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FACTORIZATION OF QUASISEPARABLE MATRICES
by
Paul D. Johnson

Under the Direction of Michael Stewart

ABSTRACT

This paper investigates some of the ideas and algorithms developed for exploiting the
structure of quasiseparable matrices. The case of purely scalar generators is considered
initially. The process by which a quasiseparable matrix is represented as the product of
matrices comprised of its generators is explained. This is done clearly in the scalar case, but
may be extended to block generators. The complete factoring approach is then considered.
This consists of two stages: inner-outer factorization followed by inner-coprime factorization.
Finally, the stability of the algorithm is investigated. The algorithm is used to factor various
quasiseparable matrices R created first using minimal generators, and subsequently using
non-minimal generators. The result is that stability of the algorithm is compromised when

non-minimal generators are present.

INDEX WORDS: Structured matrices, Quasiseparable matrices, ()R factorization,

Fast algorithms.
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Chapter

1

Introduction and Definitions

This paper primarily investigates claims and algorithms presented in [2|. Although the

main point of this process is to gain efficiency in multiplying, factoring, and solving systems

involving quasiseparable matrices, this paper is focused on stability of such processes. The

Octave programs developed herein are designed with functionality and stability in mind,

with relatively little thought given to efficiency. As in the case of [2], it is assumed that the

generators of the quasiseparable matrix are known.

A quasiseparable matrix R is a structured matrix in the form

d;
DP2q1
P3a2q1

Paa3a2qi

PNGN-—1 " Q2q1

giha
ds

P3q2

P4a3q2

PNaN-—1" " A3¢2

g1bahg g1b2bshy
g2hs gabshy
ds gsha
Paqs
dn-1
PNAN-—1 """ Q4G3 PNGN-1

g1ba - - -by_1hN
g2bs - - -by_1hn
g3bs -+ -bn_1hn
gn—1hn
dy




or, expressed in a more compact form,

Pii—1 - aj11q5, 1 <7 <1< N,
Rij=1{ d, 1<i=j <N, . (1.2)

Gibix1---bj1hj, 1<i<j<N

(Note that on the subdiagonal, j = i — 1, allowing for no ay, and similarly on the superdiag-
onal, j = i+1, allowing for no by.) The generators, dy, pi, ¢;, ax, ¢i, h;, and by may be scalar
or matrix quantities. Matrix generators are commonly referred to as block generators. For
block generators, the dimensions are defined in the following table. (This is taken directly
from |2].)

Generator Dimensions

dk mg X Ny
Di m; X ri_y
q; r; X M

ay T X T4
i m; X 1Y
hj 7’;-/71 X n;
bk Tg—l X TZ

1. Rank of Submatrices

Any submatrix entirely in the strict lower triangle, or equivalently, in the strict upper
triangle, is of rank equal to the largest size (max(r},) in the lower triangle, and max(r}))

in the upper triangle) of any generator in that submatrix. The diagram below illustrates



submatrices of each type. As a side note, the rank of such submatrices is referred to

as the “Hankel rank” in [1].

-dl * e * * * * ]
dy | * * * * *
d3
dn_3
* % * * dn_o
x ok % * dy_1
B * dN_

2. Upper and Lower Rank

The “upper rank” of a quasiseparable matrix R is the largest rank of any submatrix in
the strict upper triangle of R, i.e. upper rank = max(r},k =2,...,N — 1), and the
“lower rank” of R is the largest rank of any submatrix in the strict lower triangle of R,

i.e. lower rank = max(r,k=2,...,N —1).

3. The Scalar Case

In this paper, “the scalar case” refers to a quasiseparable matrix in which all gener-
ators p;, ay, q;, di, gi, b, h; are scalar, i.e. in which my = n, = 1,k = 1,..., N and

r.=ri=1k=1.,N—1.

4. Subclasses

The class of quasiseparable matrices includes several other well-known matrices, such as
band matrices, diagonal plus semiseparable matrices, tridiagonal matrices, and unitary

Hessenberg matrices [2].

5. Benefits



The structure of a quasiseparable matrix may be exploited in order to reduce the

number of calculations required in performing certain operations. Specifically:

(a) Multiplying a quasiseparable matrix R by a vector x may be performed in O(N)
operations, as opposed to O(N?) operations for the multiplication of a non-
structured matrix M by a vector x. (The details are provided in [1| and re-
produced in the included programs quasifactor.m, lowermult.m, dmult.m, and
uppermult.m. The idea is to separate the quasiseparable matrix into three parts:
the strict lower triangle, the diagonal, and the strict upper triangle; multiply each

by the given vector; and then add the three products to find the product Rx.)

(b) Solving a system Rx =y may be accomplished with fewer computations (solution
is (O(N)) by first efficiently factoring R into unitary factors to the greatest extent

possible. This is the main focus of this paper.

6. Non-Minimal Generators

The idea of minimal generators is that the information represented in the generators,
and more specifically in their product, cannot be represented by generators of smaller
size. To illustrate, as simply as possible, the idea of non-minimal generators, consider

the following example.

such that
2 0| |1
=[O 1
0 3] 10

which could easily have been represented by scalar generators. Using generators of

larger size represented more information than was available in the final product. (This



example was transcribed directly from notes provided by Dr. Michael Stewart in his

explanation of the concept of minimality in [5].)

The idea of near non-minimality describes generators that are numerically very close
to a non-minimal state (typically where one or a few elements have been very slightly

perturbed from a non-minimal state.)

This thesis is developed in the following steps. Chapter 2 initially considers a representa-
tion of the lower triangle of a quasiseparable matrix, which can be thought of as a portion of a
lower Hessenberg matrix of larger dimension. This representation, developed in Section 2.2,
demonstrates a simple way to multiply the generators of (1.2) to create the lower triangle of
(1.1). This is a particularly explicit way of seeing how the factoring/decomposition of the
quasiseparable matrix R may be performed. The initial development is intended to be as
transparent as possible, so it is performed with the idea that all generators are scalar. Before
things become too complicated, factoring the scalar case of R is considered in Section 2.4.
Many of the important ideas about the construction and factoring of a quasiseparable matrix

should be clear, allowing easier transition to the general (block) case of R.

The complete factoring approach is then considered in Chapter 3. This consists of two
steps. First is inner coprime factorization, in which R is decomposed into R = V'T', where
V' is a block lower triangular unitary matrix and 7" is a block upper triangular matrix, each
quasiseparable. Next is inner-outer factorization, in which 7" is decomposed into T' = US,
where U is a block upper triangular unitary matrix and S is a block upper triangular matrix
with square invertible blocks on the main diagonal [2, p. 429]. Both steps rely heavily on
QR factorization applied to two block rows of R at a time. The unitary factor () from each
step is separated into blocks that act as generators of one of the new quasiseparable factors:
V in the inner coprime factorization and U in the inner-outer factorization. This chapter is

simply an explicit description of the algorithm described in [2].



Chapter 4 considers the results of the algorithm as applied to various quasiseparable
matrices R created first using minimal generators, and subsequently using non-minimal and
nearly non-minimal generators. The result is that stability of the algorithm is compromised

when non-minimal or nearly non-minimal generators are present.



Chapter 2

Factoring: The Scalar Case

2.1 Applying Givens Rotations

Current ideas for exploiting the structure of quasiseparable matrices tend to use related
factoring approaches. The principles are based primarily on QR factorization applied con-
secutively to pairs of block rows of R in a way that produces unitary factors to the greatest

extent possible.

