)):

Sy Sk b (0 (1) for t < s
K@ (s,t) =

POHRD Dra lkjbéa)(S)b,(ca) (t) fort>s,

t— t— t— t—
bga)(t) = exp ( Cﬁ) i ( a) b(a) = exp ( al) cos ( al)’
V2 V20 V2a) V2a

b (t) = exp (—t_al>si ( a)) b\ (t) = exp (—t_al)cos<t_al).
V2ai V2o V2a] V204

The coefficients matrix (I;;)%,_; is nonsymmetric. Hence, K (s, t) has different forms for

s < tand s > t. Given any fixed s, K(®(s,t) is a function of ¢ with continuous second
derivatives and is the linear combinations of bﬁ“), bé“), b:(ga) and bfla) in the intervals a <t <'s
and s <t < b respectively, but the coefficients of the linear combinations may be different in
these two intervals. For any given s, define K(®(t) = K(@)(s,t).

Because the numerators in

Dm0 By (tg)) v (L)) wqwy
171* + e [, 7]

, (4.2)

max
||’Y|| = ]-a <77’?]> = Oa
=1 k=1

depend on v only through their values at {t,}7";, we denote the numerators by
f(v(tay), - ,7(tam)) where f is a function on R™. By the properties of reproducing kernel,

we have

'Y(t(q)) - <K§(C:)1),")/>a, q= 17 T, M.

We first consider 4; which is the solution to (4.2) for £ = 1. Let V; be the finite-
dimensional space spanned by {Kt(g)l) : 1 < ¢ < m} in W2([a,b]) and let Vi be the

orthogonal complement of Vi in (W3 ([a,b],(-), ). For any v € W§([a,b]), it has unique
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decomposition v = v; + 72, where v; € V; and v, € Vi. We have

V(tg) = <Kf{§§)m>m =( f{ji),wal + <ng§)m>m = <Kf$§),%>m = (k)

Hence,

fOw), - Altem)) _ Fnltw)s - mltem))  FOnltw)s -~ 71 (Em)
17113 Illa, +1lella, — IllZ,

Y

where the second term and the third term are equal if and only if 79 = 0. Therefore,

t . tim tay), - Y (tm
e J0C@): : YV (Em) _ = J0tw) : 7 (tm))
yeW2([a,b]),llvll=1 17112, yeW2 ([a,b]),lI]l0 17112,
t . tim tay), Y1 (tom
< m Fonltw), - nltw) o FOnltw) b))
YEV I 10 171112, YEVL =1 712,

We have that the solution to the optimization problem

fn(tw), - mtm))
eV l=1 71112,

(4.3)

is also the solution to

¢ e At
s F(r(tay), 2 V(tm)))
~eW2 ([ab]),l7]I=1 17112,

and does not have other solutions. Since V; is a finite-dimensional space, the solution to
(4.3) exists. Hence, the solution to (4.2) with k = 1, 4, exists and belongs to V. Since
V, is spanned by {Kt((aq)l) : 1 < g < m}in Wi([a,b]), it follows from the properties of
{ng)l) : 1 < ¢ < m} that 4; has continuous second derivatives and is a linear combination of
b by b and b on each of the intervals [t(g), tgin)], ¢ = 1, ,m — 1.

Now suppose that 4y, --- ,Jx_1 satisfy Theorem 2.3.1. We prove that 4 also satisfies
Theorem 2.3.1. Let V. be the finite-dimensional space spanned by {Kt(gi )1 <g<m,1<
j < k} in W3([a,b]) and let Vj- be the orthogonal complement of Vi in (W3([a,b], (-),,)-

We have 41, -+ ,Ax_1 € Vi. For any v € W([a, b]), it has unique decomposition v = 1 + 2,



where y; € Vi and v, € V. Then the optimization problem (4.2),

fOrtwy), - ()

max
V112 + a [, 7]

||’7|| = 1a <77’7j> - Oa
=1 k=1

fntw), - s mtum)))

= max

Y =9 +7,7 € Vi, 72 € Vi,
<717’S/j>:()7j:1a"' 7k7—1

fntw), - mtm))
72,

ImllZ, + 21,

IA

max
T € Vka <’717’7j> = 07
=1, k-1

Now by the same arguments as those for 41, 4, satisfies Theorem 2.3.1.

4.2 Proof of Theorem 2.3.2
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Theorem (Theorem 2.3.2). The solutions {(Ar,4%) : k > 1} of the successive optimization

problems (2.14) and (2.15) exist for any {ax > 0,k > 1}. Moreover, for each k, 4y has

continuous second derivatives on [a,b] and on the subinterval between any two adjacent pooled

observation points, it can be written as a linear combination of the following at most 4k

functions,

t—a t—a t—a t—a
exp - | sin T |, exp T | cos T
200} V2a! V2a! V2a!
t—a t—a t—a t—a
exp | — - | sin , exp | — CoS

where 1 < j < k.

Proof of Theorem 2.3.2. The proof is the same as the proof of Theorem 2.3.1.



4.3 Proof of Theorem 2.3.4

Theorem (Theorem 2.3.4). Under Assumptions 1 — 5, suppose that m,n

maxXj<g<ig Qg — 0 and

maXi<p<pkg O ~0 (1)
—— =0, X

minlngK (%3

If the following is satisfied that for Case 1,

V@ (6) + 6 +\/7]—>0

m1n1<k‘<K (6773 [

and for Case 2,

minlSkSK (073

then the estimators {(Xk,’yk) :1 <k < K} are consistent.

[ 31 1 /1
= ogm)+ ogm+ ogm] 50
cm m nm
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— 090,

(4.4)

Proof of Theorem 2.3.4. Without loss of generality, we assume that the mean function pu(t)

of X(t) is zero. We still consider the Hilbert space W3 ([a, b]) equipped with the inner product

(-,+),, and the corresponding norm || - ||, (see the definition (4.1)). For any f € W3([a,b]) we

have the following Taylor expansion
ft)=fla)+(t—a)f +/ (t,s)f"(
where
G(t,s) = (t — s)y = max {(t — s),0}.

We first give upper bounds for |f(a)| and |f'(a)| in terms of || f||a-

Lemma 3.

+ 19 2(v2+2)(1 +

1@< (g Ml 1@ < == =2 i1,

(4.5)
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where |G| = [J2 2 |G(s, t)*dsdt]*
The proof of Lemma 3 is in Section 4.11. Given any a > 0, for any 1, 3> € Wi([a, b])

by (4.97),

iiiqlﬁl t(q) )Ba( t(l Jwgw
q=11=1
=AgoBi(a)Ba(a) + A1pi(a)Ba(a) + AxBi(a)By(a) + Ap By (a)Bh(a)

(t)dt + Pa(a / ffo (t)dt + 51 (a / §1

+ Bi(a /fo
"(4)dt + / / (s, 4)8(s)BL(1)dsdt,

+ (@) [ G

defines a bounded symmetric bilinear form in

(W22([CL7 b])a <'7 '>a)7 Where

AOO - Z Z ileqwl, 2(57 t) = Z Z 2qu<t(q)7 S)G(t(l)a t)wqwh (47>

g=11=1 i
Ap = Ay = > Ziql(t(l) — a)wywy, Eo(t) = >N iqu(t(z),t)wqwl
==l g=11=1

A =30 Balt — a)(te — awgwr, &(1) = Y3~ Salt) — a)Glte, waw

- g=11=1
),)s such

Hence, there is a unique bounded symmetric operator R(™ in (W2([a,b]), (
that for any f, B2 € W5 ([a, b)), (4.6) is equal to <61, R&m)ﬁg> (see Section 84 in Riesz and

Sz.-Nagy [36]). Similarly, let
— X(s))(Xp(t) = X(t),a < 5,t <D

P (s, 4) = 711 S (X (s)

be the sample covariance function, then there exists unique bounded symmetric operators
).,) for '), and the true covariance function I' respectively, such

R, and R, in (W2([a,b]), {
that for any 3y, 3, € W2([a, b])

<617 éa52>a -

<51,fnﬁ2>7 (B1, Raf32), = (B1,TB2)
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where T, 3, denotes the function [° T, (¢, s)B2(s)ds. It is easy to see that
H]%a - Ra”@c < Hrn - FH:

where || - ||, and || - || are operator norms in (W3 ([a, b)), (-,-),,) and L? space, respectively. By

the central limit theorem in Hilbert space (see Chapter 10 in Ledoux and Talagrand [27])
and Assumption 1, we have

A . 1
— <|I', =T = —). 4.9
17 — Ralla < || I Op(\/ﬁ) (4.9)

We derive an upper bound for [|[R(™ — R, ||,.

Lemma 4.

A A 1
HR(()zm) - RaHa < -

Q

0y(/(6) + Oy(6) + Oy 5;;)] , (4.10)

in Case 1 (nonrandom case), and

L0, /=B 1 0, 1 o,y ﬁgmm)] S e

Hﬁ((:zm) - ]%aHa < —

T o

in Case 2 (random case).

The proof of Lemma 4 is in Section 4.11. Define {\,4,},k > 1 to be the solutions to
the following successive optimization problems:

<% f%an>ak (v, fw>
U heE, e 2
Il =1, {7.%,) =0, o vl =1, {7.3,) =0, o

j=1,--,k—1 j=1-- k-1
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and {)\f‘k], ”y,[ﬂa’“ },k > 1 to be the solutions to the following successive optimization problems:

(Vs Ray¥) o (v, I'y)

o T o V112,
Il =1, {7, =0, g Il = 1, (3,7 = o, a
]:177k_1 j:].,,k'—l

Note that {)\Lak s Vk k]} k > 1 are nonrandom. Now we consider the first pair of estimates
{\1,%1} which are the first eigenvalue and eigenfunction of R&T . Since {)\1, 4} are the first
eigenvalue and eigenfunction of ]—?al, by Corollary 4 in Section XI.9 of Dunford and Schwartz

[14],

A= M| <RI = Rayllas
A= A < | Ray — Ra Loy (4.12)

Hence, under the conditions in Theorem 2.3.4, it follows from (4.9), Lemma 4, (4.12) and the

following Lemma 5 that )\, is consistent.

Lemma 5. Under Assumptions 1-3, forany1 < k < K and 0 < a < o, {fﬁal], fy?ﬂ < 2kL3

and

0< A — A < VRVEL Ao + o(a),

4V2VELE A

ol _ vl < Va

+o(Va),

where L, = maxi<j<k [%‘a%‘] and

1+ 2k(Ag—1—Ap)? 1
o — min ¢ min (=D)ALl Ak — Akt
07 k<K 2k L3 " (8VE 4 16k) L3N

- 20| "3
(et = ) {1+ 20 }} (4.13)
44/2k(k — 1) L3N,

Lemma 5 is just Theorem 4.1 in Qi and Zhao [31]. In order to compute |31 — %1 ]|a;,
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we define £ and E; to be the orthogonal projections onto the space spanned by 4; and %17
respectively. When ||}?£ZL) — R ||, is small enough, we can carry a similar calculation as

that in Section 2.1.1 of Dauxois et al. [12] and obtain the inequality

1E: = Erlla < Op(IREY — Ray llar)-

Define
) s A
€1 = 7% s €1 = =% .
H%Hm ||71||a1
Then we have
. 1 A 1
] = 7= el = ——,
191l 191 /|y
since ||41]| = 1 and ||5,]| = 1. Now

11 = eillz, = ez, —2 <él, é1>a1 + el = (1 - <é1’é1>a1>

< (1-(ad), ) (1 @8), ) =2y, -1
<

—2|(&, (B~ Eér) | <20E - Eilla,
[e5]
<O, (IR} = Ra lla)-
Hence,
.z & & & e e @
15 =il =l — M =l -+ = — |
Tl pEatt el géan el jén
2||é1—é1|| A N 2 2 5 s
<A ton Ao, e = Eullay < Bl Op(IREY — Ry 1) (4.14)

1€l

A similar calculation leads to the following inequality

~ a a A 1
130 = Y o < 10y Op([| Ray — Ray [130)- (4.15)
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[1] | [aa] [a1]

By Lemma 5, [’yl % } = O(1) as ay — 0, hence, [|7; "||la, — 1. Then by (4.15),
131 — 41*Y||, — 0 and hence ||9||, — 1 in probability. Now by (4.14), |41 — 41/la, — 0 in
probability. Moreover, by Lemma 5,

AT — 3| < O(van).

Hence, 4, is consistent. Then for any 1 < k < K, the consistent results follow from the

following lemma by induction.

Lemma 6. Under the conditions in Theorem 2.5.4, if for all 1 < j <k —1,

[Otj [O‘j

135 = Aillay = 0, 1135 = 1|y = 0, 17 = 31l = 0, 72|, — 1, (4.16)

then (4.16) is also true for k, moreover, Ai is consistent.

4.4 Proof of Theorem 2.3.5

Theorem (Theorem 2.3.5). Under Assumptions 1 — 3 and 6 — 7, suppose that n — oo,

maxi<p<x o — 0 and

maxi<g<pg O —O (1)
—— =0, .

ming<x<g Qg
If the following is satisfied

1

1, _ —i—e 3_¢
—————n (e )+ | =0,
My <g<g O

for some € > 0, then the estimators {(:\k,%) :1 <k < K} are consistent.
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Proof of Theorem 2.3.5. Under the assumptions in this theorem, we have

1

s a(t) — p(t)| = O ,

aSgEbW() (1) p(\/ﬁm)

sup [h(t) = h(t)| = Op(n~2m, 2+ ), (4.17)
a<t<b

where € is any positive constant. For the proof of the first equality in (4.17), we refer the
reader to Theorem 1 in Yao et al. [54] or the proofs of the main results in Hall et al. [20].

The second equality in (4.17) is Theorem 8.1 in Silverman [40].

