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GRAPH EDGE COLORING AND A NEW APPROACH TO THE OVERFULL
CONJECTURE

YAN CAO

Under the Direction of Guantao Chen, PhD

ABSTRACT

The graph edge coloring problem is to color the edges of a graph such that adjacent edges
receives different colors. Let G be a simple graph with maximum degree A. The minimum
number of colors needed for such a coloring of G is called the chromatic index of GG, written
X'(G). We say G is of class one if '(G) = A, otherwise it is of class 2. A majority of edge
coloring papers is devoted to the Classification Problem for simple graphs. A graph G is said

to be overfull if |E(G)| > A[|V(G)|/2]. Hilton in 1985 conjectured that every graph G of



class two with A(G) > &3@” contains an overfull subgraph H with A(H) = A(G). In this
thesis, I will introduce some of my researches toward the Classification Problem of simple
graphs, and a new approach to the overfull conjecture together with some new techniques

and ideas.

INDEX WORDS:  Critical graphs, Overfull graphs, Multifan, Lollipop. Elementary set.



GRAPH EDGE COLORING AND A NEW APPROACH TO THE OVERFULL
CONJECTURE

YAN CAO

A Dissertation Submitted in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy
in the College of Arts and Sciences
Georgia State University
2020



Copyright by
Yan Cao
2020



GRAPH EDGE COLORING AND A NEW APPROACH TO THE OVERFULL

Electronic Version Approved:

Office of Graduate Studies
College of Arts and Sciences

Georgia State University
August 2020

CONJECTURE

YAN CAO

Committee Chair:

Committee:

Guantao Chen

Zhongshan Li
Songling Shan
Hendricus Van der Holst

Yi Zhao



v

ACKNOWLEDGEMENTS

The completion of this research could not have been possible without the assistance
of so many people whose names may not all be enumerated. Nonetheless, I would like to
express my special appreciation to the following:

Dr. Guantao Chen, my advisor, for the support, guidance, valuable comments that
benefited me much not only in the completion of this study but also in my life.

Drs. Zhongshan Li, Songling Shan, Hendricus Van der Holst and Yi Zhao,
for serving on my dissertation committee and for their time and effort in checking this
manuscript.

My parents, Mr. Qingguang Cao and Mrs. Fengli Li, for their love, caring, and
support in every aspect throughout my graduate program.

Shushan He and Dr. Guangming Jing, for their support and caring as friends.

At last, I would like to thank everyone who helped me in Atlanta.



TABLE OF CONTENTS

ACKNOWLEDGEMENTS .

LIST OF FIGURES

0 INTRODUCTION . . . ..

1 VIZING’S AVERAGE DEGREE CONJECTURE . . . . ... ... ..

1.1 Introduction . ... ..

1.2 Basics and calculations.

1.3 Coloring preliminaries and adjacency lemmas . . . . . . . . ... .. ...

1.4 Proof of Theorem 1.4 . .
1.5 Proof of Theorem 1.3 . .

1.5.1 General setting .

1.5.2  Proof of Proposition A . . . . . . . .. ... ... .. ... ...,

1.5.3 Proof of Proposition B . . . . . . ... ...

2 VERTEX-SPLITTING CONJECTURE ... ... ............

2.1 Introduction . . . . . . .

2.2 Definitions and Preliminary Results . . . . . . . .. .. .. .. ... ...

2.2.1  Multifan . . . . .
2.2.2 Kierstead path .

2.3 Proof of Theorems 2.1 and 2.2 . . . . . . . . . . . . .. ...

2.4 Proof of Lemmas 2.6 t0 2.9. . . . . . ...

3 A NEW APPROACH TO THE OVERFULL CONJECTURE . . ..

3.1 Introduction . . . . . ..

3.2 Preliminary and Lemmas

iv

o O e NN

10
10
11
14

22
22
24
26
28
28
35

46
46
49



3.2.1 Multifan at r in Conjecture 3.7 . . . . . .. ... ...

3.2.2 Lollipop at r in Conjecture 3.7 . . . . . . . . . .. . ... ... ..

3.2.3 Fundamental properties of a lollipop . . . . . ... ... ... ..

3.2.4  Adjacency in a lollipop . . . . . . . ... .. oL

3.3 Approach to Conjecture 3.7 . . . . . . . ...

3.4 Proof of Claim 3.2

REFERENCES

vi

50
53
23
57
57
o8

79



Figure 1.1:

Figure 1.2:

Figure 2.1:

Figure 2.2:

Figure 2.3:

Figure 2.4:

Figure 2.5:

Figure 3.1:

Figure 3.2:

Figure 3.3:

LIST OF FIGURES

p-fork on xyy,.
1 on the fork.
Colors on a Kierstead path of 5 vertices

Colors on the edges of K and K*

Colors on the edges connecting x and y to b .

Colors on the edges connecting z and y to b .

Colors on the edges of a kite
Typical multifan.
Rotation at r.

Lollipop centered at 7.

vii

11

21

29

39

41

43

44

52

23

54



0 INTRODUCTION

Graph edge coloring is a well established subject in the field of graph theory, it is one of the
basic combinatorial optimization problems. The edge coloring problem is to color the edges
of a graph G such that each edge receive a color and adjacent edges, that is, different edges
incident to a common vertex, receive different colors. The minimum number of colors needed
for such a coloring of G is called the chromatic index of G, written x’'(G). By Vizing-Gupta’s
theorem, for a simple graph G, we have x'(G) = A or A+ 1. A simple graph G is of class 1
if X'(G) = A, otherwise it is of class 2. By a result of Holyer [15], the determination of the
chromatic index is an NP-hard optimization problem.

A graph G is said to be critical if any of its proper subgraph has chromatic index smaller
than G. In 1968, Vizing [24] made a number of conjectures regarding structural properties of
critical class two graphs, including Vizing’s average degree conjecture, Vizing’s independence
conjecture, Vizing’s 2-factor conjecture, etc. The main motivation for Vizing to study critical
class two graphs is the Classification Problem for simple graphs and the fact that any class
two graph contains a critical class two graph with the same maximum degree as a subgraph.
Among all Vizing’s conjectures on critical class two graphs, the average degree conjecture is
without doubt the most important one. In the first part of this thesis, I will present a proof
towards Vizing’s average degree conjecture for critical class two graphs, showing that this
conjecture is true asymptotically.

Let G be a simple graph. If G has an induced subgraph H satisfying |E(H)| > A L@j,
such an induced subgraph of G is called an overfull subgraph of G. We say that G is an
overfull graph if G is an overfull subgraph of itself. Note that any overfull subgraph of G
has odd order and the same maximum degree as G. Hence if G has an overfull subgraph,
then G is class two. However, the converse statement is not true since the existence of
a counterexample P* obtained from Peterson graph P by deleting one vertex. In 1986,
Chetwynd and Hilton proposed the following well known overfull conjecture. For a simple

graph G, if A(G) > 3|V(G)], then G is Class 2 implies that G contains an overfull subgraph H



with A(H) = A(G). Applying Edmonds’ matching polytope theorem, Seymour [19] showed
that whether a graph containing an overfull subgraph can be determined in polynomial time.
A number of outstanding conjectures listed in Twenty Pretty Edge Coloring Conjectures
in [21] lie in deciding when a critical class two graph is overfull. In the second part of this
thesis, I will present a proof of vertex-splitting conjecture, which is a weakening conjecture
of overfull conjecture.

There is only small progress towards overfull conjecture itself, and all of these known
results are far away from solving it. Up to now, there have been mainly two ways to
approach the conjecture. That is, adding minimum degree conditions or raising maximum
degree conditions much higher than |V(G)|/3. In the last part of this thesis, I will present
some of my attempts on attacking the overfull conjecture through a new approach. That is,
using the properties of critical class two graphs and the connection between critical graphs
and overfullness. Although the problem I proposed in the last section is not completed solved
in this thesis, I believe that the new techniques and ideas developed in that section could be

very useful on attacking the overfull conjecture.

1 VIZING’S AVERAGE DEGREE CONJECTURE

1.1 Introduction

In this thesis, we consider simple graphs (finite graphs without loops or parallel edges) only.
Let G be a graph. As usual, we denote by V(G) and E(G) the vertex set and the edge set
of G, respectively. For a vertex v € V(G), let N(v) = {w € V(G) : vw € E(G)} be the
neighborhood of v in G and let d(v) = |N(v)| be the degree of v in G. Let N[v] = N(v)U{v}.

For a vertex set U, let N(U) =,y V(u). Denote by A(G) and §(G) the maximum degree

uelU
and minimum degree of GG, respectively. An edge coloring of a graph G is a coloring of the
edges of G such that each edge receives a color and adjacent edges, that is, distinct edges

having a common end, receive different colors. The minimum number of colors in such an

edge coloring of G is called the chromatic index of G, written x'(G). For a positive integer k,



let C*(G) denote the set of all edge colorings of G with color set [k], where [k] = {1,2,..., k}.
Clearly x'(G) is the smallest k such that C¥(G) # ). For a vertex v € V(G) and a coloring
€ CHQ), let p(v) = {p(vw) : w € N(v)} and @(v) = [k]\p(v). We call ¢(v) the set of
colors present at v and @(v) the set of colors missing at v with respect to ¢. For a vertex
set U, let @(U) = ,ep @(w). A graph G is A-critical if A(G) = A, X'(G) = A(G) + 1 and
X' (H) < X'(G) for every proper subgraph H of G. Let d(G) denote the average degree of G,
ie., d(G) = 2|E(Q)|/|V(G)|. In 1968, Vizing [24] made a number of conjectures regarding

structural properties of A-critical graphs, including the following two.
Conjecture 1.1. If G is a A-critical graph of order n, then

e d(G) > A —1+n/3 (Vizing’s Average Degree Conjecture), and

e a(G) < n/2, where a(G) is the independence number of G (Vizing’s Independence

Number Conjecture).

For a brief survey, we refer to the paper [2] by Cao and Chen. In that paper, we prove
that d(G) > %A — 8 for all A-critical graphs. Besides this exact result, we also prove the

following approximate result:

Theorem 1.2. [[2], Theorem 2] There exist two functions Dy and Dy from (0,1) to R such
that for any positive real number € € (0,1), if G is a A-critical graph with A > D (e) and
§(G) > Dy(e), then d(G) > (1 — €)A.

In the study of graph edge coloring for simple graphs, we have Vizing’s Adjacency
Lemma (VAL, Lemma 1.10), the short Kierstead path (Lemma 1.11) and their refinements.
VAL investigates the neighbors around a vertex, while the short Kierstead path investigates
a path of length three. The largest distance between two vertices in their structures is up
to three. In this paper, we prove the following technique theorem and enlarge the distance
from three to four, which helps us eliminate the minimum degree condition in Theorem 1.2.

For any v € V(G), let L(v) = N(N(v))\N|v], i.e. the set of vertices at distance 2 from
v. For an edge zy € E(G), let ¢ be a coloring in C2(G — zy). We denote a vertex in N (y)

by v, if the edge between y and this vertex is colored by « under ¢.



Theorem 1.3. Let d > 2 be an integer, G be a A-critical graph, vy € E(G) and ¢ €
CAG —zy). If A > (d+1)(d+3) and d(x) < d, then for every a € @(x), d(ya) > A—d+2

and there are at most 2d*> — d — 2 vertices in N(yo) U L(ys) with degree at most d.

The proof of Theorem 1.3 is divided into two parts, an extremal result and a structural
result. The latter result is the core of the proof. Their statements and proofs will be given

in subsection 1.5 after the proof of the main theorem below, which is given in subsection 1.4.

Theorem 1.4. There exists a function D from (0,1) to R such that for any positive real
number e € (0,1), if G is a A-critical graph with A > D(¢), then d(G) > (1—¢)A. Moreover,

we may assume D(e) < (18)8%/¢ when e < 2.

The “moreover” part will be shown in subsection 1.2 for a specific function D(e). The-
orem 1.4 shows that the Vizing’s average degree conjecture is asymptotically true. As a
consequence, we immediately obtain the following corollary which implies that the Vizing’s

independence conjecture is also asymptotically true.

Theorem 1.5. There ezists a function D' from (0,1) to R such that for any positive real
number e € (0,1), if G is a A-critical graph of order n with A > D'(e), then a(G) < (3+€)n.

Proof. Let D'(e) = D(2¢). Assume on the contrary that o(G) > (5 + €)n. Then let X
be an independent vertex set of G with size greater than (3 + ¢)n. Let Y = V(G)\X. So
Y] < (3 — e)n. Since >, d(z) = |E(X,Y)| (where E(X,Y) is the set of edges with

one end in X and the other end in V), and |E(X,Y)| < 3 .y d(y) < (5 — e)nA, we have

> wex A@) + 20,y d(y) < (1 —2€)nA. But by Theorem 1.4, > d(z) + > o d(y) >
(1 —2¢)nA when A(G) > D'(e) = D(2¢), giving a contradiction. O

1.2 Basics and calculations.

In [2], it was shown that Theorem 1.2 is true with the following two functions:

220 +2 /(R - (2] ife<d,

2 if € >

Do((f) =

1
3



Dy (e) = max{f(e), 3¢ +1 N+CO}.

p2 ? e3

l—¢ 3

€ —‘7 P = 10<€> = ﬁ? N = N(G) = (CO + 1)(% + 1)300+1, and f(G) = % if
e > 3 and f(e) = 5 (3¢} 4 12¢§ + 10¢] + 4co + 1) otherwise. In fact the definition of Dof(e)

Here ¢y = co(e) = |

in [2] does not include the ceiling brackets, but it makes no difference to Theorem 1.2 since
d(G) is an integer.

Theorem 1.2 was proved by a typical discharging method with some adjacency lemmas.
The discharging rule is the following:

Let ¢ be a positive real number less than A(G). We initially assign to each vertex x of
G a charge M (xz) = d(x) and redistribute the charge according to the following discharging

rule:

e R1: Each vertex y with degree larger than ¢ distributes d(y) — ¢ equally among all

neighbors of y with degree less than q.

Denote by M'(x) the resulting charge on each vertex x.
In the proof of Theorem 1.2 in [2], we proved Claim 3.1 and Claim 3.2 which together

imply the following stronger result.

Theorem 1.6. [2] For any € € (0,1), let D1(€) and Dy(€) be defined as the above. If G is a
A-critial graph with A > D1(€) and ¢ = (1 — €)A, then M'(x) > q for any x € V(G) with

Theorem 1.6 implies Theorem 1.2 immediately. We will use this stronger result and
Theorem 1.3 to prove Theorem 1.4 in subsection 1.4. More specifically, we will show that
Theorem 1.4 is true for D(e) = D:(5). We first prove the following result which confirms

the “moreover” part of Theorem 1.4.

Lemma 1.7. Ife < %, then D(e) = Dy(S) < (28)8/¢

£
2 €

Proof. Let ¢, = €/2. In the proof of this lemma, let ¢y = co(€1), p = p(e1) and N = N(e).



Since € < %, we have that ¢; < % and the following inequalities.

1 1— 1 1 1 e€+1 t+1 2
3<|—|—1=¢= U2 and —3<—:€1J3r <93 <\/—3_.
€1 €1 €1 € p €] € €1
Thus 552 > N = (o + 1)(; + 1% > = (5)1 > 3= while f(e;) < max{%cdi,%} <3
1 1 1 1 1

and 2 < A;%O < £. Hence, Di(e;) = max{f(q), Sk, N:S,CO} = M,
1 1 1

1 1

Note that 3 < |9 = ¢ < L < ¢g+landeg <+ =1L 4L < 2
€1 €1

p o o o3 2, since

2613 + 612 < 1. Thus

1 1 2
Nt =(co+ DE D™ e < (a+ 1) +2%07 < (F5)
1

and so

N-'-CO 2
<

o oo

Thus D(e) = Dy(er) < (). O
Let C(e) = 2Dgy(e)*> — Dy(e) — 2. The following result will be used in the proof of

Theorem 1.4.
Lemma 1.8. D(¢) > eD(¢) > 2"¥Dy(5)*. In particular, D(e) > 2C(5).

Proof. Let ¢, = €/2 < %, so that é > 2. If e < 3 then 2 < Dy(e;) < {4(%)% < %, else

e%-‘,—l
3
€1

Do(e) =2 < l{, Also with the conventions of the previous proof, ¢y > 2, % = > }3 and

D(e) = Di(e) > § > A(L 4 10t > (17 > > D) 5 17 D Te required
1 1 1

1
€7 €1 €1

inequalities easily follow. O

1.3 Coloring preliminaries and adjacency lemmas

In this subsection, we always assume that G is a A-critical graph, zy € E(G) and ¢ €
CA(G — zy). We will re-state these assumptions in each lemma for their completeness.
A set X C V(G) is called elementary with respect to ¢ if the sets p(v) with v € X are

pairwise disjoint. For a color a € [A], let E, denote the set of edges e of G with p(e) = «



and call it a color class with respect to ¢. Clearly, E, is a matching of G. So if o and f3
are two colors, then the spanning subgraph H of G with edge set E, U E3 has maximum
degree at most 2, so every component of H is either a path or an even cycle (whose edges
are colored alternately with o and ) and we refer to such a component as an («, 3)-chain
of G with respect to ¢. For a vertex v of G, let P,(a, 3, ¢) denote the unique component of
H that contains the vertex v. Let ¢’ = ¢/P,(«, 8, ) denote the mapping obtained from ¢
by switching the colors o and 8 on the edges of P,(c, 3,¢). Then, clearly, ¢’ € C*(G — xy)
is an edge coloring of G — xy with color set [A], too. This switching operation is called a
Kempe change.

A multi-fan at = with respect to edge e = xy € E(G) and coloring ¢ € C2(G —e) is a

sequence F' = (z,e1,Y1,...,€p,Yp) With p > 1 consisting of edges ey, e, ..., e, and vertices
x,Y1,Y2, - - -, Yp satisfying the following two conditions:
e The edges ey, €9, ..., e, are distinct, e; = e and e; = xy; for e =1,...,p.

e For every edge e; with 2 < ¢ < p, there is a vertex y; with 1 < j < 4 such that

o(ei) € o(y;)-

Notice that multi-fan is slightly more general than Vizing-fan which requires j =i — 1
in the second condition. The following lemma shows that a multi-fan is elementary. The

proof can be found in the book [21].

Lemma 1.9. [Stiebitz, Scheide, Toft and Favrholdt [21]] Let F' = (x,e1,v1,-..,€p,Yp) be a

multi-fan at © with respect to e and . Then the following statements hold:

(a) {z,vy1,Y2,...,Yp} is elementary.

(b) If « € p(x) and B € ¢(y;) for some i, then Py(a, B, ) = P, (a, B, p).

For a vertex x € V(@) and a given positive number ¢, let o,(z,y) = [{z € N(y) \ {z} :
d(z) = q}|.
Lemma 1.10. [Vizing’s Adjacency Lemma [22]] If G is a A-critical graph, then oa(x,y) >
A —d(z) + 1 for every zy € E(G).



A Kierstead path with respect to e = zy and ¢ € C*(G — e) is a sequence K =
(Yo, €1, Y1, - - -, €, Yp) With p > 1 consisting of edges ey, e, ..., e, and vertices yo, Y1, - -, Yp

satisfying the following two conditions:

e The vertices yo,y1, ..., ¥y, are distinct, e; = e and e; = y;y,_1 for 1 < < p.

e For every edge e; with 2 < ¢ < p, there is a vertex y; with 0 < j < ¢ such that

p(e:) € P(y;)-

Clearly a Kierstead path with 3 vertices is a multi-fan with center y,. For a Kierstead

path with 4 vertices, some elementary properties were shown below.

Lemma 1.11. [Kostochka and Stiebitz [21], Luo and Zhao [17]] If K = (yo, €1, Y1, €2, Y2, €3,Y3)
is a Kierstead path with respect to e; and @, then V(K) is elementary unless d(y,) = d(y2) =
A(G), in which case, all colors in ¢(yo), 2(y1), p(y2) and @(ys) are distinct except one pos-

sible common missing color in @(y3) N (@(yo) U @(y1))-

A short broom with respect to 2y and ¢ € C2(G — xy) is a sequence B = (yo, €1, Y1, - - -,
€y, Yp) With p > 3 such that for all i > 3, e; = yoy; and (vo, €1, Y1, €2, Y2, €5, ¥;) is a Kierstead

path with respect to zy and .

Lemma 1.12. [Chen, Chen and Zhao [6]] Let B = {yo,€1,V1,€2,Y2;--.,€p,Yp} be a short
broom with respect to xy and ¢. If |p(yo) U @(y1)| > 4 and min{d(y1),d(y2)} < A, then

V(B) is elementary under .

Recently, the lemma above was extended to general brooms by Cao, Chen, Jing, Stiebitz

and Toft. Since the stronger result is not used in this paper, we refer the reader to the survey

paper [4].

1.4 Proof of Theorem 1.4

In this subsection, we prove our main result, Theorem 1.4, by assuming the truth of Theo-
rem 1.3. Since the “moreover” part was proved by Lemma 1.7, we only need to prove the

following;:



Theorem 1.4*. Let D(e) = D:(%). If G is a A-critical graph with A > D(e), then d(G) >
(1 —e)A.

Proof. Recall that D(e) = D;(§) > 2C(%) where C(€) = 2Dg(€)>—Dy(e)—2 and D; (€), Dy (€)
are defined in subsection 1.2.
Let ¢ = (1 — §)A. We initially assign to each vertex x of GG a charge M(x) = d(x) and

redistribute the charge according to the following steps:

e R1: Each vertex y with degree larger than ¢ distributes d(y) — ¢ equally among all
neighbors of y with degree less than ¢. Denote by M'(z) the resulting charge on each

vertex x.

e R2: After R1, for a vertex v with d(v) > Do(5), if N(v)U L(v) contains at most C(5)
vertices with degree less than Dg(5), then v distributes 1 to each vertex in L(v) with

degree less than Dy(5). Denote by M”(z) the resulting charge on each vertex x.

We will show that M"(z) > (1 — €)A for each x € V(G), which implies the theorem.
By Theorem 1.6, we have M'(x) > ¢ for each vertex  with degree at least Dy(5).

Hence after R1, only the vertices with degree less than Dy($) may have charge less than

0= (1-5A
Claim 1.1. For every x € V(G) with degree at least Dy(5), M"(xz) > (1 —€)A.