To begin, consider the scalar case: a quasiseparable matrix with lower order one and
upper order one; that is to say, one in which all generators are scalar. A powerful way to
factor this matrix is by applying plane rotations row by row, from the bottom to the top of the
matrix. Because each submatrix below the diagonal is of rank one, every element in one row
(rij, 1 < j <i—1),is a constant multiple of the row directly above it (r;_1;,1 < j <i—1).

This allows a single sweep of a plane rotation to zero out all elements [R;;],j <i—11in a



given row, ¢ = N, ..., 3. Thus, all entries below the subdiagonal may be eliminated by such

rotations. Whereas a true plane rotation is expressed as a unitary matrix of the form

fi —&
e fi

this paper generalizes and modifies such rotations to allow work in C? and according to a
convention common in the context of unitary Hessenberg matrices which pre-multiplies the

plane rotation by the permutation matrix

which is equivalent to following the rotation by a reflection about y = z in the Euclidean

plane, R?. These modified plane rotations take the form

e fi
U'=1,_2® @ In—i, Vel +1fil? =1, 1<i<N
fi —&

where U] acts on the (i — 1) and ¢ rows of R, and U} is unitary. (The selection of e; and
f; will be derived so as to zero out elements of R.) Note that f; and f; would be used in a
more general representation of a plane rotation. Here, it is arbitrarily decided to let f; = f;

(this goes back at least as far as [4]), resulting in a pure real value for f;.

The selection of e; and f; is based on the goal of zeroing out elements in the ¢ row of R.

Because

e fi x _ m (2'1)



implies

fi T
4 1L
—€ Yy
x
(because [fi _éz} =0) and
Y
fi €
f L |°
€ fi

(by the orthogonality of the columns of the modified rotation matrix), then

€; X
=
fi y
which implies
& = [T — (2.2)
[yl |z[* + [y[? VI + [y[?

The nature of the z and y used to determine e and f will be investigated following the
discussion of the product of modified plane rotations, and defined precisely in Algorithm 1.
Assuming that e; and f; may be determined in U} for i = N, N —1,...,4,3, each modified
rotation may be applied from the bottom (Uy) to the top (UJ) to zero out all elements in R
below the subdiagonal. The result of this iterative process is U;Uj - - - Ux,_ Uy R = H where
H is upper Hessenberg. Hence, R = QH, where () = UyUx_1 ---Us and is thus unitary. In
fact, the product of these modified plane rotations is lower Hessenberg, so Q is unitary lower

Hessenberg.

Before investigating how to take a quasiseparable matrix apart, it is instructive to consider

one way to put one together. The process of factoring will resume in Section 2.3.



2.2 Constructing a Hessenberg Matrix

This section demonstrates a method for constucting a lower Hessenberg matrix of dimen-
sions (N + 1) x (N + 1) that can be modified to create the lower part of a quasiseparable
matrix, as will be shown in Section 2.3. The quasiseparable structure created in Section 2.3
is part of the Hessenberg matrix created in this section. These two sections demonstrate a
way of understanding the explicit parameterization of R in (1.1) as a product of block 2 x 2

matrices. This generalizes a well-known representation of unitary Hessenberg matrices.

Without regard to the (unitary) structure of the modified plane rotations described above,
consider the product of matrices L = Ly - -- Loy where

pr d
Li=Liaa| " | ely. 1<k<N. (2.3)

ar gk

Multiplying from right to left, partition each factor such that its diagonal blocks are square,
i.e. such that the column partition is identical to the row partition. When multiplying Ly
by the previously computed product Ly ;--- Ly, partition each of the factors such that its
diagonal blocks are of size (k — 1) x (k—1), 1 x 1, and (N —k+1) x (N —k+1). So

Iy 100 0

O |pr|dp O

0 |ap|q O

10



Now it is easy to see that the effect of the latest factor (Lj) on the previous product

Ly~ . Ly
P1 dy
P20 P21 do 0
P3a2ay P3a2q: P3q2  d3
- Pk—2Gg—3---Q1 Pg—20k-3---A2q1 - Pk—24k-3 dr—2
Pr—1Gg—2---Q1 Pr-1Gg—2---A2q1 - -* Pk-10k—2Gk—2 Prk-1qk—2 dk—1
Q-1+ 01 Ag—1 " A2q1 e Ak—10k—29Kk—3 Ak—1G9k—2 qk—1 0
_ 0 . 0 In—kp

is the following:

1. Retain the first (k — 1) rows,

2. Create a new k row by multiplying p, by each element in the k£ row and appending dj

in the (k, k + 1) position.

3. Create a new (k+1) row by multiplying a; by each element in the k£ row and appending

qx in the (k + 1,k + 2) position.

4. Retain the last (N — k) rows.

11




So Ly -+ Ly =

p1 dy
D2ay D2q1 do 0
Pp3azay P3a2q1 P3qa  ds
Pk—10g—2 - Q1 Pk-1Qg—2° " G241 - Pk—14k—2 dy—1
PrQg—1-"-Q1  PrQg—1-*-A2q1 - PkOk—1Gk—2 Prqk—1 dy
a - - a1 aj - - A2q1 S akOk-1Gk—2 OkQr—1 qe 0
0 0 In_k

for k =2,..., N. Hence

L = Ly---I,

D1 dy
b2ay P2q1 dsy
_ Pp3asz0a1 P3aa2q1 D3q2 ds
PNAN—1**- Q1 PNAN—1°*-QA2G1 *** DPNAN—-1N—-2 DPNGN—-1 dN
ay - -ay an - - - asq s aNany-1gN—-2 anNgN-1 4N

and is clearly lower Hessenberg. (If the generators, p,a,q,d are matrices, L is block lower

Hessenberg.)

12



2.3 Converting from Hessenberg to Lower Quasisepara-

ble Structure

To create the lower part of a quasiseparable matrix, it is only necessary to delete the first
column and last row of the lower Hessenberg matrix obtained in the last section, producing
an N x N matrix. This can be accomplished through the use of an Ly and Ly, to create

a modified L; and Ly. Simply let

L = LypLyLy—y---LaolyLg

= [N/NLN_l s Lgf/l (24)
0
where Ly = |——| and Ly, = { In |0 } such that
In
p|dy 0
N 0 dy
Li=Lilo=|a|q¢ O — = @ In
In ¢
00 In_1
and
Iy 0 O

13



This shaves the first column and last row off of the lower Hessenberg structure, leaving

behind precisely the quasiseparable structure of interest:

dy
P21 da
L=R= P3a2q1 D342 ds : (2.5)
| PNGN-1--caqr o PNAN-1gN-2 PNIN-1 AN ]

In this instance, all upper generators are effectively zero.

One drawback to this technique is the lack of invertibility of L, and Ly if d, py, and
g are scalar. However, in the case of block generators, there are cases in which L; and Ly
may be invertible. Particularly, they may each be unitary, by design, as will be shown in
Section 3.1. Their selection will be based on the @ (the unitary factor) from QR factorization

of specific generators of R.