Similar to the proof of Theorem 2.3.4, for any o > 0, we define a bounded symmetric

operator S, in (W([a,b]), (-,-),), such that for any 3, (t), 8(t)2 € Wi([a, b]),

(BrrSaba),
i - 1 o Bl@pq)(yb ﬂ(t )) . B2<tpl>(Y;)l — ﬂ(tpl))
n' Z: Ny, Np(Np — 1) l;ézq;l ( 7) B(tpl)
:Booﬂl( )Ba(a )+l‘~31051( )B2(a )+Bo151( )By(a )—i‘Bnﬁi( )Bs(a)
+u(a) [ B8O+ Bafa) [ o0+ 5i(a) [ D)5

+84a) [ s+ [ [ .05 0dsa,

defines a bounded symmetric bilinear form in (W3([a,b]), (-,-),), where

N L b (Yo — iltyg)  (Yor = fi(t)
Boo = 3" xpon 5= (g = Allya)) | (gt = itp)) (4.18)

=1 Np(Np — 1) I#q:1 h(tpq) h(tp)

~ S 1 o (tpg — @) (Yog — filtpg)) (Yo — filty)
Bor = Bio = —, ZX[NP>1] Z P P LEERAN S P

p=1 NP(NP 1) l#q:1 h(tpr) h(tpl)
Bll _+ Xn: X811 1 %p: (tpg — a)(Ypg — filtpg))  (tp — a)(Yp — iltp))
! p=1 ! Np(Np 1) I#q:1 h(tpq) h(tpl)
¢0(t) _ 1 zn: XN, 1] 1 %;;: G(tpqvt)(Y;?q - /l(tpq)) (Ygﬂ - ﬂ(tpl»
/ r N )
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_ 1 & 1 L G@}mﬂ(%q — ﬂ(tpq» G<tpla 3)(}/;11 - ﬂ(tpl>)
v(t) = — p; XN 3 ) l;q;l ) : ) .

Similarly, we define a bounded symmetric operator S, in (W3 ([a,b]), (-, -),,), such that for
any B1(t), B(t)2 € W3([a, b)),
(51, SaB2) o = (1, 152) -

Lemma 7. Under the assumptions in the theorem,

N 1 1 1 -1
HSa - Sa“a < o 0P<7) + Op(” 219 *

—€ 3_¢
+n5 )+ Oy
\/577# g p

1
)

as o — 0 and n — oo.

Then by the same arguments as in the proof of Theorem 2.3.4, the theorem follows

Lemma 7. O

4.5 Proof of Theorem 3.3.1

We first provide several lemmas whose proofs can be found in Section 4.11 Section.

Lemma 8. Forany 1 <i+# 7 < K —1, we have
E’ltﬂj = DJ;;, whered;; = pj — p;.
Lemma 9. Define a K x K matriz,
A=U"s"'U.
Under Condition 2, A has K — 1 positive eigenvalues denoted by

)‘:”Lm(A) = )\Kfl(A) << )\Q(A) < Al(A) = Amax<A>

Then we have

M(A) = KN(E), - Ag1(A) = Kdgi(

(11

),
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and

2K01 < 2/\+ (A) < Hllrl(ll,Z — [.,l,j)TE_l(ll,i — [J,j)

min i#j
< max(p = )" B (1 = 1) < e (A).

Lemma 10. Suppose that Condition 1 holds, p > 2, K < p+ 1 and Klogp/n — 0 as

n — oo. Then for any M > 0, we can find a constant C' large enough and independent of n,

_ Klogp _
P <m§< 1% = il > Oy == ) <y (4.19)

for all n large enough.

p and K, such that

Now we prove the main theorems.

Theorem (Theorem 3.3.1). Suppose that Condition 1 holds, p > 2, K < p+ 1 and
Klogp/n — 0 as n — oo. Then for any M > 0, we can find C' large enough and in-
dependent of n, p and K such that

_ K1
P(||2—E||OO>O,/ ng)
n

_ K1
P (||B ~ B> C ng) <p™

p M,

IN

n

for all large enough n.

Proof of Theorem 3.3.1. We only consider the case that (ni,ns, - ,ng) follows a multino-
mial distribution. For the nonrandom case, a similar argument can prove the theorem. Let

o and oy, be the (k,1) element of 3 and 3, respectively, 1 < k, 1 < p. By the definition of
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3 in (3.7),
n— K\, . 1 K o . K
( ) |Gk — ow| = ZZ -x;)— (1= =)oy (4.20)
n i=1j5=1 n

1 K n; K
Z Z “‘2 - an X - l’l’z) (1 - Z)O-kl

1| & & kN (! ! 1|& —k ky (<l l

Sﬁ Z [( — 1) (%5 — 1) — akl} + n Z |:nl(xz — i) (X — 1) — Ukl} ;

i=1j=1 i=1

where xfj and pf denotes the k-th coordinate of x;; and p;, respectively. Note that both
X;; — p; and /n;(X; — p;) have the distributions N(0,3). By Lemma A.3. in Bickel and

Levina [8], we have

K n;
P (ZZ [(XZ — ) (x5 — ) — Ukl} > nVl) < Cy exp(—Conv}),
i=1 j=1
and hence
K n;
max IO [ Xi; — i) — Ukl} > nyy | < C1p? exp(—Conv}),
kol i=1j=1

(4.21)

for any v less than a constant §, where C, Cy and § are constants only depending on the

upper bound ¢ of the eigenvalues of 3. For any C' > 0, taking vy = C 1°gp , we can obtain

K n; . C log p < Chp? —C2%Cy 4.99
rr}falxg ZZ[ j—,ui)—dkz} > 0 >~ Gipp . ( . )
=1 7=1

For any M > 0, we can find C' large enough such that the right hand side of (4.22) is less than
p~™ for all p > 1. For the second term in in the last line of (4.20), define Z;, = \/n;(xF — k),
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forany 1 <i < K and 1 < k <p. Then

K K
> {nl X — pl) (X} — ph) — Ukl} S [ ZiZay — ow] (4.23)
i=1 i=1
| K
1 Z[(Zm + Zil)2 — (oK + oy + 204)]
-1
1 K
1 Z[(sz — Zu)? — (ogk + ou — 201)].

We will derive the upper bound for the first sum in the last line of (4.23). Let
Y = (Zix + Za)?/ (Ok + ou + 2031) — 1.

Then Yi,--- , Yk, are i.i.d. random variables with the distribution x? — 1. We will apply the
Bernstein’s inequality (see Lemma 2.2.11 in Van Der Vaart and Wellner [48] or page 855 of
Shorack and Wellner [39]) for unbounded random variables to Y; + - - - + Y. We first verify
the moment condition required by the Bernstein’s inequality. For any positive integer m > 3,

noting that Var(Y;) = 2, we have

E[[Yi["] = E[lx; — 1" < 2" (E[IX}" +1) < 2" E[x}|™]
=2"[1-3-5---(2m —1)] <2™[2-4-6---(2m)] = 2™ [2™m/]

=4"m!Var(Y;)/2 < D™ *m\Var(Y;)/2,
where D = 64. When m = 2,
E[lYi|™] = Var(Y;) = D™ *m!Var(Y;) /2.

Hence, the moment condition for the Bernstein’s inequality holds for Y;. Now by the
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Bernstein’s inequality, for any vy > 0, let = nwvy /(o + oy + 204), then we have

( > s

nry
:P(Y+---+Y > )
‘ ! K| Ukk—i-O'll—f—QO'kl

(Zix + Zy)?* — (o + ou + 201))

=P(|Yi + - + Y| > 2)

2
<2 exp(—1 ’ )
2 KVar(Yy) + Dx
=2exp (—11;72)
22K + Dx

Note that —z?/(2K + Dx) is a decreasing function for > 0, and that
Ok + 0w+ 20k = VSV < Amax(Z) Va5 = 2Amax(E) < 204, (4.24)

where vy; is the p-dimensional vector with all coordinates equal to 0 except the k-th and [-th
coordinates which are equal to 1 and the last inequality is due to Condition 1 (b). Then we

have x > nvy/(2¢y) and

z? 1 (nwy)?

1
T V<« _
22K + Dx) < exp ( 283K + 2coDnusy

exp (—

Hence,

K
Z i+ Za)® — (owr + ou + 203)]

T )

2 82K + 2coDnusy

(s

<2p” exp (—

> nV2>

For any C' > 0, let vy = C\/IO%. Since logp/n — 0, when n is large enough, we have
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log p < n, and hence

1 (nvy)
2p =
presp ( 28K + QCODnV2>
C?nlogp )

=2p exp
( 2803K+200D01/n10g( )

—_

<2p® exp 1 Cnlogp
- 2 8cin + 2¢oDC\/nn
1 c?

:2p2p7§ 8cg+2c0DC7 (4'25)

where we use K < n as n is large enough due to the condition K logp/n — 0. Now for any
M > 0, we can find C large enough such that the right hand side of (4.25) is less than p=
for all p > 2. We can obtain the similar result for the second sum in the last line of (4.23).

Hence, for any M > 0, we can find C' large enough such that

n =

SIS [l — ) & - ) — o]

1
> C ng) <p M (4.26)

It follows from (4.20), (4.22) and (4.26), for any M > 0, we can find C large enough and

independent of n, p and K, such that

P (H]lcalX |8kl — O'kl’ >C

/1
<P (max|8kl—akl] > C ogp ) Sp
k,l n

for all n large enough, where we use K/n — 0 due to the condition K logp/n — 0.

Klogp)




7

In order to estimate ||B — B, we first calculate the (k,1) element of B — B.

1 K
ﬁznz(x _Xk>(x _X ZIJ”LIJ’Z
=1
1 K K
=|= > nxix| - Zuzuz
ni=3 izl
1 K
=g2m(>’<f—uf)( —pl) + — me — pHpl+ = anm X! — pt)
=1 =1 =1
1 K k. .1
_’_ﬁznluzuz Zl'l’zl'l’l
=1
K 1 K =1 l ]' K =k k l
g¢w+hzm< um&—m—@dwnzm@—mmi
=1

=1
K

n; 1 ko1
Z(n K)#i#i

=1

+

1 K
D ITICEY)
i=1

K
=—|ow| + I+ I +I1II+1V +V
n

K
<—cy+I1+I1I+I1IT+1IV+V. (4.27)
n

Note that the term I is just that in (4.26). By Condition 1 (b),

K

max I < —~ Zm max 1% — pjlleo max {lslloo < co max [ — s,

which combined with Lemma 10 gives that for any M > 0, we can find a constant C' large

enough and independent of n, p and K, such that

K1
P <%%x 1> Cyf ng> <p M (4.28)
b n

for all n large enough. The same bound can be obtained for the term I1I1. As to the term
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IV, by Lemma 1 and Condition 1 (b), for any M > 0, we can find a constant C' such that

> 04/ Kf”) (4.29)

n; 1 Klogp)

n

— - = C
n K> n

i ‘ anUz =y +§ (n - K) i, (4.30)

where y = 2 2%, 3™ (x;; — p;) and the last equality is due to (3.2). Then we have

k=l _ —k=l i % 1 I=k us 14 1 k=l
xx:yny(—)uiy +Z(n—)uiy (4.31)

We will consider the four terms on the right hand side of (4.31), respectively. Note that y has
the normal distribution with mean zero and covariance matrix 3 /n. y*y! = (y* + y")?2/4 —
(y* — y)?/4. Note that y* + y' has a normal distribution with mean zero and variance
(ork + oy + 20%)/n < 2¢9/n by (4.24). By the same arguments as in the proof of Lemma 10,

we can show that for any M > 0, we can find C' large enough such that

> Oy logp) <p ™M
n

1

P | max
( K

y' 4y
2
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for all n large enough. Since when n is large enough, we have C'cpy/K log p/n < 1, then,

—l | ol\2 K1
P (e S| a2
, n
2
Sl S1\2 K1
<P | max M > [Ccoy| ogp
k.l 4 n
1 v+ y! log p M
=P max — 5 >C — <p " (4.32)
9 CO

and the same inequality for (y* — y')?/4. Therefore, we have that for any M > 0, we can

find C large enough and independent of n, p and K, such that

Kl
P (H}EX‘ykyl‘ > C’\/ng) <p™. (4.33)
b n

Using the same arguments as in (4.29), we can obtain the same probability bounds for the
last three terms on the right hand side of (4.31). Then by combining (4.27)-(4.33) and using
Lemmas 1 and 10, for any M > 0, we can find C' large enough such that

_ K1
P(||B—B||OO>O ng) (4.34)
n
L& —k kvl _ 2l 1 & k.l Klogp M
= = J(XE — —X')— — Tl > C <p ",
(n}gxn;n(xz x")(x; — %) K;um, | <»p
for all n large enough.
O

4.6 Proof of Theorem 3.3.4

Theorem (Theorem 3.3.4). Suppose that K = 2 and Conditions 1-2 hold. If s, — 0 and

|1 ||3s, — 0 as n,p — oo, then for all large enough n, we have, in Q,,

e} < 6llaalli/ Ao, |71 — W3 < Csllau|isn,  llan — aul3 < coCsllan|[is,,  (4.35)
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where Cs is a constant independent of n and p, and cq is the constant in Condition 1 (b).

Therefore, &y is a consistent estimate of oy .

Proof of Theorem 3.3.4. In this proof, we only consider elements in the event (2,,. First, note

that aq and @ are the solutions to

aTBa aTBa
max ———, and max = )
ackraz0 ol S ackraz0 aTSa + 7, a1
n
respectively, with
T AT O
oy Yo = 1, O 2al_}_Tn“alH)\n =1,
Hence, we have
~T ~ T
a;Ba; _ ajBa; TBay
alza; ~ afSa, 10
~TD ~ R
e o Ba; o;Bay
aiBa, = : 5 2 ;

- afSa trfal, T afSar e,

The first inequality in (4.38) leads to
aiBa; < (a]Ba))(a] Za,).

By the definition of €, in (3.27),

S TH A AThA 5 _ 1 _
& Ba — 6 Béu| < |[B — Bl|oo[|Gullf = 5-7all6ullf,

Cy

and similarly,
~ < ~ fy = 1 ~
|a1TEa1 — a?zaﬂ < aTnHalH%ﬂ
2

~ 1
|a1TBa1 — Q?Ba1| < @Tn”alni

. 1
|a1T2a1 — oleEa1| < —Tn||a1H%.

