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TOPOLOGICAL PROPERTIES OF J-ORTHOGONAL MATRICES

SEYEDEH SARA MOOSAVI MOTLAGHIAN

Under the Direction of Frank J. Hall

ABSTRACT

Let M, be the set of all n x n real matrices. A matrix J € M,, is said to be a signature
matrix if J is diagonal and its diagonal entries are 1. If J is a signature matrix, a nonsingu-
lar matrix A € M,, is said to be a J-orthogonal matrix if AT JA = J. Let €, be the set of all
n X n, J-orthogonal matrices. Part 2 of this dissertation includes a straightforward proof of
the known topological result that for J # +1, the set of all n x n J-orthogonal matrices has
four connected components. An important tool in this analysis is Proposition 3.2.1 on the

characterization of J-orthogonal matrices in the paper “J-orthogonal matrices: properties



and generation”, STAM Review 45 (3) (2003), 504-519, by Higham. The expression of the
four components allows formulation of some further noteworthy properties. For example, it
is shown that the four components are homeomorphic and group isomorphic, and that each
component has exactly 2”72 signature matrices. In Part 3 of this dissertation, the standard
linear operators 7' : M,, — M, that strongly preserve J-orthogonal matrices, i.e. T(A) is
J-orthogonal if and only if A is J-orthogonal are characterized. The material in Part 2 of
this dissertation is contained in the article “Topological properties of J-orthogonal matrices”,
Linear and Multilinear Algebra, 66 (2018), 2524-2533, by S. Motlaghian, A. Armandnrjad,
F. J. Hall. The material in Part 3 of this dissertation is contained in the article “Topo-
logical properties of J-orthogonal matrices, Part II”, Linear and Multilinear Algebra, doi:
10.1080/03081087.2019.1601667 by S. Motlaghian, A. Armandnrjad, F. J. Hall. In Part 4 of

this dissertation some connections between J-orthogonal and G-matrices are investigated.

INDEX WORDS: Signature matrix, Signed permutation matrix, Linear preservers, J-
orthogonal matrix, G-matrix.
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PART 1

INTRODUCTION

Let M, be the set of all n x n real matrices. A matrix J € M,, is said to be a signature
matrix if J is diagonal and its diagonal entries are +1. As in [1], if J is a signature matrix,
a nonsingular matrix A € M,, is said to be a J-orthogonal matrix if ATJA = J. Some
properties of J-orthogonal matrices were investigated in [1]. J-orthogonal matrices were
studied for example in the context of the group theory [2] or generalized eigenvalue problems
[3]. Numerical properties of several orthogonalization techniques with respect to symmetric
indefinite bilinear forms have been analyzed recently in . Although J-orthogonality has many
numerical connections, the recent paper [4] has more of a combinatorial matrix theory point
of view, in particular, the analysis of sign patterns of J-orthogonal matrices.

The following conventions will also be fixed throughout this dissertation:

The set of all real numbers is denoted as usual by R; for A € M,,, 0(A) and S(A) are the set
of eigenvalues of A and the set of singular values of A respectively; E;; is the n x n matrix
whose (7, j) entry is one and all other entries are zero; O,, is the set of all n x n orthogonal
matrices; O is the set of all n x n orthogonal matrices with determinant 1; O is the set
of all n x n orthogonal matrices with determinant —1; the matrix norm used in this paper
is the spectral norm || ||2; S, is the set of all n X n signature matrices; SP,, is the set of all
n X n signed permutation matrices, the n X n matrices with exactly one nonzero entry £1

in each row and in each column; for J € S,,,

I,(J))={AeM,: ATJA=J};

€2, is the set of all n x n J-orthogonal matrices for all possible n x n matrices J = diag(£1),
that is,
Qn = UJGSnFn(J)-



We consider the set of all n x n J-orthogonal matrices and in Part 2 we first find some

interesting properties of these matrices. For example, we show that

S, = Nyes, Tn(J).

We also find that for P € M,,, P € SP,, if and only if P'S,P = S,. The fact that for
J # +I, I',(J) has four connected components is known. However, through the use of a
characterization of J-orthogonal matrices contained in the article [1] by N. Higham, we give
a straightforward matrix analysis proof of this topological result. We also show that €2,
has two connected components. Our expression of the four components allows us to then
formulate some interesting by-products. For example, we show that the four components are
homeomorphic and group isomorphic. Also for J # +1I, we prove that every component of
[',(J) has exactly 2"~ signature matrices. We also show that for non-scalar matrices J; and
J2, to determine whether T, (J;) = I',,(J2), it is sufficient to know whether they contain the
same orthogonal matrices, or whether they contain the same matrices with spectral norm 1.