It should be clear that the same technique may be used to construct the upper part of a

quasiseparable matrix. For this, let

W =WWy-- - Wy_ Wy

14



where

hi b 0
le[OIN} d g1 0 :[dl g1:|@IN—1
0 0 In_
hi by
Wk:[k—l@ @IN—k, 2§/{;§N—1,and
dp Gk
In~y 0|0
- Iy hn
WN = 0 hN bN - | = [Nfl S
0 dn
0 dy|gn

2.4 Factoring

Returning to the idea of using modified plane rotations to factor the quasiseparable
matrix R, whose lower triangle is defined in (1.1) and created equivalently as L by the
generators leading to (2.5), R may be factored into R = QH, where () is unitary and H is

upper Hessenberg. Consider a submatrix taken from two rows in the strict lower triangle of

R:
for3<i<N,1<j<i—2.
Tij
Ti—1,j Di—1Gi—2 - - - A2q1 Pi—1Gj—2---a3q2 - Pi—10;-2¢;—3 Pi—1Gi—2
T4 biGi—1G;—2 -+ A2q1 PiQ;—1Q;—2 - a3q2 - PiGi—_10;-24;—-3 P;Ai—1¢;—2
Pi—1
- Qj—2: Q21 QA;—2---Q3qy -+ A;—2¢;-3 ({i—2 |-
biti—1

15



Now it is clear that the whole lower row in this submatrix may be zeroed out if a modified

rotation that turns p;a;_; into 0 is applied [3]. This can easily be accomplished through

careful selection of e; and f; discussed in Section 2.1.

Beginning with rows N — 1 and N, select ey and fy based on (2.1) and (2.2) by setting

X PN-1
= , (2.6)
Yy pPNaN-—1
so that
EN fN PN-1 _ my—1
v —eén| |pnan—1 0
Then
U}{,R =
d;
P2q1 dy *
In_o] O 0
P3a2q1 P3q2  ds
=1 0 |exn fn
0 | fv —én
PN-—1GN—-2" " A2q1 PN-1GN-2 dn_1 *
PNAN—1GN—2 - - - A2q1 PNAN-1GN-2 PNGN-1 dN
d;
P2qg1 dy *
- P3a2q1 DP3q2  ds
myN-1aN—2 - G2q1 myN-14N—-2 * *
0 0 0 fndn—1 — enpNgN-1 *

16




where

My_1 = enpn-1 + fNpNan_1 = 2 = \/|pN71|2 + [pnan—1]2.

Note that in addition to zeroing out elements in the lower triangle, this modified rotation
affects a diagonal element and introduces a nonzero element in the upper triangle. (The
nature of the new elements in the upper triangle is not extremely important here, but will

be investigated in detail in the general factoring case in Section 3.1.)

This process can be repeated iteratively. In the next step, select ey_; and fy_; by setting

17



Then

Un1(UyR) =

Ins| O 0 0
0 |env1 fa1 | O
0 | fv1 —en1| 0

d;
D21 ds *
PN—2aGN-3 """ Q2qG1 s PN—2gN-3 dn_2 * %
MN-1AN—2QN-3 **-A2¢1 --° MN-1AN—2GN-3 TMN-_1GN-2 * *
0 . 0 0 % %
d;
DP2q1 dy *
myN—2aN-3---Q2¢1 -+ MN_2gN-3 * * X
0 0 * k%
0 0 0 x =*
where
My_2 = eN_1DPN—2 + [N_1MN_1aN_2.
This process may be continued iteratively. In each successive step, for i = N —1,...,3,

select e; and f; by setting

T i—
_| (2.7)

Yy mia;—1

with the details provided in the next algorithm.

18



pi@i—1- - aj1q;, for 1 <j<i<N,
Algorithm 1: Let R = [Rij]f?;-zl =19 d, 1<i=j <N,
Gibig1---bj_1h;, 1<j<i<N
with all scalar generators: pg, ax, g, dg, g, bg, b, € C.
Then R admits factoring R = (QH where @ is unitary lower Hessenberg and H is upper

Hessenberg as follows.

1. Let my = pu.

2. Compute recursively for i = N, ..., 3:
e, — Di—1M;0i—1
;=
Imiai—1|y/Ipi—12+mia;_1|2’
f‘ _ _lmiai]
BERVEEETEN
. e fi
Uf =1Iis® & In—i,
fi —&
& i
U=1Li2® | ® In_;, and
fi —e

mi_1 = e;pi—1 + fim;a;_q.

3. Then compute the products

Q=UxUy_1---Uy and H=U; U, USR.

Essentially, this approach allows the upper or lower triangle of a quasiseparable matrix
to be treated using the techniques developed for factoring a unitary Hessenberg matrix.
We now have defined recurrences for ) as a product of modified rotations but have not
described the structure of H. The details of the effect of a sweep of modified rotations

on the upper quasiseparable structure have been ignored thus far, but will be quantified

19



precisely in Chapter 3. To broaden the benefits of this more detailed investigation, it is
worth expanding the definition of generators from purely scalar to block generators of rank

greater than one.

20



Chapter 3

Factoring: The General Case

In moving from the case of a quasiseparable matrix created from scalar generators to one
created from matrix generators, similar ideas may be applied, but with some modification.
The goal is to describe the algorithm of [2] for the @ R factorization of a general quasiseparable

matrix.

First, the quasiseparable matrix is factored into R = VT, where V is a block lower
triangular unitary matrix, and 7" is a block upper triangular matrix |2, p. 429|. This is
achieved through QR factorization, introducing zeros from the bottom to the top of R,
exploiting the quasiseparable structure in a way analogous to the application of modified
plane rotations applied in the case of scalar generators. From the nomenclature of 1], this
stage is referred to as inner coprime factorization. One detail that is not immediately obvious
from this factorization is that the diagonal blocks of T are not necessarily square. This creates

problems for solving systems via back substitution, and is thus considered undesirable.

Hence, the matrix 7T is factored into 7' = U .S, where U is a block upper triangular unitary
matrix and S is a block upper triangular matrix with square invertible blocks on the main
diagonal [2, p. 429]. From [1], this stage is referred to as inner-outer factorization. The main

objective of this stage is the creation of new generators that are easily inverted. Specifically,

21



this factoring step causes the diagonal blocks of S to be square, gaining significant advantages

over the non-square diagonal blocks of T'.

The result of these two stages is the block QR factorization R = VUS.

3.1 Inner Coprime Factorization

Similar to the application of a modified rotation to two rows of a quasiseparable matrix
formed from scalar generators, such that each e; and f; is selected to create U by applying

(2.1) and (2.2) to the more general case of (2.7), QR factorization may be applied to

bi—
Xia;1

in such a way as to zero out much, or all, of a block row in R. As in the scalar case, this is

performed from the bottom to the top of R.

The objective is to factor R = V'T', where V' is a block lower triangular unitary matrix,
and T is a block upper triangular matrix. This is analogous to the factoring in the scalar
case: R = (QH. Here, V is the product of unitary matrices Vi Vi_1 - "‘/2‘71, much like
Q=L= f/NLN_l N Lgf/l in the scalar case. Now there is an opportunity to make f/N and

V1 unitary, unlike in the scalar case, where

d;
{pN dN} and
q

are not invertible, much less unitary, allowing V' to be block lower triangular and unitary,

rather than lower Hessenberg and unitary.