Cy

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)
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By Condition 2 (a),
aiBa; = )\ (E) > c. (4.41)
Moreover, we have
Aallalf < llaalls, = (1= Aa)ll&ll; + Aallall < [l (4.42)

Then by (4.37) , (4.39), (4.40), (4.41) and (4.42),

T8~ Ty ~ 1 . s~ 1 _
a;Ba; < aiBa; + ?TnHalH% < (a]Ba))(a;Za,) + aTnHalH% (4.43)
9 9
e 1 R atBa; 1 R
<(alBay) (&TSa + rllalt) + S 2or 6
Cy C1 Cy

where the last equality is due to the definition of Cy in (3.26). By (4.38) and (4.40),

aBay o Bay — g7l ||t

~THD ~
a;Ba; > ~
TN T Sag 4 rlloa |2, T oS + Enallanlf + 7allonl?

aTBa
alBa; — 1=

-1
T _ G 2
Boi) ot ofBan [1- G ol "
T afZa + grlali Fnllealli 1+ Emlleallf + mllaaf '

which together with (4.43) leads to

1—1—071 2
O R O T e

Ta(An = Mo/2)l 6 ][} < = :
L (14 &) malleald 14+ (14 &) malleal?

(4.45)

By (3.25) and the conditions in the theorem, when n is large enough, we have \g < A, < 1
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and 7, || ||? = Cl|a1||3s, — 0. Therefore, for all n large enough, by (4.45), we have

e[| < 6[lea T/ o, (4.46)
which together with (4.43) give
AT’\ ~
a; Bay N 1 N
aTBa, <1 -7 (A= Xo/2) |3 <1 — §AoTnHa1II? < 1. (4.47)

On the other hand, (4.44) implies

—1

~TD ~ 1_61 2 1
a;Bay & Talloal[t 2 ) ( 1 2)

= : 2|1 - = lla I —(1+ = )m|la
alBay = 1+ (& + D7 = '~ ¢y el J{T = g mlienls

1+¢t

21_<1+ >ﬂmaﬂ§:1—«1+xymnmaw%21—3mWnMﬂ,

which together with (4.47) leads to

aiBay
aiTBocl — 1| <37, llas]|?/2 = 3C || ||2 50 /2 (4.48)
It follows from (4.40) and (4.46),
TE A AT~ I (afBay) 1
&1 Ba, — & Bay| < @TnHaIH% < 167162%“041”%
6Cc;
<(aBa) ol
which together with (4.48) imply
laf Bay — & Bay| < (af Bay)Cs||lay|?sy, (4.49)

where O3 = 30/2 + 6Cc;" /(M\Cs). Recall that 4, = B'2ay;, 1 < k < K — 1, defined in
Section 3.3. Let 4y = dyyy +doyo + -+ - + dx_1Yx-1 + ¢B be the orthogonal expansion of
41, where 3 is an vector orthogonal to each of ~1, - -+, Yr_1, with H,@HQ = 1. Because Z has

only K — 1 nonzero eigenvalues with the corresponding eigenvectors, 71, - -+, Yx_1, we have



&ITBal ")/1 :’/}\’1 = d )\1(5) + d /\Q(E) -+ d%{_l/\K—l(E)-
By (4.49) and (4.41),

M (B)Csllau sy = (a Bay)Csllay s, > |afBay — a Bay]

=M\ (B) + BN (B) + -+ d%_ A1 (E) — M (B)

IV

di — 1M (B) — X () Z

IV

d? — 1|\ (E)—

=|d? — 1|[M(B) — M2 (B)] /\QE[ZdQ ]
)

[\

di = 1|[M(B) = M(E)] - 2(8) (|53 - 1

>|d} = 1[M(E) = M) - @) |73 - 1]

By (4.46) and (4.40),

Anz—ﬁzaﬁﬁy—qz#ﬁzay—lseﬁiay—4+ni—zmmwnm

R 1 1. B
<malleally, + Fmalléulli < (1+ Z)mllaalf = 6(1+ Cy")Cllenllisa/Ao.
CQ C’2
Then by (4.50), (4.51) and Condition 2 (b),

d?—1] <

—1
)[@+m+@ﬂwwmm%samm%

<>\1(E) — X2(8)
Mi(E)

where Cy = ¢5'[C3 + 6(1 4+ C5 1)/ X\o). Since A4f~y1 = d; > 0, by (4.52),

= s =d -1 =|d} — 1| < Cyllou]|Tsn.

<|d; - 1‘(d1 +1)

83

(4.50)

(4.51)

(4.52)

(4.53)
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Now by combining (4.51) and (4.53), we obtain

1% — 73 ={1%l5 = 29" + |3

<[ IA103 = I ll2

+| 93Ty 4 22

A =l

gz - 1| 2

<Cs|le||7sn,

where Cs = 6(1 + C51)C/\o + 2C,. Moreover, by Condition 1, it follows from the above

inequality

e — a3 =(6n —ay)T(@q —ay) = (1 — )" (1 — )

<= A = llz < coCslleullisn.

We have proved the theorem.

4.7 Proof of Theorem 3.3.5

Theorem (Theorem 3.3.5). Suppose that K = 2 and Conditions 1-2 hold. Then the mis-
classification rate of the optimal rule (3.5) and the conditional misclassification rate of our

sparse LDA rule as given in Section 3.2.1 are

8TDé
I 4.54
Ropr ( 2||5TD21/2||2>’ (4.54)
RIX) = 1y (_ gTﬁ(QAy,QA— x| — >—<2)> 1y (_ ST/IS(SiI + % — 2u1)> |
2 2(|6TD X2 2 2|6TDX2|

respectively, where ® is the cumulative distribution function of the standard normal distribution,

—
=)

8 =y — 1y and & = Xy — Xy. Moreover, if s, — 0 and M (E)||ay?sn — 0 as n,p — oo,
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our method is asymptotically optimal and we have

R(X)

OPT

~1<0, (M(E)llenfs.). (4.55)

Proof of Theorem 3.3.5. When K = 2, a new observation x is assigned to Class 1 by the
optimal rule (3.5) if and only if (po — p1)TD[x — (p2 + p1)/2] < 0. Hence,

P (x is assigned to Class 1|x € Class 2) (4.56)
=P Dix — (p2 + p1)/2] < 0]x € Class 2)

T
=P (§TDEY2R 12 [x — py < 9 D5’X € Class 2>

P(8TDXY?7 <

/\/\/_\

JTD6>

where Z = X71/2[x — py] ~ N(0,1) given x in Class 2. Hence, the above probability is equal

3TDé :
to ®( 2H5TD21/2H2)' The same result is true for

P (x is assigned to Class 2|x € Class 1).
Hence,

1
Ropr :§P (x is assigned to Class 1|x € Class 2)

1
+ §P (x is assigned to Class 2|x € Class 1)

ol dTD6
a 2||6TDX12||y )

On the other hand, a new observation x is assigned to Class 1 by sparse LDA rule (3.15) if
and only if (X3 — %;)TD[x — (X; + X3)/2] < 0. A similar argument as in (4.56) leads to

(/S\Tﬁpug - )_(1 — )_(2]>

Px (x is assigned to Class 1|x € Class 2) =& | — e
x (x s assi | ) ( T
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where P|x means the probability given the training sample X. Similarly,

0"D[x; + X — 2
P x (x is assigned to Class 2|x € Class 1) = @ (— X1+ %, ul]) .

2/6TDX1/2|,

Then (4.54) follows. We will use the following inequality (see page 850 of Shorack and Wellner
[39]):

(1—=)o(z) <z[l —P(2)] = 2P(—2z) < ¢(x), V>0, (4.57)
where ¢ is the density function of the standard normal distribution. Therefore, if z > v/2,

®(—2) > (1 - —)o(x)r™" = So(x)a, (4.58)

DN —

if 0 <z <2, (=) > &(—/2) > &(—/2)¢(0)"'¢(x). Hence, we have for any z > 0,

Ch

> mqﬁ(m), where  Cy = ®(—v/2)¢(0) (4.59)

O(—x)

By (4.59), for any = > 0 and € with « + ¢ > 0 (e can be negative or positive),

O—(z+6) | _[B(—(z+e) - b(-a)| _ 125 gly)dy|
®(—x) N O(—x) - 0(-a)
_l=eo(=(z+ )| _ (1L+2Ciz)|e[o(—(2 +¢))
O(—z) T Cio(x)
(T +2C1z)|el e_(zﬁ);—z? (1 +2C12)|e| 6_21?;27
B Ch B Ch
LA+ 2GT)le 4y (4.60)
Cy
where € is a number between 0 and e. We will apply (4.60) to
6TDS _ 8"D2ps — X1 — X 6TDs

= = sacl - . 461
MEPIER IR 2(|6TDX/2||, 2| 6TDX/2||, (4.61)
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By Lemma 10, we can choose a constant C' such that
_ ~ [Klogp 3
C— s <
P(fﬁnj?%nxj il >C\/ n ) =P

Q= {maX 1% =m0 < C =Csy

1<i<K n

Define

then
P (Q)>1-p" (4.62)

In the rest of the proof, we only consider the elements in €, N2, which has a probability
greater than 1 — 3p~! by (3.27) and (4.62). Note that by (3.2), we have p; = —p,. Because

6 D[22 — X1 — Xo] = [(X2 — p2) — (X1 — 1) + 2p2) "D[2p2 — (X1 — p1) — (X2 — pa))]

—4pi Dy — (Xg — p2) TD(Xy — pao) + (%1 — 1) " D(X) — 1) — 4(%1 — 1) " Do,

we have

—~

’gTﬁpﬂ'? —X; — X — 5TD5‘ < ‘4#;5#2 - 5TD5‘ + (X2 — p2) "D (X2 — p2)
+ (X1 — 1) "D(Ry — 1) +4 ‘(5(1 - Hl)TﬁMQ’
—I+ I+ III+]1V. (4.63)

We estimate each of the four terms. Because & = ps — 1 = 29, by (4.49), the first term

I = |43 Dy — 67D| = [4pT 6167 o — 4p3 oo po|
= ’4&?;1,2;1,3&1 — 4a1Tu2u2Ta1‘ =4 ‘&ITB&l — alTBal‘

S 40306?3&1”061”%8,1 = 403)\1 (E.)Hqufsn, (464)
and we have

0'DS = 4o Ba; = 4\ (E). (4.65)
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For the second term, by the definition of €, in (4.62) and Theorem 3.3.4

- 2
IT =(X3 — p2) " D(Xo — o) = ‘(5(2 - Mz)TCh’

<[z — pol3c Nl Gen I

<C?s6|cu|F/ Xo- (4.66)
The same bound for the third term. For the last one, by Condition 1 (b),

IV =4 ‘(5{1 — ul)Tél‘ )071Tu2’

<t | mae % = il 111G 1

<24¢oC'sp 0y |2/ No.- (4.67)
By (4.63)-(4.67), s, — 0 and A\ (E) > ¢; (see Condition 2), we have
67D (2, — %1 — %] — 6"DS| < Cudi(B)|aut 350, (4.68)

where (' is a constant independent of n and p.

Next, by (4.51) and af Xa; = 1,

16" D23 - 6" DE2|3| = |§"DEDS — 6" DED| (4.69)
—|375, — 1|6"Dd + |6"Dé — 6" D4|
<6(1+ C; O |y |[25,6 " D8 + |67 Dé — 6 D4|.

By a similar argument as those for (4.68), we can show that

16"Dd — " DS| < CsM (B) |l o] sn,
0™TDd = (1+0(1))6"Dé = (1 + 0(1))4A,(B), (4.70)

where the last equality is due to (4.65) and Cj5 is a constant independent of n and p. By



89

Lemma 8 and (4.65), we have ||6TDXY?|y = v/6TDJ = /4\,(E) which together with (4.69),
(4.70) give

18TDS2 5 — 8T DEY5] < Cohi(B)len s,

16TDX2 ||, = \/4M (B) + o(1),
and
6TDS dTDéS
'2H5T521/2||2 - 2[§TDX2,
[I6TDX2)3 — [|8TDE23]
2/|8TDE!2|,|[STDEV2 |, (|[STDE2|, + [ §TDXE2| )

<Coy/ M (E)|le |50,

which together with (4.68) imply

16TDJ)|

€l = ~ —
2(|6TDXE2]; 2[|6TDX2,
_ 16TD[6 — 2(Xy — p2)] — 67D N ‘ 6TDé 6TDé

2(|6TDX1/2||, 2|6TDX2|, 2[|6TDX2|,

<Cr M@ leuEsn, (4.71)

where Cs, Cs and C; are constants independent of n and p. By (4.60), (4.61) and (4.71) and
noting that z = /A (E) > \/c1, we have |ze| < C7A\(E)||au]|3s, = o(1) and hence

2§TDE 2], 2167 Dx2,
1+ 2Cz)le =
S(Cl)||eac|e| < Csi(8)|a|3sn
1

where Cy is a constant independent of n and p. Similarly, we have

® <_5Tﬁ[3+ 2(x1 — m)]) /o ( 6TDé

S~ e | — 1 S O\ (E 25,
2(|6TDX2|, 2||5TD21/2||2> < CoAi(B)|oullys

where (Y is a constant independent of n and p. Therefore, the above two inequalities together
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with (4.54) give (4.55).

4.8 Proof of Theorem 3.3.7

Theorem (Theorem 3.3.7). Suppose that Conditions 1-2 hold. Let the tuning parameter in
the optimization problem (3.12), k,, = C~’)\1(E)Apsn, where C is a constant large enough and
independent of n and p. For any 1 <1< K — 1, let Q; and /QZ be the orthogonal projection

matrices onto the following subspaces of RP, respectively,

W, = span{€,, &, - ,&}, W, =span{€,, &, -, &}, (4.72)

where & = Ba; = N(E)Xay;. If s, — 0 and Af,sn — 0 as n,p — oo, then for each
1 <i < K —1, there exist constants D; 1, D;o and D; 3 independent of n and p such that in
QTL?

lailli < Diihy, oy — a3 < Di,2A]233m 1Qi — QilI* < Di,?)A]zgSn' (4.73)

Hence, for each 1 <1 < K — 1, &; is a consistent estimate of a;, and the projection matrix

/Q\Z- is a consistent estimate of Q;.