Proof. If N(v)U L(v) contains at most C'(5) vertices with degree less than Dy($), then since
A > D(e) > 2C(5), after R2, x still has charge at least ¢ —C(§) > (1 —e)A+5SA-C(§) >
(1—¢€)A. If N(v)U L(v) contains more than C'($) may vertices with degree less than Dy(5),

then it does not send any charge to other vertices in R2, M"(x) > g > (1 — ¢)A. O
Claim 1.2. For every x € V(G) with degree less than Dy(5), M"(z) > (1 —€)A.

Proof. Pick a neighbor y of z, let ¢ € C*(G — zy). By Lemma 1.8, we have A > D(¢) >
(Do(5) + 1)(Do(5) +3). Then by Theorem 1.3, for any missing color a of x, y, has degree

at least A — Dy(5) +2 > Dy(5) and N(y.) U L(y.) contains at most C(5) vertices with



10

degree less than Dy(5). (y. exists by Lemma 1.9.) So y, distributes 1 to z. Since there are
at least A — Dy(5) + 1 colors missing at =, we have M"(z) > M'(x) + (A — Do(5) +1) >
A= Do(£)+1> (1-0)A. O

Combining Claim 1.1 and Claim 1.2, we proved Theorem 1.4*. ]

1.5 Proof of Theorem 1.3
1.5.1 General setting

Let d > 2 be an integer, G be a A-critical graph, zy € E(G) with d(z) < d, ¢ € CA(G — xy)
and « € ¢(z). Notice that {z,y,y,} is a multi-fan at y with respect to zy and ¢. Thus by
Lemma 1.9, we have d(y,) > |@(z)| + |@(y)] > A — d+ 2. This proves the first conclusion of
Theorem 1.3.

Let A(p) = @(x) U @(y) and B(p) = [AN\A(¢) = ¢(x)\@(y). We will use A and B
instead of A(p) and B(y) when the coloring ¢ is clear. Easy to see that |A| + |B| = A
and |B] < d(z) —2 < d—2. Let Ny := Na(ya) = {v € Nwa)\{y} : ¢(yav) € A} and
Nis = Ni(ga) = N(sa)\Na = {0 € N(3a) © 0(4a0) € B}. Let Ly = N(N\(N[y] U {2})
and Lgp = N(Np)\(N[ya) U {z}). We say a vertex is d-small if its degree is at most d.
Let T be the set of all d-small vertices in V(G). Now in order to prove Theorem 1.3, we
need to show that if A > (d + 1)(d + 3) then |(N(ya) U L(ya)) NT| < 2d*> —d — 2 =
(d—=1*+(d+1)(d—1)+ (d—2).

Definition 1. Let G be a A-critical graph, vy € E(G), ¢ € C*(G — zy) and o € @(x).
We call a seven vertex set {x,y, Yo, 21, 22,1, t2} a p-fork on xyy, if it satisfies (1) for each
i€ {1,2}, z; € Ny, t; € N(z;); and (2) o(zit;) € AN @(ts—;). We call ty,ts the two ends of
the fork.

To complete the proof of Theorem 1.3, we will prove the following two propositions
instead. They contradict each other if we suppose on the contrary of Theorem 1.3.
Proposition A. Let d > 2 be an integer, G be a A-critical graph, vy € E(G), ¢ € CA(G—xy)
and o € ¢(z). Ifx € T, A > (d+1)(d+3) and |(N (ya) U L(ya))NT| > (d—1)? 4+ (d+1)(d—
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Y2

.V1

Z, ty

Figure 1.1. p-fork on xyy,.

1) + (d — 2), then there ezist ¢ € CA(G — xy) and a ©'-fork on xyy, such that ty,ty € T,

where y,, 1s defined under ¢ and ti,ts are two ends of the fork.

Proposition B. Let G be a A-critical graph and zy € E(G). For any ¢ € C*(G — xy) and
a € p(x), there does not ezist a @-fork on xyy, such that A > d(x)+d(t1) +d(t2) + 1 where

t1,ty are the two ends of the fork.

Remark 1.3. For any ¢ € C2(G — zy), since ¢(x) N @(y) = 0, we have |(¢(x) U g(y)) N
p(t) No(ta)] = lo(x) Up(y)| — lo(t)] — lo(t2)] = A —d(z) + 141 —d(t1) — d(tz). Thus
A > d(z) + d(t1) + d(ta) + 1 implies that |(@(x) U @(y)) N @(t1) N @(t2)| > 3. In other

N @(t1) N @(ta) for any coloring

words, it implies that there always exist 3 colors in A(p)

0 € CAG —zy).

Clearly Theorem 1.3 follows from the two propositions above since (d+1)(d+3) > 3d+1

for d > 2. We now give the proofs of the two propositions.

1.5.2 Proof of Proposition A

Proof. Let d > 2 be an integer, G be a A-critical graph, xy € F(G) with x € T, ¢ €
CA(G — xy) and a € @(x). We first verify a fact: () For any v € V(G), N[v] = {v} U N(v)

contains at most d — 1 d-small vertices.
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Suppose v is d-small. For any w € N(v), we have d(w) > A—d(v)+1+1 by Lemma 1.10.
Thus d(w) > A —d+ 2 > d. Hence in this case |[N[v] N T| = 1. Suppose v is not d-small.
Then by Lemma 1.10, N (v) contains at least A —d+1 vertices with degree A if N(v)NT # ().
Thus in this case, |[N[v] N T| < d — 1. The fact is verified.

Notice that the coloring ¢ satisfies the following two conditions:
(1) » €C3(G —ay);
(2) ¢(yya) € @(x) for the fixed vertex y,.

We use the word “fixed” since some operations in later proofs may change the color on
YYo- In this subsection, y, only denotes the vertex y, under the original coloring .

Suppose that the number of d-small vertices in N(y,)U L(y,) is at least (d —1)? + (d +
(d—-1)+(d—2)+1.

Claim 1.4. For any coloring ¢ satisfying (1) and (2), |[LayNT| > (d+1)(d—1)+(d—2)+1.

Proof. Let ¢ be a coloring satisfying (1) and (2) (where y, is already fixed). Notice
that N(ya) U L(ys) is the union of {y}, N(y)\{¥a}, Na, Ng,La and Lp (some of these
sets may overlap). We will give upper bounds of the numbers of d-small vertices in
{y}, N(W)\{ya}, Na, N and Lp respectively.

By the fact (%), for any vertex v, N[v] = {v} U N(v) contains at most d — 1 d-small
vertices. Recall |B| < d— 2, thus the total number of d-small vertices in NpU Lp is at most
(d—2)(d—1), and N(y)\{ya} contains at most d — 1 d-small vertices.

Notice that {z,y, y,} U N4 is the vertex set of a simple broom. By Lemma 1.9 and 1.11,
each vertex in this set except x has degree at least |p(z)|—1> A—d+1—1> d. Thus {y}
and N4 do not contain any d-small vertex. So in total, there are at most (d — 1)* d-small
vertices in {y}, N(y)\{ya}, Na, Np and Lg. Hence there are at least (d+1)(d—1)+(d—2)+1

d-small vertices in L 4. O

Claim 1.5. There is a coloring ¢’ satisfying (1), (2) and the following: There ezist d + 2
distinct vertices 21, 2o, . .., Zqt12 0 Nayy and d + 2 d-small vertices ty, 1o, ..., taro in Lagy

such that zit; = e; € E(G) and ¢'(e;) € A(¢').
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Proof. For any coloring ¢’ satisfying (1) and (2), by Claim 1.4, we have |Lay NT| >
(d+1)(d—1)+(d—2)+ 1. By the definition of L, for each ¢ € L,y NT, we can pick
a vertex z; € Ny such that zt € E(G). (Different ¢ may correspond to the same z;.) Let
E..={ut:t € Lay)NT}, then |E.| > (d+1)(d—1)+(d—2)+1. Denote by a(¢') the number
of edges in E,; with colors in A under coloring ¢, i.e. a(¢’) = [{e € E.: : ¢'(e) € A(¢')}-
Let ¢’ be a coloring satisfying (1) and (2) such that a(¢’) is maximum over all such colorings.

Suppose the claim is not true, then we have the size of the set (not multi-set) {z; :
O (zt) € A(¢')} is at most d + 1, ie. [{yazt @ ¢'(zt) € A(Y)} < d+ 1. Recall that
each vertex of G has at most d — 1 d-small neighbors by (%), thus a(¢’) < [{z: : ¢'(zit) €
AP} [(d=1) < (d+1)(d—1). Since |E,| > (d+1)(d —1) +d — 1, at least d — 1 edges
in F,; are colored by colors in B. Recall |B| < d — 2, by the Pigeonhole Principle, there are
at least two edges in E,; sharing the same color in B. Without loss of generality, let us say
¢'(at1) = ¢'(22t2) = v € B where t1,ty € LawyNT and 21 = 2, 22 = 2,. Notice that
these two edges share the same color, so z; # zs.

Since tq,ty and x are d-small vertices, and A > (d + 1)(d + 3), they have at least
A—d—d—(d—1) > d*+d+4 common missing colors (which are in ¢’(x) C A). We choose a
color 0 from these common missing colors such that 6 ¢ {¢'(yya), ' (Yaz1), ¥’ (Yaz2) JU{¢'(€) :
e € By, ¢e) € A(@)} U{yaz - ¢'(2et) € A(¢')}. This is possible since we only need to
avoid at most 3+ a(p’)+ (d+1) <3+ (d+1)(d—1)+ (d+ 1) < d* + d + 4 colors.

Now consider P,(d,7,¢"). This path has two endpoints, thus at least one of 1, ¢ is not
on this path, say t;. Then we may let ¢ = ¢'/P,, (9,7, ¢"). By the choice of §, we have "
satisfies (1) and (2) and a(¢”) > a(¢’) (with additional edge z1¢; counted), which contradict

the fact that a(y’) is maximum. O

For convenience, we still denote the coloring satisfying the claim above by .
Claim 1.6. Under the coloring ¢ above, we may further assume the following: There exist

i,j such that o(e;) € @o(t;) and p(e;) € @(t;). In other words, {z,y,Ya, i, 2, i, t;} is a

p-fork on xyy, and Proposition A is true.
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Proof. Let ¢(e1) = 1. Since A > (d + 1)(d + 3), vertices z,t1,ta,...,tqr2 have a common
missing color, say 6. Notice that 6 # ; since § € ¢(t1). Then at most one of ty,t3,. .., 412
is on Py, (7,9,¢). We switch 7, and ¢ on all other (v, d)-chains to get ¢;. In this new
coloring, all but one of ¢5,t3,...,t412 miss the color 7;. Now we claim that ¢; satisfies the
conditions in Claim 5.2.

Clearly condition (1) holds for ;. Note that v, € A(yp) = ¢(z) U@(y) and 6 € o(x).
If v1 € @(y) then x and y are the endpoints of a (77, d)-chain not passing through ¢;, and
so 7 € ¢1(z) and § € @1(y). Otherwise, if v, € ¢(z), then 71,5 € @1(x). In both cases,
A(p1) = A(p), and ¢1(yys) € @1(z) regardless of whether ot not ¢(yy.) € {m,d}; thus
condition (2) holds for ¢;. Finally, because 71,6 € A(p) = A(p1), the remaining conditions
in Claim 5.2 hold.

We assume without loss of generality that v, is missing at ¢5,t3,..., %411 under ¢;. Let
v1(e;) = i Now if one of 72,73, ..., Y441 is missing at ¢;, we are done. Suppose not, then
all these colors are in ¢1(¢)\{71}. Since |p1(t1)\{11}| = d(t1) — 1 < d — 1, there are two
colors of them, say vs,73, that are the same. Now we use the same idea as before. Since
A > (d+1)(d+ 3) > 4d, so z,t,ts,t3 have a common missing color, say ¢'. Notice that at
most one of ty,t3 is on Py, (72, 0’, p1); assume ¢y is not on this path. Then we switch ~, and
0" on Py, (72,0, 1) to get ¢o. Similarly we have o still satisfies our previous assumptions.
Moreover, es is colored by 0" € @o(t1). Since po(e1) = 7 € @a(ta), the claim holds for
(7,7) = (1,2) under ¢s. O

1.5.3 Proof of Proposition B

Assume the existence of a p-fork F' as in Proposition B. We will obtain a contradiction in
three stages. We first show that ¢ can be assumed to be F-rainbow, meaning that all colors
on the edges of F' are distinct. We then show that we may further assume that all these
colors are missing at the two ends of F' except 71,72, which are missing at one of the ends
of F. Finally, we reach a contradiction by some Kempe changes.

Ler F' = {z,9,Ya, 21, 22, t1, L2} be a @-fork on zyy, where a € @(z) and A > d(x) +



15

d(t1) + d(t2) + 1. For i = 1,2, denote the colors of y,z; and z;it; by ; and ;, respectively.
From the definition of a fork, note that {«, 51, B2, 71,72} € A(p) = ¢(x) U @(y).

If 6,7 are colors such that 6 € @(z) and n € ¢(y), then by Lemma 1.9, P.(0,n,¢) =
P,(8,n,¢); we call P,(0,n,¢) an zy-chain (with respect to ¢). It is F-avoiding if it does
not pass along any edge of F'. We will make frequent use of the fact that if P,(6,7,y) is an
F-avoiding xy-chain and ¢’ = ¢/P.(0,n,¢), then A(¢') = A(p) and F is a ¢'-fork whose
edges are colored the same in ¢’ as in ¢; the sole point of this change is that now 6 € ¢'(y)
and n € ¢'(z). (It does not matter whether P, (0,7, ¢) passes through ¢; and/or t5, although,
if it does not, then that often helps in seeing that it is F-avoiding.)

A delta-color for F, is a color 6 € A(¢)N@(t1) N@(te) such that § ¢ {a, b1, B2, 11, V2 }-

Remark 1.7. If {a, (1,82} € @(t1) N @(t2), then at most two of «, By, B2, 11,72 are in
o(t1)Np(ta), since clearly v1,v2 & @(t1) N@(ta). It therefore follows from Remark 1.3 that,

in this case, there exists a delta-color for F, .

For any coloring ¢ € C2(G —xy) such that F is a p-fork, we denote by §(¢) an arbitrary
delta-color for F, ¢ (assuming one exists). We will often define § = d(¢) and consider the
pair (g, d). If we subsequently transform ¢ into another coloring ¢ such that F' is a ¢'-fork,
we will assume unless stated otherwise that § is necessarily a delta-color for F,¢’; we will

write (¢, 0(¢)) if we need to choose a new delta-color for F, ¢’

Claim 1.8. We may assume that ¢ is an F-rainbow coloring.

Proof. Suppose on the contrary that there is no F-rainbow coloring ¢ such that F'is a ¢-fork.
We will show that this leads to a contradiction.

Assume F' is a @-fork with its edges colored as above. Since ¢ is proper, it follows that
a, 1, Po are distinct, v; # B; and 75 # fo. We also have v # 7, since 71 € ¢(t2) and
Y2 € @(t1) by the definition of a fork. Using symmetry (interchanging subscripts 1 and 2),
we thus have four cases to consider:

Case 1: v =, 12 & {a, f1, B2 };

Case 2: 11 = B, 72 ¢ {, B1, Ba};
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Case 3: 11 = «, 72 = Bi;

Case 4: 71 = [a, 72 = b1

Since in each case either a or 2 equals v; and so is not in @(¢;) N @(t2), it follows from
Remark 1.7 that there exists a delta-color 6 = §(p) for F, . We consider the pair (¢, 0).
In each case, we will concentrate on the colors in @(y); notice that @(y) # () since edge zy is
uncolored.

In proving the result in each case, we will assume that it has already been proved in all
previous cases. Logically, Case 3 comes after Case 2. But the arguments for Cases 1 and 3
are so similar that we write them out together.

Cases 1 and 3: v, = a € ¢(t2), and v ¢ {a, f1, P2} (Case 1) or 42 = 51 (Case 3).

(al) In each case, 6 € ¢(z). For, if not, then 0 € ¢(y). By Lemma 1.9, P,(5,a, ) =
P,(0, a, ), and this path passes along yy, but not through ¢, or ¢, or along any other edge
of F. Let ¢’ = ¢/ P, (0, a, ¢), so that ¢'(z1t1) = 0 € @'(t2), since a,d € @(t2). Then F is a
¢'-fork. In Case 1, ¢’ is now F-rainbow, a contradiction. In Case 3, (¢’,d(¢')) is in Case 2,
with subscripts 1 and 2 interchanged, which also leads to a contradiction.

(a2) Suppose there is a color n € ¢(y) such that P,(d, 7, ¢) does not pass along y,z; or
Yaze (which is automatic if n ¢ {f1, 52}). Then P,(d,n,p) is an F-avoiding zy-chain. Let
¢ = ¢/Py(0,n,¢). Then 6 € @(y), which contradicts (al).

(a3) Suppose 1 € @¢(y) N @(t1). Then Py («, B1,¢) = yyarati. But Py(a, (1, ¢) must
end at x by Lemma 1.9, giving a contradiction. (Noe that this argument does not use d.)

(ad) Suppose 1 € @(y)\ p(t1) and the path P, (9, 51, ¢) = P,(9, b1, ¢) passes along y, 2.
Note that this path misses ¢; and t5. Let ¢' = ¢/ P, (0, f1, ¢); then By € @' (y)N@'(t1) and we
get a contradiction by (a3). (Note that (ad) cannot arise in Case 3, when 51 = 72 € @(t1).)

(ab) The only remaining possibility is that @(y) = {82} (which implies §,v2 € @(z))
and the path P,(0, 52, ) = P,(0, f2, ) passes along y,2s. Note that this path misses t
and ty. Switch § and S on all other (§, 5;)-chains to get ¢'. Then fy € ¢'(t1) N @' (t2), and
so P.(72, B2, ¢') is an F-avoiding xy-chain. Let ¢” = ¢’/ Py(72, fa, ¢'); then vo € &"(y). If
o # B1 (Case 1) then (¢”,0(¢")) gives a contradiction by (a2) with 1 = v9; otherwise (Case
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3) it gives a contradiction by (a3), since 51 = vo € @”(t1).
Case 2 and 4: 7, = 5 € ¢(t2), and v, ¢ {«, b1, f2} (Case 2) or v = 1 (Case 4).

(b1) We claim that the path P, (5,71, ¢) = P, (6, B2, ) passes along y,zo. Otherwise,
let ¢ = @/ Py, (0,7, 9), so that ¢'(z1t1) = § € @(ta), since §,v1 € @(ta). Then F is a ¢'-fork.
In Case 2, ¢’ is now F-rainbow, a contradiction. In Case 4, (¢',d(¢’)) is in Case 2, with
subscripts 1 and 2 interchanged, which also leads to a contradiction.

(b2) Suppose B2 € ¢(y) and a € @(t1)N@(ts). Then the path Py (a, 52, ¢) = Py, Sz, ¢)
passes along yy, and y,ze but not through t; or t5. Let ¢' = ¢/P, (a, fB2,¢), so that
O (z1t1) = a € @(ty), since a, B € @(t2). Now (¢,d) is in Case 1 or Case 3 depending on
whether (¢, d) was in Case 2 or Case 4, which leads to a contradiction.

(b3) Suppose § € ¢(y) and a € @(t1) N @(t2). We may assume by (b2) that 5 € ¢(z),
and by (bl) that P, (d, 52, ) passes along y,2o. Thus P,(9, B2, ) is an F-avoiding xy-chain.
Let ¢’ = ¢/ P.(0, P2, ). Then 5 € ¢'(y), and so (¢, d) gives a contradiction by (b2).

(b4) Suppose § € ¢(y). Then the path P,(d,c,p) = P.(d, «, @) passes along yy,, but
not through ¢; or t5. Switch colors 0 and « on all other (§, «)-chains to give ¢’, so that
a € @ (t1) N @ (ty). Note that 6 € @(y). Let &' = §(¢'). If & € @ (y) then (¢',d) gives a
contradiction by (b3). So assume ¢’ € @'(z). Then P,(0,d,¢’) is an F-avoiding zy-chain.
Let ¢" = ¢'/P;(6,0",¢"). Then ' € ¢"(y), and (¢",0") gives a contradiction by (b3).

(b5) Suppose B2 € @(y). We may assume by (b4) that § € ¢(x). By (bl), P, (4, 52, ¢)
passes along y,z2, and so P,(6, 52, ¢) is an F-avoiding xy-chain. Let ¢’ = ¢/P,(d, 52, ¢), so
that 0 € ¢'(y). Then (¢, §) gives a contradiction by (b4).

(b6) Suppose 6, 52 € @(z) and there is a color n € ¢(y) such that P,(d,n, ) does not
pass along y,z; (which is automatic if n # 51). Then P,(4,n, ) is an F-avoiding xy-chain.
Let ¢' = ¢/ P.(d,1n, ), so that 6 € ¢'(y). Then (¢, d) gives a contradiction by (b4).

(b7) The only remaining possiblility is that ¢(y) = {81} (which implies 6, B2 € @(z))
and the path P, (6, 1, ¢) = P,(0, 1, ¢) passes along y,21. Note that this path misses ¢; and
ty. Switch ¢ and f; on all other (4§, 5;)-chains to get ¢'. We now consider the two cases

separately.
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In Case 2, we note that 5, € @' (t1) N @'(t2), and so P.(fs, b1, ¢’) is an F-avoiding zy-
chain (since it avoids the (1, f2)-path t121ya22). Let " = @'/ Py(Ba, b1, ¢'); then By € @ (y),
and (¢”,0(¢")) gives a contradiction by (b5).

In Case 4, note that ¢'(zat2) = § € @'(t1), since @(z2at2) = 1 € @(t1). So (¢, 0(¢")) is
in Case 2, which also leads to a contradiction.

This completes the proof of Claim 1.8. m

By Claim 1.8, we now assume that «, 81, 82,71, 72 are all distinct.

Claim 1.9. We may further assume that {a, By, B2} C @(t1) N @(ts).

Proof. Assume this is false. Let T'(¢) = {a, B1, B2} N@(t1)N@(te) and t(p) = |T(¢)|. Assume
¢ is chosen so that t(y) is as large as possible, and t(¢) < 3. Let § = d(¢) be a delta-color
for F, p, which exists by Remark 1.7. We will get a contradiction in two cases.