22



This process will be performed from the bottom to the top of R. In the first step, let
pn—1 = min(my,y_;), YN = my — pn_1, and then perform QR factorization on py, which

will be used to zero out parts of the last block row if py is rank deficient. Let

XN XN
PN = QN = |:(pV)N (dV)N} )
0 0
where
X
Oy  and o
0

are the unitary and upper triangular factors, respectively, with dimensions:

(PV)N Comy X PpN-1
(dV)N : my X Un

. /
XN POPN—1 X TN_1-

Then let Viy = I, @ Qn where

23



Multiply f/ﬁ, by R to see its effect on the last block row of R:

1 0
. " R(1:N—1,:)
Vit = 0 | (pv)y
. DPNAN—1""-Q2G1 *** PNON-1GN-2 PNIN-1 dN
0 | (dv)y
R(1:N —1,:)
QNDN < aN-1-°+a2q1 -+ AN-1N-2 (gN-1 )) Qndn
R(1:N—1,:)
fd XN
0 ( an—1---a2q1 --° AN-1gN-2 (GN-1 ) dn
R(1:N —1,:)
= Xy ( anN—1-°°Q2q1 -+ AN-1dN-2 ({N-1 ) (medN
0 0 (dv)ydn
For convenience, we define
th = (pv)}kde and

(dr)y = (dv)ydn,
so that (3.1) may be written more simply:

R(1: N —1,:)

ViR = | Xy ( ay-—1-+-G2q1 -+ GN-1gN-2 (GN-1 ) hix

0 0 (dT)N

24

(3.1)



For the next step, observe that

PN-1
R(N—1:N,1:N—-2)= | Xyan_1]| |an_1- “Qoqr ccr GN_1GN—_2| s
0
so QR factorization applied to
PN-1
Xnan—q
produces factors
PN-1 XN-1
= QN1
XN&N,1 0

in a way analogous to the application of a modified rotation defined in (2.1) and applied to

the specific case of (2.7).

As with Q) , Qn_1 may be separated into blocks that will ultimately be used as generators

to characterize the quasiseparable structure of the upper triangular factor 7. Here,

On_y = (pV)N—l (dv)N—l

(av)n-1 (qv)n-1

with dimensions:

(PV N—1: Mpy—1 X pN-2

)

dv)N—1 DoMmy—1 X VUN-1
IN-1: PN-1 X PN—2
)

N-1: PN-1 X VUN-_1,

) , B
where py_o = min(my_1 + py_1,7N_5) and vy_1 = my_1 + py_1 — PN_2-

25



Let VN_1 = ]’VIN—l D QN—I D I¢N—17 where

N—2 N
NIN-1 = E my  and oy = 5 mp = Mmn.
k=1 k=N
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Then multiply V3_, by the previous product to see its effects on the (N — 1) and N block

rows of R.
Vi ViR
- R(1:N -2
Ianl
B . PN—1GN—2 """ A2q1 PN-14N—-2 dn_1 gn-1hn
- N-1
XNan_1aN—_2 - Q2q1 Xnyan-—1qn—2 XNqn-1 th
I¢N—1
- 0 0 0 (dr)n
R(1: N —2:)
i PN-1 . dv-1  gn-1hn
= N—-1 an—2 - Q2q1 gN—2 N-1
Xnan—q XNqN-1 hQV
0 (dr)n
R(1: N —2))
XN_1 . dy-1  gn-1hn
= anN—2---Qa2q1 gN-—2 N—1
0 XnNgN-1 Ry
0 (dr)n
R(1:N —2:)
Xn-1 (pv)v_1 (av)v_a |l dv-1 gn—1hw
= anN—2 -+ a2q1 gN-—2 /
0 (dV)T\T—l (qulkva XNGN-1 Ny
0 (dr)n
R(1:N —=2:)
B Xn1ang---asqy XN-1qn-2 (pv)ie1r (av)ia ||l dv-1 gnerhn (3.3)
0 0 (dv)ia (av)aeg || Xvana hiy
0 (dr)n
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The complicated part is taking place in the product

(pv)7v_1 (av)fv_l dn_1 gn_1hn

(dv)v_1 (av)vq XNgn-1 hly

which warrants some simplifying and renaming:

(pv)N_1 (av)yv_: dv-1  gn-1hn

(dv)v_1 (av)h_1| [Xvav—1 Wy

h
(pv)n_1dn-1 + (av)vo i Xnvav-1 | (pv)y_1gv—1 (av)i_, y
- - N
* * [ hN
(dv)N_1dn-1 + (qv)y_1 XNaqN-1 (dv)N_198v—1 (av)n_1 Y
- - N
Let
Wy_y = (ov)v_1dn-1+ (av) v Xnan-1,
bvar = | (pv)i_19v—1 (av)i 1|
(dr)n-1 = (dv)y_1dn-1+ (qv)yv_1 XNGN-1,
(gr)v—1 = |(dv)x_19v—1 (qv)i_ | and
h
(hr)n =
Then
(pv)vo1 (av)yvy dvor gyvaha| | Ry Uy _1(hr)N (3.4)
(dv)nv_1 (av)voa| | Xnav—r Ry (dr)n-1 (97)N-1(h1)N
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By substituting (3.4) into (3.3), we have

Vi VIR
R(1: N —2)
!/ / hN
Xn1an2 -+ aaqp Xnva1gnv2 Ry, by_1
0 0 (dr)n-1 (9r)N-1(h7)N
I 0 0 (dr)n
R(1: N —3,:)
R(N —2,:)
hn
= Xnyaana2: - aaq XN-1Gn-2 h§v,1 b/N,1
Ry
0 0 (dr)n-1 (9r)N-1(hr)N
I 0 0 (dr)n
R(1:N -3,
PN-2GN-3 -+ A2q1 PN-2gN-3 dn_2 gn2hn1 gn—2bn—1hn
- / / hN
Xn1an2---aaqy Xn1an2gn-3 Xn-1Gn-2 hN_1 bN_1
Wy
T(N—-1:N,:)
. . PN—-2
In the next step, apply QR factorization to
Xn_1an—2
PN-2 Xn_2 (pV)N72 (dV)N72 Xn_2
= QN2 =
Xn_1an—2 0 (ay)n—2 (qv)n—2 0
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Let Vy_o = I,y , ® Qn—2 @ I3, ,. Then V3 _, acts on two block rows of the previous

product, given in (3.5). So

[T]N—2
VoV VR = 5 Vi ViR
I¢N72
R(1:N -3,:)
XN_2 N dN—2 ,
= aN-3°°+Q2q1 -+ (N-3 N-2 Ty o (3-6)
0 XN_1qn—2
T(N—-1:N,:)
where
Xn—2 XN_oan3---a2q1 -+ XN—2gqn-3
an-3°-+Q2q1 -+ gN-3| = (3-7)
0 0 0
and
* dn—2 . (Pv)n—2 (av)n_s dn_2
N—2 =
XN-1gn—2 (dv)y_o (av)v_o| | Xn-1an—2
_ (Pv)N_odN—2 + (av)Ny_s XN_1qN—2
(dv)N_odn—2+ (qv)N_oXN_1qN—2
h
- | (3.8)
(dr)N—2
by setting
th—2 = (pV>}kV—2dN—2 + (av)y_2XN_1qn—2 and
(dr)v—2 = (dv)N_2dn—2+ (qv)N_aXN-1qN—-2,

30



and

gn—2hN_1 gn—2bn_1hN
T]/V—QZQ*N—Q , hy
N-1 (Pv)N-19v-1 (@)oo |
N
gn—2hN_1 gn—2bn_1hN
(0v)n_2 (av)y_s
B * / * * hN
(dv)n_o (av)N_o N (pv)v_agn—1 (av)y_y "
N
hn
r thl |:bN_1 0:|
| @v)ve ()N |gn2 O hiy
@)vs @] | 0 1| hy
- Wiy (pv)v_agv—1 (av)y_y ,
Ry
_ (Pv)N_2gn—2 (av)y_s hn—1 by_1 0 hn (3.9)
(dv)N_agv—2 (av)N_2 Py (pv)N_19v—1 (av)n_a| |Py

By setting
Uy o = [(pv)?v_ng—2 (aV)*N—Q}’

(gT)N—z = {(dv)Tvng—z (QV)R[J’
hn_1

(hr)N—1 = , and
N

by—1 0

(br)n-1 = )