Proof of Theorem 3.3.7. Due to the constraints of the optimization problems (3.10) and
(3.14) and the definitions of W; and W; in (4.72), for any 1 <i < K —1 and j < 4, we have

T AT A -~
o Yo, =1, a; Yo, + 71,|e

An — 1a

alSa; =0, af¢; =0, a'g; =o. (4.74)

Then by the definitions of 7, and 4y in (3.23) and (3.24), for any 1 <i < K — 1 and j < i,

we have
Yi = 21/20% Ivill2 = 1, ’YZ'T'YJ‘ =0, 7= 21/2541‘7 ’7?2_1/253‘ = 0. (4.75)

For any 1 <i < K — 1, in addition to W; and Wi, we define the following two subspaces of
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V,; = Spaﬂ{’)’h’)’m ce 77i}7 vz‘ = Span{fbf% ce fz‘};

where CA’Z = /\i(E)*lEAﬂé. Let P; and P; be the orthogonal projection matrices onto V;
and V;, respectively. By (4.74) and (4.75) and the definitions of W; and W} in (4.72),

Y €VE, apye Wi a,eWH, F,eVi, forany k> i, (4.76)

where Vi VZL, W and WZL are orthogonal complementary subspaces of V;, Vi, W, and Wi,
respectively. We will prove that in the event €2, (defined in (3.27)), for each 1 <1i < K — 1,

there exist constants, C; 1, Ci2, Ci3, Ci4, C;5 and C; ¢ independent of n and p such that

il < Cialy, |17 — i3 < Cz‘,2A?,Sm |P; — ]-Sz||2 < Oi,3A12osm

1Qi — Qill* < Cialisn, &l < CisM(E)Ay, 16— &3 < Cighi(BE)*Agsn,  (4.77)

as n is large enough. We proceed by induction. When i = 1, the first two inequalities in
(4.77) follow from (4.35) in Theorem 3.3.4 by setting Cy; = 6/\g and C; 5 = Cs, and the
last two inequalities follow from the following lemma by setting C 5 = C7 and Cy 6 = CZ in

(4.78).

Lemma 11. Under the conditions of the theorem, we have, in §,,

1€, — &1ll2 = &1 — Ball < CeMi(B)/A2sn, (1]l < CrM(B)A,. (4.78)

where Cg and C;7 are constants independent of p and n.
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On the other hand, since ||v[|s = 1, we have Py = 44T and Py = ¢;¢T/||C1]|2. Then
L2

——C1C

€113

SW%—&MH+M&n—®W+HO—M%J&§
1112

<llvi = CulloClmallz + 11 ll2) + [1 = (11 l13] - (4.79)

wrﬁﬂ{mﬁ—

Note that by Condition 1 (b), [|Z7Y2|] = Apae(Z7Y2) = Apin(X) 712 < 0(1)/2. Then by (4.78),

Iy = Gille =122 = M (E) 2T,
<ME)HZTINE)Se — &z
=M(E) =T Bar — &z

<cy*Ce\[A25,,. (4.80)

Therefore, ||C1]]2 <1+ 05/206,//\12)3” and

1= 1G] =1 = 1l (14 1G112) = [lvll = 1Gulla] (14 11Gll2)
<y = Gulla(2 + ¢ *Coy/A250)
<cy*Co\[A25,(2 + cg/* Co\[A2s). (4.81)

Since A2s, — 0, as n is large enough, by (4.79)-(4.81), we can find C} 5 large enough and
independent of n and p such that ||P; — P42 < C13\2s,. Note that

€113 = [Baullz = M (5)2041“3 = M(E)'n 2, (4.82)

Q1 — Q| = |2£1£1 - —=—&i&f

H €1 H£1H2

Therefore, we have ;'\ (2)? < [|&]12 < o\ (E)? and by (4.78), (4.82) and the same
argument as in (4.79)-(4.81), we can find a constant C 4 independent of n and p such that
1Q: — Q2 < C14A2s,. Hence, (4.77) is true for i = 1. Now let 1 < k < K — 1. We will

show that under the assumption that all the inequalities (4.77) are true for all 1 <i <k —1
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and all large enough n, they are also true for k£ and all large enough n. Because the proof is
long and technical, we summarize the results in the following Lemma and provide the proof

in Section 4.11.

Lemma 12. In Q,, suppose that (4.77) is true for all 1 <i < k —1 and all large enough n.
Then (4.77) is also true for k and all large enough n.

Hence, it follows from 12 that the inequalities in (4.77) are true for all 1 <k < K — 1.

Based on (4.77), in order to prove the theorem, we only need to show
e — eull3 < =723 = =725 < 1= = wll3 < coCiaApsn.

Then we can obtain (4.73) by setting D;; = C; 1, D2 = ¢oCi2 and D, 3 = C; 4.

4.9 Proof of Theorem 3.3.8

Theorem (Theorem 3.3.8). Suppose that Conditions 1 and 2 hold and the general classification
rule T in (3.37) satisfies: a; = —a;; and Bji = Bw Let {6, : n > 1} be a sequence
of nonrandom positive numbers with 6, — 0 and A\paz(A)d, — 0 as n — oco. For any

1<j#i<K,let
aji = b8y + ()L

be an orthogonal decomposition of a;;, where t;;a;; is the orthogonal projection of aj; along

the direction of a;;, tj; is a real number, and (a;;), is orthogonal to t;;a;;. Let
R SR B 1
djy =a 5P (by — ), dji=a X (by — ;) = §||aji||§- (4.83)

If the following conditions are satisfied,

layill? = 11l = |ajill30p(0n),  tji =14 0y(6,), dji — dji = |a;il[30,(5,),  (4.84)
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where O,(9,) are uniform for all 1 < j # i < K, then we have

Rp(X)
Ropr

120y (K2 M 8)61 108 [{ s (A)0)}1]) (4.85)

Proof of Theorem 3.3.8. Given a new observation x, Topr(x) and T'(x) denote the classes
to which x is assigned by the rules Topr and T', respectively. We use P x to denote the

conditional probability given the training sample X.

RT(X) — Ropr = (1 — ROPT) — (1 — RT(X)) (4.86)

K
= Z P(Topr(x) = i|x € the ith class) P(x € the ith class)

— > Pix(T(x) = ilx € the ith class) P(x € the ith class)

s
Il
—

I
==
e

s
I
—

|:P(TOPT(X) = i|x € the ith class) — P, x (T(x) = i|x € the ith class)}

I
==
Mw

s
I
—

{ZP-|X<TOPT(X) =14, T(x) = j|x € the ith class)
J#

+ Px (Topr(x) = i,T(x) = i|x € the ith class) — Px (T'(x) = i|x € the ith class)]

K
ZP|X Topr(x) =14, T(x) = j|x € the ith class)
i1 i
| K
K Z ZPIX(T(X) = j,Topr(x) = i|x € the ith class).
J#i

=1

We use P;(-) to denote the conditional probability P.x (-|x € the ith class). Then

Px (T(x) = j,Topr(x) = i|x € the ith class) = P; (T'(x) = j, Topr(x) = 1) (4.87)
=P, (ak] 212(x — by;) < 0,Vk # j, and a} = "/2(x — by;) < 0,VI # z)

<P, (a2 7"2(x — by) < 0, and a;5~*(x — bj;) < 0)

=P, (a;372(x — bj;) > 0, and a;%~*(x — by;) < 0)

=Pz (a;[;z > aﬁZ_l/Q(bji — Mi)a and a;FlZ < a}‘iz_l/Q(bﬁ — “z)) ,

where Z = X~1/2(x—p;) ~ N(0, I,) and independent of the training sample X, Py is the probability
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measure with respect to Z given X, and in the fourth line, we use a;; = —aj;.

To calculate the probability Py (ﬁ};Z > ﬁ};E*l/Q(Bji — i), a};Z < a};Efl/Q(bji — ui)), we

note that it is equal to Pz (ﬁjTiZ > (fji, a;-riZ < dﬂ> by the definitions of dj; and c?]z First, we note

that by the definition (3.36) of a;; and Lemma 8,

lajill3 = [="°D(p; — w5 = IZ227 iy — pa) I3 = 1572 (ks — a)lI3

=(pj — pa) "2 (e — pi)
which together with Lemma 9 give
2Ker < J|lajill3 < 2\ mas(A) (4.88)
Moreover, we have
i = a2 g — ) = (g — o) S 2y — )2 = Sl (489)

Since the subscript ¢j is fixed during the calculation, for simplicity, we omit it in the following.
We also omit the subscript Z in Pz. Note the orthogonal decomposition a = ta 4+ a; and the

relationship d = }||a||3 by (4.89). By the conditions in (4.141),

lall3 — 11813 = al30,(6,), t=1+0,(6,), d—d=I&l30,(6n),
1

we have [lac | = Jal - #[al3 = 8130, (5,), A= JAIB(; +Oy(6n)) (4.90)
We first assume that a; # 0. Define
al al
w Z~N(0,1), V= L 7~ N(0,1),

Al laL |2

where the distributions are conditional on the training sample X. Since (W, V) is jointly normal
and a and a; are orthogonal, W and V are uncorrelated and hence independent. Let ¢ and ® are

the density and cumulative distribution functions of N (0, 1), respectively. Define

_‘t‘i—d\ lai
¢ + t

2 /o [(al26.)1]. (4.91)
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Then

P(a"2>da"2<d) =P (a"Z>d (ta+a,)"Z < d)
d R
=P <W >y AW v < d)

=[5 otoe (v ) = [ ot [0 (SR

llallo llall2
d+n

[ wooo(t )

llallz Ha|\2

Fn" o tllall2 djz B
g/i‘ 2 p(w dw—i—/A w _—
£ $(w) F\T](b( ) a2

ajl2 all2

~

7 ¢(fl Hll_@(td d+tn>

~lallz " 1Al lai |2

/ P(w (4.92)

llall2

Since d/|allz = |lal2(1/2 + Op(6,)) and by (4.88), ||a||2 is bounded below, it follows from the

inequality:

(1- —5)é(2) <2l - B(@)] < §lx), Va >0, (4.93)

that there exists a constant C3 > 0 independent of p such that with probability converging to 1,

i i
C3p(——) < ——[1 — D(——
Bk < TRt~ T,

). (4.94)
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By (4.88), (4.90),(4.93), (4.94), and the definition (4.91) of 7, the right hand side of (4.92),

o~

n d td—d +tn d
0 g4y 1—@( - a4y
HBAEE Tasll HE
1 n d d

<— 1—®(—)

Gk ek~ * e

- q— a o all2s,,) 0
o (A bt eyl BTN ] - d
laL (|2 1all2
< (5 + 0p(Bualt — B( H2 I )}[ )
1,1 - d
<+ OulE L = S+ [1- @ (o8 [2Amar (8)3) 1) | 1 = B
n 1 (\/log (2Amaz (A)0n)~ 1]) _ d
< 53(§+0p(5n))+ s AT 1 <I>(”a||2)] (4.95)
By (4.90) and the definition (4.91) of 7,
NN (U 2Amax<A>6n>—1])
63(§+ p(0n)) + Joe (P (A T
exp —<\/log 2/\max(A)5n)_1])2/2
=[al30, +\/||a||%0 )log [(||al[30n) 1] + 0( { e [P (A)0 T ])

2 maz (D)0, )
\/10g [(2Amaz(A)0n) 7]

~0, (\/)\mam ) log [( maz(A)én)—l]). (4.96)

<20 maz(A)0p(8n) + \/2Amax(A)Op(6) 108 [(2Amas (A)8,) 1] + O (

Next, we estimate

~

S

1all2

= [ ot

where 1 = min (J/HﬁHg,d/HaHg), r9 = max (J/||§||2,d/\|a\|2). By (4.93) and (4.90),

‘[1—@(

IaH2

/:2 P(x)dz < (r2 —r1)¢(r1) = (r2 = 11)O(r1[1 — @(r1)]) = (r2 — r1)r1O0([1 — @(r1)])
| d d
&l Jall2

RO([1 - @) = |Jall (5 + 0p(6,)) — 3 llall2| a0 - ®(r1))

<2Amaz (A)O0p(0n)O([1 — (r1)]).
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Therefore,
1= @) = 1= @()]| < 2as(A)O, () O([1 = B(-)]) = 0,(DO(L — ().
[EB a2 a2 a2
and hence R
1= () = 1= o( (1 + 0, (1)), (4.97)
&l a2
By (4.92), (4.95), (4.96) and (4.97)
_ - - d
P(a"2>d,a"z% <d) <0, <\/)\mm(A)5n 10g [(Amaz (A)dn) 1]) - @(m)}
= 0 (/A ()3 108 [(onan(A)5) 1) P (272> d) . (4.9)
Now we consider the case of a; = 0. By similar arguments as those for (4.97),
P(a"2>da"Z <d) = P(a"Z > d,(ta)"Z < d) (4.99)
=p (W > Ai, tlallsW < d> < [[1—d( fl )] —[1—&( il )]‘
[EE [ tl|alla

nar(B)0p(6,)P (a2 > d) < O, <\/Amm(A)5n log [()\mam(A)én)—lo P(a'z>d).