Case 1: a ¢ T(p).

(al) We claim that 6 € ¢(x). For, if not, then 6 € ¢(y). By Lemma 1.9, P.(«a, 0, ) =
P,(a, 6, ), and this path passes along yy, but not through ¢; or 5. Switch o and ¢ on all
other (o, 0)-chains to get ¢’. Then o € T'(¢'). So t(¢') = t(p) + 1, which contradicts the
choice of .

(a2) Suppose there is a color n € ¢(y) such that P,(d, 7, ¢) does not pass along y,z; or
Yaze (which is automatic if n ¢ {f1, 52}). Then P,(d,n,p) is an F-avoiding zy-chain. Let
¢ = @/P.(0,n,¢). Then § € ¢'(y), and (¢, 9) gives a contradiction by (al).

(a3) The only remaining possibility is that ¢(y) € {81, 52}, which implies {7y1,72} C
@(x). Assume without loss of generality that 51 € @(y), then the path P.(0, 51, ¢) =
P, (6, b1, ) passes along y,21 by (a2). Clearly this path misses ¢; and t5. Switch colors §
and (31 on all other (0, 8;)-chains to get ¢'. Then 5 € T(¢’) C @'(t1) N @' (t2), which means
that t(¢’) > t(¢) and so t(¢') = t(p) by the maximality of t(¢). Now P.(y1,[1,¢') is an
F-avoiding zy-chain. So let ¢" = ¢’/ P.(, f1,¢’) so that 41 € @"(y). Then (¢”,d(¢")) gives
a contradiction by (a2) with n = ;.

Case 2: {1, 5} Z T(p).
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Assume without loss of generality that 8; ¢ T(¢). By Case 1, we may assume that
acT(p).

(b1) We claim that 51 € @(z). For otherwise, suppose 81 € ¢(y). Then the path
P.(a, B1,¢) = Py(a,B1,p) passes along yy, and y,z; but not through ¢, or t. Switch
colors o and f; on all other (a, f;)-chains to get ¢'. Then £, € T(¢'), and so T'(¢') =
(T(p)U{p1}) \{a} and t(¢') = t(v). So (¢',0) is in Case 1, which leads to a contradiction.

(b2) We further claim that 6 € @(z). For otherwise, suppose § € @(y). The path
P.(6,51,¢) = P,(6, P1, p) misses t; and t,. If this path does not pass along y,2; then it is an
F-avoiding xy-chain, so let ¢’ = ¢/P,(d, 51, ¢); then f; € ¢'(y) and we get a contradiction by
(b1). So assume that this path passes along y,z;. Switch ¢ and 31 on all other (4, 51)-chains
to get ¢’. Then p, € T(¢') and t(y) > t(¢), which contradicts the choice of .

(b3) Suppose there is a color n € ¢(y) such that n # B. Then P,(6,n,¢) is an F-
avoiding xy-chain. Let ¢’ = ¢/P.(0,n,¢). Then 6 € ¢'(y), which contradicts (b2).

(b4) The only other possibility is that ¢(y) = {52}; then 75 € @(x). We may assume
By € T(p) C @(t1)Np(ts), since otherwise P € ¢(x) by (bl) applied to B2. Thus P,.(7y2, 52, ¢)
is an F-avoiding xy-chain. Let ¢’ = ¢/ P, (72, B2, ¢), so that vo € @'(y). Then (¢, ) gives a

contradiction by (b3) with n = 7,. O

By Claim 1.9, we now assume that {«, 81, 52} C @(t1) N @(ta).

Claim 1.10. We may further assume that one of v1,v2 is missing at y.

Proof. Assume this is false, then 1,7, € @(x). Choose § € A(p) N p(t1) such that o ¢
{a, B1, P2, 71,72} This is possible because the inequality in Remark 1.3 shows that |A(¢)N
@(t1)] > 3 +d(t2) > 5, and 71 ¢ @(t1).

(al) We claim that (3, 52 € @(z). Suppose otherwise. Since we do not use § here, we
may assume without loss of generality that 8; € @¢(y). Then P.(vy1, /1, ) is an F' avoiding
xy-chain. Let ¢’ = ¢/P.(71, 51, ¢), so that 1 € @'(y). This contradicts our assumption that

the result is false.
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(a2) We further claim that 6 € @(x). For suppose § € ¢(y). Note that § € @(t;)
and v € ¢(t2). So Py(d,71,¢) is an F-avoiding zy-chain. Let ¢’ = ¢/P.(d,71,¥). Then
7 € @' (y), which is again contrary to assumption.

(a3) Let n € ¢(y). By assumption and (al), n & {51, 52, 71,72}, and so P,(d,n,¢) is an
F-avoiding xy-chain. Let ¢’ = ¢/P.(0,n, ), so that § € ¢'(y); then (¢',d) contradicts (a2).

This completes the proof. O

We further assume without loss of generality that 71 € @(y). Now starting from this
specific coloring ¢, we are going to find a contradiction. The following process contains many
Kempe changes. The purpose for doing such a long and complicated process is to adjust the
position of the uncolored edge and some other details so that after this process, we can find
a way to color the entire graph G (including the uncolored edge) with A colors, which gives

a contradiction.

Claim 1.11. There emist colorings @1, 02 € C2(G — wy) such that F is both a o:-fork and
a po-fork with edges colored as in ¢ except for edge e; = z1t1, and the colors a, B, B2, 71, V2
have the same properties as in ¢ except for the modifications below:

(a) pi(er) = a ¢ @i(t1), 1 € @1(t1) N A(pr) and By € ¢1(y).

(b) @a(e1) = B & 2(t1), 11 € P2(t1) N Alp2) and B € @a(y).

Proof. (a) Note that the path P,(a,v,¢) = Py(a, 71, ) passes along yy, but not through

t1 or to. Let ¢ = /Py (a,71,9); then ¢'(e1) = a ¢ @' (t1) and v € @' (y) N @' (t1) N @ (ta).
If By € ¢'(y), we let 1 = ¢'.

So assume [y € @'(x). If v € @' (y), let ¢ = ¢'; otherwise, if 75 € ¢'(x), then
P.(y1,72,¢") is an F-avoiding zy-chain and we let ¢” = ¢’/ Py(71,72,¢"). Either way, 75 €
&"(y). Now P.(Ba,7v2,¢") is an F-avoiding zy-chain, and we let ¢; = ¢"/P,(52,72,¢").

Then £, € ¢1(y).
(b) The path P,(a, B2, 1) = Py(c, Ba, 1) passes along yy, and y,22 but not through
ty or ty. Let ¢ = o1/ P, (, B, p1); then ¢'(e1) = o & @'(t1) and a € @' (t1) N @' (t2). If

/

b1 € ¢'(y), we let pg = .
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So assume f; € @'(z), and note that we still have 8; € @'(t1)N¢@'(t2). Then P,(f1, B2, ¢')

is an F-avoiding xy-chain, and we let @y = ¢’/ P.(51, B2, ¢"). Then 81 € @o(y). O]

Under the coloring ¢y obtained by Claim 1.11 (b), we recolor zy by «, yy, by 81 and
leave y,21 uncolored to obtain 1. We list all properties we need in the following proof about
coloring 1) for reference. We have 1 € C2(G — yoz1), ¥(zy) = o, Y(yya) = B, V(1) = Po,
U(Yaz2) = Ba, Y(ea) = 7. We also have fy,7,7 € P(2) Ud(y), a € ¥(ya), B € ¢(21),
M, 72, Brya € d(th) and 1, Br, Bo, € Y(ta).

]
B,
O"
Ol ,,,,, Z
_ (24 _ B, _ """""
X £ ya
B
2 V2
ﬂZ 717/2 Z2

Figure 1.2. 9 on the fork.

Notice that (; is missing at both ends of e; under ¢, we can actually recolor e; by [;

whenever we want. This little technique lead us to the following claim:
Claim 1.12. The other endpoint of P, (e, B2,1) is t;.
Proof. Recolor e; by B to get ¢, i/ € CA(G — yo2z1) since By € ¥(z1) NY(t1). Then

By € V'(21), Py, (v, Ba,0") = P, (v, B2,9") by Lemma 1.9. Color e; by 8, to return to ¢, we
have the other endpoint of P, (a, B2,) is t;. O]
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By B, € 1(z) U(y) and the claim above, we know that the («, 3;)-chain containing
xy does not pass through tq, 21, 94, 20. We switch «, 85 on this chain to obtain ;. Since
B2 € Y(x) Uth(y), we have a € ¥1(x) U (y). In fact « is not missing at y since otherwise,
recolor yy, by a and color y,2; by 1, we colored the whole graph with A colors, which gives
a contradiction. Thus o € ¥ (z). In ¥, we have P, («, B1,%1) = P.,(c, B1,91) passes along
YW, let g = U1/ Py(a, B1,¢1), then Sy € ().

With the adjusted coloring 1, we finally reach the point that is very close to a contra-
diction. Now consider P, («,y2,2), we split the proof into two cases:

Case 1: The other endpoint of P,_(«a,72,15) is not x or y.

In this case we ignore vertices zo and t, and use only the path zyy,zit;. Let ¢/ =
W2/ Py (@, 72, 42). Under ¢/, we have 7, € ¥/(ya). Since 72 € ¢2(z) Utha(y) = ¢'(2) U/ (y),
in fact we have 75 € ¢/(z). Otherwise recolor yy, by 72 and color y,z; by i, we colored
the whole graph with A colors, a contradiction. By the same proof as Claim 1.12 with 5 in
place of «, we have the other endpoint of P, (72, 82,%) is t1, so let ¢ = ¢’/ Py(2, B2, '),
then ¥ (xy) = 7. Notice that 8, € ¢"(x), thus switch 75, 3; on the path zyy, and color
Yaz1 by [1, we colored the whole graph with A colors, which gives a contradiction.

Case 2: The other endpoint of P,_(«a,72,15) is x or y.

In this case we ignore vertices x and y and use only the path t;z1y,22t2. Note that
Py, (a,7y2,19) is disjoint with P,_(a, v2,15) in this case. Let ¢' = 1o/ P, (a,¥2,12), then
Y'(e3) = a. Note that £ € 9'(t3), thus switch «, 8, on the path ty25y,, recolor e; by 3; and
color y,z1 by (2, we colored the whole graph with A colors, which gives a contradiction.

Now Proposition B is proved and Theorem 1.3 follows immediately. O]

2 VERTEX-SPLITTING CONJECTURE

2.1 Introduction

For two integer p, ¢ with ¢ > p, we use [p, ¢] to denote the set of all integer between p and ¢,

inclusively. We consider only simple graphs. Let G be a graph with maximum degree A(G) =
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A. Let v € V(G) with dg(v) =t > 2 and Ng(v) = {ug,...,us}. A vertex-splitting in G at v
into two vertices v; and vy gives a new graph G’ such that V(G’) = (V(G) \ {v}) U{v1,va}
and E(G") = E(G —v)U{vjve} U{vu; 2 i € [1,s]}U{vou; i € [s+1,t]}, where s € [1,t—1]
is any integer. We say G’ is obtained from G by a vertex-splitting.

If a graph G has too many edges, i.c., |E(G)| > A||V(G)|/2], then we have to color
E(G) using exactly (A + 1) colors. Such graphs are called overfull. Clearly, overfull graphs
have an odd order, all regular graphs of an odd order are overfull, and all graphs obtained
from a regular Class 1 graph by a vertex-splitting is overfull.

Being overfull is definitely a cause for a graph to be Class 2, but is that the only
cause? Hilton and Zhao [12] in 1997 conjectured the following: Let G be an n-vertex Class
1 A-regular graph with A > 2. If G* is obtained from G by a vertex-splitting, then G* is
A-critical (vertex-splitting conjecture). Clearly, G* is overfull. The conjecture asserts that
for every e € E(G*), G* — e is no longer Class 2. In other words, being overfull is the only
cause for G* to be Class 2. This conjecture was verified when A > %(\/7 —1) = 0.82n
by Hilton and Zhao [12] in 1997. Song [20] in 2002 showed that the conjecture holds for a

particular class of n-vertex Class 1 A-regular graphs with A > 7. No other progress on this

conjecture has been achieved since then. We support this conjecture as below.

Theorem 2.1. Let n and A be positive integers such that A > @. If G is obtained from

an (n — 1)-vertex A-reqular Class 1 graph by a vertez-splitting, then G is A-critical.

If G is an n-vertex overfull graph, then [E(G)[ > A(n —1)/2+1. Thus }_ v (A —
dc(v)) < A — 2. Therefor, if G has a vertex of degree 2, then all other vertices of G are
of maximum degree. Is the converse of this statement true? That is, when will be a Class
2 graph with a degree 2 vertex overfull? We investigate this question and show that this
happens when A is large. In general, for two adjacent vertices u,v € V(G), we call (u,v)
a full-deficiency pair of G if d(u) 4+ d(v) = A(G) + 2. In particular, if v is of degree 2 in a
A-critical graph G, then each neighbor u of v has degree A by Vizing’s Adjacency Lemma
(this lemma will be introduced in subsection 2.2). Therefore, (u,v) is a full-deficiency pair

of G. We obtain the following result.
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3(n—1)
4

Theorem 2.2. Let n and A be positive integers such that A > , and G be an n-vertex
A-critical graph. If G has a full-deficiency pair, then G is overfull. Consequently, G is

obtained from an (n — 1)-vertex A-regular Class 1 multigraph by a vertex-splitting.

Theorem 2.2 partially supports a conjecture of Chetwynd and Hilton from 1986 [7, 8|.
The conjecture states the following: Let G be a simple graph with A(G) > 3|V(G)|. Then
G is Class 2 implies that G contains an overfull subgraph H with A(H) = A(G) (overfull
conjecture). The overfull conjecture was confirmed only for some special classes of graphs.
Chetwynd and Hilton [8] in 1989 verified the conjecture for n-vertex graphs with A > n — 3.
Hoffman and Rodger [14] in 1992 confirmed the conjecture for complete multipartite graphs.
Plantholt [18] in 2004 showed that the overfull conjecture is affirmative for graphs G with an
even order n, maximum degree A and minimum degree ¢ satisfying (30 — A)/2 > ¢n for any
c> %. The overfull conjecture was also confirmed for large regular graphs in 2013 [9, 10].

Both the overfull conjecture and the vertex-splitting conjecture are best possible in
terms of the condition on the maximum degree, by considering the critical Class 2 graph
P*, which is obtained from the Petersen graph by deleting a vertex. Hilton and Zhao [12]
proved that the overfull conjecture implies the vertex-splitting conjecture.

The results in Theorem 2.1 and Theorem 2.2 together imply that all n-vertex A-critical
graphs with a vertex of degree 2 can be obtained from an (n — 1)-vertex A-regular Class
1 multigraph by a vertex splitting, when A > @. Thereby, these results provide a way
of constructing dense A-critical graphs, which are known to be hard. The reminder of this
paper is organized as follows. We introduce some definitions and preliminary results in

subsection 2.2. In subsection 2.3, we prove Theorem 2.1 and Theorem 2.2 by assuming the

truth of several lemmas. These lemmas will be proved in subsection 2.4.

2.2 Definitions and Preliminary Results

Let G be a graph. For e € F(G), G — e denotes the graph obtained from G by deleting
the edge e. The symbol A is reserved for A(G), the maximum degree of G throughout this

thesis. A k-vertex in G is a vertex of degree exactly k in G, and a k-neighbor of a vertex v
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is a neighbor of v that is a k-vertex in G. For u,v € V(G), we use distg(u, v) to denote the
distance between u and v, which is the length of a shortest path connecting v and v in G.
For S C V(G), define distg(u, S) = mingeg diste(u, v).

Let G be a graph and ¢ € C*(G — ¢) for some edge e € F(G) and some integer k > 0.
For a color «, a sequence of Kempe (v, *)-changes is a sequence of Kempe changes that
each involves the exchanging of the color a and another color from [1,k]. Let z,y € V(G),
and «, 8,7 € [1,k] be three colors. If x and y are contained in a same (a, §)-chain of G
with respect to ¢, we say = and y are («, §)-linked with respect to ¢. Otherwise, x and y
are («, 8)-unlinked with respect to ¢. Without specifying ¢, when we just say x and y are
(e, B)-linked or x and y are (a, §)-unlinked, we mean they are linked or unlinked with respect
to the current edge coloring. Let P be an («, #)-chain of G with respect to ¢ that contains
both z and y. If P is a path, denote by P}, ,(c, 3, ¢) the subchain of P that has endvertices
r and y. By swapping colors along P (o, 3,¢), we mean exchanging the two colors a
and 3 on the path P (o, 3,¢). The notion Py, (o, §) always represents the (c, 3)-chain
with respect to the current edge coloring. Define P.(a, 3, ) to be an (a, )-chain or an
(e, B)-subchain of G with respect to ¢ that starts at  and ends at a different vertex missing
exactly one of @ and . (If z is an endvertex of the («,3)-chain that contains x, then
P.(a, B, ) is unique. Otherwise, we take one segment of the whole chain to be P,(«, 3, ¢).
We will specify the segment when it is used.) If w is a vertrex on P.(a, (3, ), we write
u € Py(a, B, ¢); and if uv is an edge on P, (a, 3, ¢), we write uv € P,(a, §,¢). Similarly, the
notion P,(a, B) always represents the (a, #)-chain with respect to the current edge coloring.
If u,v € P,(a, 8) such that u lies between x and v, then we say that P,(«, ) meets u before
v. Suppose that a € @(x) and 8,7 € p(z). An (o, B) — (B,7) swap at = consists of two
operations: first swaps colors on P,(«, 3,¢) to get an edge k-coloring ¢', and then swaps
colors on P,(8,7,¢’). By convention, an (o, «a)-swap at & does nothing at x. Suppose the
current color of an edge uv of G is «, the notation uv : @ — [ means to recolor the edge uv
using the color 5. Recall that p(z) is the set of colors not present at z. If [p(z)| = 1, we

will also use B(z) to denote the color that is missing at x.
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Let «, 3,7, 7,m € [1,k]. We will use a matrix with two rows to denote a sequence of
operations taken on (. Each entry in the first row represents a path or a sequence of vertices.
Each entry in the second row, indicates the action taken on the object above this entry. We
require the operations to be taken to follow the “left to right” order as they appear in the
matrix. For example, the matrix below indicates three sequential operations taken on the

graph based on the coloring from the previous step:
Poy(o, ) rs  ab
a/f y—oT o
Step 1 Swap colors on the (a, 3)-subchain Py (a, 3, ¢).
Step 2 Dors: vy — 7.
Step 3 Color the edge ab using color 7.

Let T be a sequence of vertices and edges of G. We denote by V(T') the set of vertices
from V(@) that are contained in T', and by F(T) the set of edges from E(G) that are

contained in 7.

2.2.1 Multifan

Let G be a graph, e = rs; € E(G) and ¢ € C*(G —e) for some integer k > 0. A multifan cen-
tered at r with respect to e and ¢ is a sequence Fi,(r, sy @ sp) := (1,751, 51,752, S2, ..., T'Sp, Sp)
with p > 1 consisting of distinct vertices r, s, s9,..., s, and distinct edges rs;,rs2,...,75,

satisfying the following condition:
(F1) For every edge rs; with i € [2, p], there exists j € [1,7 — 1] such that p(rs;) € §(s;).

We will simply denote a multifan F,(r,s; : s,) by F if ¢ and the vertices and edges in
F,(r,s1: sp) are clear. Let F,(r, sy : s,) be a multifan. By its definition, for any p* € [1, p],

F,(r,s1 : sp«) is a multifan. The following result comes directly from Lemma 1.9.
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Lemma 2.3. Let G be a Class 2 graph and F,(r,s; : s,) be a multifan with respect to a

critical edge e = rs, and a coloring p € C*(G — e). Then the following statements hold.
(a) V(F) is p-elementary.

(b) Let a € B(r). Then for every i € [1,p] and 5 € B(s;), r and s; are («, fB)-linked with

respect to .

Let F,(r,s1 : sp) be a multifan. We call s¢,, 54, .., 5, a subsequence of s; : s,, an

a-sequence with respect to ¢ and F' if the following holds:

SO(T3€1) =ac @(Sl)’ 50(7"351‘) € @(Sei—l)’ L€ [27 k}

A vertex in an a-sequence is called an a-inducing vertexr with respect to ¢ and F', and a
missing color at an a-inducing vertex is called an a-inducing color. For convenience, « itself
is also an a-inducing color. We say (3 is induced by « if (5 is a-inducing. By Lemma 1.9 and
the definition of multifan, each color in B(V (F")) is induced by a unique color in $(s1). Also
if oy, ag are two distinct colors in ®(s; ), then an ag-sequence is disjoint with an ag-sequence.
For two distinct a-inducing colors f and §, we write 0 < [ if there exists an a-sequence
861586y, - - -, 8¢, such that § € ©(sy,), B € P(s¢,;) and 7 < j. For convenience, a < 8 for any
a-inducing color § # «. As a consequence of Lemma 1.9, we have the following properties

for a multifan. A proof of the result can be found in [3, Lemma 3.2].

Lemma 2.4. Let G be a Class 2 graph and F,(r,s1 : sp) be a multifan with respect to a
critical edge e = rs; and a coloring p € C2(G —€). For two colors § € P(s;) and \ € (s;)

with i,j € [1,p| and i # j, the following statements hold.

(a) If 6 and X\ are induced by different colors, then s; and s; are (9, \)-linked with respect to

@Y.

(b) If 6 and X are induced by the same color, 6 < A, and s; and s; are (, \)-unlinked with

respect to @, then r € Py (X, 6,¢).
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2.2.2 Kierstead path

Let G be a graph, e = vgv; € E(G), and ¢ € C*(G — e) for some integer k > 0. A Kierstead
path with respect to e and ¢ is a sequence K = (vg, Vov1, V1, U102, Vg, . . ., Up_1, Up—_1Vp, Up) With
p > 1 consisting of distinct vertices vy, v1,...,v, and distinct edges vovy, V1V, ..., Vp_10p

satisfying the following condition:
(K1) For every edge v;_1v; with i € [2,p], there exists j € [1,i — 1] such that ¢(v;_1v;) €
?(v;)-
Clearly a Kierstead path with at most 3 vertices is a multifan. We consider Kierstead

paths with 4 vertices. The result below comes directly from Lemma 1.11.