(pv)v_1gn—1 (av)N_:
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(3.9) can be written more simply as:

gn—2hN_1 gn—2bn_1hN
G| by
hy_q (pV)*N—lgN—l (av)}‘v_l
Ry
(Pv)N_29n—2 (av)n_s

= ((hr)v—1 (br)n—1(hr)N)
(QT)N—2

by—s {(hT)N—l (br)n—1(hr)Nn }

(gr)n—2(hr)N-1 (gr)n—2(br)N—1(h7)N

(3.10)

Now that each detail has been worked out, (3.6) may be simplified. By substituting (3.7),
(3.8),and (3.10) into (3.6), we have
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Vi Vi ViR

R(1:N -3,
0 an-3 -+ A2q1 -+ GN-3 N-2 X 1dves N-2
T(N—-1:N,:)
R(1:N -3,
B X2 ( an-g---G2q1 - QN3 ) Py o Uy_s |(hr)nv1 (br)na(hr)n
0 0 (dr)vz2  (g7)no(hr)ny (97)n2(br) w1 (hr)n
T(N—-1:N,:)
R(1: N —4,)
R(N —3,:)
| K2 ( an-3 - Qaqi QN3 ) iy On_o |(hr)n1 (br)n-1(hr)n
0 0 (dr)xz (gr)no(hr)nva (gr)n—2(br)n—1(hr)n
0 0 (dr)n-1 (97)n-1(h1)N
0 0 (dr)n
R(1: N —4,:) _
R(N —3,:)

s ) s U (s Graa(hon

(3.11)

T(N—-2:N,:)
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Everything in the latest step of factoring may be applied iteratively for block rows R;,

1=N—1,...,2. At each step, perform Q)R factorization:

Pi X;
=Q
Xit1a 0

Compute p;—1 = min(m; + p;,7;_,) and v; = m; + p; — p;—1. Then partition

(pv)i (dv)s

(CLV)Z' (QV)i

Q=

according to the dimensions:

qv )i Pi X Vi,
SO
Di _Q X - (pv)i (dV)i X
Xi10; 0 (aV)i (QV)i 0
Let
i—1 N
m=Y m,  Gi= > w, i=1...,N
k=1 k=i+1
and let
I’h‘
Vi=1, Qi &I, = Qi

34



For notational convenience, compute

Then V;* acts on the ith and (H—l)th block rows of the previous product, V%, - --

(pv)idi + (av); Xit1qi,
(dv)idi + (qv); Xit16i,

-(pv)i‘gz (av)i‘} )

(V)i (CJV)}‘} ,

h;
+1
, and

R(1:i—1,:)
* * * 7 XZ * dZ /
V; (Vz’+1 T VN—lvNR) = Qj—1---A2q1 - Gi—1 Qz’ T
0 Xiy19i
Ti+1:N,:)
where
X
0 |:a11 cetA2qr Aj—1 - G3(Q2 @;—14;—2 %1]
X |:ai2 Tt Q2q) Q-2 A3 %’2] Xigi—
0 0 0
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and

d; (pv); (av); d;
Q; =

Xiy19i (dv); (qv)i| | Xit1ai
(pv)idi + (av); Xip1qi

(dv)idi + (qv); Xit14s

- ) }
= (3.14)

(dr)i
and
ihi 9ibita ( hivo bitahizs -+ biyo---by_1hn )
o= || M |
i bt {(h:r)m (br)iva(hr)ivs -+ (br)ipa- - (br)n_1(hr)Nn

(pv); (av)ifg:i O hit1 bi“(hwz bi+2"'bN1hN)
(dv); (av); |0 1 hi b1 [(hT)Z.H oo (bp)iga - (br)n—1(h)N

B -(pv)fgz' (av); it i1 ( hiva -+ biya---by_1hy )
_(dv)fgi (av); i bita [(hT)i+2 (bT)i+2"'(bT>N1<hT>N:|
_ — b; _ Pit1 biv1hito e biy1bivo - bn_1hy
((gr)i| | Pian Bia(hr)ive o B (br)ise - (br) v (Ar)w
- ’
= [(hT)iH (br)is1(hr)ig2 - (bT)i+1(bT>i+2"'(bT)Nl(hT)N] (3.15)
_(gT>i_
b/ T)i+1 T )i+1\/tT)i+2 =~ °° T)i+1\VT )i+2 " " \VT )N—-1\I'T )N
( mr @oairies - Gr)atbrie - Grva(in)y] )(3.16)
(97)i(hr)ivr (97)i(br)ix1(hr)ize - (97)i(br)iy1(br)iv2 - - (br)v—1(hr)N
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Note that (3.15) can be clearly seen as follows:

biy1biya -+ bp_1hy

b;+1<bT)i+2 o (bT)kfl(hT)k

bi+1

o

[(pv)fﬂgiﬂ (av)fﬂ]

0

(ov)igiv1 (av)ig

bi+2

*

bi+2

(pv)f+29i+2 (aV);'k+2

bi+2

= (br)ix1(br)iva- - (br)k—1(h7),

0

*

(pV);F+29i+2 (av)§+2

bp—2 O [be—1 O [hg

x % x x| |hy

0 br—1 0 hy

(pV)Z—19k—1 (GV)Z—1 hy,
0 bk,1 O hk

(pV)Z—19k—1 (av)}i_l hﬁe

k=i+2,...,N. (3.17)

It is also worth noting that all of the complexity from the lower and upper triangles of R

is accumulated in the upper-triangular blocks of T'. The order of these terms is p/, which is

generally the sum 7/ 47", Briefly consider one simple example that illustrates the significant

amount of information accumulated in one block of T

(97)i(br)iv1(hr)itve
= _(dv)jgi (qv);
= _(dV);kgz (qv);
= _(dv):gl (qV)z

bi+1

0

(pv)fﬂgiﬂ (@V)fﬂ

bi+1

0

(pv)iginn (av)ig

hi+2
/
hi+2
hi+2

(v )ivodive + (av)it2Xits3Gito

bi+1 hi+2

(pv)f+1gi+1hi+2 + (av);‘k-l,-l(pV)i-‘:-Qdi—&-Q + (av)f+1(av)z‘+2Xi+3C]i+2

=1 (dv);gibis1hive + (qv); (0v)iGiv1hive + (av); (av)i (pv)ivadive + (qv); (av )i (av )i Xiysive | -
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This simple block demonstrates approximately the least complexity in a block of T, in this

case, one formed by the product of only three generators, i.e. R;; where j =i 4 2.

Substituting (3.13), (3.14), and (3.16) into (3.12) gives

ViV Vil VR

R(1:i—1,:)
- Xia'i—l \‘CL'%Q s Ao qng XzQz—l h; T
0 0 0 (dr);i
Ti+1:N,:)
R(1:i—2,:)
X {CLH s G2qr q@—2| Xigi—1 h; b; (hT)i+1 (bT)i—H tet (hT)N
0 0 (dT)z (QT)i<hT)i+1 (gT)i<bT)z‘+1 ce (hT)N
T@i+1:N,:)
[ R(1:i—2,:)
R(Z -1, )
= Xiti-1 |azo---asq Gi2| Xidi—1 h; b; (h1)it1 (br)ig1 -~ (hr)n
0 0 (dT)i (QT)i<hT)i+1 (gT)i<bT)i+1 ce (hT)N
i T(i+1:N,:)
R(1:i—2,:)
R(i—1,:)
_ (3.18)
Xiti—1 ag g+ asq G| Xiqi-1 R Y (h7)it1 (br)iz1- - (hy)n
T(i:N,:)

All that remains is to select a \71* to multiply by the previously computed product

Ve VJT,_I‘N/;,R to cause V = f/l*VQ* . Vﬁ,_lf/ﬁ, to be a unitary block lower triangular ma-
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trix. (This is the block unitary version of what was demonstrated in (2.4) and (2.5). All
that is required is to select a unitary matrix ); of dimensions v; X vy where vy = my + p;.
Partition

- (dv )1

V, =
(QV)l

according to the dimensions:

(dy)1: mq X1
(QV)l op1 X .