Combining (4.98) and (4.99), and note the fact that given the new observation x belonging to the

ith class, 3~1/2(x — p;) have the same distribution as Z, we have

2> & m 2 (b — ), afiZ < al B by - ) (4.100)

7]2

(&)

<0, mem )on log [(Amazm)én)‘l]) Py (22 > dy)
<o
P

X Pg ( In=12(x — ;) > asz-E_l/Q(bji — pi)|x € the ith class)

V Amaz (8)6, 10 [(Amaa

(3;5271/2(X —bj;) > 0|x € the ith class)
(x)

V Amas ()8, log (

o, ( Mnac(8)5,)71]) P
<0, <\/>\max )on log [()\mm(A)én)l]> P (Topr(x) ¢ the ith class|x € the ith class)
( Noman (A)61) ]) KRopr
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where the O term is uniform for all 1 < i # j < K. Now by (4.86), (4.87) and (4.100),

Rr(X) — Ropr

1 & R e 1/2e _
S? 221%; [Pz (a};z < a};Z 1/2(bji — i), a};Z > a;-rz-Z 1/2(bji — pl))} ,
i=1 j#i

<0, (K Aunaa( 8)3,108 (O (8)8,)71]) Ropr

By Lemma 9, Aoz (A) = KXz (E) = KA1 (E). Moreover, in this paper, we assume that K

is fixed, we have

Rr(X)
Ropr

—1< op<\/A1(5)5n log [{Al(E)én}—1]>.

4.10 Proof of Theorem 3.3.9

Theorem (Theorem 3.3.9). Suppose that Conditions 1-2 hold, s, — 0 and A\ (E)A2s, — 0
as n,p — oo. Then the classification rule (3.15) of our sparse Fisher’s discriminant analysis

method is asymptotically optimal. Moreover, we have

Ry (X)

OPT

_1<o0, <\/A1<E)Agsn log [{A1<E)Agsn}—1]> . (4.101)

Proof of Theorem 3.3.9. To apply Theorem 3.3.8, we first verify the conditions (4.141) for
Op = Af,sn. In this proof, let §;, = p; — p; and gji =X; —X; forany 1 <14,5 < K. We only
consider the elements in €, N, (see their definitions (3.27) and (4.62)). The complement

of 2, N, has a probability less than 3p~! — 0 as n,p — oo. Therefore, by the definition

(4.62) of Q,,, we have
~ ~ K1 ~
n
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Let Px_; and P x—1 be the orthogonal projection matrices of the two subspaces of

V1= Span{’)’b’h, T 77K—1}) vK—l = Span{'A)’la’A)’za T 7’71(—1}'

Let T'= [y, ,vk_1] and T' = [F1, - - - , k1], both of which are p x (K — 1) matrices. Let
K = I''T which is a symmetric (K — 1) x (K — 1) matrix with the (k,[)-th entry equal to

alYa; = 454;. Then we have
Py, =IT", Pr=TK'T", I''l=1I,_,, (4.103)

where Iy 1 is the K — 1 dimensional identity matrix, because v;, 1 < k < K — 1, are

orthonormal vectors. By the definition (3.16),

K=(a,-- 76‘K—1)T )y (G, Gk 1) = f‘TE_lﬁiZ_lﬂf,

D=V rK'I'"'s 12, (4.104)
We consider the first equality in (4.141). By (3.36) and Lemmas 8 and 9,

aj; = X'°Dé;; = B85, = B2,

2Kcp < (pj — i) "2 g — i) = 13716515 = llayll3 < 2K (B). (4.105)
By (4.103),

K-1 K-1
D= ajof =X g8 V2= V2ITTR 2
k=1 k=1

=X V2P 212 (4.106)
Hence, by (4.105), (4.106) and Lemma 8,

PK_laji = PK_lE_l/Q(Sji = 21/22_1/21)[(_12_1/267;]' = 21/2D(5ﬁ

221/22_15ﬁ = ajj;. (4107)
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For any (k,l), by the definition of ,, and Theorem 3.3.7,

(K — (K| = |6i Béy — af Zau| < ||Z — 2ol Gl ]| Glls
S(Tn/CQ)Dk’lApDLIAp S hlA;Sn, (4108)

where hy = (C/Cy) maxy<gi<x-1(Dr1Dp1). Because K — K is symmetric, by (4.108),

IK - K| < max Z (K K)u| < (K —1)hiA2s, = o(1). (4.109)

1<k<K-1

Because a}f By = 1 if k = [, and equal to 0 if k # [, by (4.77) in the proof of Theorem 3.3.7,

as n large enough,

(K)w — Ix-)u| = e ey — ap Zay| = |7 % — vl
<A =) A=)+ V@ =)+ 1A — ) Tl

<Ak — el = wllz + 16 — Yellz + 17 — will2 < hoy/A2s,,

where hs is a constant independent of p and n. Therefore,

K-1

_ _ 2. _
K —Tg 4] < Joex Z (K — (Tx—1)| < (K — 1)hay/A2s, = o(1),
and hence | K| =1+ o(1). (4.110)

By the Taylor’s expansion,

K™ = lITx-1 — T = K = [Txo1 + (Txo1 — K) + (T — K)* 4+
B 1
1= [Ix-1 = K]

< Tl + ko — K| + | Tx-1 — K[> + =1+o0(1). (4.111)

(4.109)-(4.111) imply that |[K —Ix_y|| = o(1). By the same argument as in (4.111), [|[K~|| <



102
1+ o(1). Then by (4.109),

K =K < KK - KK < (K = DhiAgs,(1+0(1)* < 2(K — D)hiAJs,,
(4.112)

as n is large enough. Now by (4.104),

aj; = 21/253]'@' = 21/2271/2fk\71fﬂ271/25ji = f‘k\ilf‘Tzimgﬂ

—TK'T"S 28, — 6,)) + T(K ' — K OIS V25, + TK'TTS 25, (4.113)

We estimate the first term on the right hand side of (4.113). Let g = K 'TTEY2(§;; — 4;;)
and gy denote its k-th coordinate, 1 < k < K — 1. By (4.172), (4.102), Theorem 3.3.7 and
(4.62),

K-1 K-1
ITK'TTS72(8; — 60)ll2 = |ITglla = || D Argella < - 1Fxll219x] < llglh
k=1 k=1
<VEK —1|g|» < VK = 1|KY||T"SY2(8; — ;1) (4.114)

<VE 1K Y|TTS72(85 - 80) |1
. K-1 R ., K1 -
VR TR Y (8T - 6,01 < VE TR a8 8,
k=1 k=1
<VE = 1(1 4 o(1))(K — 1) Dy 1A,2Cs, = O(Aps,) = O(A2s,) < O(A%s,)|aill2,

where the second equality in the last line is due to A, > ||au |1 > [[akll2 > ¢y /? and the last

inequality is due to (4.105). Similarly, by (4.108) and (4.105), for the second term on the
right hand side of (4.113), we have

IDEK ™ — K HITS 28], < [TE ™ — K HTT|[=72854] (4.115)
= Y (Ku—K)WA Majills < iAZs, D> AxlllFlallagl]l
1<kI<K—1 1<kI<K—1

:(K — I)thAianaﬁHQ.
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As for the third term on the right hand side of (4.113), by (4.103), we have
[FKETS 28, — [Prc 15726, = [Prc_sazla (4116)
Now by (4.113)-(4.116) and (4.107), we have

18ll5 = IPx—12;ill3 + O(A2sn)llayill3 = llayill3 — llaji — Pr_iayill; + O(As,)llaj|l3

=[laill3 — IPx-12j; = Pr_1ajil3 + O(Apsn)|lajill3. (4.117)
By the second bound in (4.77), (4.110) and (4.111),

IPx_1aj — Pr_1aglls < |Px_1 — Pr_i|*llajl|3 < |TTT — TTK T3

<[ITT — DU layill3 + [T (Txe—1 — KT a3 = O(Agsn) Jayill- (4.118)
Hence, by (4.117) and (4.118),
1853115 = llagalls + llajill;0(A sn). (4.119)

Therefore, the first equality in the condition (4.141) is verified. For the second one, by the
orthogonal decomposition (4.89), we have t;; = aj;a;;/||a;|3. By (4.105) and (4.104),

a};ﬁjz’ _ 552—1/221/2ﬁ8j2. — 5;52_1/2f‘ﬁ_1f‘T2_1/23ﬁ
:5;52,1/2]?‘?711?@271/2(3]” N 61]) + 65271/21-\?{\71]’5@271/26”
=0LXPATK TR V2(8), — 6;) +alPr_1ay

:652_1/2fﬁ_1f‘T2_1/2(3ji — (51]) + aﬁf)K_lf)K_laji. (4120)
By (4.114), the first term in the last line of (4.120)

|5gz—1/2fﬁ—1sz—1/2(8ﬁ —8;;)| < I=7V28, ||, ITK ' TTSY2(8; — 8,02

=la;ill20(Apsn) il = O(Apsa) llaill3 (4.121)
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By (4.117) and (4.118), the second term in the last line of (4.120) is equal to
IPx—razll3 = llagill; — |(Px-1 — Pr_1)ayl3 = llaz]l; — O(A2s,) a3,
which together with (4.120) and (4.121) imply that

T

aﬁZ
a;riﬁj,- = ||aj,-|\§ + Haji||§O(A§3n), and hence t;; = Hiz |]\2 =1+ O(Afysn), (4.122)
Aji||2

by (4.119). The second condition in (4.141) is verified. For the last condition in (4.141), by
the definitions of d;; and dj;, and (4.105),

N 1 R B ~ ]_ ~p }_( +>_(1
dji = dyi = S llgilly = &EE2(byi — ) = 5 il - 51D <]2 - “i)

Lo sy (XX pitm | (1 — )
R e

1 o (X — Wi X — Wy 1apes
=§HaﬁH§ —0,D (X 5 Hi % 5 MJ) - iéﬁDéﬁ
_Naulls  gresippgoiprs-ye (Xz‘ N N»j) _aja;

2 7 2 2 2
> aTa. o R —

:Ha;"”2 - aj;a” — IR VAKITTTK Ty Y2 (Xl 5 R 5 MJ) , (4123

where in the last line, we use the fact that IK-'I'=P K_1 is a projection matrix and hence

15%71 — Px_,. We estimate the last term on the right hand side of (4.125),

SR VAR OTTIR ET e (K M)

Xi—Mi | Xj— Hj)
2 + 2

Xi;#i _l_Xj;lj'j)

PRI e (BB N < oazs, lals (4124)

<[ITK TS 2852

PR-IPTy-1/2 (

2

= =Dl

‘f\f{\—lfwTE—l/Q <

2

=1yl

where the last inequality can be obtained by a similar argument as in (4.114). it follows from
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(4.125) and (4.124) that

dy— dyy = 1208 _ 2B e o A2l = O(AZs,) a2 (4.125)
1) ji — 9 9 71112 psn Ji 12 — pSn 71112 .

where the last inequality is due to (4.119) and (4.122). Hence, the thir condition in (4.141)

is verified. Hence, we can apply Theorem 3.3.8 to obtain the theorem.

]
4.11 Proof of Lemmas
The rest of this section is devoted to the proof of all technical lemmas.
4.11.1 Proof of Lemma 3
Proof of Lemma 3
By (4.97), we have
b / b b ,
[ 1@+ (= a)f (@t = [ 1f@) = [ Glt.s)f"(s)dsldt
b b b
< [+ [] [ Gts)f"(s)dslan
<Vb —al fll + Vo —al G| /"]
G
<VE=alfll + V= al ],
Q
|Gl
=Vb—al|l+— -
(141 1
On the other hand, if we can show that
b
/a (@) + (t = a) f'(@)|dt > (V2 = 1)(b - a)|f(a)], (4.126)

then we have

(VE-1)(b-a)lf(a) < VE—a (1 ; ”fa”) £l
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The second inequality in the lemma follows from

ol = [ It~ ) f @l
< /a 1£(@)| +1£(@) + (¢ — a)f ()] de

<(b— @)l (a) w—(l n ”f_”) T

<(V2+2Vh—a (1+”f_”) £l

Now we prove the inequality (4.126). Since if f(a) = 0, (4.126) is trivial, without loss of

generality, we assume that f(a) > 0. We first consider the case that
fla)+ (t—a)f'(a) >0, Va<t<hb.

Let t =b. We have

f(a)+ (b—a)f'(a) >0, hence f'(a) > _bf(—azt'

Therefore,

[ 1@+ =@ r@la= [ @+ - @)

— @b —a)+ " ) > sy - o) - LSS

(4.127)

Now we consider the case that there exists x € [a, b] such that

fa) + (x —a)f'(a) = 0.



Then
ay= 1
In this case,
/ f(a) + (t — a)f'(a)|dt
b
= [ U@+t -ar@d- [ (1@ +¢-af()d
—(r— @) fa) + (“"U;“)f%a) (- a)fta) - O g
“2(e — a)f(a) ~ (b @) (o) + (=~ a2 () - P2 pa)
“2a = a)f(a) = (- )f@) - (o= (@) + § "0 f@) by (1129
B (b—a)?
=z = )f(@) + 5" f(a) = (b= ) f(a)

>V2(b = a)f(a) = (b= a)f(a) = (V2= 1)(b = a) f(a)
Now comparing (4.127) and (4.129), we can obtain (4.126).

4.11.2 Proof of Lemma 4

Proof of Lemma 4

For any (1, 82 € W2([a, b)), by the definition of R,

(01 R}, = (B1: o)

= (a)52(a) + A1 (@)5:(0) + Ao (0)34(a) + Au i (a) o)
@) [ Qs+ Bata) [ A0+ ) [ o)
o) [ amsiwa+ [ [ 260880t

where

Aoof// (s,t)dsdt, AmfAlof// (s — a)l, (s, t)dsdt,
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(4.128)

(4.129)
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Ay = ab /ab(s —a)(t —a)Dy(s, t)dsdt, &) / / G(v, t)dudv
£1(t) = ab / (1 = @)l (0, 0)G(v, £)dudy
Zo(s, 1) = / ’ / "B, 0) G, 5)G (v, £)dudv. (4.130)

Define discretized versions of X,(t),1 <p < n,

m—1

t(1>;f<2>)(t) +> Xp(t(q))X[%q—l;“(w t(q>+’;(q+1>)(t)
q=2 ’

XM () =X, (tay)x

[t(1)7

+ Xp(Em) )Xty ) (t), (4.131)
[ 2 7t(m))

where  is the indicator function. Similarly, we define X (™ by replacing X, with the sample

mean function X in (4.131).