For A € M,,, the linear operator T : M,, — M,, defined by T(X) = ATXA or T(X) =
AT X T Ais called a standard linear operator on M,,. In Part 3 we show that a standard linear
operator T': M,, — M, strongly preserves the set of J-orthogonal matrices if and only if A
is a signed permutation matrix. In fact we show that for a (necessarily nonsingular) matrix

B the following conditions are equivalent:
(i) B e SP,,

(ii) B'S,B = S,,

(iii) B'Q,B = Q,.

The material in Part 2 of this dissertation is contained in the article “Topological prop-
erties of J-orthogonal matrices”, Linear and Multilinear Algebra, 66 (2018), 2524-2533, by S.
Motlaghian, A. Armandnrjad, F. J. Hall. The material in Part 3 of this dissertation is con-

tained in the article “Topological properties of J-orthogonal matrices, Part II”, Linear and



Multilinear Algebra, doi: 10.1080/03081087.2019.1601667 by S. Motlaghian, A. Armandnr-
jad, F. J. Hall. In Part 4 of this dissertation some connections between J-orthogonal and

G-matrices are investigated.



PART 2

TOPOLOGICAL PROPERTIES OF J-ORTHOGONAL MATRICES I

2.1 Introduction

Let M, be the set of all n x n real matrices. A matrix J € M,, is said to be a signature
matrix if J is diagonal and its diagonal entries are £1. As in [1], if J is a signature matrix,
a nonsingular matrix A € M,, is said to be a J-orthogonal matrix if ATJA = J. Some
properties of J-orthogonal matrices were investigated in [1]. J-orthogonal matrices were
studied for example in the context of the group theory [2] or generalized eigenvalue problems
[3]. Numerical properties of several orthogonalization techniques with respect to symmetric
indefinite bilinear forms have been analyzed recently in [5]. Although J-orthogonality has
many numerical connections, the recent paper [4] has more of a combinatorial matrix theory
point of view, in particular, the analysis of sign patterns of J-orthogonal matrices.

The following conventions will also be fixed throughout the paper:

The set of all real numbers is denoted as usual by R; for A € M,,, o(A) is the spectrum of
A, the set of eigenvalues of A; O, is the set of all n x n orthogonal matrices; O, is the set
of all n x n orthogonal matrices with determinant 1; O, is the set of all n x n orthogonal
matrices with determinant —1; S, is the set of all n x n signature matrices; SP,, is the set
of all n x n signed permutation matrices, the n x n matrices with exactly one nonzero entry

+1 in each row and in each column; for J € S,

I,(J))={AeM,: ATJA=J};

(2, is the set of all n x n J-orthogonal matrices for all possible n x n matrices J = diag(£1),
that is,
Qn = UJGSnFn(J)-



In this paper we consider the set of all n x n J-orthogonal matrices and we first find

some interesting properties of these matrices. For example, we show that

S, = Nyes, Tn(J).

We also find that for P € M,,, P € SP,, if and only if P'S,P = S,. The fact that for
J # +I, I',(J) has four connected components is known. However, through the use of a
characterization of J-orthogonal matrices contained in the article [1] by N. Higham, we give
a straightforward matrix analysis proof of this topological result. We also show that €2,
has two connected components. Our expression of the four components allows us to then
formulate some interesting by-products. For example, we show that the four components
are homeomorphic and group isomorphic. Also for J # 41, we prove that every component
of T',(J) has exactly 2"~ signature matrices. In the paper, we also show that for non-scalar
matrices J; and Js, to determine whether I',,(J;) = I',,(J3), it is sufficient to know whether
they contain the same orthogonal matrices, or whether they contain the same matrices with

spectral norm 1.

2.2 Some properties of J-orthogonal matrices

In this section we discuss some general properties of J-orthogonal matrices. These

include algebraic and topological properties of I',,(J) and €2,,.

Proposition 2.2.1. The following statements are true.

(1) T'w(J) is a Lie group for every J € S,.

(11) M, = Span(£2,) = Span(SP,,).

(ii1) For every symmetric matriz norm || | (||A|| = ||AT]), [|A]| > 1 for all A € Q,.

(’LU) Sn = ﬂjegnrn(J>.