As in previous iterations, let Vi = Q1 © I, and compute

(dr)1 = (dv)idi + (qv)1 Xoq,
(9r)1 = [(dv)’{gl (W)T]?and

ha
hy
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Then V;* acts on the 1% and 2" block rows of the product Vs --- V3, ViR, Details are

very similar to those in the case of it = N —1,--- 2.

T o= Vi(Vi Vi ViR)

_ R(1,:) _
= V| Xoqi hy by ’V(hT>3 (br)s(hr)s - (bT)?;"'(hT)N}

T(2:N,:)

dl gth gle |:h3 b3h4 ce b3 cee hN:|

Xoqi  hy by ’V(hT):& (br)s(hr)s - (bT)3"'(hT)NW

T(2:N,:)

_ (3.19)

where

_ [ ) _glhz g1ba {h3 bshy -+ b3---hN]
1= _(dv)1 (qv)l] W, b, {(hT)?, (br)s(hr)s - (bT)3"'(hT)N:|

hsy bQ{hS 53...hN]

hy by [(hT)g (br)s(hr)s -+ (bT)S"'(hT)N]

= _(dv)’fgl (qV)’i‘_

h2 b2h3 beSh4 e beS e bN—th

h/2 b/2<hT)3 bIQ(bT)3(hT>4 e blz(bT>3 e (bT)N—th

= (gT>1 (hT)Q (bT)Q(hT)3 (bT)2(bT)3(hT)4 e (bT)Q(bT)?) e (bT)N—th:|

= ( (gr)1(hr)2 (9r)1(br)2(hr)s -+ (g9r)1(br)2- -« (br)n-1(hr)Nn ) ) (3.20)
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so, substituting (3.20) into (3.19), we have

o (dr)r (gr)i(hr)2 (gr)1(br)2(hr)s -+ (gr)i(br)e- - (br)N—1(hr)N
T(2:N,:)
()i (grh(hr)s (gon(br)athe)s -+ (gr)i(br)a- - (br)w 1 ()]
0 (dr)2 (97)2(h1)s3 B (g7)2(br)s -+ (br)n—1(h7)N
(dT)Nfl (QT)Nfl(hT>N
|0 0 (dr)n |

This is the exact result sought:

ViVy Vi VER =T,

SO

R = VyVn_i---VuWiT

where V' is unitary (as the product of unitary matrices) block lower triangular, and T is

block upper triangular.
The process thus described is written more concisely as Algorithm 2.

Algorithm 2: Let R be a quasiseparable block matrix with generators as defined in
(1.2). Then R admits factorization R = VT where V is a block lower triangular unitary

matrix, and 7" is a block upper triangular matrix according to the following steps.

1. Calculate generator dimensions.

(a) First stage, performed on py:
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3 /
pn—1 =min(my,ry_;)
UN =MN — PN-1

/ _ 1
PN_1 = TN_1 T PN-1

(b) Middle stages, performed on py, k=N —1,...,2:

for k=N—-1:2
pr—1 = min(my + pg, 7h_1)
Vp, = Mk + Pk — Pr—1
Ph-1 = Th-1 T Pro1

end
(c) Final dimension used in inner-coprime factoring:
vy =my + p1
2. Use QR factorization row by row to zero out block rows of R.

(a) Perform QR factorization on last row (py). Determine generators of V and 7.

[Q,7] = aqr(pw)
(pv)nv = Q1 py-1)
(dv)n = Q(:, pn—1 + 1 :mp)
Xy =r(1:pn_1, 177 )
(dr)n = (dv)ydn
Wy = (pv)ndn

hy

(hr)n =
Wy

(b) Middle stages, performed on py, k=N —1,...,2
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for k=N-—-1,...,2

[Q.r] =qr o
Xpy10k
(pv)i = Q1 :my, 1t pr_q)
(dv)x = Q(L s my, pr—1 + 12 my + py)
(av)e = Q(my +1:my + pr, 1 : pr—1)
(qv)e = Q(my + 1 my + pr, pr—1 + 1 my + pi)

Xe=r(l:pgr:1:7_)

h' = (pV)de + (GV)ZXkHCJk
I
(hr)k =
hi,
by, 0
(br)k =

(Pv)ige (av)i

(97)k = |(dv)igr (av)

(dr)k = (dv)idi + (qv )5 Xk 13k

end

(c) Final stage of inner-coprime factoring
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3.2 Inner-outer Factorization

In a way similar to the factoring of R into R = VT, T' may be factored by applying QR
factorization to two consecutive block rows, in this case working from the top to the bottom.
The objective is to factor T into T' = US, where U is a block upper triangular matrix and
S is a block upper triangular invertible matrix with block entries of size n; x n;. Note the

important feature that diagonal blocks of S are square.

For the first two block rows, compute s; = v; — ny. Perform QR factorization on

[(dT)1 (gT)l] such that

(ds)1 (g9sh

:[(dUh (gU)l} 0 Y |

(ds)1 (g9s)

|:(dT)1 (gT)l}:Pl 0 v

with dimensions:

(ds)r: nyxXmy
(gs)r: m1xpf

it s xp)
(dy)r: 1 xmy

(gU)l 1 v X 81.
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Let U, = P, @ I,. Then

UT =

(dr )1

(QT)l(hT)2 (QT)l(bT)2 T (bT)N—1(hT)N
T(2:N,:)

T(2:N,:)
o | 0
7)1 \gr)1
0 (hr)2 (br)a - (br)n=1(hr)Nn
T(2:N,:)
(ds)1 (9s)1| | Iy O 0
0 Y 0 (hr)2 (br)a -+ (br)n-1(hr)Nn
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Because no modification of the generators (hy)y, (br)g for £ =2,..., N is required, this step
is complete. For consistency in the naming of generators, set (hg), = (hr)x and (bs)r = (br)x

for k =2,...,N. Then (3.22) becomes:

_ (ds)1 (gs)1 ( (hs)2 -+ (bg)a---(bs)n-1(hs)n ) -
UGT = | 0w ( (hs)s -+ (bs)z-+ (bs)n-1(hs)n )
I T(2:N,:) |
_ (ds)1 (9s)i(hs)2 (gs)i(bs)a(hs)s - (gs)i(bs)2--- (bs)n-1(hs)n _
_ 0 Yi(hs)2 Yi(bs)2(hs)s -+ Yi(bs)2--- (bs)n—1(hs)n
0 (ds)2 (9s)2(hs)s -+ (9s)2(bs)s - (bs)n—1(hs)n
I T(3:N,:) |
_ S(1,:) -
0 Yi(hg): Yi(bs)2
- (hs)s  (bs)s(hs)a (bs)s -~ (bs)n-1(hs)n
0 (dS)2 (gs)z
TGN
_ S(1,:) -
_| 0 Mtk Yilbs)a) i fee O ! . (3.23)
0 (ds)2 (gs)2 || O (hs)s -+ (bs)s---(bs)n-1(hs)n
T(3:N,:)
Next, fort=2,..., N — 1, compute s; = s;_1 + v; —n;. Then perform Q)R factorization

on

Yici(hg)i Yic1(bs)i
(ds)i (9s)i
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to produce