Lemma 2.5. Let G be a Class 2 graph, e = vyv; € E(G) be a critical edge, and ¢ €
CA(G —e). If K = (vo, Vo1, V1, V1Va, Vg, Vo3, v3) is a Kierstead path with respect to e and ¢,

then the following statements hold.
(a) If min{dg(vs),dg(vs)} < A, then V(K) is p-elementary.

(b) [@(vs) N (B(vo) UB(v1))| < 1.

2.3 Proof of Theorems 2.1 and 2.2

We will prove Theorems 2.1 and 2.2 based on the following lemmas, whose proof will be
presented in the subsection 2.4.
General properties on Kierstead paths with 5 vertices was proved by the first author of

this paper [1]. Here we stress only one of the cases.

Lemma 2.6. Let G be a Class 2 graph, ab € E(G) be a critical edge, ¢ € C*(G — ab), and
K = (a,ab,b,bu,u,us, s, st,t) be a Kierstead path with respect to ab and ¢. If |p(t) N (p(a) U
@(b))| > 3, then the following hold:

(a) There exists * € C*(G — ab) satisfies the following properties:

(1) ¢*(bu) € P*(a) NP (1),
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(i) ¢*(us) € P (b) NP*(t), and
(iii) " (st) € P*(a).
(b) da(b) = da(u) = A.

Figure 2.1 shows a Kierstead path with the properties described in (a).

\\,y ','
D O0—0Q
oxa "'5 Oé“

A}

Figure 2.1. Colors on a Kierstead path of 5 vertices

Lemma 2.7. Let G be a Class 2 graph, ab € E(G) be a critical edge, ¢ € C*(G — ab), and
K = (a,ab,b,bu,u,us, s, st,t) and K* = (a,ab,b,bu,u,uzx,x) be two Kierstead paths with
respect to ab and p, where x & V(K). If |g(t) N (p(a) UB(b))| > 4 and B(x) C B(a) UB(D),
then dg(z) = A.

A short-kite H is a graph with

V(H)={a,b,c,u,x,y} and E(H)= {ab,ac,bu,cu,uz,uy}.

The lemma below reveals some properties of a short-kite with specified colors on its edges.

Lemma 2.8. Let G be a Class 2 graph, H C G be a short-kite with V(H) = {a, b, c,u, z,y},
and let € CA(G — ab). Suppose

K = (a,ab,b,bu,u,ux,x) and K*=(b,ab,a,ac,c,cu,u,uy)

are two Kierstead path with respect to ab and ¢. If §(z) U B(y) C B(a) U B(b), then
max{da(z), da(y)} = A.
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A kite H is a graph with

V(H) ={a,b,c,u, 1,89, t1,ta} and  E(H) = {ab, ac, bu, cu, usy, usy, sit1, Sata}.

The lemma below reveals some properties of a kite with specified colors on its edges.

Lemma 2.9. Let G be a Class 2 graph, H C G be a kite with V(H) = {a,b, ¢, u, 1, S2, t1,t2},
and let p € CA(G — ab). Suppose

K = (a,ab,b,bu,u,usy, 1, s1t1,t1) and K* = (b,ab,a,ac,c,cu,u,uss, Sz, Sota, to)

are two Kierstead paths with respect to ab and @. If ¢(s1t1) = @(sat2), then [@(t1) NP(ta) N
(@(a) UB(b))] < 4.

The following result comes directly from Proposition B in Section 1.
Lemma 2.10. Let G be a A-critical graph, ab € E(G), and {u, sy, s2,t1,t2} C V(G). If
A > dg(a) +dg(ty) + da(ta) + 1, then for any ¢ € C2(G — ab), G does not contain a fork

on {a,b,u, sy, s2,t1,ta} with respect to .

We need the following two additional results to prove Theorem 2.2. Since all vertices
not missing a given color « are saturated by the matching that consists of all edges colored

by a in GG, we have the following result.

Lemma 2.11 (Parity Lemma). Let G be an n-vertez graph and ¢ € C2(G). Then for any
color a € [1,A], {v € V(G) : « € B(v)}| =n (mod 2).

Lemma 2.12. [f G is an n-vertex Class 2 graph with a full-deficiency pair (a,b) such that

ab is a critical edge of G, then G satisfies the following properties.
(1) For every x € (Ng(a) U Ng(b)) \ {a,b}, da(z) = A;

(17) For every x € V(G)\ {a,b}, if distg(x,{a,b}) = 2, then dg(x) > A — 1. Furthermore,
if dg(a) < A and dg(b) < A, then dg(z) = A;
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(i13) For every x € V(G) \ {a,b}, if dg(x) > n — |Ng(b) U Ng(a)|, then dg(x) > A — 1.
Furthermore, if dg(a) < A and dg(b) < A, then dg(x) = A;

(1) If there exists x € V(GQ) \ {a,b} such that dg(z) < A, then there ezists y € V(G) \
{a,b,z} such that dg(y) < A.

Proof. We let p € CA(G — ab) and
F = (b,ba,a)
be the multifan with respect to ab and ¢. By Lemma 1.9,
|P(F)| =2A+2 — (dg(a) + dg(b)) =2A +2 — (A +2) = A. (1)

By Lemma 1.9, for every ¢’ € C2(G —ab), {a, b} is ¢’-elementary and for every i € @'(a)
and j € @'(b), a and b are (i, j)-linked with respect to ¢’. We will use this fact very often.

Since all the A colors appear in (F'), each of Ng(a)U{b} and Ng(b)U{a} is the vertex
set of a multifan with respect to ab and ¢. By Lemma 1.9 and (1), we know that for every
x € (Ng(a) UNg(b))\ {a,b}, do(x) = A. This proves (i).

For (ii), let x € V(G)\{a, b} such that distg(z, {a,b}) = 2. We assume that diste(z, b) =
2 and let u € (Ng(b)) \ {a}) N Ng(x). Then by (1), K = (a, ab, b, bu, u,ux, z) is a Kierstead
path with respect to ab and ¢. By (1) and Lemma 1.11, it follows that dg(z) > A — 1. If
dg(a) < A and dg(b) < A, by (1) and Lemma 1.11, we get dg(x) = A.

For (iii), let x € V(G) \ {a, b} such that dg(x) > n — |Ng(b) U Ng(a)|. By (i), we may
assume that x ¢ (Ng(a) U Ng(b)) \ {a,b}. Thus dg(z) > n — |Ng(b) U Ng(a)| implies that
there exists u € ((Ng(a) U Ng(b))) N Ng(z). Therefore, distg(x, {a,b}) = 2. Now Statement

(ii) yields the conclusion. Statement (iv) is a consequence of (1) and the Parity Lemma. [

Corollary 2.13. Let G be an n-vertex Class 2 graph with a full-deficiency pair (a,b) such that
ab is a critical edge of G. If A > @, then there exists at most one verter x € V(G)\{a, b}
such that dg(x) = A — 1.
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Proof. Assume to the contrary that there exist distinct x,y € V(G) \ {a, b} such that
dg(x) = de(y) = A—1. By Lemma 2.12 (i), 2,y € (Ng(a)UNg(b)) \ {a,b}. By Lemma 2.12
(iii), we may assume that dg(b) = A. Thus dg(a) = 2 as dg(a) + dg(b) = A+ 2. Let ¢
be the other neighbor of a in G. Since (a,c) is a full-deficiency pair of G as well, we may
assume z,y € Ng(c).

Since dg(b) = dg(c) = A and dg(x) = da(y) = A — 1, we get |[Ng(b) N Ng(c)| >
and |Ng(z) "Neg(y)| > § —2. Since b, ¢, z,y & Na(b) N Ng(c) and b, ¢, z,y € Na(xz) N Na(y),

-1

)3

we get |[Ng(b) N Na(c) N Ne(z) N Ne(y)| > 1. Let u € Ng(b) N Ng(c) N Ng(x) N Ne(y),
H be the short-kite with V(H) = {a,b,c,u,z,y}, and let ¢ € C2(G — ab). As {a,b} is
p-elementary, [@(a) UB(b)| = 2A 4+ 2 — (dg(a) + dg(b)) = A and so p(a) Up(b) = [1, A].
Thus K = (a,ab,b,bu,u,ux,x) and K* = (b,ab,a,ac, c, cu,u,uy) are two Kierstead paths
with respect to ab and ¢, and @(z) UB(y) C @(a) Up(b). However, dg(z) = da(y) = A —1,

contradicting Lemma 2.8. O

Proof of Theorem 2.1. Since G is overfull, GG is Class 2. We show that every edge of G is
critical. Suppose to the contrary that there exists zy € E(G) such that xy is not a critical
edge of G. Let

G" =G —uay.

Then x'(G*) = A+ 1.
Since ab is a critical edge of G, ab # xy. Also, since ab is a critical edge of G, and any
A-coloring of G — ab gives a A-coloring of G* — ab, ab is also a critical edge of G*. Since

dg+(x) = dg+(y) = A — 1, we reach a contradiction to Corollary 2.13. O

Proof of Theorem 2.2. Let (a,b) be a full-deficiency pair of G. It suffices to only show
that for every v € V(G) \ {a, b}, dg(v) = A. To see this, let G be a A-critical graph with a
full-deficiency pair (a,b) and for every v € V(G) \ {a,b}, da(v) = A. Let ¢ € C2(G — ab).
Since @(a) Np(b) = 0 and dg(a) + da(b) = A + 2, ¢(a) N p(b) = (. Thus, identifying a and
b in G gives a A-coloring of a A-regular multigraph G*. This implies that |V (G*)| =n — 1

is even. So n is odd. Consequently, G is overfull.
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Thus, for the sake of contradiction, we assume that there exists z € V(G) \ {a,b}
such that dg(r) < A. By Lemma 2.12 (iv), there exits y € V(G) \ {a,b, x} such that
dg(y) < A. Furthermore, by Lemma 2.12 (iii) and Corollary 2.13, there exists at most one
vertex € V(G)\{a, b} such that dg(x) = A—1, and for all other vertex y € V(G)\{a, b, z},
if dg(y) < A, then dg(y) <n — |Ng(b) U Ng(a)|. This gives a vertex t € V(G) \ {a, b} such
that dg(t) < n — |Ng(b) U Ng(a)|. Let ¢ € CA(G — ab) and

F = (b,ba,a)
be the multifan with respect to ab and ¢. By Lemma 1.9,
[B(F)] = 2A + 2 = (dg(a) + dg (b)) = A. (2)

Assume, without loss of generality, that dg(b) > dg(a). Then dg(b) > % +1
as dg(a) + dg(b) = A+2 > @ + 2. By Lemma 2.12 (i) and (ii), we assume that
distg(t,{a,b}) > 3. Since A > @, for any s € Ng(t) with dg(s) > A — 1 (such s
exists as t is adjacent to at least two A-neighbors by VAL), we conclude that there exists
u € Ng(b)NNg(s). Now by (2), K = (a, ab, b, bu, u, us, s, st) is a Kierstaed path with respect
to ab and . This implies that dg(b) = dg(u) = A by Lemma 2.6 (b). Thus dg(a) = 2. We
let ¢ be the other A-neighbor of a.

As dg(a) =2 and ab € E(G), IN¢(b)UNg(a)] > A+1 > 2. Since G is A-critical, VAL
implies that for every s € Ng(t), da(s) > A+2 —dg(t) > A+ 2+ |Ng(b) U Ng(a)| —n >
n —|Ng(b) U Ng(a)|. Thus, by Lemma 2.12 (iii) and Corollary 2.13, there exists at most one

vertex s € Ng(t) such that dg(s) < A. In this case, dg(s) = A — 1.

Next, we claim that
for any z € V(G) \ {a, b}, dg(x) < A = dg(x) <n — |Ng(b) UNg(a)| <n—A—-1. (3)

Assume to the contrary that dg(z) > n—|Ng(b)UNg(a)|. By Lemma 2.12 (iii), we have
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dg(x) = A—1. Again, as A > 3(”4_1) and every vertex in (Ng(a)UNg(b)UNg(t))\ {a, b} has
degree at least A — 1, for any s € Ng(t), we conclude that there exists u € Ng(b) N Ng(s) N
Ng(x). Now by (2), K = (a,ab,b,bu,u,us,s,st) and K* = (a,ab,b, bu,u,ux,z) are two
Kierstaed paths with respect to ab and ¢. Clearly, () C @(a)U®(b) and p(z) C B(a)Up(d),
and [p(1)| > A—(n—A—-1)=2A—n+1> 21 Sincen > |[V(K)U{z}| =6, A > @
implies that A > 4. As {b,s,t,2} N Ng(b) = 0, we see that n > 4 +4 = 8. Hence,
[@(t)| > [25%] > 4, achieving a contradiction to Lemma 2.7.

By Lemma 2.12 (iii) and (iv) and the conclusion in (3), we let t1,t, € V(G) \ {a,b}
such that both of them have degree less than n — A. Let s; € Ng(t1) and sy € Ng(t)
be any two distinct vertices. Since G is A-critical, VAL implies that for every s; € Ng(t;),
da(s;) > 2A —n > n — A. Thus, By Lemma 2.12 (iii) and (iv) and the conclusion in (3),
da(s1) = da(s2) = A. Thus, since b, ¢, s1,52 € Ng(b) N Ng(c) and b, ¢, 51,52 € Ng(s1) N

NG(SQ)v

[Na(b) N Ne(c) N Ng(s1) N Na(s2)] = [Na(s1) N Ne(s2)| — (n = [Ne(b) N Ne(c)| —4),
> |[Ng(s1) N Ne(s2)| + [Na(b) N Ne(c)| +4—n
> 20 —n+2A—n+4—n>1,

as A > 3(”4_1). Let w € Ng(b) N Ng(c) N Ng(s1) N Ng(se). Then H with V(H) =

{a,b,c,u, s1, s9,11,t2} is kite. By (2), both

K = (a,ab,b,bu,u,usy, s1, s1t1,t1) and K* = (b, ab, a,ac, ¢, cu, u, uss, Sz, Sota, to)

are Kierstead paths with respect to ab and . Let

A={teV(G)\{a,b}:da(t) <n— Al.

We consider two cases below.

Case 1: there exist two distinct t1,t, € A such that ¢(t1) N p(t2) # 0.
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In this case, we choose s; € Ng(t1) and so € Ng(t2) such that p(sit1) = p(sats). Let
I'=%(t1) N®(t2). Since p(a) Up(b) = [1,A], T' C B(a) Up(b). By (2) and the assumption
of this case, || > A —2(n — A —2) = 3A —2n +4 > =L 12 Since A > 222U >
S|(V(H)| —1), A > 6. Since also sy, s2,t1,t2 & Ne(b), we have n > |V/(H)| + 3 > 11. Thus,
IT| > [2:1] + 2 > 5, contradicting Lemma 2.9.

Case 2: for each two distinct ¢1,%, € A, it holds that ¢(t1) N p(t2) = 0.

By (2) and the assumption of this case, we see that H* with V(H*) = {a, b, u, $1, s9,t1,t2}
is a fork. However, by (3), dg(a) + dg(t1) + da(t2) <2+2(n— A —2) =2n—2A -2 < A,

as A > @, contradicting Lemma 2.10. The proof is now completed.

2.4 Proof of Lemmas 2.6 to 2.9

Lemma 2.6. Let G be a Class 2 graph, ab € E(G) be a critical edge, ¢ € C*(G — ab), and
K = (a,ab,b,bu,u,us, s, st,t) be a Kierstead path with respect to ab and . If |p(t) N (H(a)U
@(b))| > 3, then the following hold:

(a) There exists * € C*(G — ab) satisfies the following properties:

(1) ©*(bu) € P*(a) NP (1),
(ii) ¢*(us) € 5*(6) N7 (2), and
(i) ¢*(st) € P"(a).
(b) da(b) = dg(u) = A.
Proof. By Lemma 1.9, for every ¢’ € C2(G —ab), {a, b} is ¢'-elementary and for every
i€ P (a)and j € ¥ (b), a and b are (7, j)-linked with respect to ¢'.
Let ' =%(t) N (@(a) Up(b)), and o, 5 € T'. If , € B(a), then we let A € $(b), and do

a (8, \)-swap at b. If o, 5 € @(b), then we let A € B(a), and do a (5, \)-swap at a. Therefore,

we may assume that

a€pla) and B e ).
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If p(bu) = 0 # «, then we do an («, d)-swap at ¢, and rename the color § as o and vice

versa. Thus we may assume

o(bu) = a.

Assume first that ¢(us) € p(b). We do a (3, ¢(us))-swap at t and still call the resulting
coloring by ¢, we see that p(us) € p(b) N(t). By permuting the name of the colors, we let
p(us) = 5. Let ¢(st) = ~. Since a, € B(t), v # «,B. If v € $(a), we are done. So we
assume v € B(b) Up(u). We color ab by « and uncolor bu. Denote this resulting coloring by
¢'. Then K" = (b, bu,u,us, s, st,t) is a Kierstead path with respect to bu and ¢'. However,
a,f €@ (t)N (P (b) UP' (u)), showing a contradiction to Lemma 1.11.

Thus we let p(us) = 6 € B(a). Then § # 5 by Lemma 1.9. Let ¢(st) = . Clearly,
v # a, 3,0. We have either v € $(a) or v € p(b) Up(u). We consider three cases below.
Case 1. v € p(b).

If ue P,(B,0) = Py(5,0), we do a (B,d)-swap at t. Since a and b are (d,y)-linked and
u € Py(6,7), we do a (§,7y)-swap at a. This gives a desired coloring ¢*.

If u g P,(5,0) = Py(f,0), we first do a (3,0)-swap at a and then a (f,~)-swap at a.
Again this gives a desired coloring *.

Case 2. v € p(u).

If § € T, since b and u are (3,7)-linked by Lemma 1.9, we do (8, v)-swap at t. Now
u € P(4,5), we do a (,9)-swap at a. This gives a desired coloring ¢*. Thus we assume
d ¢ T'. Since b and u are (3,7)-linked by Lemma 1.9, and a and u are (d,)-linked by
Lemma 2.4 (a), we do (3,7) — (v,d)-swaps at t. Finally, since u € P,(5,0), we do a (3,0)-

swap at a. This gives a desired coloring ¢*.

Case 3. v € ¥(a).

If 6 €', we do a (5,7)-swap at ¢t and then a (§,0)-swap at a to get a desired coloring
©*. Thus we assume § € I'. Let 7 € '\ {a, B}. If 7 € B(u), since a and u are (9, y)-linked
by Lemma 2.4 (a), we do a (7,d)-swap at t. This gives back to the previous case that § € T'.

Next we assume 7 € p(b). It is clear that u € P,(7,0) = B(7,0), as otherwise, a (7,0)-swap
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at a gives a desired coloring. Thus we do a (7,0)-swap at ¢, giving back to the previous case
that 6 € I,

Now we assume 7 € @(a). If u & P,(8,9), we do a (5, d)-swap at a. Since a and b are
(e, 9)-linked and u € P,(«,0), we do an («,d) swap at t. Now since u € Pi(7,6), we do a
(v,6)-swap at a, and do (8,7) — (v, a)-swaps at t. Since a and b are (7,~)-linked, we do a
(1,7)-swap at t, and then a (,v) -swap at a. Now since u € P,(f,d), we do a (3, J)-swap
at a. This gives a desired coloring. Thus, we assume u € P,(3,6). We do a (8, d)-swap at
t, and then a (7, 8)-swap at t. Next we do a (53,~)-swap at a and then a (v,0)-swap at a.
This gives a desired coloring for (b).

For statement (b), let ¢* € C2(G — ab) satisfying (i)—(iii). Let o,y € $*(a), 8 € $*(b)

with a, 8 € $(t) such that

o*(bu) =, ¢"(us) =04, and @*(st)=1.

Let 7 € ©*(¢) \ {«, B}. Suppose to the contrary first that dg(b) < A—1. Let A € g*(b) \ {5}.
We do (1,\) — (A, y)-swaps at t. Now we color ab by a and uncolor bu to get a coloring
¢'. Then K" = (b, bu,u,us, s, st, t) is a Kierstead path with respect to bu and ¢’. However,
a,f €@ ()N (@ (b) UP (u)), contradicting Lemma 1.11.

Assume then that dg(b) = A and dg(u) < A — 1. Let A € $*(u). Since (a, ab, b, bu, u)
is a multifan, A\ & {a, 8,7}. Since u and b are (f, A)-linked and u and a are (v, A)-linked by
Lemma 2.4 (b), we do (5, \) — (A, y)-swap(s) at t. Now we color ab by « and uncolor bu to
get a coloring ¢'. Then K’ = (b, bu,u,us, s, st,t) is a Kierstead path with respect to bu and
¢'. However, a € @'(t) N @' (u), contradicting Lemma 1.11, since dg(u) < A. O
Lemma 2.7. Let G be a Class 2 graph, ab € E(G) be a critical edge, o € C*(G — ab), and
K = (a,ab,b,bu,u,us, s, st,t) and K* = (a,ab, b, bu,u,ux,z) be two Kierstead paths with
respect to ab and ¢, where x & V(K). If |o(t) N (p(a) UB(b))| > 4 and B(x) C B(a) UB(D),
then dg(x) = A.

Proof. Assume to the contrary that dg(z) < A — 1. Since B(z) C $(a) U B(b),
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Lemma 1.11 gives that dg(z) = A — 1. By Lemma 2.6, dg(b) = dg(u) = A and we assume
that ©(b) = B, o(bu) = a, p(us) = 5, p(st) = v, a,v € p(a), and o, € P(t). In the
following, when we swap colors, we always make sure that the colors on the edges bu and us
are unchanged. The color on the edge st might be changed, but the new color will still be
a color from ®(a). This is guaranteed by using the elementary fact that for every coloring
¢’ € CA(G — ab), a and b are (i, j)-linked for every i € @'(a) and every j € @'(b). We use
this fact every often without even mentioning it.

Let p(uz) = § and p(z) = 7. We first claim that if § # 7, then we may assume 6 € B(t).
Clearly, 0 # «, 3, and since K* is a Kierstead path and @(b) = 5, we have p(uzx) = 0 € P(a).
Let I' = ®(¢t) N (P(a) UB(b)), and let {a, B,m, A} C I'. Suppose that 6 ¢ B(t). We do
(B,7) — (v,n)-swaps at b. Denote the new coloring by ¢'.