Proof. The fact that T',,(J) is a Lie group is contained for example in [6, page 7]. To prove
(i1), for every 1 <i,j < n let P;; be a permutation matrix with 1 in the (¢, j) position and
Qi; be the signed permutation matrix such that P;; + Q;; = 2E;;. So, E;; = %(Pij +Q;;) and
hence M,, = Span(SP,,). Then it is clear that M,, = Span(f2,,), since SP,, C €,,. To prove
(ii1), assume that A € ), so that there exists a signature matrix J such that ATJA = J.
Then

IANITHAT = 1],

and hence ||A|| > 1. To prove (iv), since diagonal matrices commute under multiplication,
we have that S, C Nyes, I'n(J). Let A = (a;5) € Nyes, ['n(J). Then A € I',(1) (ie. A
is an orthogonal matrix) and hence the Euclidean norm of every row and every column of
Ais 1. Now consider the signature matrix J = (=1) @ [,,_;. Then A" JA = J and hence
a3, = 1. Since the Euclidean norm of the first row and the first column of A is 1, we have
1o =+ = A1, = Qg1 = -+ = a,1; = 0. Similarly, for every 2 < i < n, we can show that
az =1 and a;; = a;; = 0 for all j # i. Therefore A is a signature matrix.

]

The following proposition gives an equivalent condition for a matrix to be a J-orthogonal

matrix.

Proposition 2.2.2. Let A € M,,. Then A € Q,, if and only if there exists a signature matriz
J such that 7 (AT JA)x = 2" Jx for all z € R™.

Proof. If A € Q, then for some J € S,,, A € T',,(J), so that ATJA = J. Hence x" (AT JA)z =
2" Jx for all x € R™. Conversely, assume that there exists a signature matrix J such that
v (ATJA)z = 2" Jz for all x € R*®. Then 2" (ATJA — J)z = 0 for all z € R". Since
ATJA — J is Hermitian, AT JA = J and hence A is J-orthogonal, so that A € ,,. O

Remark 2.2.3. It is known that in any Lie group G, the connected component H containing
the identity also forms a Lie group. Furthermore, H is a normal subgroup of G and G/H
is a discrete group [6]. In Section 3 we will specifically exhibit these facts for the Lie group
LL(J).



The following example, the Lorentz group, has particular interest in physics, [6, page

7.

Example 2.2.4. Let J =1® (—1I3). Then

Ty(J) = {A € M, : d(Az) = d(z), ¥ = € R*},

- ~ - _ 22 .2 .2
where d is the space-time metric d(xy, X9, T3, T4) = x] — T3 — T3 — Tj.

The following proposition shows that every line in M,, passing from the origin, either
does not meet 2,, or meets €, at exactly two points. Letting 7, (¢) be the circle {A € M, :
|A|l = €} we also show that when e > ||I|], T.(e) N T, (J) # 0.

Proposition 2.2.5. Let J € §,,. Then the following hold:

(i) For every A€ M, if La={rA:r eR}, then LaNQ, =0 or L4NQ,, ={B,—B} for

some B € €),,.

(it) If n>2 and J € S,, with J # 1, then for every e > ||I||, T.(e) NTn(J) # 0, where || ||

1s any norm on M,.

Proof. (). If Ly N, = 0, there is nothing to prove. So assume that L4 N, # 0, and
hence there exists some B € Ly N€,. Then —B € Ly N, and so {B,—B} C LaNQ,. If
C € LaNQ,, then C = rB for some r € R. Hence there exist J;, J, € S, such that B' J; B =
Jy and (rBT)Jy(rB) = J,. These imply that B = J;'B~"J, and r’B = J,'B~T.J, and
hence o(B) = r’c(B). Since o(B) # {0}, 7> = 1, which implies that r = +1 and hence
LaNQ, C{B,~B.

(ii). Without loss of generality we assume that the first and the second diagonal entries of
J are 1 and —1 respectively (if the 1 and the —1 are in the i** and j"* diagonal positions

respectively, the construction is similar). For every ¢ € [0, 00),

V1412 t

Ct - S ]n—2

t V14t



is a J-orthogonal matrix. So we can choose t € [0, 00) such that |Ci|| = e. O

The following example shows that P'Q, P # €, for some orthogonal matrix P.

3 1 1 1 0
Example 2.2.6. Let P = 72 ®1,_5. ForJ = @I, o, a J-orthogonal
1 -1 0 —1
V2 1

matriz is A = @ I,,_2. Now,

1 V2

1++2 0
PTAP = @ I,_o,

0 —1+v2

which is not J-orthogonal for any J € S,,.
However, for matrices P € SP,,, the following holds.