(hv)i (bu)i| |(ds)i (gs)

with dimensions:

(9 ) Vi X 8.
Let
i—1
Xi = Z Nk,
k=1
with ¢; defined as before:
N
¢z = Z Vi,
k=i+1
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and let U; = I,, © P, ® I4,. Then

Us - - UUST

- S(1:i—1,:)
I,
B 0« 0 [Yialhe) Yialbshi||l O o 0
i ; 0 - 0 (ds)i (9s)i || O (hs)iyr -+ (bs)it1-- (hs)N
" T(+1:N,:)
- S(1:i—1,:)
'[Xi
0o --- 0 (ds)l (gs)i [ni 0 0
; 0 -+ 0 0 Y 0 (hs)ix1 - (bg)ig1---(bs)n-1(hs)n
" T(i+1:N,:)
S(:i—1,:)
_ 0o --- 0 (ds)l <g5>i [ni 0 0
0 - 0 0 Y 0 (hs)it1 (bs)it1(hs)ita -+ (bg)ix1- - (bs)n-1(hs)N
T(i+1:N,:)
S(:i—-1,:)
B 0 - 0 (ds)i (95)i ( (hs)iv1 (bs)it1(hs)iva =+ (bs)iy1- - (bs)n-1(hs)n J
0 -0 0 Y; ( (hs)iv1 (bs)it1(hs)ive -+ (bs)iz1---(bs)n-1(hs)n )
T(i+1:N,:)
S(1:i—1,:)
0 -+ 0 (ds)i (99)i(hs)is1 (95)i(bs)ix1(hs)iva -+ (95)i(bs)is1 - (bs)n-1(hs)n
=10 - 0 0 Yi(hs)it1 Yi(bs)it1(hs)ive Yi(bg)it1 - (bs)n-1(hs)n
0 -0 0 (ds)i+1 (95)i+1(hs)i+o - (95)it1(bs)ivz - - - (bs)n-1(hs)n
T(i+2:N,:)
S(1:14,:)
| Yi(hs)it1 Yi(bs)it1 || I, 0 0 (3.24)
(ds)its1 (98)ix1 || 0 (hg)ia®E -+ (bg)iya- - (bs)n—1(hs)n
T(i+2:N,:)




Note that in the case of i =N —2:

S(1:N -2

Yn_o(hs)n-1 Yn—2(bs)n-1||lny_, 0
(ds)N-1 (9s)N-1 0  (hs)n

U o 3UT = |0

T(N,:)

and in the case of i = N — 1 :

Uy UsUIT = 0 Yn_1(hs)n Yn-1(bs)n||1

Yn_i(hs)n
(ds)n
to produce
Yn_1 N U/N
PN _ ptas)s = | " (as)
(ds)n (dv)n

with dimensions:
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Let

and let UN = I, ® Py. Then

UxUk_y -+ UsUST

N-1
XN == E N,
k=1

- 7 S(1:N—1,:)
IXN
el 0 Yn-1(hs)n

- | (ds)n
Ll saiv-1y
[0 - 0 Pylde)n

- S(1:N—1,)

] 0 0 (ds)n
(ds)1 (9s)1(hs)2 (gs)1(bs)2(hs)s

0 (ds)2 (95)2(hs)s

(ds)N—1
0 0

This is precisely what was sought:

SO

UsUs_ - U3UST = S

= US

20

(gS)l(bS)Q ce (bs)N—l(hs)N
(95)2(bs)s - - - (bs)n-1(hs)n

(9s)n=1(hs)n
(ds)n

T = UUy-- -Uyx_1UxS

(3.25)



where U is a block upper triangular unitary matrix and S is a block upper triangular invertible

matrix with invertible square blocks on the diagonal.
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Chapter 4

Findings

One important claim made by Eidelman and Gohberg is that the need for minimality
stated in [1] is no longer relevant in their algorithm: “It allows us to avoid the requirement
of the minimality of generators...” [2, p. 421]. But tests of their algorithm, in the solution
of linear systems Rx = y, were performed on generators created from random numbers,
resulting, essentially as a given, in minimal generators every time. However, non-minimal
generators or nearly non-minimal generators can lead to significant residuals, as will be

demonstrated in Section 4.2.

To verify the efficacy of the program quasifactor.m and the functions it calls, several
tests were performed using generators of various sizes with randomly generated elements.
The objective is to solve the system Rx = y and to observe residuals in various cases of
generators with particular characteristics. Initially, quasiseparable matrices were constructed
in a way intended to mimic that described in |2|. Then, in order to investigate stability of
the algorithm in the case of non-minimal and nearly non-minimal generators, it was decided
to reduce complexity and to perform all tests after establishing matrix R as block-lower

Hessenberg (this simply requires making all generators b, zero). Also in the interest of
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N  max(r’) cond(R) max. (relative) residual

20 2 10 10~
20 3 10° 10716
40 2 10 10716
40 3 10%° 10710
80 2 10° 10716
80 3 107 10716
500 2 108 10716

Table 4.1: Results with minimal generators, all elements in [0, 1)

reducing complexity, it was decided that y would be created by multiplying R by a column

vector, the nominal x, of the appropriate length and consisting of all 1’s.

4.1 Generic case: minimal generators

First, the algorithm is performed on quasiseparable matrices of various sizes, comprised
entirely of generators di, pi, g, ar, gi, hj, and by of size 2 x 2 with all elements randomly

selected from [0,1).

It was found that the relative residual had a value on the order of 10716 or smaller,
for experiments on quasiseparable matrices R up to dimension 1000 x 1000 (N = 500 and
r’ = 2). Some typical results are listed in Table 4.1. Clearly, the algorithm performs with

minimal error for cases involving minimal (randomly generated) generators.

This result confirms the findings of [2|, specifically that the algorithm is stable, but in
a setting that involves generators that are very unlikely to be non-minimal, or even near

non-minimal.

Next, to confirm that the results hold for generators containing elements outside of the
right half of the unit circle, i.e. for z that is an element in any generator dy, p;, q;, ax, Gi,
h;, and by such that |z| > 1 or Re(z) < 0, the previous experiment is repeated, except that

the elements are randomly selected from the interval [—10, 10).
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N max(r') cond(R) max. (relative) residual

20 2 10%7 10717
20 3 10% 1071
40 2 1034 1071
40 3 1010 10718

Table 4.2: Results with minimal generators, all elements in [—10, 10)

Relative residuals similar to those in Table 4.1 were found, demonstrating that the algo-
rithm works well for a variety of matrices formed from minimal generators, regardless of the
size of the elements of the generators. The only notable difference was that the matrix R was
generally less well-conditioned, which is not surprising considering the larger values of its el-
ements, compared to the previous experiment. In fact, the matrix became so ill-conditioned
that beyond size 120 x 120, the invertible factor, S, contained many generators (dg)g, that
were singular to machine precision, rendering any results meaningless. The results through

N =40,7,=3,k=2,...,N — 1 are shown in Table 4.2.