If uz & Py(n, ), based on ¢’ we do an (n,d) -swap at b and and then do an («a, §)-swap
at t. If 7 =, we do (0,7) — (7,n)-swaps at b and then do an (a,n)-swap at ¢t. Finally we
do (n,\) — (A\,y) — (v, B)-swaps at b. Thus we assume 7 # ~. Clearly, 7 # «. If 7 = [,
we simply do a (f3,d)-swap at b, then (3,7) — (v,n)-swaps at b, an (a,n)-swap at ¢, and
finally (n,A) — (A\,y) — (v, B)-swaps at b. Thus, 7 # «, . We do (6,7) — (7,n)-swaps at b,
an (a,n)-swap at ¢, and finally do (n, A\) — (A,v) — (v, B)-swaps at b.

Thus, we assume that ux € Py(n,d). Based on ¢', we do an (), §)-swap at ¢ and then
(7, A) = (A7) = (7, B)-swaps at b.

After the operations above, we have p(bu) = a, p(us) = 3, p(st) = v, ¢(uxr) = 0 and
P(x) =7, and a, 3,0, A € T
Case 1: g(x) = .

Recall that o, 5,0 € I'. We color ab by a, recolor bu by [, and uncolor us. Note that
u and t are («,~)-linked, as otherwise an (a,)-swap at u and a ((,7)-swap at s gives a
coloring ¢ such that v € @'(u) N @ (s). Thus we do an («,)-swap at both a and x, recolor

uzx by «, and then a (3, 0)-swap at both x and a. It is clear that ux € Py(«a, ) and P(a,7y)
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meets u before x. We now do the following operations:

Pyyla,y) ux bu ab

aly  a—=p Boy y—=p

Based on the coloring above, we do (a, 3) — (53,0)-swaps at both x and a, and then an
(cv,0)-swap at x. Denote the new coloring by ¢’. Now we do an (a, §)-swap at t and color

us by «, giving a A-coloring of G.

Case 2: @(x) # v and p(uz) # p(st) = .

Recall that a, 8,0 € T and || > 4. Let {a,5,5,\} C T'. We show that there is a
coloring ¢’ such that {«,d} C @'(¢) and ¥'(x) = (. Since we already have {«,d} C P(1),
we assume that p(z) = 7 # 5. Thus 7 € p(a). If 7 = «, we simply do an («, 5)-swap at
x. Therefore, 7 # «. It is possible that 7 = A, but we deal with this together with the case
that 7 # A\. We first do (5,7) — (v, A) — (A, 7)-swaps at b, then we do an («, 7)-swap at both
x and t. Now we do (1,7) — (v, f)-swaps at b, and an («, 5)-swap at both x and t. We now

derive a contradiction based on the coloring of E(K)U E(K*), as shown in Figure 2.2.

A
s‘(S
L4

O' a{

Figure 2.2. Colors on the edges of K and K*

We color ab by «, recolor bu by /3, and uncolor us. We then do an («, §)-swap at both
x and t, and an (o, d)-swap at z. Now since u and s are (3, 6)-linked, we do a (5, 6)-swap
at both x and a. Since u and ¢ are (0,7)-linked, we do a (4,7)-swap at a. Finally, we do
(8,9) — (0, a)-swaps at z. Now P,(«,3) = uba, so u and s are («, $)-unlined. We do an

(o, B)-swap at u and color us by . This gives a A-coloring of GG, showing a contradiction.
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Case 3: @(x) =7 # v and p(ux) = p(st) = .

We again let I' = $(t) N (P(a) Up(b)), and let {a, f, A} C I'. We show that this case
can be converted to Case 2. We first claim that $(x) = 7 # 5. As otherwise, we first do an
(o, B)-swap at z, and then a (3, 7)-swap at b. Now, Py(7, @) = bux, showing a contradiction
to the fact that a and b are («a,)-linked. Next, we claim that 7 # «. As otherwise, we
simply do a (3,7)-swap at b and achieve a same contradiction as above. Thus, 7 # «, .

We do a (f,7)-swap at b and an («,~)-swap at t. Now do a (7,7)-swap at both x
and t, a (7, \)-swap at b, an (A, a)-swap at ¢, and finally a (3, A)-swap at b. Let the new
coloring be ¢'. We see that ¢(st) = X # ¢'(ux) = 7. We verify that it still holds that
|G (t) N (F(a) UF' (b)) > 4. If 7 € T, we now have o, 8,7, 7 € @ (t) N (¥ (a) UF(b)). If
F@T, then (D\ {\})U{r} C7(t) N (@(a) UF(B). a
Lemma 2.8. Let G be a Class 2 graph, H C G be a short-kite with V(H) = {a, b, c,u, z,y},
and let € CA(G — ab). Suppose

K = (a,ab,b,bu,u,ux,x) and K*= (b,ab,a,ac,c,cu,u,uy)

are two Kierstead path with respect to ab and ¢. If §(z) U B(y) C B(a) U B(b), then
max{dg(z),dc(y)} = A.

Proof. Assume to the contrary that max{dgs(z),ds(y)} < A — 1. Since both K and
K* are Kierstead paths and @(z) U®(y) C $(a) UP(b), Lemma 1.11 and (b) implies that
dg(b) = dg(u) = A and dg(x) = da(y) = A — 1.

Let $(b) = {1}. Then ¢(ac) = 1. We may assume @p(uy) = 1. The reasoning is below.
Since a and b are (1, a)-linked for every a € P(y) C P(a) Up(b), we may assume p(y) = 1.
Then a (1, p(uy))-swap at y gives a coloring, call it still ¢, such that p(uy) = 1. We consider

now two cases.
Case 1: ¢(x) =p(y).

Let p(uz) =, and p(z) = 2(y) =n. As p(uy) =@(b) =1, 1 & {7, n}. As both K and
K* are Kierstead paths and ®(z) Up(y) C @(a) UB(b), v,nm € P(a). Denote by P,(1,7) the
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(1,7)-subchain starting at u that does not include the edge uz.

Claim 2.1. We may assume that P,(1,v) ends at x, some vertex z € V(G)\{a,b,c,u,x,y},

or passing ¢ ends at a.

Proof. Note that P,(1,v) = Py(1,7). If u & P,(1,7), then the (1,)-chain containing
u is a cycle or a path with endvertices contained in V(G)\{a, b, ¢,u, z,y}. Thus P,(1,~) ends
at x or some z € V(G) \ {a,b,c,u,z,y}. Hence we assume u € P,(1,7). As a consequence,
P,(1,7v) ends at either b or a. If P,(1,7) ends at b, we color ab by 1, uncolor ac, and exchange
the vertex labels b and c¢. This gives an edge A-coloring of G — ab such that P,(1,~) ends
at a. Thus, if u € P,(1,7), we may always assume that P,(1,7) ends at a. O

Let ¢(bu) = 6. Again, § € P(a). Figure 2.3 depicts the colors and missing colors
on these specified edges and vertices, respectively. Clearly, 6 # 1,7v. Since a and b are

(1,0)-linked with respect to ¢, n # §. Thus, v, and 7 are pairwise distinct.

Figure 2.3. Colors on the edges connecting x and y to b

Claim 2.2. [t holds that ub € P,(n, ) and P,(n,0) meets u before b.

Proof. Let ¢’ be obtained from ¢ by coloring ab by § and uncoloring bu. Note that
?'(b) = 1,¥(u) =0 and ¢'(uy) = 1. Thus F* = (u,ub,b,uy,y) is a multifan and so v and
y are (n,0)-linked by Lemma 1.9. By uncoloring ab and coloring bu by J, we get back the
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original coloring ¢. Therefore, under the coloring ¢, u € P,(n,d) and P,(n, §) meets u before
b. O

We apply the following operations based on :

ur P[U,y] (777 6) ub Pu(L 7) ab

v =1 d/n 0—1 1/v )

By Claim 2.1, P,(1,7) does not end at b. In any case, the above operations give an edge

A-coloring of G. This contradicts the earlier assumption that x'(G) = A + 1.

Case 2: p(z) # 2(y)-
Let

pbu) =a, pur)=p6, @(x)=71, and P(y)=".

As p(uy) =) =1, 1 € {a, 5,7}. Also, since a and b are (1, «)-linked, v # a. Since both

K and K* are Kierstead paths and @(z) Ug(y) C @(a) Up(b), we have a, B, 7,7 € B(a).
Claim 2.3. We may assume p(x) =7 = 1.

Proof. If uy ¢ P.(1,7), we simply do a (1,7)-swap at x. Thus, we assume that
u € P.(1,7). We first do a (1, 7)-swap at b, then an («, 7)-swap at z. Then we do a (v, 7)-
swap at b. Finally, a (1,7)-swap at b and a (1, «)-swap at x give the desired coloring. ]

Since ux € P.(1,5), and a and b are (1, 5)-linked, we do a (1, 5)-swap at b. Now we
color ab by «, recolor bu by f and uncolor ux, see Figure 2.4 for a depiction.

Note that

F* = (u,ux,z,uy,y), K= (z,zu,u,ub,b, ba,a)

are, respectively, a multifan and a Kierstead path. By Lemma 1.9, u and y are (a,7)-
linked, and u and x are (o, §)-linked and (1, «)-linked. Thus, we do an («,~)-swap at a,
an (o, f)-swap at a, a (1, a)-swap at a, and then an («,)-swap at a. Now P,(«, 5) = uba,

contradicting Lemma 1.9 that u and x are (a, §)-linked. The proof is now completed. O

Lemma 2.9. Let G be a Class 2 graph, H C G be a kite with V(H) = {a,b, ¢, u, $1, S9,t1,t2},
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Figure 2.4. Colors on the edges connecting x and y to b

and let ¢ € CA(G — ab). Suppose
K = (a,ab,b,bu,u,usy, s1, s1t1,t1) and K* = (b,ab,a,ac,c, cu,u,uss, Sz, Sota, to)

are two Kierstead paths with respect to ab and . If o(s1t1) = @(sat2), then [@(t1) NH(t2) N
() Up(h))] < 4.

Proof. Let I' = B(t;) N®(t2) N (p(a) UB(b)). Assume to the contrary that [I'| > 5.
By considering K and applying Lemma 2.6, we conclude that dg(b) = dg(u) = A. We show

that there exists ¢* € C2(G — ab) satisfying the following properties:
(1) @ (bu),¢"(cu), ¢ (usz) € P*(a) NP (1) N (t2),
(i) @*(us1) € P°(0) NP (1) N (t2), and

(iii) p*(s1t1) = @*(sata) € P*(a).

See Figure 2.5 for a depiction of the colors described above.
Let o, 8, 7,6 € T', and let p(s1t1) = p(sat2) = 7. We may assume that a € $(a) and
B € @(b). Otherwise, since dg(b) = A, we have o, 5 € B(a). Let A € $(b). As a and b are

(B, A)-linked, we do a (3, A)-swap at b. Note that this operation may change some colors of
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Figure 2.5. Colors on the edges of a kite

the edges of K and K™, but they are still Kierstead paths with respect to ab and the current
coloring.

Since dg(b) = dg(u) = A, and 8 € B(b) N P(t1), we know that v € P(a), as K; is a
Kierstead path. Next, we may assume that ¢(bu) = a. If not, let ¢(bu) = o’. Since a and
b are («a, f)-linked, we do an («, §)-swap at b. Now a and b are (o, ’)-linked, we do an
(v, o )-swap at b. Finally, we do an (¢, 3)-swap at b. All these swaps do not change the
colors in I', so now we get the color on bu to be a.

We may now assume that p(cu) = 7. If not, let p(cu) = 7’. Since a and b are (5, 7)-
linked, we do a (3, 7)-swap at b. Then do (7,7") — (7, §)-swaps at b.

Finally, we show that we can modify ¢ to get ¢’ such that ¢'(us;) = 5 and ¢'(usy) = 0.
Assume firstly that o(us;) = ' # . If 5/ € ', we do (8,7) — (v, 5')-swaps at b. Thus,
we assume 3 € I'. Let A € '\ {«,5,7,0}. If u & P,(B,5") = Py(5,0), we simply do a
(B, B")-swap at b. Thus, we assume u € P,(5,0") = P,(5, ). We do a (8, 5)-swap at both
t1 and ty. Since a and b are (8, A)-linked, we do a (3, \)-swap at both ¢; and t5. Now we do
(B,7) — (v, B")-swaps at b. By switching the role of 5 and /', we have ¢(us;) = (. Lastly,

we show that ¢(usy) = .
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Note that bu € P, (a,7). Otherwise, let ¢' = /P, (a,7). Then By(a, ) = busity,
showing a contradiction to the fact that a and b are («, §)-linked with respect to ¢’. Thus,
bu € P, (a,7). Next, we claim that P, («,v) meets u before b. As otherwise, we do the

following operations to get a A-coloring of G:

sity  Pagla,y) us bu  ab

e a/y B—oa a—LF v

This gives a contradiction to the assumption that G is A-critical. Thus, we have that
Py, (o, ) meets u before b. This implies that it is not the case that P, («, ) meets u before
b. In turn, this implies that u € P,(5,d") = Py(5,d"). As otherwise, we get a A-coloring
of G by doing a (3,0)-swap along the (3, 0)-chain containing u, and then doing the same
operation as above with t, playing the role of t;.

Since u € P,(3,0") = By(B,9"), we do a (3, 0")-swap at both ¢; and t5. Asu € P,(8,7) =
Py(B,7), we do a (B, 7)-swap at both ¢; and t5. Since us; € P, (5,7), we do a (f3,7)-swap
at b, then a (v, A\)-swap at b. Since a and b are (7, A)-linked, we do a (7, A)-swap at both t;
and ty. Now (X, 9) — (0,7) — (v, 5)-swaps at b give a desired coloring.

Still, by the same arguments as above, we have that P, (a,~) meets u before b, and
u € Py(B,9) = By(B,0). Let P,(B,9) be the (5, 0)-chain starting at u not including the edge
usy. It is clear that P,(8,d) ends at either a or b. We may assume that P,(3,d) ends at a.
Otherwise, we color ab by 3, uncolor ac, and let 7 play the role of a. Let P,(«,~) be the
(e, y)-chain starting at u not including the edge bu, which ends at ¢; by our earlier argument.

We do the following operations to get a A-coloring of G:

P,a,y) bu  P,(5,0) ussty ab
a/y a—=p  B/6 /v a

This gives a contradiction to the assumption that GG is A-critical. The proof is now finished.

]
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3 A NEW APPROACH TO THE OVERFULL CONJECTURE

3.1 Introduction

Let G be a graph with maximum degree A(G) = A. The core of G, denoted G4, is the
subgraph of G induced by its vertices of degree A.
For a graph or a multigraph G with |V (G)| > 3, define its density
|E(GIXT)]

WG = X s TIX12] (4)

or zero by convention if |V (G)| < 2. Clearly w(G) is always achieved by some X C V(G)
with an odd cardinality. Note that w(G) is a lower bound on x/(G), since every matching
of G contains at most ||X|/2] edges with both endpoints in X for every X C V(G). We
call G overfull if |E(G)| > A|V(G)|/2]. Thus, if G is overfull, w(G) > me&ls > A.
Consequently, |V(G)| is odd and x'(G) = A + 1.

Although it is NP-complete to compute the chromatic index of a graph G, it is still
worth to investigate the properties of Class 2 graphs. As we mentioned above, an overfull
graph G is of Class 2. So it is natural to ask the following question: Does every Class 2 graph
G contains an overfull subgraph H with A(H) = A(G)? The answer is no. A well know
counter-example is the graph P*, which is obtained from the Peterson graph by deleting a

vertex. But with this observation, Hilton in 1985 proposed the following conjecture.

Conjecture 3.1 (Hilton’s overfull conjecture [7, 8]). Every class two graph G with A(G) >

3IV(G)| contains an overfull subgraph H with A(H) = A(G).

There is only small progress towards overfull conjecture, and all of these known results
are far away from solving it. Up to now, there have been mainly two ways to approach
the conjecture. That is, adding minimum degree conditions or raising maximum degree

conditions much higher than |V (G)|/3.

Theorem 3.2 (Plantholt [?]). Let G be a graph with even order n, mazimum degree A,
and minimum degree 5. If § > (\/7/3)n — 1 = 0.88n, then G is of Class 2 if and only if G



47

contains an overfull subgraph H with A(H) = A(G).

Theorem 3.3 (Chetwynd and Hilton [8]). Let G be a graph with A(G) = |V(G)| —3. Then
G is of Class 2 if and only if G contains an overfull subgraph H with A(H) = A(G).

Classifying a graph as Class 1 or Class 2 is a very difficult problem in general even
when restricted to the class of graphs with maximum degree three, see [16]. Therefore, this
problem is usually studied on particular classes of graphs. One possibility is to consider
graphs whose core has a simple structure (see [21, Sect. 4.2]). Vizing [23] proved that if
G has at most two vertices then G is Class 1. Fournier [11] generalized Vizing’s result by
showing that if G contains no cycles then G is Class 1. Thus a necessary condition for a
graph to be Class 2 is to have a core that contains cycles. Hilton and Zhao [13] considered
the problem of classifying graphs whose core is the disjoint union of cycles. Only a few such
graphs are known to be Class 2. These include the overfull graphs and the graph P*. In

1996, Hilton and Zhao [13] proposed the following conjecture.

Conjecture 3.4 (Core Conjecture). Let G be a connected simple graph with A > 3 and
A(GA) < 2. Then G is Class 2 if and only if G is overfull or G = P*.

We call a connected Class 2 graph G with A(Ga) < 2 a Hilton-Zhao graph (HZ-graph).
Note that Vizing’s Adjacency Lemma implies that every vertex in a Class 2 graph has at least
two neighbors of degree A(G), and so the core of an HZ-graph is in fact 2-regular. Clearly,
P* is an HZ-graph with x'(P*) = 4 and A(P*) = 3. Hence the Core Conjecture is equivalent
to the claim that every HZ-graph G # P* with A(G) > 3 is overfull. A first breakthrough
of this conjecture was achieved in 2003, when Cariolaro and Cariolaro [5] settled the base
case A = 3. In the summer of 2019, Chen, Jing, Song and I confirmed the Core Conjecture
for all HZ-graphs G with A > 4 as below.

Theorem 3.5. Let G be a connected graph with A(G) = A. If A >4 and A(Ga) < 2, then
G is Class 2 if and only if G is overfull.

In the proof of Theorem 3.5, we noticed an important fact that every HZ-graph is A-
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critical. This fact leads to a new approach to the overfull conjecture. A graph G with
maximum degree A is called (edge)-A-critical if X'(G) = A+ 1 and x/(H) < A for any
proper subgraph H of G. Note that to prove the overfull conjecture, it is sufficient to prove
it for all A-critical graphs since every simple graph G contains a A-critical subgraph H with
A(H) = A(G).

Under a coloring ¢ of G, a vertex set X is called an elementary set with respect to ¢ if
u and v do not share any common missing color for any two vertices u,v € X. Many sets in
A-critical graphs have been proved to be elementary under certain conditions, such as the
vertex sets of Vizing fans, Kierstead paths, Tashkinov trees and short brooms. In fact, there

is another strong connection between critical graphs and the overfull conjecture.

Proposition 3.6. If G is a critical graph and zy € E(G), then G is overfull if and only if

V(G) is elementary under a coloring ¢ € C*(G — zy).

A proof of the above proposition can be found in the book [21] of Stiebitz et al. (See
Theorem 1.4 and Proposition 4.13 in the book.) This result implies that the overfull con-
jecture can be proved by finding a large elementary set. Though this time we need to show
that the entire vertex set of the graph is elementary. Inspired by the properties above, I
proposed the following conjecture, which is closely related to the core conjecture and the
overfull conjecture.

Conjecture 3.7. Let G be a A-critical graph with A > Lf” + 1. If there exists a vertex r

with degree A such that exactly two neighbors of v have degree A, then G is overfull.

Obviously this conjecture implies the core conjecture for graphs with maximum degree
larger than |V(G)|/2 + 1. Our next step is to remove the condition ‘there exists a vertex v
with degree A such that exactly two neighbors of v have degree A’. According to the partial
proof I have obtained on this conjecture, this condition seems necessary. But If we can find
a way to remove it, the strengthened result will be a great improvement towards overfull
conjecture. In fact, after removing the condition about r, conjecture 3.7 is very close to the

just overfull conjecture, which is slightly weaker than the overfull conjecture.
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Conjecture 3.8 (Just Overfull Conjecture). Let G be a graph with A(G) = A > |V(G)|/2,
then G is A-critical if and only if G is just overfull, i.e., |E(G)| = A(G) {MJ + 1.

2

Unfortunately, I do not have a complete proof of conjecture 3.7. In the following sub-
sections, I will present my current work on this conjecture and some new structural results,

which I think are very useful on attacking the overfull conjecture.

3.2 Preliminary and Lemmas

Let G be a graph. The closed neighborhood of v in G, denoted Ngv], is defined by Ng(v) U
{v}. We simply write N(v), N[v], and d(v) if G is clear. We write u ¢ v if u is nonadjacent

tovin G. Let i > 1 be an integer and v € V(G). Define
Vi={w e V(Q) : dg(w) =i}, N;(v) = Ng(v)NV;, and N;[v] = N;(v) U{v}.

For X C V(G), we define Ng(X) =, cx No(w) and N;(X) = Ng(X)N V;. For H C G,
we simple write Ng(H) for Ng(V(H)).