Theorem 2.2.7. Let P € M,,. Then P € SP,, if and only if P'S,P = S,,. Furthermore,
if P € SP,, then PTQ,P =Q,.

Proof. If P € §P,,, changing the signs of the rows of P is equivalent to changing the signs
of the columns of P, that is S,P = PS,, and hence P'S,P = S,,. To prove the converse,
we use induction on n. If n = 1, the proof is clear. Let n > 1, P € M,,, and P'S,P = S,,.
By assumption, PTIP is a signature matrix and by the Sylvester law of inertia, PIP"T = I,
which implies that P is an orthogonal matrix. Let J; = (—1) & [,—;. Then there exists
Jo € S, such that P"J,P = J,. By again using the Sylvester law of inertia, J, has exactly
one —1 entry and without loss of generality we may assume that this —1 is in the (1,1)-
position, so that J; = J,. Since P is an orthogonal matrix, PJ; = J; P which implies that
P = (£1) @ Q for some Q € M,,_;. Since PTJP is a signature matrix for every J € S,,
we can obtain that QTj @ is a signature matrix, for every Je S,_1. Now, by the induction
assumption, @) € SP,,_1. Thus, P € SP,,, which completes the proof of the if and only if.
Finally, since for J € S,, and P € SP,,, ATJA = J implies that

(PTAP)"(P"JP)(P"AP) = (P'JP),



the last statement of the theorem is seen to be true. O

An interesting open question is the following: if PTQ, P = Q,,, is it necessarily the case
that P € SP,,. If the answer is yes, then topologically this means the following: if the linear
transformation X — PTX P maps €, to ,, then the transformation must map the special
points S, to S,. Although geometrically this appears to be true, it is a nontrivial question.
When n = 2, the result is true, see Example 2.3.7. However, for n > 2, it becomes much

more complicated.

2.3 Connected components of J-orthogonal matrices

The following two propositions are well known results for orthogonal and J-orthogonal

matrices.

Proposition 2.3.1. [7, Theorem 3.67] For everyn > 1, O, has two connected components,
O and O;,.

The following characterization of J-orthogonal matrices is contained in the article [1] by
N. Higham. As stated in [1], this decomposition was first derived in [8]; it is also mentioned
in [1] that in a preliminary version of [9] (which was published later) the authors treat this

decomposition in more depth.

Proposition 2.3.2. [1, Theorem 3.2 (hyperbolic CS decomposition)] Let ¢ > p and J =
I, & (—1,). Then every A € I',,(J) is of the form

c -5
(Ul D U2)( D Iq—p)(vl s> ‘/2)7 (2-1)
-S C

where Uy, Vi € Op, Uy, Vo € Oy and C, S € M,, are nonnegative diagonal matrices such

that C? — S% = I. Also, any matriz of the form (3.1) is J-orthogonal.

Corollary 2.3.3. Let ¢ > p and J =1, ® (—1;). Then A € I',(J) if and only if A is of the

form

diag(y/1 + b2, ..., 1+ b2) diag(bq, ..., bp)
(G U2)<< ' ? ;

- DIg_p)(V1 @ Va2), (2.2)
diag(by, . . ., bp) diag(y/1+ b2, ..., 1+1b2) > P



10

where Uy, Vi € O,, Uy, Vo € Oy, and by,...,b, € R.

Proof. The proof of the necessity follows from Proposition 3.2.1. To prove the converse,

observe that by using a suitable signature matrix D, we have

D( diag(,/1+b2,..., 1+62) diag(by, . . ., bp) )D _ ( c  -s )7

diag(by, .. -, bp) diag(y/1+b2,..., 14b2)

where C' = diag(\/1+07,...,/1 +02) and S = diag(|bi],...,|b,|). Hence, every matrix of
the form (2.2) is of the form (3.1). O

Letting 7, be the set of n x n matrices A with spectral norm ||Al|; equal to one, we

have the following result.
Corollary 2.3.4. For everyn, O, = Q, N T,.