4.2 Non-minimal generators

To shed more light on the effect of minimality, some nearly non-minimal generators are
now selected based on classical linear systems theory. The idea is that a generator associated
with an uncontrollable mode is not minimal [5], and that errors may be introduced in each
multiplication by such a generator. To confound the numerical processes of the algorithm, a
non-minimal system is established (with an uncontrollable mode) and then transformed by
a similarity matrix to remove the computational benefit of multiplying by zero (which is an
exact operation in floating point arithmetic). The non-minimal system is then modified to
a nearly non-minimal system. Residuals in the non-minimal and nearly non-minimal cases

are recorded and tabulated in Table 4.3.
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The first example to confound the algorithm is constructed of 2 x 2 blocks, with all
generators of size 2 x 2, and N (the number of block rows and block columns) = 20. The
lower generators are selected such that they fail to meet the minimality condition. The

generators

10 3.3 0 0 0
01 0 0.9 11

to produce

p; =p'S for i=2,...,n,
a,=S"ta'S for k=2,...,n—1, and
qg=S"'¢ for j=1,....n—1.

To minimize the number of variables in play, let

10

dk = ’ I{?:l, 7N
0 1
10

g = . i=1,... N-1
0 1
10

h] = ) ]:27 7N
01
0 0

b —  k=2...N-1
0 0

)



The results of factoring and solving Rx = y are summarized in the first line of Table 4.3. The

next four lines document the results of making small changes to the values in a’. Because

4 0
0 .92

produced the largest relative residuals, it was used in every subsequent investigation.

To broaden the investigation, it is worth considering two modifications. First, allow the
matrix to grow, i.e. consider larger values of N. Also, consider the somewhat more realistic
possiblity, from imperfectly measured data that are based on a non-minimal system (which is
not uncommon in applications of linear systems). Simply modify the generator ¢’ by a small
perturbation. (For simplicity, just perturb one zero element that was causing the system to

be minimal.) Let

for various values of §. These changes are implemented, and their results are summarized in
the lower portion of Table 4.3. It should be noted that in the case of N = 40 and § = 1074, the
factorization produced generators in S that were singular to machine precision, invalidating
results. This seems to be related to a very high condition number of R, in this case 2 x 10?*.
The same was true for N = 80 and every value of 0 attempted. These trials produced

condition number of R greater than 1032 in each case.

Some interesting results were found. Clearly, non-minimal and nearly non-minimal gener-
ators produce a matrix R whose factorization can result in relative residuals (in the solution
of Rx = y) significantly larger than the machine precision. This contradicts a key claim of
[2]. Tt appears that minimality may be a necessary condition to guarantee the stability of
the algorithm. The most surprising result was the alarming discrepancy between the relative

residuals in the case of N = 40 after ¢’ was perturbed from the non-minimal case (6 = 0) to
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N dy; dy d  cond(R) max. residual
20 3.3 09 0 3 x 10% 2 x 1077
20 3.84 0.92 0 1 x 108 4 %1078
20 4 09 0 5 x 10° 4x1078
20 4 092 0 5 x 107 8 x 1078
20 4 095 0 2 x 107 8 x 1078
20 4 092 1071 8x 106 3x 1078
20 4 092 1072 9x 102 8 x 1078
20 4 092 100 1x10*  2x107°
20 4 092 100 1x108 2 x 10713
40 4 092 0 8 x 107 6 x 10716
40 4 092 1076 3x108 5x 1072
40 4 0.92 1072 3 x 102 7x 1076
40 4 092 107% 3x10'° 1x107°

Table 4.3: Results with non-minimal generators

a very near nonminmal case (by changing § to 1071%). The change in the relative residual
from less than 107! to more than 10~2 was dramatic to say the least. This single instance

may be particularly informative in gaining a deeper understanding of how computational

errors arise and propagate in the factoring process.

How the algorithm may be modified to provide stability even in the case of non-minimal
generators is a pressing question that warrants further investigation. The first step in this
task is to quantify precisely how computational errors are propagated in the factoring process.
It may be necessary to convert non-minimal generators into minimal ones before performing
any factoring, as suggested in [1], or it may be possible to quantify and minimize error prop-

agation by modifying the algorithm of [2] without having to alter the generators. Significant

research is still needed.
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Appendix A

Programs and Functions

1. quasifactor.m

This program:

(a) defines the generators of the quasiseparable matrix, R.
(b) creates the matrix R from its generators.

(c) performs inner coprime factorization of R such that R = VT where V is unitary

block lower triangular and 7" is block upper triangular.

(d) performs inner-outer factorization of 7' such that " = US where U is unitary
block upper triangular and S is block upper triangular invertible (and such that
R=VT =VUS).

(e) efficiently solves the system Rx =y by solving Sx = V*U*y.

If the variable “verify” is set to 1, then the program calculates V', T, U, and S explicitly

This is not necessary, as their generators are sufficient for all relevant computation.

2. lower.m

This function efficiently (O(n?)) multiplies to create the lower part of a quasiseparable

matrix from its generators: p, a,q, with dimensions m(i), n(j), (k) (rprime).
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. upper.m

This function efficiently (O(n?)) multiplies to create the upper part of a quasiseparable
matrix from its generators: g,b, h, with dimensions m(i),n(j),r”(k) (rdprime).

. diagonal.m

This function creates a block-diagonal matrix from given generators, d with dimensions
m(i),n(j), essentially just placing the generators in the appropriate positions.

. innercoprime.m

This function performs inner coprime factorization of R such that R = VT where
V' is unitary block lower triangular and 7' is block upper triangular. The primary
mechanism of this algorithm relies on Q)R factorization.

. innerouter.m

This function performs inner-outer factorization of 7' such that T = US where U is
block upper triangular unitary, and S is block upper triangular invertible. This process
also relies primarily on QR factorization.

. lowermult.m

This function efficiently (O(n)) multiplies a strict lower block quasiseparable matrix
times a column vector.

. uppermult.m

This function efficiently (O(n)) multiplies a strict upper block quasiseparable matrix
times a column vector.

. dmult.m

This function efficiently (O(n)) multiplies a block diagonal matrix times a column

vector.
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10.

(Note that any quasiseparable matrix may be multiplied by a column vector by de-
composing it into a strict lower, a strict upper and a diagonal part, multiplying each

by the given vector, and then summing the products.)

backsolve.m

This function efficiently solves the system Rx =y using the generators of V, U, S found

by performing inner coprime factorization and inner-outer factorization on R.
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Appendix B

Generator Dimension Quick-Reference

1. Dimensions of generators of R, with block entries of size m; x n;:

Generator Dimensions

dy
Di
qj

Qg

62

mg X Ng
!/

m; X i1
X n;
7 J
/ /

Tk X Tk:fl
m; X 1Y
"

/rj—l X n;

" "
Tr_1 X r



2. Dimensions of generators of V', with block entries of size m; x v;:

Generator Dimensions

de my X Vg

(dv)
(pv)i mi X Pi—1
(qv)
(av)

qv)j Pj X Vj
av )k Pk X Pr—1
/
Xi Pi-1 X Ti_q
where
_ : ’
pn-1 = min(my,ry_;)

pr—1 = min(mg + pr,Th ), k=N-1,...,2
VN = MMy — pPN-1

Ve = mk—i—pk—pk,l, k:N—l,,Q

3. Dimensions of generators of T, with block entries of size v; x n;:

Generator Dimensions

with pg_1 and vy, defined as above for k = N, ..., 2, and p}, = pp+r) fork=N—-1,...
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4. Dimensions of generators of U, with block entries of size v; x n;:

where

S1

Sk

Generator Dimensions

vy —nm

(dU)k Vi X Ng
(gU)i Vy X §;
(hvr); Sj—1 X 1,
(bU>k Sg—1 X Sk
Sk—1 + Vg — N, k:2,

5. Dimensions of generators of .S, with block entries of size n; x n;:

Generator Dimensions

(dg)r Ng X Ny
(9s)i n; X pj
(hs); Pi_1 X ny
Os)k Pt X Pl
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