Let z,y € V(G), ¢ be a coloring of G and «, 3,7 € [1, k] be three colors. If P,(«, 3, ¢)
is a path, define P (a, f,¢) to be an (a, §)-chain or an («, )-subchain of G with respect
to ¢ that starts at x and ends at a different vertex missing exactly one of o and S. If
x is an endvertex of the (a,3)-chain that contains z, then PJf(a,8,¢p) = P.(a,8,¢) is
unique. Otherwise, P,(«, 3, ¢) is split by z into two subpaths, and we take one subpath to
be P (a, B, ). We will specify the subpath when it is used. If u is a vertrex on P, («, 3, ¢),
we write u € Py(«, 5, p); and if wv is an edge on P.(a, B, ¢), we write uv € P,(«, 8, ¢).
We also define these notions for P («, 3, ). Similarly, the notion P.(«, ) (or P («a, )
always represents the («, $)-chain (or subchain) with respect to the current edge coloring. If
u,v € Py(a, B) (or Pf(a, B) respectively) such that u lies between x and v, then we say that
P.(a, B) (or P} (a, B) respectively) meets u before v. Suppose that a € B(x) and 5,7~ € ¢(z).
An (a, ) — (8,7) swap at x consists of two operations: first swaps colors on P,(«, 3, ¢) to

get an edge k-coloring ', and then swaps colors on P, (53,7, ¢’). By convention, an («a, «)-
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swap at x does nothing. Suppose the current color of an edge uv of G is «, the notation
uv : o — [ means to recolor the edge uv using the color 8. Recall that p(x) is the set of
colors not present at . If |p(z)| = 1, we will also use $(x) to denote the color that is missing
at x.

Let T be a sequence of vertices and edges of G. We denote by V(T') the set of vertices
from V(@) that are contained in 7', and by FE(T) the set of edges from E(G) that are

!/

contained in T. For a coloring ¢’ € C2(G — e), ¢’ is called T-stable with respect to ¢ if
@' (x) = @(x) for every x € V(T), and ¢'(f) = ¢(f) for every f € E(T). Clearly, T-stable
is an equivalent relationship, and so ¢ is T-stable with respect to itself. Let P be an («, [3)-
path. If P does not contain any edge in E(T), then P is called E(T)-avoiding; if additionally
P does not contain any vertex in V(T'), then P is called T-avoiding. A Kempe change is
called T-avoiding if the Kempe chain in this change is T-avoiding.

Let w € V(G) and p > 1. A star centered at w with p leafs is a subgraph of G that is
isomorphic to the complete bipartite graph K, such that w has degree p in the subgraph.
If vq,...,v, € Ng(w) are the leafs, we denote the star by S(w;vy,...,v,).

Let a,b be two positive integers. If b > a, we abbreviate a vertex sequence
(SasSat1y---5Sp) aS Sq @ Sp. 1f b < a, then s, : s, denotes an empty sequence. The no-
tation [a, b] stands for the set {a,...,b} if b > a, and () otherwise. If F' = (ay,...,a;) is a

sequence, then for a new entry b, (F,b) denotes the sequence (ay, ..., a,b).

3.2.1 DMultifan at r in Conjecture 3.7

In this subsection, we always assume that G is a A-critical graph, and there exists a vertex r
with degree A such that exactly two neighbors of r have degree A. Under these assumptions,
for any multifan at r, we add a further requirement in its definition as follows: all vertices
of the fan except the center have degree A — 1. In the remainder of this paper, we use this
new definition for all multifans at r under the assumption of conjecture 3.7. The following

fact shows that the above definition is well defined.

Lemma 3.9. Let G be a A-critical graph and r be a vertex with degree A such that |[Na(r)| =
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2. If s€ N(r)\ Na(r), then d(s) = A — 1.
Proof. By Lemma 1.10, we have |[Na(r)| =2 > A —d(r) + 1. Hence d(r) = A — 1. O

Let Fi,(r, s1 : sp) be a multifan. By its definition, except s1, every other s; misses exactly
one color with respect to ¢ in F. Note that [p(s1)| = 2, and so every color in p(V(F)) is
induced by one of the two colors in B(s;). So sy, s9, . .., s, can be divided into two sequences.
Therefore, we can equip F' with additional properties.

We call a multifan F with respect to rs; and ¢ € C2(G —rs1) a typical multifan, denoted
by F,(r,s1: 84 1 53), if @(r) = {1}, ®(s1) = {2, A} and the following hold.

(1) Either |V(F)| = 2, or |[V(F)| > 3 and there exist « € [2, ] such that ss,...,s, is a

2-inducing sequence and sq441, - . ., g is a A-inducing sequence of F' where § = |V (F)|—1.

(2) If |V(F)| > 3, then for each i € [2, (], ¢(rs;) =i and P(s;) =i + 1 except for i = a + 1.

If a+1€(2,0], then ¢(rsoq1) = A and P(sa41) = a + 2.

Clearly by relabelling vertices and colors if necessary, any multifan at r can be assumed
to be a typical multifan. If « > 2 and 8 > «a, we say I’ has two sequences. Otherwise we say
F has single sequence. For a typical multifan F' = F,(r,s1 : so : sg), if o = 3, then we say
F = F,(r,s1: sq) is a typical 2-inducing multifan. The graph given in Figure 3.1 depicts a
typical multifan within the neighborhood of a A-vertex r.

The following Lemma indicates that under the assumptions of conjecture 3.7, any mul-

tifan at r can be assumed to be a typical multifan that has single sequence.

Lemma 3.10. Let G be a A-critical graph, r be a vertex with degree A such that |[Na(r)| = 2,
s1 € Na_1(r) and ¢ € CA(G —rs1). Then for every multifan F = F,(r, s1, s,) centered at r,
there exists a coloring ¢' € C2(G —rs,) and a typical multifan F* centered at r with respect

to rs, and ¢' such that V(F*) = V(F) and F* has single sequence.

Proof. By the definition of multifan, s, is the last n-inducing color for some 7 € B(s).
Thus we may assume, without loss of generality, that F' = F,(r,s1 : s, : Sg) is a typical

multifan and s, = sg. Clearly if F' has only single sequence then we are done. Thus
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Figure 3.1. A typical multifan F,(r, s; : s, : sg) in the neighborhood of 7, where a dashed
line at a vertex indicates a color missing at the vertex.

we assume that 8 > a+ 1 > 3. Let ¢’ be obtained from ¢ by uncoloring rsg, doing
rs; » 1 — i+ 1 for each i € [ + 1,8 — 1] and coloring rs; by A. Now @'(sg) = {5,8 +
1}, F* = (1,788, 88,7S8-1,58—1s - - > "Sat+1, Sa+1,TS1, 81,782, 82, - . ., TSa, So) 1S & [-inducing
multifan with respect to rsg and ¢'. We obtain the desired coloring and multifan. O]

A multifan F,(r,s; @ s;) is called maximum at r if [V(F)| is maximum among all
multifans with respect to rs; for some s; € Na_1(r) and ¢’ € CF(G —rs;).

A sequence of distinct vertices sp,, Sp,, - - -, Sh, € Na_1(r) form a rotation if
(1) {ShysShy,---,Sn} is p-elementary, and
(2) for each ¢ with ¢ € [1,¢], it holds ¢(rss,) = B(sn,_,) where hg = hy.

Assume Na_1(r) = {s1,82,...,8a_2}. Let i,j be integers with 2 < i < j < A — 2.
Then the shifting from s; to s; is an operation that, for each ¢ with ¢ € [i, j], replaces the
current color of rs, by the color in @(s,). For a rotation s, Sp,, - - -, Sn,, the shifting from
Sp, to sp, is an operation that, for each ¢ with ¢ € [1,], replaces the current color of rsp, by

the color in @(sp,). We will apply shifting either on a sequence of vertices from a multifan
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Figure 3.2. A rotation in the neighborhood of r.

at r or on a rotation. Note that we sometimes have ¢ > j when applying a shifting. In that

case the shifting does not change any color.

3.2.2 Lollipop at r in Conjecture 3.7

In this subsection, we still assume that G is a A-critical graph, and there exists a vertex r
with degree A such that exactly two neighbors of r have degree A. Let e = rs; € E(G) with
s1 € Na_1(r), and let ¢ € C2(G—e). Then a lollipop centered at r (depicted in Figure 3.3) is
asequence L = (F, ru,u, ux, ) of distinct vertices and edges such that F' = F,(r,s1 : 54 : 53)
is a typical multifan, u € Na(r) and € N(u) \ Na(u) with = & {s1,...,s5}.

The following results about lollipop in subsections 2.4.1 and 2.4.2 are proved in [3].
All these results are proved under the following assumptions: G is a A-critical graph, r
is a vertex with degree A such that |[Na(r)] = 2, s1 € Na_1(7), ¢ € C*(G — rs;) and

L = (F(r, 51,54, 58), 70, u,ux, ) is a lollipop centered at r.

3.2.3 Fundamental properties of a lollipop

Lemma 3.11 (Claim 4.1 and 4.5 in [3]). If F = F(r, 51, 54) s a typical 2-inducing multifan
at r, then the following hold.

o We may assume that p(ru) = o + 1, which is the last 2-inducing color of F'.
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Figure 3.3. A lollipop centered at r, where x can be the same as some s; for
ief+1,A-2].

o [fp(ru) = a+1, then for any z € N(u)\ (Na(u)UN(r)), there is an F-stable coloring

@' € CA(G — rsy) with respect to ¢ such that @' (ru) = a+1 and a +1 € F'(2).

In particular, if x ¢ N(r) (x is defined in L), then we may assume that p(ru) = a+1 € @(z).

Lemma 3.12 (Claim 4.2 in [3]). Suppose F' = F,(r, 1, S) is a mazimum typical 2-inducing
multifan at v. For any z € N(u) \ (Na(u) UV (F)) and any F-stable ¢' € CA(G — rsy), if
P(ru) =a+1 €@ (2), then ¢'(uz) € @ (V(F)) \ {1}

Lemma 3.13 (Claim 4.7 in [3]). Suppose F' = F,(r, 1, So) is a mazimum typical 2-inducing
multifan at r. Let v,y € N(u)\ (Na(u) UV (F)) be distinct, and ¢' € C*(G —rs1) be any F-
stable coloring with ¢'(ru) = a+1. If @ (2)N(@ (V(F))\{1}) # 0, then @ (y)NF' (V(F)) =0

and y and r are (7,1)-linked for any color T € @' (y).

Lemma 3.14. If p(ru) = a+1 € g(x) and p(ux) = 7 is a 2-inducing color with respect to

@ and F', then the following statements hold.
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(a) uxr € P.(1,1),

(b) furthermore, let P} (7,1) be the (7,1)-path starting at x not containing ux, we have

P (7,1) ends at r.
(¢) For any 2-inducing color 6 with 7 <9, r € Ps,(A,§) = Py, ,(A,9).

(d) For any A-inducing color 6, v € Py, (0,a + 1) = Ps (6,0 + 1), where sa_; = sy if

d = A. Moreover, Py, (A, a+ 1) meets r before u, and so it meets u before s,

(e) For any 2-inducing color 6 with 6 < 7, r € P, (0,a+ 1) = Py, (0, + 1). Moreover
P,

ss_1 (0, 0 + 1) meets r before u, and so it meets u before s,.

The “moreover” parts of Lemma 3.14 (d) and (e) are not stated in [3] explicitly. But
they can be easily verified by their proofs in [3].
For a color «, a sequence of Kempe («a, x)-changes is a sequence of Kempe changes that

each involves the exchanging of the color @ and another color from [1, k].

Lemma 3.15. If o(ru) = a+1 and there is a vertex sy, € {Sgt1,...,Sa—2} with p(rsy,) =

nne{B+2-,A—1}, then the following statements hold.

(1) If exists a vertex w € V(G) \ (V(F) U {sp,}) such that w € P.(m,1,¢") for any
F-stable ¢ € C2(G — rsy) obtained from ¢ through a sequence of F-avoiding
Kempe (1,*)-changes, then there exists a sequence of distinct vertices Sp,, Shy, - - -, Sh, €

{S8+1,---,Sa—a} satisfying the following conditions:
(a) o(rSh,,,) =@(rsp,) €{B+2,--- ,A =1} for eachie [1,t—1].
(b) sp, and r are (@(sy,), 1)-linked with respect to ¢ for each i € [1,t].
(c) B(sn,) =11
(2) If p(x) = a+ 1 and there exists a vertex w € V(G) \ (V(F) U {sp,}) such that w €
P.(11,1,¢) for any L-stable ¢’ € C2(G — rs;) obtained from o through a sequence

of L-avoiding Kempe (1,x)-changes, then there exists a sequence of distinct vertices

ShysShys -« -+ Shy € {841, .., 5a—2} satisfying the following conditions:
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(a) o(r8p,,,) =@(rsp,) €{B+2,--- ,A =1} for eachie [1,t —1].
(b) sp, and r are (P(sp,), 1)-linked with respect to ¢ for eachi € [1,t — 1].

(c) D(sp,) =11 or @(sp,) =a+ 1. If B(sp,) = 711, then sy, and r are (11, 1)-linked with

respect to ©.

The next result is hidden in the proof of Lemma 3.12. Since it is not stated explicitly
in [3], we give its proof here for completeness. Note that this result does not require F' to

be maximum.

Lemma 3.16. Suppose F' = F,(r,s1,54) is a typical 2-inducing multifan at v, p(ru) =
a+1 € p(z) and p(ux) =1 ¢ ¢(V(F)). Let sp, be the vertex in N(r) such that p(rsp,) = 1.
If u # sp,, thenu € P.(11,1,¢') for any L-stable ¢’ € C*(G —rsy) obtained from ¢ through
a sequence of L-avoiding Kempe (1, *)-changes. Moreover, if sp,, Sp,, - - ., S, 1S the sequence
obtained by applying Lemma 3.15 (2) with w = u, then @(sp,) = a+ 1, i.e., Sp,, Shyy- - -, Sh,

15 not a rotation.

Proof. Let ¢' be a L-stable coloring obtained from ¢ through a sequence of L-avoiding
Kempe (1, x)-changes. Then ¢'(uzx) = p(uzx) = 7. We first show u € P.(7y,1,¢’). Suppose
not, we may let o* = ¢'/P,(1,71,¢’). Then ¢*(uzx) = 1, and so P.(1,a + 1,¢*) ends at z
but not s,, contradicting Lemma 1.9.

For the “moreover” part, by Lemma 3.15 (2) (c) we have F.(1,71) = Py, (1,71). Since
it has been proved that u € P.(71,1, ¢), we have u € P.(1,71) = Py, (1,71). Let P/ (1,71) be
the (1, 7)-path starting at « not containing uz. Now by shifting from s, to s, if necessary,
we may assume (by symmetry) that PJ(1,71) ends at s;,. Then we do the following to

obtain ¢'.

ur PH(1,7) ux
(a+1)/1 1/m /(e +1)
Then (7,781,581, ..,8q) is still a multifan under ¢'. But a +1 € @'(r) N ¢'(s.), giving a
contradiction to Lemma 1.9. [

By applying Lemma 3.16, we obtain the following result.
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Lemma 3.17. Suppose F' = F,(r,s1,54) is a typical 2-inducing multifan at r, p(ru) =
a+1 e @(x) and p(ux) =i € {2,3,...,a}. Thenr € Py(a+ 1,i) = P (a+ 1,i) and
ré¢ P, (a+1,i).

Proof. By Lemma 2.4 (b), we only need to show P, (a+ 1,i) # Ps, (a+ 1,7). Suppose on
the contrary that P,  (a+ 1,i) = Ps (a4 1,7). Then x ¢ P, (o + 1,4), and so as r. Let
¢ =¢/Ps,_(a+1,i). Then (r,rsy,81,...,8_1) is a 2-inducing multifan. Note that o+ 1 is
the last 2-inducing color, ¢'(uz) =1 ¢ {A,a+1,1,2,...,i— 1}, 8;, Six1,-- -, Sq IS & rotation

and ¢'(rs;) = i. Thus we get a contradiction by Lemma 3.16. O

3.2.4 Adjacency in a lollipop

Lemma 3.18. Suppose F' = F,(r,s1 : So : Sg) is a typical multifan and Na_1(r) =
{s1,892,...,8a—2}. If p(ru) = a+1 € P(x) and p(ux) = A, then the following two statements
hold.

o [fu~ sy, then p(usy) is a A-inducing color.
o [fun~ s, then p(us,) is a A-inducing color.

In particular, if additionally F' = F,(r, s1: s4) 15 a typical 2-inducing multifan, then u o s

and u 7 Sq.

Lemma 3.19. Suppose F' = F,(r,s1 : o) is a typical 2-inducing multifan and Na_1(r) =
{s1,82,...,8a2}. If o(ru) = a+1 € p(z) and p(uzx) = p € P(V(F)) is a 2-inducing color,

then u o0 5,1 and u % s,.

3.3 Approach to Conjecture 3.7

Conjecture 3.7. Let G be a A-critical graph with A > W(Q—G)l + 1. If there exists a vertex

r with degree A such that exactly two neighbors of r have degree A, then G is overfull.

In order to show that G is overfull, we need to show that |E(G)| > A(%) +1

and n = [V(G)| is odd. Since }, (g d(v) = 2|E(G)|, the above inequality is equivalent to
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> veviay (A —d(v)) < A —2. Note that by Lemma 3.9, we have 3 _y,(A —d(v)) = A—2.

Therefore, we need to prove that n is odd and the following claim.
Claim 3.1. For any v € V(G) \ Nir], d(v) = A.

Suppose Claim 3.1 is false. Let x be a vertex in V(G) \ N[r] with degree less than A.
By Lemma 1.10, we have Na(z) # (). Thus we have two cases: either Na(r) N Na(z) # () or
Na(r) N Na(z) = 0. If we can find a contradiction in each of these two cases, then we are
done. Unfortunately, we did not completely solve them. In this thesis, we only show that
there is a contradiction in the first case Na(r) N Na(z) # 0.

Let u € Na(r) N Na(z). We will show the following result in the next subsection.
Claim 3.2. |N(u) N Na_y(r)| < 1.

Note that if Claim 3.2 is true, then we can achieve a contradiction as follows. By
Claim 3.2, we have |[N(r) N N(u)| < 2. Thus [N(r)UN(u)| > A+ A —-2=2A -2 > n,

giving a contradiction.

3.4 Proof of Claim 3.2

Let G be a A-critical graph, r be a vertex with degree A such that |Na(r)| = 2, = be a

vertex in V(G) \ N[r] with degree less than A and u be a vertex in Na(r) N Na(z).

Claim 3.2. |N(u) N Na_i(r)] < 1.

Proof. Let Na_1(r) = {s1,...,8a_2}. We choose a vertex in Na_1(r), say s, a coloring
¢ € C2(G —rs;) and a multifan F with respect to rs; and ¢ such that F is maximum
at . (Maximum multifan is defined in subsection 3.2.1.) Assume that p(r) = 1 and
®(s1) ={2,A}, and F = F(r,s1 : sp) is such a multifan. By Lemma 3.10, we may assume
that F,(r,s1 @ sp) = F,(r,s1 @ s,) is a typical 2-inducing multifan, where o« = p. Since
x ¢ N(r), by Lemma 3.11, we may further assume that p(ru) = a + 1 € @(x). Then by
Lemma 3.12, we have that p(ux) is either A or a 2-inducing color. Let L = (F, ru, u, uz, x),
then L is a lollipop.

In order to show Claim 3.2, we will prove the following four claims.
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Claim 3.3. If p(ux) = A, then N(u) N {s1,S2,...,8.} = 0.

Claim 3.4. If p(ux) = A, then N(u) N {Sa+1;Sat2,---,Sa—2} = 0.

Claim 3.5. If p(ux) is a 2-inducing color, then |N(u) N {s1,S2,...,Sa} < 1.
Claim 3.6. If p(ux) is a 2-inducing color, then N(u) N {Sat1,Sat2,---,Sa_2} = 0.

Clearly the above four claims together imply Claim 3.2. We now prove them one by

one.

Claim 3.3. If p(uz) = A, then N(u) N{s1,S2,...,84} = 0.

To show this claim, similar to Lemma 3.18, we will prove the following stronger result.
Claim 3.3*. Without assuming the typical multifan F' = F,(r,s1 : s, : s3) is 2-inducing,
if p(ur) = A and u ~ s; for some i € [l.aj, then p(us;) € [a+ 2,5 + 1], i.e., ¢(us;) is a

A-inducing color.

Proof. Suppose on the contrary that u ~ s; for some i € [1, o] and p(us;) ¢ [@+2,8+1]. By
Lemma 3.18, we have that ¢ € [2,a« —1]. Let p(us;) = 7. Clearly 7 ¢ {i,i+1,a+1,A}. Let
PF(A,i+1) be the (A,i+ 1)-path starting from u not containing ux. We first prove three
subclaims without using the assumption ¢(us;) ¢ [a + 2,5 + 1]. Some of these subclaims

will also be used in the proof of Claim 3.5.

Subclaim 4.1.1. u,r € Py, (A,i+1) = P, (A, i+ 1).
Proof. By Lemma 2.4, we have Py, (A,i+ 1) = P, (A,i+1). So we only need to show that
both u and r are contained in this path. Suppose on the contrary, we have the following
cases.

Suppose that v ¢ P, (A,i+ 1) and r € P, (A,i+ 1). We interchange A and i + 1 on
P,(A,i+ 1) to obtain ¢'. In this case ¢ is F' stable and ¢/(ux) =i+ 1 = ¢'(s;). Thus we
get a contradiction by Lemma 3.19.

Suppose that u € P, (A,i+ 1) and r ¢ P, (A,i+1). Then P (A,i+ 1) ends at either
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s1 or s;. In both cases, we do the following to obtain ¢'.

Sit1: Sa ur PHAi+1) ux

shift  (a+1)/(G+1) (i+1)/A Af(a+1)

Then (r,rs1, s1,-..,s;) is a multifan under ¢’. But @'(s1) N @' (s;) # 0 in both cases, giving
a contradiction to Lemma 1.9.

Suppose that u ¢ P, (A,i+ 1) and r ¢ P, (A,i+1). Let o' = /P, (A,i+1). Then
¢'(si) = A and ¢'(s1) = {2,i + 1}. Uncolor rs;, color rs; by 2 and shift from sy to s;_1
to obtain ¢”. Then (r,78;, Si, 7Si—1,Si—1, -+, S1,TSi41, Sit1,- - -, Sa) 18 an i-inducing multifan
under ¢”. Also we have that a + 1 is the last i-inducing color, u ~ s; and ¢”"(uz) = A =
@"(s;). Thus we obtain a contradiction by Lemma 3.19. This completes the proof of the

subclaim. []

Subclaim 4.1.2. There is a (A, i + 1)-path between r and « which does not contain

ux or 1841, i.e., PF(A,i+ 1) contains r, and it meets r before s;.

Proof. Suppose on the contrary, then we have two cases. Either r ¢ PF(A,i+ 1) or r €
PH(A,i+1) and Pf(A,i+1) meets s;;1 before r. We will show that there is a contradiction
in each of the above two cases.