Proof. It A € O,, then clearly A € Q,, and ||A]]2 = 1. On the other hand, let A € Q,,. By
the use of Corollary 2.3.3,
A= (Ul o Ug)(( diag(y/1+b3,..., 1+02) diag(by, ..., bp) : ) fan) [q_p)(Vl b Vg), for some Ul, Vi e

diag(by, ..., bp) diag(y/1+b2,..., \/W
Op, Uy, Vo € Oy, and by, ..., b, € R.If ||Al]; = 1, then

” diag(y/1+b%,..., 1+b12)) diag(by, - . ., bp) || < 1
diag(by, . .., bp) diag(y/1+b3,..., 1+ b2) 2=+

Therefore [|(1/1 4 0%,b;)[l2 < 1 for every j (1 < j < p) and hence by = --- = b, = 0. This
implies that A is orthogonal.
O

The fact that for J # +1, I',,(J) has four connected components is known, see [10, page
345] (in this book I',(J) is referred to as an indefinite orthogonal group). However, we can
give a straightforward matrix analysis proof of this topological result. We also show that 2,

has two connected components.
Theorem 2.3.5. The following assertions hold:

(1) Let J € S,,. If J # £I then I',,(J) has four connected components.
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(17) Q, has two connected components.

Proof. (i). Let p and ¢ be the numbers of +1 and —1 diagonal entries of J respectively. If
p > ¢, we use the fact that I',,(J) = I',(—J), and so we can assume that ¢ > p. Since for

every n X n permutation matrix P we have

L,(J) = P(T,(P"JP)P,
without loss of generality we may assume that ¢ > p and J = [, & (—I,). The function
v : RP — M,, defined by

(b b ) . diag(y/1+b%,..., 140b2) diag(by, ..., bp) ® I
POy 0p) = diag (b1, . . ., bp) diag(m ,,,,, 1+62) q—p>

is continuous and hence {¢(by,...,b,) : b1,...,b, € R} is a connected set in M,,. From
Proposition 4.3.1, we have O, = Of UO, and O, = O UO; . So we have 16 possible cases
to choose Uy, V4 € O,, Uy, Vo € O,. Then by Corollary 2.3.3, T',,(J) = U5, ®; where

0 = {(U1 @ Ua)p(b)(Vi @ Va) : U, Vi € Oy, Us, Vo € O, b € R},

0y = {(U1 @ Ua)p(b)(Vi @ Va) : U, Vi € Oy, Us, Vo € O, b€ R},
®3 = {(U]- D U2)¢(b)(‘/1 S¥ ‘/2) : Ula‘/l € (9;7U2a‘/2 € O(—;_?b € RP}’

Oy ={(Uh & Ua)p(d)(Vi ® Vo) : U, Vi € O, Us, Vo€ O, ,be R},

05 = (U1 @ Us)p(D)(Vi @ Va) : Uy, Vi € OF, Uy € OF, Vs € O b € RP},

(1)6:{(U1@U2)g0(b)(‘/1@‘/2) Ula‘/l GO;,UQGO;,‘/QEO;—,bERp},

7 = {(U1 © Ua)p(b)(Vi @ Vo) 1 Up, Vi € O, Uz € O;, Vo € O b € R},
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s = {(U1 @ Ua)pb)(Vid Vo) : U,Vi€0,, U €O, Vo € OF,b e R,

Dy = {(U1 @ Up)p()(Vi @ Va): U €O, Vi €O, U € OF Vo €O, be R},

Py ={({U1 @ Ua)p(b)(Vi® Vo) : Uy € OF Vi € O Uy € O, Vo € OF b e R},
Oy = {({U1 & Ua)p(d) (Vi@ Vo) : Uy € O, Vi € Of U, € OF V€ O, ,b e RP},

@12:{<U1@U2)Q0(b)<‘/1@‘/2) U1EOP_,%EO;,UQEO;,‘/QGO;,Z?GRP},

D3 = {(U1 @ Up)p()(Vi ® Vo) : UL € OF Vi € O, U, V5 € OF b € RP},

Dy ={(U1 @ Up)p()(Vi ® Vo) : Uy € OF, Vi € O, U, V5 € OF ;b € RP},
D5 = {(U1 @ )p(b)(Vi @ Vo) : Ur € O, , Vi € O, Us, Vo € OF b € RPY,

(1316:{([]1@(]2)90(())(‘/1@‘/2) Uy 60177‘/1 GO;_,UQ,‘/Q GO;,bERP}.

Since in each of the 16 cases,

U@ Uz}, {e(d)}, {Vi®Va}

are all connected, we have that for every i (1 < i < 16), ®; is a connected set. Let

Ci =UL ®;, Co=UL D, C3=U;2gD;, Cy = UL ;.

Now,

I, €N @, L1 @ (—1) € N ®;,
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(1)@ L o ® (—1) € NZ2g®;, (1)@ I, €NIE,D,.