We first compute |Agy — Ago|. By the definitions of f]ql and Y, for any 1 < ¢, < m,

::L 2: (X () + epg = X(ta) — €4) (Xpty) + € — X (ta) — €1)
= 3Ky lt) = Xt Kylto) = Xltw)) + Ty

=L (t(g), t) + g

1 <n
where Y/, pe1 Ypgs €4 = 7 > p—1 €pg, and
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By the definitions of Agy and Ay in (4.7) and (4.130), and the definition (4.131),

Aoo = oo (4.132)
12 b 2 17 b B 2
== (/ <Xz§m)<5) X(m)(s))ds> -=> (/ (X,(s) — X(s))ds>
n p=1 a n =1 a
+ 2— Z/ (X(m)(s) X(m)(s))ds(e(m) 6(m)) + = Z(E(m) g(m))2’
p=1"9 o
where
_(m ul L
EI(J ) = Zeplwl, em = E ZEI(,. ). (4‘133)
=1 p=1

We provide an upper bound for max,{t) — t(,—1)} in Case 2 in the following lemma.
Lemma 13. In Case 2 (random case), we have
logm

mgx{t(q) —tg-1} = OP(T)’
3logm

),

w(max{t) —te-n}) = Op(w(—_>

where

w(d) = sup [I'(t,t) —2I'(s,t) + I'(s, 5)] (4.134)

s,t€fa,bl,|s—t|<é

has been defined in Section 3.4 and c is the lower bound of the density function h(t) of the

distribution of the observation points.

Proof of Lemma 13

For any 0 < & < b — a, let r be the positive integer satisfying

b—a =z b—a
- > . 4.135
r—1>2_ T ( )

Then the event {max,{t) — t4-1)} > #} is contained in the event that there is at least one
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of the following r intervals having no observation time points,

aat "o+l 2 " et - ) )
Hence,
cb—a
P(max{tq) —tg-n} >x) <r(l — ( . ))m
By (4.135),
c(b—a) x+2(b—a) xe(b—a)
_ m < _ m
(1 r Jm = A x )a x—I—Q(b—a))
< 3(b—a)(1 B xc(b—a))m < 3(b—a) _cma
x 3(b—a x
Hence, let x = 313%,
3logm. _ ¢(b—a)
P(méxx{t(q) —tg-n} > om ) < logm U

For the last terms on the right hand side of the equality (4.132), in Case 1, by directly
computing its first moment, we have that its order is O,(d,,). In Case 2, by Lemma 4, for

any small positive number 7, there exists M > 0 (not depending m) such that

logm T
P — tig— M < —.
(maxit) —t-n} > M——) <5
Let Z = max,{t(y) —t-n} and k = M’%W.
1 klogm
P(= gm) _ gm)y2 4.136
(Sl ey > (4.136)
1 & 1 1 1
<P(= Y (M) > T8 7 < 38T | p(z > 8T
n.3 m m m
1S o, klogm T
— P np;l (Eé ))2 m tq,l ngm) X{ZSMlofnm} +§
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[ -1
klogm 13 :
<FE ( - ) E (npl (61()- ))Q‘tq,l <qg< m) X(z<ariosmy | + 3
i -1
klogm , ) .
=B < m ) 20 z:l(t(‘I)_t(fI*l)) X{ZSMHIO%} +§
L q=
i klogm - _
<F < - ) 2g2(b—a) m?X<t(q)_t(q*1)>X{Z§MW%} _|_§
: klogm - -
<E ( - ) 20°(b — a)Z X ycppronmy +5
/;lo m\ "' loem T
< (FE) a0t R4
Hence
L (e — dmyz < 0,8, (4.137)
n .= P =i

Now we deal with the first and second terms on the right hand side of the equality

(4.132).
;é (/b _(m)(s))d5>2 — ié (/:(Xp(s) — X(s))ds)2
=23 [ (66 = X)) = (K0(s) = X(s)) ds

B [ 7 ((X005) = X () = (X (s) — X(5)) czsr
<2Br [ [exes) - Xp(s))dsr +2Ey [ | &) - X<s>>dsr

<2(b— a) ( [ B [(X6) = X)) ds + [ By [(X00(s) ~ X () ds)
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=4(b — a) / b Er [(X;M(s) — Xp(s)ﬂ ds

)7t

=4(b - a) ( /t N T B (X)) — X,(s))] ds

HORICESY]
+ Z /t<q)+i<q 1) 'IT [(Xp<t(q)) - Xp(s))ﬂ ds
t(m) )
+/m>“(m b (Xp(tm)) — Xp(s)) }ds

<A(b — a)*w(max{t) —tg-1}),

where the third line follows from Cauchy-Schwarz inequality and the last line follows the

definition of w. By using the same argument as in the proof of (4.136), we have that in Case

2,

(4.138)

and by Cauchy-Schwarz inequality

235 [T ) = %,5)) — (X (s) = X(s))) ds [ (X,(0) — K(1))

3logm
)

=0, (1] = (
In Case 1, they are O,(w(d,,)) and O,(y/@(6:m)) respectively.

For the third terms on the right hand side of the equality (4.132),

ii/ X (5))ds (e — &m)
i > [ b — X, (s) — X)) + X (s))ds(e — em)
+ 711 3 / X, (s)ds(elm) — glm)y — :L S [ X (s)ds(elm — &)
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Note that the last term in the above equality is zero. By (4.137), (4.138) and Cauchy-Schwarz

inequality, the first term on the right hand side of the above equality is less than

Op(\/logmw(?)logm))

m cm

in Case 2, and less than
OP( Om@(0m))

in Case 1. One can see that the second term on the right hand side of the above equality is an
average of i.i.d. random variables. Under Assumptions 1 and 4, because the random curves,
observation times and measurement errors are independent, these i.i.d. random variables
have means zero, variances less than O,(1/9,,) in Case 1 and less than Op(\/@) in Case 2,
and uniformly bounded third moments. By the Berry-Esseen theorem and a similar argument
as in (4.136), we have that the second term on the right hand side of the above equality is
Op(\/%) in Case 1 and O,(,/*2™) in Case 2. Now we have that |Ag — Ag| is, in Case 1,

n

less than

Op(m) + Op(@(9m)) + Op(y/ @ (0m)) + Op(y/ 0@ (9m)) + O ( (Lm)

n
Om
< Op(y@(0m)) + Op(0m) + Op(y/ )
and in Case 2, less than

3logm

BT 1 0, 1 0,1 2™,

Hence, by Lemma 3, in Case 1,

Op(y/ @ (

| Ao — Aoo| |51 (a)|B2(a)] (4.139)
< ; Op(\V@(0mm)) + Op(6m) + Op(\/?)] 181l B2l s
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and for Case 2,

| Aoo — Acol| A1 (a)|Ba(a)] (4.140)
1 31 1 1
<~ |0, F(2) + O)(Z) + O, ngm)] 181112

By similar arguments, all the following terms

[(Aso — Avo)B1(a)Ba(a)l,  [(Aor — Aor)Bi(a)B3(a)l,
(A~ ABi @53l 1) [ Gole) — &o(e) 35 ),
52(a) [ (Gott) — )F W], 15i(a) [ (6 (1) — )3
b b rb .
@) [ (@) —a@si@adr, | [ [Est) —Z(s,0)8()5 () dsdt],

have the same bounds as those in (4.139) and (4.140). Hence, we have that in Case 1,

and in Case 2,

H]%&m) - ﬁ)aHa < —
«

4.11.3 Proof of Lemma 6

Proof of Lemma 6

Since |45/ = 1, ||3;]| = 1 and ]|7J[-aj]|| =1 by their definitions, it follows from (4.16) that

o (3531 = 0, oy 3 4] =0, oy [ 4] =0, (4.141)
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for all 1 < 7 <k — 1. By the following condition in this theorem,

maxj<g<g O

. = 0,(1).
min<gp<k Ok p( )
it follows from (4.16) that for any 1 < j <k — 1,
N 0 2 A 0 [aj] _ ley] 0 4.149
ar 95,9 = 0, an [5,%| = 0, ar |y | =0, (4.142)
19 = Aillae = 0, ™ =l = 0, 4™ = Yilla, — 0, (4.143)

from which we have [[9;[lax — 1, [4llax — 1 and 72|, — 1.

Lot Vi = {7 € W2([a, )] (1.45) = 0,1 < j < k—1} and Vi = {3 € WE([a, )| {,3;) =
0,1 < j < k—1}. Note that Vk and \ka are the orthogonal complements of 4; and
%, 1 < j < k—1,in L? inner product respectively. They are the closed subspaces in
(W3 ([a,b]), (), ) Let P, and f’k be the orthogonal projections onto Vy, and </k respectively
in (W3 ([a,b]), (-, -),,)- Note that they are not the orthogonal projections in L? inner product.
Now it can be see that {\, 9} and {¥,9x} are the first eigenvalues and eigenfunctions of

pkﬁgz)pk and Pkﬁiakf)k. Since ||pk||ak = ”pkHak = 1,

|PR™ By, — Py Re, P, (4.144)
=||P R By, — PyRo, Py + PuRoy Py — PiRo, P + P Roy Py — PRy Bl

SHQ&TZ) - RakHak + ZHRO%HO%H?]C - pkHak'

By the definition of R,,, | Ra,lla, < ||ITnll = O,(1). Now we compute ||Py — Pyl|a,. For any

x € W2([a,b]), we have the following two decompositions,

x:(x—; T, 9;) A )+Z (x—i<x,§j>fyj)+i<x,§j>%.
k 1<

Since r — x,%9;) 4 € Vi, it is mapped to itself by b. Similarly, z — k ! <a: 7]> % is
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mapped to itself by P;. For any 1 < j <k —1, because

0= <%, ij> = <% Pk%>ak -y [% Pk%‘] ;

we have
(%, ij> = 14512, = o |45 BeAs]
% ([’Y;:’YJ] [pk’%, pk’?j} - |:;?j - ﬁk’%’?’?j - pk'A)/jD
<E%*(Ph,ﬁg] [fiﬁﬁaﬁ%74> < %%TW%a?J HF%WEHaw

and hence ||B;]12, < ay [45,4;] — 0. Similarly, || P42, — 0. Now for any « € W3 ([a, b)),

k—1 k-1
| Per — Pp|o, =|| ( z; <x,%>%) + 1 (z,4;) P
J= J=
k-1 R R k—1
- (x - Z <l’,’A}/j>’:)/j) <$ %>Pl€f}/]”ak
j=1 Jj=1
k—1 k—1 R R k—1
<D (w40 A — D <33 o7 >’7 law + D21 (2, 45) 111 Pejl o
j=1 j=1 J=1
k—1 R A
+ 3 12 A) 1PAs o
j=1
k 1 R k—1 R R
121195 — Aillaw + D N l1185 = 35 11l
Jj=1 Jj=1
k_
3 ol (125l + 15 ]
=
hence,
k—1 R R R R A
1P — Pk oy < Zl {H% Yillaw + 1195 = Vil ¥sllaw + 1 P65 o, + 11PeFs s, |
J

Then by (4.144) and Lemma 4, H[f’k]%g:)pk — PR, P, — 0. By a similar argument as the
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proofs of (4.15) and (4.12), we have

A — M| < “Pkﬁg:)ﬁk — DRy Pl

A o m A2
19 = Ao < 11 0 Op (I BRI Py — PR, P13, ).

The same arguments lead to similar inequalities for [\, — Al™|, |13 — 71|, and [AI™ = X, ],

[ovk]

17" = Vk|la,- Then the lemma follows.

4.11.4 Proof of Lemma 7

Proof of Lemma 7

For any S, 82 € Wi([a,b]), by the definition of S,,

(B1, SaB2), = (b1, 1'B2)
=DBoobi(a)Ba(a) + Brofi(a)Ba(a) + Borpi(a)By(a) + By (a)By(a)

+ Bi(a /wo (t)dt + PBa(a /% '(t)dt + B (a /% /(t)dt
+6400) [(nosiod+ [ [ e 081 0ds,

where

b b b b
BOO://Fstdsdt 301:310:// (s — a)T(s, t)dsdt,

Bll—// s—a)(t —a)l'(s,t)dsdt, o(t) // (s,u)G(u,t)dsdu,
:/a /a F(S,U)G(u,t)(s—a)dsdu,llf(t,s):/a /a ['(v,u)G(v,t)G(u, s)dsdu.

We first estimate ‘Boo — BO[)’. Define

5 _ 1y L (Vg — illtyg) (Y — olit)
B = Y Pq rg)) \Up pl))
v pz=:1 W IN, (N, = 1) lgqul h(tpq) h(tp)
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By a routine argument, it follows from (4.17) that

1_

)+ Oy 1l ).

| Boo — Boo| = O fn
)

By Assumption 6, the following random variables are i.i.d. with mean zeros and finite

variances,

1 s (Yoq — 1u(tpg)) (Yo — pu(tpr))
%= XW‘””WZZJ [ h(tpg) lh(tpz) l

Then éoo — By = % >p=12p- Therefore,
n' A S|
E 7(300 — Boo) = *V@T(Zl).
n n

Since %, = %Z;Zl Xin,>1 — P(N1 > 1) > 0 as. by the strong law of large numbers,

% — m a.s.. Hence, % = Op(l) Now
A n n A 1
Boo — Boo| = | (Boy — Buo)| = O,(—).
| 00 00| TZ/|TL( 00 00)’ P(\/ﬁ)
Hence,

[

1
fu Vi

We can obtain the same bounds for other terms. Then by the same argument as in the proof

1Boo — Boo| = Op(—=—) + Op(n" 20y =+ 1d ) + Op(—=).

of Lemma 4, we have

A 1 1 _1 *%*6 %fe L
||Sa - Sa“a = & Op(\/—Tnu) + Op(n Tlg + Ng ) + Op(\/ﬁ) .