Suppose r ¢ PF(A,i+1). In this case, P, (A,i+ 1) is F-edge-avoiding, and it ends at

either s; or s; by subclaim 4.1.1. In both cases, We do the following operation to obtain ¢'.

Sit1: Sa ur PHAi+1) ux

shift  (a+1)/(G+1) (i+1)/A Af(a+1)

Then (r,rs1,s1,-..,s;) is a multifan under ¢’. But @'(s1) N @' (s;) # 0 in both cases, giving
a contradiction to Lemma 1.9.

Suppose r € PF(A,i+ 1) and P/ (A,7 + 1) meets s,41 before r. In this case let
PH(A,i+ 1) be the (A,i + 1)-path starting at r not containing rs;,;. Similarly, the other

end of PF(A,i+1) is either s; or s;. We do the following operation to obtain ¢’ (where rux
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is the path with vertices r,u, z and edges ru and uzx).

Sit1:Sa PF(A)i+1) rUT
shift (i+1)/A A/(a+1)

Then (r,rs1, 81, ..,5) is a multifan under ¢’. But ¢'(s1) N@'(s;) # 0 in both cases, giving
a contradiction to Lemma 1.9. This completes the proof of the subclaim. O]

Denote by P, (A, i+ 1) the (A, + 1)-path established by the above subclaim.

Subclaim 4.1.3. For every L-stable ¢* € C*(G — rsy), it holds that ¢*(us;) # 1.
Furthermore, if ¢*(us;) = ¢(us;) = 7, then us; € P.(7,1, ¢*). Consequently, if ¢* is obtained
form ¢ through a sequence of L-avoiding Kempe (1, x)-changes, then ¢*(us;) = p(us;) = 7

and us; € P.(7,1,¢").

Proof. We first show that ¢*(us;) # 1. Suppose not, we do the following to obtain ¢'.

Sit1: Sa Pus(A,i+1) ur ur us;

shift — (i+1)/A  Af(a+1) (a+1)/1 1/(i+1)

Then A € ¢'(r) N ¢@'(s1), giving a contradiction.

We now prove the “furthermore” part. Suppose on the contrary that us; ¢ P.(7, 1, ¢*).
Then clearly P, (7,1, ¢*) is F-avoiding. Hence ¢’ = ¢*/P, (7,1, ¢*) is L-stable. But ¢'(us;) =
1, giving a contradiction to the first part. O

Now by the above subclaim and the assumption p(us;) = 7 ¢ [a + 2,8 + 1], we have
the following three cases. 7 is a 2-inducing color with 7 < 4; 7 is a 2-inducing color with
i+1=<7;and 7 ¢ @o(V(F)).

Case 1. 7 is a 2-inducing color with 7 < i.
Let P (1,7) be the (1, 7)-path starting from u not containing us;. We consider the other

end of it. Since us; € P.(1,7), the other end of P (1,7) is either s, or r by Lemma 1.9.
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Suppose P (1,7) ends at s,_1. We do the following operation to obtain ¢’.

Siv1: Sa Pr(1,7) us; Pug(Ai+1) ux ur

u

shift /r 7/6+1)  (GF+1)/A  AJ(a+1) (a+1)/1

Then A € @'(r) N ¢'(s1), giving a contradiction.

Suppose P;(1,7) ends at r. Then since us; € P.(1,7) = P,

St—1

(1,7), we have that

P, (1,7) meets s; before u. We do the following operation to obtain ¢'.

Po, 1 sq(1,T) S::8.1 TS Sif1:Sa us; Py (Ai+1) ux ur

1/7 shift ¢ —1 shift 7/(i+1) (GE+1)/A A/f(a+1) (a+1)/7

Then A € ¢'(r) N @' (s1), giving a contradiction.
Case 2. 7 is a 2-inducing color with ¢ +1 < 7.

To show this case, we will introduce a concept called the symmetric coloring of . Note
that by Lemma 2.4, we have Py, (A,a + 1) = P, (A,a + 1). Hence P,(a + 1, A) does not
ends at s; or s,. Clearly P.(a+1,A) is F-edge-avoiding. We let ¢’ be the coloring obtained

from ¢ by the following operation if o > 1.

P.(a+1,A) T'Sq rs; 59 1 Sp1
(a+1)/A uncolor color by 2 shift

Ifa=1,let ¢’ = p/P.(a+1,A). We call coloring ¢’ the symmetric coloring of ¢. Note that
under ¢, (7,7Sa, Sa, 'Sa—1, Sa—1s - - - S15 TSat1s Sat1s - - - » Sg) 18 a multifan. s,, s4-1,...,51 is
an a-inducing sequence and Sq41, . . . , S5 is an a+1-inducing sequence. Also we have ¢'(ru) =
A € @ (x), A is the last a-inducing color, ¢'(uz) = a+ 1 € @ (s4), ¢'(rs;) = i+ 1 and
¢'(us;) = ¢(us;) = 7. Now under ¢', we have 7 < i + 1 since previously ¢ + 1 < 7 under
. Thus by considering this symmetric coloring of ¢, we are back to Case 1, which gives a
contradiction.

Case 3. 7 ¢ ¢(V(F)).
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In this case, by subclaim 4.1.3, we can apply Lemma 3.15 (2) with 7 = 7, and w = u
to obtain a sequence Sp,, Spy, - - ., Sp, satisfying (a), (b) and (c) in Lemma 3.15 (2). Let
o(rsp,) = 7 for i € [1,t] and @(sp,) = 741 for i € [1,¢ — 1]. We first show the following
property: (%) Suy, Shy, - - -, Sp, can not form a rotation, i.e., p(sy,) = a + 1.

Suppose on the contrary that ¢(sp,) = 7 = 7. By Lemma 3.15 (2) (b), we have
P (1,71) = Py, (1,7). Also u € P(1,71) by subclaim 4.1.3. Let P;f(1,7) be the (1,7)-
path starting at u not containing us;. Then by shifting from sp,, to sy, if necessary (and by
symmetry), we may assume that P, (1,71) ends at sp,, and so it does not contain rsp,. Now

we do the following operation to obtain ¢'.

Siy1:Se Pr(1,m) us; Py (A, i+1) ux ur
shift 1/m /(i + 1) i+1)/A  Afla+1) (a+1)/1

Then A € ¢'(r) N ¢'(s1), giving a contradiction. This proves (x).

We then show the following property: (#*) we can get a contradiction if the missing
color a + 1 at z is replaced by 7.

Suppose now the missing color a+ 1 at x is replaced by 7. We still call this coloring ¢
for convenience. Then F is still a multifan at r, (sp,, Sp,, - - -, Sp,) is still a sequence satisfying
Lemma 3.15 (2) (a) and ¢(sp,) = o+ 1. Notice that P, (a+ 1,1) does not pass through r

or s, by Lemma 1.9. We do the following to obtain ¢'.

P, (a+1,1)  7rsp, TSh,_, cee rs;

(a+1)/1 =1 n1—>7 -+ I =T

Then ¢'(r) = ¢'(us;) = 1 € @(z). Interchange 7 and 1 on every (7, 1)-chain (or say
relabel 7 as 1) to get ¢”. Then @"(r) = ¢"(us;) =1 € ¢"(x). Let ¢ = ¢"/P,(1,a+1,¢").
Note that us; ¢ P,(1,a+1,¢") since P.(1,a+ 1, ¢") is disjoint from P, (1, a+ 1,¢") (which
contains us;) by Lemma 1.9. Hence ¢ (us;) = 1, and so ¢ gives a contradiction to subclaim
4.1.3. This proves ().

Now we are ready to find a contradiction in case 3. Consider the (a + 1,7;)-path
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P, (a+1,7). Firstly, P, (a4 1,7) contains r. Since otherwise, by interchanging o+ 1 and
71 on this path, we get a larger multifan (7,751, S1, ..., Sa;TShy, Shy, - - -5 Sh, ), contradicting
the maximality of F'. Thus we have r € P, (a+1,71). Let z be the other end of P, (a+1,7).

Suppose 2z = x. Then s,,x ¢ P, (a+1,71). Let ¢' = ¢/P,, (o +1,71). We get a
contradiction by (k). Suppose z = sp,. Let ¢’ = ¢/P,(a+1,7). Then we get a contradiction
by (x%). Notice that this also implies that ¢ > 2.

The only remaining case is z ¢ {z, 5, }. We also have P,(a+1,7) = Py, (a+1,7) by
the above proof. Now by r € P, (a4 1,71), we have the following two cases.

Suppose Ps_(a + 1,71) meets s, before r. Let ¢’ be obtained from ¢ by interchanging
a+1 and 7y along P,(a+1,71) = P,

sht

(a+1,71) and then shifting from sy, to sp,. Since P, (a+
1,71, ) meets sp,, before r under ¢, P; (o + 1,7,¢’) ends at s;,, and it does not contain
r. Let ¢" = @'/ P (a+ 1,71,¢"). Then (1,781, 81,y Sa, "Shys Shys TShy_1s Shy_1s- -+ Shy) 1S &
multifan at r under ¢”, contradicting the maximality of F.

Suppose Ps, (a + 1,7) meets r before sy, i.e., Ps (a+ 1,7) meets u before r. Then
P[Shpz] (a+1,7) does not contain r or u or s,. Similar to the case above, we obtain ¢’ from ¢

by interchanging a+ 1 and 71 along P,(a+1,71) = Ps, (w4 1,7) and then shifting from s,

Shy
to sp,. Thenlet ¢” = ¢'/ P, (a+1,71,¢"). Now sp,, Sp,-1,- - -, Sp, is a sequence satisfying
Lemma 3.15 (2) (a) and 7y € ¢"(x). We get a contradiction by (sx). This completes the

proof of Claim 3.3*. |

Claim 4.2. If p(ux) = A, then N(u) N {Sat1,Sat2,--->Sa—2} = 0.

We first introduce some concepts and tools. Let B = N(u) N {Sat1, Sat2,--->Sa_2}-
For any y € B, by Lemma 3.13, we have ¢(y) ¢ ¢(V(F)) and y and r are (1, p(y))-linked.
Consequently, for any L-stable coloring ¢’ obtained from ¢ by a sequence of (1, x)-Kempe
changes, we have @'(y) = ¢(y) and y and r are (1, p(y))-linked under ¢'. Thus we can apply
Lemma 3.15 with u = y and 7, = @(y) to obtain a sequence. Denote this sequence by the
y-sequence.

For a vertex y € B with the y-sequence s, sp,, ..., Sp,. Wesay y is of type L if y # sp,.

Otherwise we say y is of type II. Clearly if y is type II, then @(sp,) = @(y), and so t > 2 and



65

Shys Shys - - - » S, form a rotation. If y is type I, then by Lemma 3.13 and Lemma 3.15 (2) (c),
we have ¢(sp,) = a+ 1. Since otherwise, P.(1, ¢(y)) will have three ends r, y and sy, .

We first show the following: (%) any vertex y € B can be assumed to be type L.

Let y € B be a type II vertex and denote ¢(y) by 71. Let the y-sequence be
Shys Shys - - - S, Which satisfies the three conclusions of Lemma 3.15 (2). Let o(rsy,) = 7
for ¢« € [1,t] and @(sp,) = 7341 for i € [1,¢ — 1]. Note that y = s, and ¢t > 2. Consider

the path P (a+ 1,7). Firstly, P, (« + 1,7) contains r. Since otherwise, by interchang-

ing @ + 1 and 7y on this path, we get a larger multifan (7,751, S1,. .., Sa; "Shys Shys -« -5 Shy )
contradicting the maximality of F. Thus we have r € P, (o + 1,71). Moreover, we
claim that P, (a 4+ 1,71) meets u before r. Since otherwise, by shifting from s;, to
sp, and then interchanging o+ 1 and 71 on P, s, j(a + 1,71), we get a larger multifan
(7,781, 81y« « s Sas TShys Shys T'Shy_vs She_ys - - - » Shy ), contradicting the maximality of F'. Let z be
the other end of P (o + 1,71). We will either find a contradiction or change y to a type I
vertex in the following three cases.

Suppose z = x. Thenr, s,,x ¢ P,(a+1,7). Let ¢’ = ¢/P,(a+1,7), then ¢'(y) = a+1.
We get a contradiction by Lemma 3.13.

Suppose z ¢ {z,y}. Let ¢1 be obtained from ¢ by interchanging o + 1 and 7; on both
P(a+1,71) and Py(aw+ 1,7). Then 74 € ¢1(x) and $1(y) = @1(sp,) = o+ 1. Note that
r ¢ Py(a+1,1,¢1) by Lemma 1.9. Let p; = ¢1/P,(a+ 1,1, 1), we have ¢2(y) = 1. Now

we do the following operation to obtain ¢'.

T'Sh, TShy_q s rsy

=1 =T - T — T

Then ¢'(r) = ¢'(sp,) = 11 € @' (x). Interchange 7 and 1 on every (7, 1)-chain (or say
relabel 71 as 1) to get ¢”. Then @"(r) = ¢"(sp,) = 1 € ¢'(z). Note that both P,(1,a+1,¢")
and Py, (1,a+ 1,¢') do not contain r by Lemma 1.9. Interchange 1 and « + 1 on both
P.(l,a+1,¢') and P, (1,a+1,¢') to get ¢". Now ¢"'(y) = 7; y is a type I vertex with

the y-sequence sy, ,,Sh, 5,--.,Sh,, as desired.
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The only remaining case is z = y. In this case r,s,,y ¢ P.(a+ 1,77). Let p; =
¢/P.(a+ 1,77), then ¢1(z) = 7. Consider the path P (A, 71, ¢1). Firstly, P, (A, 71, 1)
contains r. Since otherwise, by interchanging A and 71 on this path, we get a larger multifan
(7,781, 81, -+ s Sas TShy» Shys - - - Sh, ), contradicting the maximality of F. Thus we have r €
Py, (A, 711,¢1). Moreover, the other end of Ps (A, 7,¢1) is z. Since otherwise, we may
obtain a coloring ¢* by interchanging 7 and A on P,(A, 71, ¢1) and then a (A, 1) — (1, a+1)
swap at . Then ¢*(z) = a4+ 1 and ¢*(ux) = 7 ¢ ¢*(V(F)), giving a contradiction to
Lemma 3.12. Therefore we have r € Py, (A, 7y, ¢1) = Py(A, 71, 1), and so r & Py(A, 11, ¢1).
Let o = o1/Py(A, 11, ¢1). Then @o(y) = wo(ux) = A. Let p3 = a2/ P,(A,1,¢5). Note
that if ux ¢ P,(A, 1, ), then we may continue with the proof in the case z ¢ {z,y} with
3 in place of the coloring ¢, in that case. Thus we assume that ux € P,(A, 1, ¢,), and so

?3(y) = p3(uz) = 1. Now we do the following to obtain ¢'.

T'Sh, TSh,_, TSy

=1 Ty —T - T — T

Then ¢'(r) = 7 € @ (x). Note that r ¢ P,(m,a + 1,¢') by Lemma 1.9. Let ¢" =
¢ /P(m,a + 1,¢"). Then o+ 1 € @"(z), ¢"(ux) =1 ¢ ¢"(V(F)), giving a contradic-
tion to Lemma 3.12. This completes the proof of (x).

Now we ready to show Claim 3.4, that is, B = (). Suppose on the contrary that
there exists a vertex y € B. By (x), we assume that y is a type I vertex. Let the y
sequence be Sp,, Shy, - -, S, With @(y) = 71, p(rsp,) = 7 for i € [1,t] and @(sp,) = 741 for
i € [1,t — 1]. By the property of type I vertices (proved in the second paragraph of the
proof of this claim), we have @(sp,) = a + 1. We will prove the following stronger result:
(xx) there is a contradiction even when the assumption x € V(G) \ N|[r] is replaced by

x € V(G)\ (V(F)U{ShysShy, ---5n, ). Denote ¢(uy) by 0.
Subclaim 4.2.1. ¢(uy) =6 € (V(F)) \ {1}.

Proof. Suppose on the contrary that 6 ¢ ¢(V(F)) \ {1}. Consider P (o + 1,71). Firstly,
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P, (a+ 1,71) contains r. Since otherwise, by interchanging o + 1 and 74 on this path, we
get a larger multifan (7,751, 81, ..., Sas "Shys Shys - - - » Sh, ), contradicting the maximality of F.
If y is not the other end of P (o + 1,71), then we may let ¢’ = ¢/P, (o + 1,71). Clearly ¢’
is F-stable, hence § € @' (V(F)) \ {1} = ¢(V(F)) \ {1} by Lemma 3.12, as desired.

Thus we assume that y € P, (o + 1,77). Then z,s, ¢ P, (o + 1,7). Let ¢; be
obtained from ¢ by interchanging a4+ 1 and 71 on both P,(a + 1,7) and P, (o +1,71).
Then ¢y(sp,) = 11 € @1(x). Consider Py, (A, 71, ¢1). By the same proof three paragraphs
above, we have r € Py (A, 11, p1) = Py(A, 71, ¢1), and so r is not contained by P, (A, 11, ¢1)
or Py, (A,71,1). We do (11,A) — (A, 1) swap at both y and sp, to obtain . Note that r
and s; are (A, 1)-linked by Lemma 1.9, and so ¢ is F-stable. Now we consider the following
two cases.

Suppose § = 1. In this case po(uy) = A # 6 and py(ux) = 1. We do the following to
obtain ¢'.

TSp, rSp,_, '+ TS

=1 T —T - T — T

Then ¢'(r) = 7 € @(x). Note that r ¢ P.(m,a + 1,¢') by Lemma 1.9. Let ¢” =
¢ /Py(m,a+ 1,¢"). Then a +1 € ¢"(z), ¢"(ux) =1 ¢ &"(V(F)), giving a contradic-
tion to Lemma 3.12.

Suppose 0 # 1. Then po(uy) = 0 = p(uy). Let @3 = @2/ Py(1,a0 + 1,¢5). Then
3 is F-stable by Lemma 1.9. Thus by Lemma 3.12 with y in place of x, we have § €
@s(V(F)\ {1} = @(V(F)) \ {1}, as desired. O

Let Pf(1,0) be the (1,d)-path starting at w not containing uy. Note that if u ¢
P.(1,0) = Ps,_,(1,9), then we may interchange 6 and 1 on P,(1,0) to obtain ¢*. Since
©* is L-stable and ¢*(uy) = 1, we get a contradiction by subclaim 4.2.1. Thus we have
u € P.(1,8) = Ps,_,(1,9), and therefore PS(1,0) either ends at ss_; or r. By considering
the symmetric coloring of ¢ (introduced in the proof of Claim 3.3* Case 2), we may assume

without loss of generality that P (1,0) ends at s5_.

Subclaim 4.2.2. r,u € Py, (A, 1) = P,(A, 7). Moreover, there exits a (A, 71)-path
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Py (A, 71) between u and r which does not contain rs;, or uz.

Proof. Firstly, Py, (A, 71, 1) contains 7. Since otherwise, by interchanging A and 71 on this
path, we get a larger multifan (r,7s1,S1,...,Sa;TShy, Shys - - - Sh, ), contradicting the maxi-
mality of F'. Thus we have r € Py, (A, 71, 1). Secondly, u € Py, (A, 7). Since otherwise, by
interchanging A and 7 on P,(A, 1), we obtain a coloring ¢* with ¢*(uz) =n ¢ ¢*(V(F)),
giving a contradiction to Lemma 3.12. Thus u € P, (A, 7). Finally we have y € Ps (A, 11).
Since otherwise, let p*x = ¢/ P, (A, ), we get a contradiction by Lemma 3.13. This proves
the first part of the subclaim.

Let P (m,A) be the (11, A)-path starting at u not containing uz. Suppose that the
“moreover” part fails. Then we have the following two cases: either r ¢ P} (m,A) or
r € PH(m,A) and P (7, A) meets s, before r.

Suppose r ¢ P} (m,A). Then P (7, A) ends at either s; or y. We do the following to

obtain ¢'.
Shy © Sh, ur Pi(m,A) ux
shift  (a+ 1)/ ©n/A  Af(a+1)
Then in both cases, (7,751, 51, ., SasTShys Shys T'Shy_1s Shy_15 - - - » Shy) 18 a multifan at 7 under

¢, contradicting the maximality of F.
Suppose r € P (1, A) and P (1, A) meets s, before r. Let P (71, A) be the (71, A)-
path starting at r not containing rs,,. Then we have u ¢ P (7, A) and Pt (m,A) ends at

either s; or y. We do the following to obtain ¢'.

Shy : Sn, Pr(m,A) rux

shift n/A  Af(a+1)

Then in both cases, (7,751, 81, .-, SasTShys Shys TShy_13s Shy_1» - - - » Shy) 1S @ multifan at r under
¢, contradicting the maximality of F'. This completes the proof of subclaim 4.2.2. O]

Recall that P (1,d) ends at s;_;. Now by subclaim 4.2.2, we may do the following to
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obtain ¢'.

Shy  Sh, P (A, 1) ux ur Pr(1,0) wuy
shift T /A Af(a+1) (a+1)/1 1/6 o/n

Then A € ¢'(r) N @'(s1), giving a contradiction. This completes the proof of (xx), and

Claim 3.4 follows immediately. O

Claim 4.3. If p(ux) is a 2-inducing color, then |N(u) N {s1,s2,...,54} < 1.
To show Claim 3.5, we will prove the following stronger result.
Claim 3.5%. If p(ur) = i is a 2-inducing color, then N(u) N {s1,$2,...,5.} C

{s1,892,...,8—2} and (us) = A for any s € N(u) N {s1,S2,...,5a}-

Proof. Suppose on the contrary. Then by Lemma 3.19, either there exists j > ¢ + 1 such
that u ~ s;, or there exists j <1 — 2 such that u ~ s; and p(us;) # A.
Case 1. There exists j > 7 + 1 such that u ~ s;.

Let ¢* be obtained from ¢ by the following operation. (Note that a > 2 since there

exist two distinct 2-inducing colors a 4 1 and i.)

rSs; rSs1 S92 18,1

uncolor color by 2 shift

Then by applying Claim 3.3* on ¢*, we have p(us;) = ¢*(us;) € {A,2,3,...,i—1}. Denote
¢(us;) by 6. Note that subclaim 4.1.2 is proved without supposing on the contrary of
Claim 3.3%, so we may also apply it here. Hence there exists an (i, + 1)-path between u
and 7 which does not contain ux or rs;y;. Therefore, this path contains s;_;. So under
the original coloring ¢, there exists an (i,j + 1)-path between u and s;_; which does not
contain ux or 7s;;; or rs;. Denote this path by P, (4,7 +1). By applying Lemma 3.14
(d) and (e) on ¢, we have that there exists a (6, + 1)-path Py, , ,(d,a + 1) which does

not contain us; (where sa_; = s1). Note that r € P, , (6, a4+ 1), and if 6 # A, then
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185 € Py, 7(6,a+1). Now let ¢ be obtained from ¢ by the following operation.

us; Pusi (1,5 +1) uT Py (0,0 +1)
6/(j+1) (J+1)/i i/(a+1) (a+1)/6

if 6 = A, then (r,7s1,51,...,8-1,7Sj41, Sj+1, - - - » So) 1S @ multifan under ¢'. But a+1 €
@'(s1) N @'(sa), giving a contradiction to Lemma 1.9.

If § # A, note that ¢'(ss_1) = ¢'(rss) = a+1, then (7,751, 1, ..., Si—1,7Sj+1, Sj+1,- - - Sa)
is still a multifan under ¢'. But a4+ 1 € ¢'(ss_1) N @'(s4), giving a contradiction. This com-
pletes the proof of Case 1.

Case 2. There exists j < i — 2 such that u ~ s; and ¢(us;) # A.

Denote ¢p(us;) by 6. Clearly § ¢ {i,j,j+1,a+1}. So we have the following five cases:
d=10€{23,....i—1 de {j+2,j+3,...,i—1}; 6 € {i+1,i+2,...,a} and
5 ¢ G(V(F)).

Case 2.1. 6 = 1.

Let P (1,4) be the (1,4)-path starting at u not containing ux. Note that ux € P,(1,7) =

P.

Si—1

(1,7) by Lemma 1.9 and Lemma 3.14 (a). Thus By Lemma 3.14 (b), we have that
Pf(1,i) ends at s,_;. Also by Lemma 3.14 (e), there exists a (j + 1, + 1)-path Py, . (7 +
1,a + 1) not containing ru. By Lemma 3.14 (e) again, we have P,(j + 1, + 1) is disjoint
from P, (j +1,a+1), and r,s; ¢ P,(j + 1,a + 1). We obtain ¢’ by the the following

operation.

P.(j+1,a+1)) Pf(1,9) UL Pusg(i+1,a+1) ur

(a+1)/G+1) Vi i/G+1)  G+D/(le+1)  (e+1)/1

Then under ¢, the path consists by uz and us; is a (i, 7 + 1)-chain. Interchange i and j+ 1
on this chain to obtain ¢”. Now ¢"(s;) =i, ¢"(sa) = j+ 1 and ¢"(s;-1) = ¢"(ru) = 1.
SO (7,781, 81, -+, Sj, T'Siy Siy TSit1s Sitls -« -5 Sas TSjt1, Sjt1, T'Sj12, Sjt2, - - -, Si—1) is a 2-inducing

multifan under ¢”. The last 2-inducing color is 1, ¢"(r) = a + 1, ¢"(x) = j + 1 and
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¢"(ur) = ¢"(s;) = i. Thus we can do a (j + 1, + 1) — (a + 1,1) swap at x to obtain
¢". By Lemma 1.9, ¢ is F-stable. Since ¢"(uzx) = ¢"(uzx) = @"(s;) = ¢"(s;), we get a
contradiction by Lemma 3.19.

Case 2.2. § €{2,3,...,j —1}.

Firstly, by the same proof above, we have that there still exists a (j + 1, + 1)-path
Prsy(J + 1, 4 1) not containing ru. We also have that v € P,(1,0) since otherwise, by
interchanging 1 and § on P,(1,6), we are back to Case 2.1. Let P (1,0) be the (1, )-path
staring from u not containing us;. Then P (1,6) ends at either s;_; or r. Notice that in
the latter case, P, (1,0) meets s; before 7, and so Py, 4, (1,0) = PF(1,9) — 7.

If P;(1,9) ends at ss_1, then we do the following to obtain ¢'.

us; Pusgi+1,a+1) ur PH(1,9)
5/G+1)  (G+1)/(a+1) (a+1)/1 1/6

If P(1,9) ends at r, then we do the following to obtain ¢'.

us; ss 185 Pusg(i+1,a+1) ur Plu,s5(1,9)
§/(7+1) shift  (j+1)/(a+1) (a+1)/1 1/4

In the former case, (r,7s1,81, ...,85_1) is a multifan; in the latter case, (r,7sy, s,
ey 85-1,784,84,7Sj—1,5j1,.-.,55) is a multifan. In both cases, the last 2-inducing color of
the multifan is 1 = ¢/(ru). Note that ¢'(r) = a+1, thus r ¢ P.(a = 1,1,¢’) by Lemma 1.9.
Let ¢" = ¢/Py(ac = 1,1,¢"). Then under ¢”, s;11, Sj42, ..., S form a rotation, j+2 <i < «
and ¢”(ux) = @"(s;—1) = i. Thus we get a contradiction by Lemma 3.16.

Case 2.3. 0 {j+2,j+3,...,i—1}.

By Lemma 3.14 (d) we have that r € P, (A,a+1) = P, (A,a+ 1), and so r ¢
P.(A;a+1). Let o1 = ¢/P.(A,a + 1). Note that Ps (A, i,¢1) = P, ,(Ayi). If r ¢
P.(A,i,¢1), then by a (A)i) — (i,1) — (1, + 1) swap at x, we get a contradiction by
Claim 3.3*. Thus we assume that r € P,(A,i,¢), and so r ¢ Ps, (Ai, 1) = Ps,_ (A,7).
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Let o = ¢1/Ps, (Ayi,1). Then do a (A,1) — (1, + 1) swap at = to obtain 3. Finally
we obtain ¢’ from @3 by uncoloring rs;_1, shifting from s, to s;_s and recoloring rs; by 2.
Now under ¢, (7,781, Si—1,7Si—2, Si—2, - - -  S1,TSiy Sis T'Sit1, Sit1s - - - » Sa) 18 an i — l-inducing
multifan. Since 6 € {j + 2,7+ 3,...,i— 1}, we are back to Case 2.2.

Case 2.4. e {i+1,i+2,...,a}.

By the same proofs in Case 2.2, there still exists Py, ,,(j +1,«+1) and P;(1,9). Also,
PF(1,6) ends at either ss_y or r. We first claim that in Case 2.4, we may assume that
P(1,9) ends at ss_1.

In order to show the above claim, we introduce a concept called i -symmetric coloring.
Note that by Lemma 3.17, we have r € Py(a+ 1,i) = P, (a+1,7) and r ¢ P, (o + 1,17).
Clearly Ps, (o + 1,7) is F-avoiding. We let ¢’ be the coloring obtained from ¢ by the

following operation.

P, (a+1,i) s;:54 rUT
i/(a+1) shift (a+1)/i
We call coloring ¢’ the iT-symmetric coloring of p. Note that under the coloring ¢,
(7,781, 815+« s Si—15 TSa, Sas TSa—1, Sa—15 - - - » ;) 18 a 2-inducing multifan. The last 2-inducing
color is i = ¢'(ru) and i € @'(z). Also we have ¢'(ux) = a4+ 1 = ¢'(s;1) and ¢'(us;) =
(us;) = 0. In Case 2.4, it is easy verify that the i"-symmetric coloring of ¢ is still in
Case 2,4. Thus by considering this coloring, we may assume without loss of generality that

Pr(1,6) ends at ss_1. Now we do the following to obtain ¢'.

us; Pusyg(i+1,a+1) ur PH(1,9)
5/G+1)  (G+1)/(a+1) (a+1)/1 1/6

Then under ¢, (7,781,851, .., 8, 7S5, S8, TS54+1, S641s -« - » Sas T'Sj1s Sjt1, T'Sj42s Sjt2y - - -5 S6-1)
is a 2-inducing multifan. The last 2-inducing color is 1 = ¢'(ru). We also have ¢'(r) =
a+1, §(s;) =0, ¢(ur) = i and ¢'(us;) = j+ 1. Thus on the new multifan, we have
@'(sj) < ¢'(usj) < ¢'(uzx). Note that r ¢ P,(a+1,1,¢") by Lemma 1.9. Thus let ¢" =
¢'/P(a+1,1,¢"), we are back to Case 2.3.
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Case 2.5. 0 ¢ ¢p(V(F)).

In this case, we denote & = ¢p(us;) by 7 for consistence. Note that u € P,(1,7) since
otherwise by interchanging 1 and 7 on P,(1,7), we are back to Case 2.1. In fact, the above
statement also implies that u € P.(1,71,¢’) for any L-stable coloring ¢’ obtained from ¢
through a sequence of L-avoiding Kempe (1, x)-changes. Thus we may apply Lemma 3.15
(2) with w = wu to obtain a sequence sp,, Sp,, ..., S satisfying the three conclusions of
Lemma 3.15 (2). Let o(rsp,) = 7 for i € [1,t] and @(sp,) = 741 for i € [1,¢ — 1]. Then
@(sp,) is either 7y or o + 1.

Subcase 2.5.1 ¢(sp,) = 71.

By the same proof in Case 2.2, there still exists Py, s,)(j+1,a+1). Let P (1,7) be the
(1,71)-path starting at u not containing us;. Since u € F.(1,7) and P.(1,71) = Py, (1,71)
by Lemma 3.15 (2) (c), we have P, (1,71) ends at either r or sp,. By shifting from s, to s,

if necessary, we may assume that P} (1,71) ends at s;,. Now we do the following to obtain

/

.
us; Pusyg(i+1,a+1) ur PH(1,7m)
n/G+1)  G+D/(e+1) (a+1D/T  1/n
Then (7,71, S1,..,5j,TShys Shys - - -5 Sh,) 18 & 2-inducing multifan. The last 2-inducing color
is 1 =¢'(ru), ¢(r) =a+1, ¢'(ux) =1 € [j +2,a] and Sj;1, Sj+2,- .., S, form a rotation.

Note that r ¢ P,(a+1,1) by Lemma 1.9, thus by interchanging a+ 1 and 1 on P,(a+1,1),
we obtain a contradiction by Lemma 3.16.

Subcase 2.5.2 ¢(sp,) = o+ 1.

Similar there still exists Py, (7 + 1, + 1). Let PS(1,7) be the (1, 7)-path starting
at w not containing us;. Since u € P.(1,71), we have P (1,7;) ends at either r or z where
2 € V(G)\ (V(F)U{ShsShy,---Sh,u,x}). Notice that in the former case, P, (1,7) meets

sp, before r, and so Py, 1(1,71) = P/ (1,71) — .
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If PF(1,7) ends at r, we do the following to obtain ¢'.

Shy © Sh, P[uvshl](l, 1) us; Pusg(i+1,a+1) ur
shift 1/m n/G+1) G+ /(a+1) (a+1)/1

If PF(1,71) ends at z, we do the following to obtain ¢'.

Shy : s, PF(1,7) us; Pusg(i+1,a+1) ur
shift I/ n/G+1)  G+1)/(e+1)  (a+1)/1

Then in both cases (r,7sy,s1,...,5;) is a multifan. But ¢'(r) = ¢'(s;) = 7, giving a

contradiction to Lemma 1.9. This completes the proof of Claim 3.5*. O

Claim 4.4. If p(ux) is a 2-inducing color, then N(u) N {Sa+1, Sat2,---,Sa—2} = 0.

The proof of this claim is very close to the proof of Claim 3.4. Let ¢(ux) =1 € [2, ] and
B = N(u)N{Sat1,Sat2,---,Sa_2}. Same as Claim 3.4, for any y € B, we define y-sequence,
type I vertex and type II vertex as before. Recall that for any y € B with the y-sequence
Shys Shys - - s Shy, if y is of type I, then @(sp,) = a+ 1; if y is of type II, then y = s5, and
t>2.

We first show the following: (x) any vertex y € B can be assumed to be type 1.

Let y € B be a type II vertex and denote ¢(y) by 7. Let the y-sequence be
Shys Shys - - - Sp, Which satisfies the three conclusions of Lemma 3.15 (2). Let o(rsy,) = 7
for i € [1,t] and @(sp,) = 741 for i € [1,t — 1]. Note that y = sp,, and ¢t > 2. Consider
the path Ps_ (a4 1,7). Firstly, P, (o + 1,71) contains r. Since otherwise, by interchang-
ing a + 1 and 71 on this path, we get a larger multifan (7,781, S1,. .., Sa, "Shys Shyy - -+ Shy)s
contradicting the maximality of F. Thus we have r € P, (o + 1,71). Moreover, we
claim that P (a 4+ 1,71) meets u before r. Since otherwise, by shifting from s;, to
sy, and then interchanging o + 1 and 7, on P[smshl](a + 1,7), we get a larger multifan
(7,781, 81, -« s Sas TShys Shys T'Shy_15 She_s - - - » Shy ), contradicting the maximality of F. Let z be

the other end of Ps_(a+ 1,71). We will either find a contradiction or change y to a type I
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vertex in the following three cases.

Suppose z = x. Thenr, s,,x ¢ P,(a+1,7). Let ¢’ = ¢/P,(a+1,7), then ¢'(y) = a+1.
We get a contradiction by Lemma 3.13.

Suppose z ¢ {z,y}. Let ¢1 be obtained from ¢ by interchanging o + 1 and 7; on both
P(a+1,7) and Py(aw+ 1,7). Then 7 € ¢1(x) and $1(y) = @1(sp,) = o+ 1. Note that
r ¢ Py(a+1,1,¢1) by Lemma 1.9. Let p; = ¢1/P,(a+ 1,1, 1), we have ¢o(y) = 1. Now

we do the following operation to obtain ¢'.

T'Sh, TShy_q cee sy

=1 =T - T — T

Then ¢'(r) = ¢'(sp,) = 11 € @ (x). Interchange 7 and 1 on every (7, 1)-chain (or say
relabel 71 as 1) to get ¢”. Then @"(r) = ¢"(sp,) = 1 € ¢'(z). Note that both P, (1,a+1,¢")
and Py, (1,a+ 1,¢') do not contain r by Lemma 1.9. Interchange 1 and « + 1 on both
P.(l,a+1,¢') and P, (1,a+1,¢') to get ¢". Now ¢"'(y) = 7; y is a type I vertex with
the y-sequence sy, ,,Sh, 5,--.,Sh,, as desired.

The only remaining case is z = y. In this case 7,54,y ¢ P.(a + 1,7). Let
01 = @/P.(a + 1,71), then @i(z) = 7. Consider the path P, , (i,71,¢1). Firstly,
P,, ,(i,71,¢1) contains r. Since otherwise, by interchanging ¢ and 7 on this path, we
either get a larger multifan (7,781,581, .., Si—1,7Shy, Shys -« s Shys TSis Sis TSit1, Sit1s -« - Sa)
(when Py, (i,71,¢1) ends at sp,), contradicting the maximality of F'; or we get a multi-
fan (7,781, 81, ..., 81, TShys Shy, - - -, Sh,) such that 71 is missing at both s;_; and sj, (when
sp, & Ps,_,(i,71,p1)), contradicting Lemma 1.9. Thus we have r € Ps,_ (i,71,¢1). More-
over, the other end of P;,_,(i,71,¢1) is x. Since otherwise, we may obtain a coloring ¢*
by interchanging 7 and i on P,(i, 71, 1) and then an (i,1) — (1, + 1) swap at x. Then
¢*(r) = a+1and p*(uz) =1 ¢ @*(V(F)), giving a contradiction to Lemma 3.12. Therefore
we have r € P, (i, 71,91) = Py(i,71,¢1), and so r & P,(i,71,¢1). Let po = @1/ P, (i, 71, ¢1).
Then @o(y) = @o(ux) =i. Let g3 = o/ P,(i,1,ps). Note that if ux ¢ P,(i,1,¢,), then we

may continue with the proof in the case z ¢ {z,y} with ¢3 in place of the coloring ¢, in
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that case. Thus we assume that uz € P,(7, 1, ¢2), and so @3(y) = ¢3(uxr) = 1. Now we do

the following to obtain ¢'.

T'Sh, TShy_1 s 81

=1 1 —T - T — T

Then ¢'(r) = 7 € @ (z). Note that r ¢ P,(7,a + 1,¢') by Lemma 1.9. Let ¢" =
¢ /Py(m,a + 1,¢"). Then a +1 € @"(z), ¢"(ux) =1 ¢ ¢"(V(F)), giving a contradic-
tion to Lemma 3.12. This completes the proof of (x).

Now we ready to show Claim 3.6, that is, B = (). Suppose on the contrary that there
exists a vertex y € B. By (x), we assume that y is a type I vertex. Let the y sequence be
Shys Shys - - s Sh, With @(y) = 71, p(rsy,) = 7 for ¢ € [1,t] and @(sp,) = 7341 for i € [1,¢ — 1].
Recall that ¢(sp,) = a + 1. Denote p(uy) by . We will prove the following stronger result:
(xx) there is a contradiction even when the assumption x € V(G) \ N|[r] is replaced by
x €V(G)\ (V(F)U{ShysShyy---»Sh})-

Subclaim 4.4.1. ¢(uy) = € p(V(F))\ {1, A}. Moreover, we may assume that ¢ < 0.
Proof. Consider P (o + 1,77). Firstly, P (o + 1,7) contains r. Since otherwise, after
interchanging « + 1 and 7y on this path, (r,7S1,51,...,Sa, "ShysShy,- - -, Sn,) 1S a larger mul-
tifan, contradicting the maximality of F. Suppose y is not the other end of P, (o + 1,7),
then we may let ¢ = ¢/P,/(a + 1,7). Clearly ¢’ is F-stable. If the other end of
Py(a+ 1,71) is not z, then we get a contradiction by Lemma 3.13. Thus ¢'(z) = 7.
Hence 6 € ¢'(V(F))\ {1} = ¢(V(F)) \ {1} by Lemma 3.12 with y in place of z; and 6 # A
by (%) in the proof of Claim 3.4 with x and y switched. Note that if § < 7, then we may
use ¢’ instead of . Thus the “moreover” part also holds.

Thus we assume that y € P (o + 1,71). Then z,s,, ¢ P (o + 1,71). Let 1 be
obtained from ¢ by interchanging a4+ 1 and 7, on both P,(a + 1,7) and P, (a +1,7).
Then ¢1(sp,) = 11 € ¢1(x). Consider P, (i,71,¢1). By the same proof three paragraphs
above, we have r € Py, (i,71,1) = P.(i,71,¢1), and so r is not contained by P, (i, 71, ¢1)

or Py, (i,71,¢1). We do (71,i) — (i, 1) swap at both y and s, to obtain ¢,. Note that r and



7

s;_1 are (i,1)-linked by Lemma 1.9, and so 9 is F-stable. Now we consider the following
two cases.

Suppose po(uz) = 1. We do the following to obtain ¢'.

TSh, TSh,_, TS

=1 1 —T o T — T

Then ¢'(r) = n € ¢'(z). Note that r ¢ P,(r,a + 1,¢') by Lemma 1.9. Let ¢" =
¢ /Py(m,a + 1,¢"). Then a + 1 € @"(z), ¢"(ux) =1 ¢ ¢"(V(F)), giving a contradic-
tion to Lemma 3.12.

Suppose o(ux) = p(ur) = i. Then § # 1 and @o(uy) = § = p(uy). Let @3 =
w2/ Py(1,a + 1,¢2). Then ¢3 is F-stable by Lemma 1.9. Thus by Lemma 3.12 with y in
place of x, we have § € p3(V(F))\ {1} = ¢(V(F)) \ {1}; and 6 # A by (**) in the proof
of Claim 3.4 with x and y switched. if § < 7, then we may use ¢ instead of ¢. Thus the
“moreover” part also holds. This completes the proof of subclaim 4.4.1. O

Let Pf(1,0) be the (1,d)-path starting at w not containing uy. Note that if u ¢
P.(1,6) = Ps,_,(1,0), then we may interchange 6 and 1 on P,(1,d) to obtain ¢*. Since
©* is L-stable and ¢*(uy) = 1, we get a contradiction by subclaim 4.4.1. Thus we have
u € P.(1,0) = Py, ,(1,0), and therefore P;(1,4d) either ends at ss_; or r. By considering
the iT-symmetric coloring of ¢ (introduced in the proof of Claim 3.5* Case 2.4), we may
assume without loss of generality that P (1,0) ends at ss_;.

Let Pf(m,i) be the (71,i)-path starting at w not containing uz. We let v € X =
{Si_1, 84,7, Shy,y} be the vertex such that P (71,4) meets v before all other vertices in X N
V(P (m,1)) if such a vertex v exists. Note that v # r. We consider the following three
cases.

Suppose v = s;_1. Then P (71,1) = Py, ,)(71,7). We do the following to obtain ¢'.

P (m,1) ux ur PH(1,8) wuy
/i i/(a+1) (a+1)/1 1/§ d/m
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Then (7,781, 81,81, 7Shys Shys "Shys Shys - - - s Sh,) 18 & multifan. But @'(r) = @'(sp,) =
a + 1, giving a contradiction to Lemma 1.9.

Suppose v = s;. Then P (71,1) meets s; before . We do the following to obtain ¢'.

Shy ¢ Shy Py (11,17) uzx ur PH(1,8) wuy
shift T /i i/(a+1) (a+1)/1 1/6  /n
Then (r,rsy,$1,...,8;-1) is a multifan. But @'(r) = ¢'(s;_1) = i, giving a contradiction to

Lemma 1.9.
Suppose v & {s;_1,$;} or v does not exist. Let z = v if v exists, otherwise let z be the

other end of P/ (7,7). Then in this case, Py,.(1,%) is F-avoiding. We do the following to

obtain ¢'.
Shy t Shy Pz (71,7) ur ur
shift 71/ i/(a+1) (a+1)/n
Then (7,781,581, Sa, TShys Shys TShy_1s Shy_1s - - - » Shy) 18 @ multifan, giving a contradiction to

the maximality of F'. This completes the proof of Claim 3.6 and Claim 3.2. O]
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