4.11.5 Proof of Lemma 1

Proof of Lemma 1

We will use the Bernstein’s inequality for bounded variables (see Lemma 2.2.9 in Van Der Vaart
and Wellner [48] or page 855 of Shorack and Wellner [39]). Given 1 < i < K, define i.i.d.

random variables Z;, 1 < j <n, where Z; = 1 if the jth sample observation belongs to the
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i-th class, otherwise Z; = 0. Hence, Z; has the Binomial distribution with parameters 1 and
1/K, and it mean and variance are 1/K and (1 —1/K)1/K. Let Y; = Z; — 1/K. Then
EY; =0and Var(Y;) =1/K(1 —1/K). Since —1 <Y; < 1, by the Bernstein’s inequality for

bounded variables,

IQ

1
P(Yi4+: - +Y,] >x) <2exp (_gnVar(Yl) —I—x/S)’

for any « > 0. For any constant C' > 0, let z = nC/*%52. Then we have

Kn -~
P e /)2 _p (vt v > ney 82
n K Kn | ! nl =T Kn
1 n2C?Lsp 1 C?logp
<2exp (— Kn ) < 2exp (— . (4.145)
n C /lo C /Klo
25 (1— ) +ngy/ e 214 Gy
By the conditions, p > 2, \/Klogp/n < dy and K < p+ 1, (4.145) gives
i 1 1 1 C?1
Pl max |2~ >8P <okexp|—> 8P (4.146)
<<k |n K Kn 21+% Klogp

C?logp

S2p o+ Lexp <_2 +2Cdy/3

) < Op 4 1)p~C/(@H2CA[3) < 3-C?/(242Cds/3),
For any M > 0, when C' > (M + 3)(dp + 1), we have C' > 3 and

(M +3)(2 +2Cdy/3) < (M + 3)(C + Cdy) < C(M + 3)(dy + 1) < C*.
Then C?/(2 +2Cdy/3) —3 > M and by (4.146), we have

ng 1 - C logp) < PP/ (2420d0[3) < oM

P (121%)% n K Kn

4.11.6 Proof of Lemma 2

Proof of Lemma 2

Given 1 < k< K-—-1,lett; = /J,iTak fori=1,..., K. Then we have tx = —Zfi}l t; because
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Kt = (K pui)Tay =0 by (3.2). By (3.22),

by ! p ! i (pi o) ! rzlt +t ]
Ok = i PO = il Q) = = il
k M(E) k Ak(Eﬂ(@-:l” M O WEN 2 K KMK
1 K-1 1 K-1
tl T tz == p— tl i 4147
NEE [Z Wi ; NK] NEE > (i — px) (4.147)

It follows from (4.147) that

K- 1 K
; tilllas = puaclly < gy e (2 1) (KrgéagKHm uﬂh)

=1

1 KZtQ( I 1) = o (s, )
max i— il ) = —= ; ,
)\k(E 1SR g 1B T Hylh e (2) K 1SS g 1B T Hylh

1
— (L max i = sl ). (4148)

1<iZj<K

where the last equality is due to YK #2/K = YK (ufo)?/K = afBay = \(E). By
Condition 2 (c), \e(E) > Ag—1(E) > 3 '\ (E) which together with (4.148) give

C3
s Sl < (s ).
<k<K-— A1<_‘) 1<i 7SJ<K

On the other hand, given 1 <i # j < K, by (4.152) in the proof of Lemma 8,

K-1 K-1
k=1 k=1

where s;’s are real numbers. Multiplying a} on both sides of (4.149), we can obtain

ai(pj — i) = s e(E). Note that by Lemma 9 and Condition 1 (b),

11y — pall3 < copi — 1) TS (s — 115) < 2c0Aman(A) = 2c0M (A) = 2¢0K N (E), (4.150)
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and |lax|3 < coalXay, = ¢p. By (4.149) and (4.150),

K-1 K—1
g = mills < 3 [ss @Bl = Y g (15 — )| Zewh
k=1 k=1

K-1
< Y lewlzllps — pillzlBowlls < (K = 1)y/coy/2c0 K\ (E) ( max HEak!h) - (4151)
k=1

1<k<K-1

Therefore,

1
ma i — M < ma Yo .
TR T (amsws s = il ) < _mae [ Sl

4.11.7 Proof of Lemma &

Proof of Lemma 8

By the definition (3.3) of B, forany 1 <i# j < K — 1,
(UTa)"(Uley) = o/ UU e; = Ko/ Baj = KM\ (E)a X ey = 0,

and by (3.2), 1% UTa; = 0 for any 1 < i < K — 1. Therefore, {1x, Uy, -+ , Ulax 1}
forms an orthogonal basis of R¥. For any 1 <i # j < K, let v;; be the vector in R¥ with
all coordinates equal to zero except the ith and the j-th coordinates which are equal to —1

and 1, respectively. Let

K-1
vij = alg + Z b U
k=1

be the orthogonal expansion of v;;, where and a and b, are coefficients. Since v;; is orthogonal

to 1k, we have a = 0. Now

K-1
pj—p; =Uv; =U Z b, UTay, = Bz, (4.152)
k=1
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where z = KZkK:_ll bray is a linear combination of ay, 1 < k < K — 1. By the eigen-

decomposition, Z7/2BX Y2 = B = YK A\ (E)vivy . Hence,

=

-1
B=Y ME)ZViyAlxl? = Z M (E) Sagal T,
k=1

Because af B = \¢(E)af X and

K—1 K-1 K 1
k=1 k=1 k=1
=2"Bz =3 (u; — ps). (4.153)

Hence, the lemma is proved.

4.11.8 Proof of Lemma 9

Proof of Lemma 9

Let ® = X7'/2U. Then by the definitions the definition (3.3) and (3.21), we have

1
A=dTp E=_0pT,
’ K

By (3.2), Ulg = 0, where 15 = (1,1,---,1)T. Hence Alx = 0. Since A is K x K, the rank
of A is at most K — 1 and it has at most K — 1 nonzero eigenvalues. For any 1 <i < K —1,

since «; is the i-th eigenvector of E with the eigenvalue X\;(E), we have
AdTy, = dTPD Ty, = KOTEr; = KON(E)y; = K\(E)D;. (4.154)

Therefore, ®T-; is the eigenvector of A with the eigenvalue K\;(E), 1 <7 < K — 1. Hence,

all the nonzero eigenvalues of A are

Ak-1(A) = KAg1(B) < -+ < X(A) = KA(BE) < M(A) = KM (8).
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To prove the inequalities in the lemma, we define v;; to be the K-vector with all coordinates
are equal to zeros except the ith and jth coordinates which are equal to 1 and -1, respectively,

where 1 <i # j < K. Then
(ki = 1) 27 (s — ) = vi;UTE T 0V = VAV < Vi[5 mae(A) = 2Xma (D),

and V;l;-l x = 0. Since 1k is the eigenvector of A with eigenvalue zero, all the eigenvalues of

A+ A (A)1k15 /K are not less than A, (A), where \f, (A) = Ag_1(A) = KA\ _1(E).

Hence,

(i — 1) 27 (i — ) = VAV = v {A + /\Zim(A)lKlﬁ/K} Vij

=[[Vijll2Amin (A) = 2,

min min

(A) = 2)\K_1(A) = 2K/\K_1(E) Z 2K61,

where the last inequality is due to Condition 2 (a).

4.11.9 Proof of Lemma 10

Proof of Lemma 10

We only consider the case that (nq,ng, -+ ,ng) follows a multinomial distribution. For
the nonrandom case, a similar argument can prove the lemma. Let 5(? denote the k-th
coordinate of the j-th sample class mean X; and oy, is the k-th diagonal element of 3. Since

Vi(XF — pb) /\/okr, has a standard normal distribution, for any Cy > 0,

P <|X§C — il > G

_ ¢(C1y/logp)
=1 —®(Chy/logp) < Civ/loxp

Okk logp)

1

1
27 log pCypCil?’

(4.155)

where ® and ¢ are the cumulative and density functions of the standard normal distribution
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and we use the inequality 1 — ®(x) < ¢(z)/x for any x > 0 (see page 850 in Shorack and

Wellner [39]). For any M’ > 0, let C" = 2(M' + 3). Since Klogp/n — 0, /K logp/n <
min{1,1/(2C")} for all n large enough. By Lemma 1,

n; 1 log p M
<oy == > 11— p M 4.156
n K|~ Kn) p ( )

P ( max

1<i<K

Since C'\/logp/(Kn) = (C'\/Klogp/n)/K < 1/(2K), the inequality in the parenthesis in
(4.156) implies min;<;<x n; > n/(2K). Hence, we have P(min<j<r n; > n/(2K)) > 1—p=™',
which together with (4.155) and the inequality |oki| < Anaz(2) < ¢ (see Condition 1 (b))

leads to

+ P( min n; <n/(2K))

1<i<K

— M’

1
< +
~/2nlog pCp©i/? b

Hence, it follows from the above inequality that

_ coK logp
P (@fg;( 1% — mjll0 > 01\/n)
_ coK logp
<y Yo (|x§ N Cw/n)
1<j<K 1<k<p

+ Kpp’M/.

< Kp
~/2r log pCyp©il?

Since K < p+ 1 < p?, for any M > 0, we choose C; large enough such that the first term
on the right hand side of the above inequality is less than p~™ /2. Let M’ = M + 4, then
the second term on the right hand side of the above inequality is less than p=™~1 < pM /2.
Hence, (4.19) is true for C' > C1,/cy and all n large enough.
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4.11.10 Proof of Lemma 11

Proof of Lemma 11

In this proof, we only consider the element in §,. Since &; is the solution to (3.12) with

7 =1, we have
1€ — Bau3 + rnll&ilh < [Bau — Béull3 + k| Bau |y (4.157)
where
16 — Béu |3 = (1€ — Baulf3 + 2(61 — Bay)"(Bay — B&y) + |Bay — Ba[l3. (4.158)
It follows from (4.157) and (4.158) that
1€ — Bou |3 +2(& — Ban)" (Bau — Béu) + #n|€ |1 < #n[|Bau|y (4.159)

By Theorem 3.3.4, the definition (3.27) of €2, the definition (3.33) of A, and the fact that
1Bl < M(E)[Z] < Ai(E)co,

2(51 —Bay))'(Ba; — E&l)

=2(¢, — Ba;)T(Ba; — Ba,y) + 2(€, — Bay)T (Ba;, — Bay)

> —2[|& — Baul|s[|Bay — Bé ||z — 2[1§1 — Bau 1B — Bl|oo|| @1 [ls

> —2||& — Baulfa||Bay — Béu |2 — 2(||&1 )11 + [Beu 1) B — Bl @ [lx

> —2||& — Bou 2| Boy — Bau|lo — 2(/|€1]l1 + M (E) [ Zeu[[1) B — Bllooy/6llces[[3/X0

—2|&1 — Bau |l2|Bll[lon — @ll2 = 2([1&1 ]l + M (E)A,) (7/C2) (1/6A2/ Ao)

> — 2||€, — Baui[l2A1(B)coy/Crcoy/AZs, — 2(C/C2)/6/ MM (E)AZs,
—2(C/Co)\/6/NoAysul €l

v
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which together with (4.159) lead to

||é\1 - Bal”% — 2”5\1 — Ba1||2 C()\/ 0500\//\28“ C/OQ 6/)\0)\1(5)/\12)&“
2(C/C2)\/6/ XA, Sall€ill + malllli < Kl Beu i = kM (B) | Seu |
<k M(E)A, = N (B)*Als,. (4.160)

Then we have

(H& Ba1H2 - >\1 CO\/ 0500\//\2571) (Hn - 2(0/02)\/ 6/)\0Ap3n) Hél”l

< (éAl(E)Q 1+ 2(C/C6/ AN (B) + M (B)? (0503)) AZs,

< (6 +2(C/C) 6/ hocr + (c5cg)) M (E)2A2s, (4.161)

where the last inequality is due to A\{(E) > ¢; by Condition 2 (a). Then it follows from
(4.161) that

[\

(1€ - Baullo = Ma(Z)eoy/Crco /A5
(

O+ 2(C/Co)\ /6 Docr + (05c3)> M (E)2AZs,

which implies that

||él — Bayl; < (\/é +2(C/Cy)y/ 6/Xocyt + (Cscd) + CQ\/CE)C()) M(E)/AZs,.  (4.162)

It also follows from (4.161) that

(nn _ 2(0/02),/6/A0Apsn) 1€ < <é +2C/Cy) 6/ Mgert + (c5cg)> M (8)2A2s,
(4.163)
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We take C' > 2(C/C5)\/6/Mocit. Then

Fin — 2(C/C2)1/6/NoApsn = CA (E)Aps, — 2(C/Co)1/6/MoApsn
> OM(E)A,5n — 2(C/C6/ Dot M (B)A, 50 = (é _ 2(0/02)\/6/%@;1) M(E)A, 50

which together with (4.163) lead to
1€ < [(é 1 2(C/C) 6/ hoe ! + (0503)) / (6* _ 2(6’/02)\/6//\001_1” ME)A,. (4.164)

Therefore, the lemma follows from (4.162) and (4.164) with

Co= WO +2(C/C)J6/Maci + (Csch) + W) ,
Cr = (C+2(C/Co) 6/ doci + (Coed)) / (C = 2(C/C) 6 i)

4.11.11 Proof of Lemma 12

Proof of Lemma 12

We only consider elements in the event €2,,. Because 7 is the k-th eigenvector of &, it is

the solution to

v Ey
max BT
vevi_, 72

Since the projection (I — Py_1)3x € Vi, and ||[(I — Py_1)Ax]l2 < ||Ax[l2, we have

Y (I —Pr)E(I - Pr_1)Ask < Y (I =P )E(I—Pr_1) < Ve B
[e7AlE: - (T = Pr_1)%3 T ek

= M(B).  (4.165)
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It can be seen that Py_; = Zk LYY, hence
k—1 k—1
EPj1 = > By =D ME)vr.  PraEPrg = EPy_y. (4.166)

=1 =1

By (4.166),

e (T =P_1)E(I = Pro1)Y = ¥ BV — 27 BP9k + Y5 Pro1 EP 17
=i Bk — 2% EPu13k + Vi EP ko 1Yk = A Bk — Vi EPk- 1k

—’YkT:%—Z)\ (B) (v x)?,

which combined with (4.165) lead to

Ve EA — Z A (B) (v ) < M@kl = M (B A

Then we have

k—1 k—1
e B < M(E)F e + D N(E) (A6 < ME) VA + M (B) D (v )

=1 i=1

k-1
<M(B) (A e+ s > (v w)? (4.167)

i=1
where the last inequality is due to Condition 2(b). Because &, is the solution to

TH
max _a > , (4.168)
acWl aTSo+ 7, a3

and noting that (I — Qy_)ay € Wi, &y, = 7129, and &l Say, + oG5, = 1, we have

B alBay,
alSay + el
O‘E(I_Q )ﬁ(I—Q\k 1) 0

(I — Qu-1)o + 7ol T — Quor) o3,

(4.169)
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By (4.167) and the definition of €2,,, the left hand side of (4.169)

FrETPBE 2, < FIETPBYE Y2, 4 |B - B[22

AT 1 = @& 1 N
<SEEA+ ol SVl < ATEA + D e
-1
<Ai(E) 'vmk+03z ¥ k) +—Tn||ﬂf||1 (4.170)
i=1
where we use A\(Z) > ¢;. Now
LA, = A — AR ETIPER T2, + IR 2, (4.171)

=Y ST - D)D T + @ Bar < |8 - BBV + 6 S

N TS~ TS~ 1 . N 1 N
<—Tall6u | + e ey, = ay Baw + ol = 1= 7llewln, + = 7allewl
C2 CQ 02

1 -
<= Anmaflonll + Amall@nll =1 — (A = 1/Co)7allGuf7-

Because as n is large enough, A, — 1/Cy > A\, — (1 4+ ¢11)/Ca = A\ — Xo/2 > No/2, (4.171)
gives [|[4%]|3 < 1. On the other hand,

DAL AD SRLTED ) VAL NER AL YRRVED 30 YRRTEly

Yk
= T8 - DD + 6 Say > 6 Say — |2 — Z|ol STV}
1 . .
—mallarl; > 1= (1+1/Co)mal 7,
Cy

> Séy — 5%“5%“% =1—7pllawllr, —
2

which together with (4.171) lead to

1= (1+1/Co)mllaully < 1l < 1, (4.172)
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as n is large enough. It follows from (4.170) and (4.171) that

-1

T 1/26 N _ c N
AISTIPBE Y25, < M(B) [1— (A — 1/Co) 7|62 +03Z ~E )2 + Cl,—QTnHaka

=1
k—1
—(E) [1 O (14 67/ Co)mallGall? + cs zm;fw]
=1
k—1
=\i(E) [1 — (A = Mo/2) 0|l + 3 Z(%T%)Q] (4.173)
=1

where we use (1 +c;!)/Cy = \o/2 by the definition (3.26) of Cy. Next, we calculate the right
hand side of (4.169). Let B, = (I — Qu_1 ).

@?Bﬁk = QE(I - /Qkfl)B(I — /qu)ak = OCEBO% — 2045@1{71]30% + aE@HB@Hak

>y Bay — 200 Qi1 By, = M(E) [of Ty — 20 Qi1 By (4.174)
On the other hand,

BrEB =al(I- Q\k—ﬂE(I - Qk—l)ak = Zay, — QCVng—lEOék + aEQk_lEQk_lak
gaEEak — 2a Qk 1Yoy + ||§J||HQ,C 1o%||2 < a I'Say, — QaE@k_lEak + co||/(§k_1ak||§.
(4.175)

Then by the definition (3.27) of Q,, (4.174), (4.175) and Condition 2 (a), the right hand side
of (4.169) is equal to

_ " BB S gBﬁi— 1B — Blloo||841}
BB+ 1llBrlX, — BB + 1% — ZllocllBellT + 7l Brllt
BIEBBk - C%)TnHBkH%
e Z,Bk—|— TnHBk”Z_’_Tn”IBkHz

Me(E) [af S — 208 Quoy Son| — A(E) E, 7|82
~afSay - 2af Qi1 Zoy + ol | Qr-rakl3 + (14 1/Co) 7| Brl}

(4.176)



Now by (4.169), (4.173) and (4.176),

Me(E) [aEEak — QQEQ\quak} - )\k(E)%Tn”ﬁkm

a}fZak — 2aE/Q\k_1Eak + C()H/Qk_lakH% + (1 + 1/02)7—n‘|,6k||%

k—1
W(E) [1 O = Ao/l + s zw;fw] ,

=1

which, by a simple calculation, leads to

(Ao = Xo/2)7a| G}
coll Qu-1aul3 + (1 + 1/Co)ma| Be1} + Tnllﬁkll2

coll Qu-r1e0ell3 + (1 + Ao/2)7 | B} =

1 20‘5@/&—120% + CO”Q\k 1ak||% + (1 + 1/CZ)TnHBk“% i=1
< CollQrralls + (1 + Xo/2)7lIBrli Lo i
B 1— 26| Q1

where we use
leeill < 1= 1B 2]l = 157 vl = 1571 < o.
We will estimate terms on the right hand side of (4.177). By (4.76), we have

P19 =0, Q104 =0.

+c3 Z(%T:/k)z
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k—1
— +e3 > (v Am)®
afYay — 2af Qi1 Ty, + col Qr_rou||3 + (1 + 1/Co) 7| Be 17 prt

(4.177)

(4.178)

(4.179)

Since we assume that (4.77) is true for all 1 < ¢ < k — 1 and all n large enough, by (4.172),

(4.178) and (4.179), we have

k—1

Do) = [ProrWlls = [PeeaFe = Proaiell3 < 1Pkt — Pra P53

i=1

§||15k—1 — P |* < Ck—1,3/\f,8n
and [|Qr_10u))? = || Qreratr — Q1|2 < [ Qret — Qi |||,

< COH/Qk:—l —Qra* < COCk—lAAZz;Sn-

(4.180)
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Next, we estimate ||Bg|1. Let Qr_10p = SF- €, where t = (ty,- -+, t_1) is the coefficient
vector. By (4.77),

1<i<k— -1

Qs 1cu]ls < th\ mac (€5 < (6]l ( max cz5> ME)A,. (4.181)

To find an upper bound for [[t||;, we multiply ajT, 1 < j < k-1, on both sides of
Qoo = X6 = Sk 6 — S (& — &), then by (4.77) and (4.178), we have

- k—1 k—1
o Qporou| = — > tiog (€ = N (E)t =Dt (€
= =1 i=1
k—1 1/ -1 ~
>N @) = Y1l — &illallegllz > X (B)It] — ¢ Z tilll& — &ill2
=1 =1

[I]

_ M2 ¢
el = b thl(lgng,gilll& &ls)
AE)I] = el ( max \/Cis ) Mu(2)y/Azs,
>\i(E) [cglu = Ity (1<rn<akx 1/02-,6) ./A]%sn} , (4.182)

where the last inequality is due to Condition 2 (¢). On the other hand, by (4.179) and (4.178),

|a Qk 1Oék| = |a (Qk 1— Q- 1)0%’ H/Qkﬂ - quHHaszHOékHz < Co||Q\k71 - qu”
which together with (4.182) leads to

[I]

M(E)es It = M(E) Cslz 1451

k—1
< Z \a;er,lak\ + (k- 1)c 1/2”tH1 (lg?ggg_lw/@’ﬁ) AM(E)/AZs,
=1 ==
<(k = Dol Qi1 — Qoo || + (k — 1)/ [It]x ( mex, Cw) A(E)y/A7sn

By solving the above inequality, we obtain

—1 -
el < 57 = (b= D (L max | y/Cio ) AZsu|  M(E)7 0k = Dol Qs — Qucall

which together (4.181) imply ||Qi_1ouli < O1)||Qret — Qr_illA, = o(1)A, by (4.77).
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Therefore,
18]l = lleww — Quorals < el + [ Qureulli = (1 +0(1))A, < 24, (4.183)

as n is large enough. By (4.177), (4.180) and (4.183), and noting that A\, > ¢ as n is large

enough, we have
@l < Crihy, (4.184)

for all n large enough, where Cj; is a constant only depending C;;, 1 < i < k —1 and
1 <j <6, X\, C, Cy, C and the constants in Conditions 1 and 2. By (4.167), (4.172) and
(4.180),

k—1

=1

By (4.169) and (4.176),

VY =3 BB 2 IS TPBE T2, — B - B[SV}

— Cfl
Me(B) [akEak - QOéka_lEOsz} — Me(B) 5 7l Brll?
Xy, — 20, Qu 1 oy, + oo Qroron|3 + (14 1/C) 7|8 13

— TallGl[/Ca. (4.186)
By the similar arguments as in (4.177) and (4.184), we have

Ve BAR/ M (E) — 1
o~ C71

col|Qr-reu([3 + (1 + 1/Co) 1B} + & 7l BellF

oy Yoy — 200 Qo1 Ty, + ol Qrora]|3 + (14 1/Co) 7,1 Be|IF

Q12+ (14 Xo/2)7, 18112

_ TACOHQk 1Oéngi( + 02/ )T HﬁkHl - _Tn”&k‘H%/(CQAk(E‘))

1 — 20 Qp1 Ty + 0| Qo1 + (1 + 1/Co) 7|1 Bl

>Co||Qk—1ak||§ + (14 Xo/2) 7|83
1— 26| Qi1

— Tallaxl}/(Care(B))

— CC3'C2 () A2s,
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which together with (4.180) and (4.183) imply that as n is large enough,
e AR/ Me(B) — 1 > —CsA\2s,,, (4.187)
where Cy is a constant independent of n and p. Combining (4.185) and (4.187), we obtain
Ak Bk — M(B)] < CoAr(B)A2sy, (4.188)
where Cy = max (Cs, c3Ck_13). Let
Fx = dyyy + doyo + -+ dg Y1 + B (4.189)

be the orthogonal expansion of 4, where B is an vector orthogonal to each of vx_1, -+, 71,

with || 3|z = 1.

Y B — M (B

=|EMNE) + BN (B) + -+ die Ak 1(B) — M(B)

K-1 k—1
>\dy — UM(E) = M1 (B) Y. & — M(B)> . d;
i=k+1 =1
K-1
>dy — 1M(E)—|df — 11 (B) — (df — DNt (B) — Mt (B) D &2 — Mot (B) Z d?
i=k+1

k—1
=|d} — 1|/ M(E) = Mes1(B)] — Mes 1 (B) lz d? — 1] ME) = M1 (B) Y &2
=1

vV
,
TN
|
—_
~

Bl
w
>
Bl
+
—
u

(1l

k—1
— et (B) [I3l3 = 1] = (@) Y
=1

[1l

=|di = 1[M(E) = Mer (B)] = Mt (B) 1963 = 1] = M (E)IPr-1 I3

[1l

=|d} — 1Me(E) = M1 (B)] = M1 (E) [I1Fal13 = 1] = M (E)Pro19s — Proae3

IPro1 — Py ?, (4.190)

Vv
S
|
—
(1]
(1]

DMe(E) = Mt (B)] = Meea (B) (158113 — 1] = M (
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where by (4.172), (4.184) and (4.77), as n is large enough,

oAk — 1] < (1 +1/Co)mall@rll; < (14 1/Co)CCh1A2s,,. (4.191)

el - 1| -
Hence by (4.180),(4.188),(4.190), (4.191), (4.77) and Condition 2,

di — 1| < CroAlsy, (4.192)

where C}g is a constant independent of n and p. Since 4~ = d;, > 0, by the orthogonal

decomposition (4.189), (4.191) and (4.192)

Y e — ell3] =|dx — 1‘ <|di — 1’(dk +1) =|d2 — 1| < CrpAZs,. (4.193)
and
13k = Yell5 = {11303 = 29 ve + [1vell3] <[I17%15 = 1vell3 +‘ — 29 Yi + 2 el3
=[5 — 1‘ + 219 e — well3| < CraAlsn, (4.194)

where Cyo = (1 4+ 1/Cy)CCy1 + 2Cy. By (4.184), a similar argument as in the proof of

Lemma 11 leads to
1€kl < CrsM(B)A,, (1€ — &kll3 < CroM(E)AZs, (4.195)

where C 5 and Cj¢ are constants independent of n and p. Now we estimate |[Py — Py|
and ||Qr — Qul|. Let Wy, = (I — Py_1)¢u/||(T — Pr_1)Cell2. Then it is easy to show that
P, = WEWL + P,_, and P, = YYi + Pr_1. Hence,

IPr — Pyl = [[%x®} + Pry — 1vE — Proall < ||[Proy — Py (4.196)

+201W — Ye ol Vellz + W5 — Yell3 = [Prc1 — Proa |l + 2[1W% — Yall2 + [ %5 — vall3,



where

f) ~
ol = [ o,
“ I_Pk 1)(]{;”2 9
I_Pk 1 Ck ~ N
I-Piy)|| +10-Pry) —
HH I—P,_ )l — k1) ) I( k1) — Yill2

<1 = ([T = Pr)Cillo| + 1T = Pro1)Ci — Wil

By (4.180) , (4.195) and (4.77)

(I —Pr1)C — Yello = 1T = Pro1) (S — o) — Proavello

:H k(E)flzfl/zék - El/Qak\b + Hf)kq - qu”

<M(E)ZTV1€k — Bayllo + [Proy = Proal| < 4/CrifZs,,

where C1; is a constant independent of n and p, and we use Condition 2 (c¢). Hence

(
=[|(T - Pr-1)(C — ) — (Prot — Pec)Yella < 11k — Yall2 + | Prot — P
A
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(4.197)

(4.198)

(@ =Pr)Cilla = 1| = 1T = Prcn)Gella = vella| < 1T = Proa)Ce = illa < /CriAZsn.

(4.199)

Therefore, by (4.197)-(4.199), [|W, — Ykl = 2,/C11A2s, which together with (4.196) imply
that |Py — Py < \/m, where C} 3 is a constant independent of n and p. Let
vi=(I- /Qk,l)ék/H(I — /Qk,l)éng. Then it is easy to show that Q\k = ViVi + Q\k,l and
Qi = £:ET /|42 + Qi1 A similar argument leads to ||Qr — Q|| < \/m, where Cj 4

is a constant independent of n and p. We have proved the lemma.
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