So, Cy, Cy, C3 and Cy4 are connected sets. Then T',,(J) = UL ,C; has at most four connected
components. We show that C;, Co, C3 and C; are mutually disjoint. Since the sign of the
determinant is constant on a connected set of nonsingular matrices, for every A € C; U Cs,
det(A) > 0 and for every A € Co UCy, det(A) < 0. Hence, we have that C; NCy =Cy NCy =
CoNCy =C3NCy = 0. Assume if possible that A € C; N Cs; then by Proposition 3.2.1, there
exist orthogonal matrices Uy, U{, U,, U;, i, Vll, Vs, V2/ and diagonal matrices C,C", S, S" such
that U1 V; € O, U1V; € O, and

A= ek % T)ely)Viev)

- wen) (S T )eL Ve

C

By a simple multiplication we obtain that U;CV; = U;C'U, and hence det(C) = —det(C")
which is a contradiction because det(C),det(C") > 0. Therefore C; N Cs = @. Similarly we
can show that Co,NCy = 0.

(7). We know that for every J € S,,, S,, C O,,NI',(J). Then by (i) and the use of Proposition
4.3.1, for every J € S,,, O, UT,,(J) has two connected components C; and C, such that for
every A € C, det(A) > 0 and for every A € C,, det(A) < 0. Since the sign of the determinant
is constant on a connected set of nonsingular matrices, €, = Uyes, (O, UT,(J)) has two

connected components. O

By Remark 2.2.3, Cy, the connected component of T',,(J) containing the identity matrix
is a normal subgroup of I',,(J) and T',,(J)/C; is a group isomorphic to the Klein four-group
[6]. The following proposition shows that for every i (2 < i < 4), there exists an operation

*; such that (C;,*;) is a group that is isomorphic to (Cy,.).

Proposition 2.3.6. Let J € S,, and J # +£1. Then for every i (2 < i < 4), the component

Ci of T'y(J) is homeomorphic and group isomorphic to Cy.

Proof. Let C; (1 < i < 4) be as in the proof of Theorem 2.3.5. We define the binary
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operations *; (2 <i <4) on C; as follows:

Ax9B = A(l,-1® (—1))B for all A,B € C,,
Ax3B = A((-1)® I,—2® (—1))B for all A,B € C;,

AxyB = A((-1)@® I,_1)B for all A,B € C,.

We just show that (Ca, *2) is group isomorphic to (Cy, .); the other cases are similar. Clearly,
%o 18 associative. Let A, B € Cy. Since Cy is connected and I,, 1 @ (—1) € Cy, there exist
continuous functions f,g : [0,1] — T',(J) such that f(0) = A, g(0) = B, f(1) = g(1) =
I,_1 & (—1). Define the continuous functions h,k : [0,1] — I',,(J) by

h(z) = f(2)(In-1 ® (=1))g(z)

and

k(z) = f(@)A™ (L1 & (1))

respectively. Then h(0) = Axy B, k(1) = (I,_1 ® (—1))A"(I,,_1 ® (—1)) and h(1) = k(0) =
I,_1 ® (—1). These imply that A *y B € Cy (i.e. Cy is closed under the operation %) and
that

A= (-[n—l S7) (—1))A_1(In_1 SP, (—1)) € C,.

For every A € Cy, Asy (In.1® (—1)) = Aand Axg A = Asxg A =1, 1 ® (—1). Therefore
(Cy,%9) is a group with I,, 1 & (—1) as the identity element.

For every A € Cs, define the continuous function [ : [0,1] — I',,(J) by l(z) = f(z)(1,—1
(—1)) where f is as the above. Then [(0) = A(l,—1 ® (—1)) and [(1) = I,, and hence
A(l,_1®(—1)) € C;. To complete the proof, just consider the homeomorphism ¢ : (Cy, *3) —
(Cy,.) defined by p(A) = A(I,-1 & (—1)), which also is a group isomorphism.

[

0
Example 2.3.7. Let J = . With the notation used in Theorem 2.5.5, the
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components of I's(J) are as follows:

clz{(m g >:beR},sz{<’m g >:be]R},

N v viTE
VTR e
Cs = {( lfbb 7\/1b+7b2 > :beR}, Cy = {( i:b \/1'171)2 ) :b € R}. These components are

also mentioned in Exercise 7, page 24 of [6]. See the following pictures:

The following proposition shows that S,, splits equally between the components of I',,(J).

Proposition 2.3.8. Let J € S,, and J # £1. Then every component of T',,(J) has exactly

272 signature matrices.

Proof. As in the proof of Theorem 2.3.5, we may assume that ¢ > p and J = I, & (—1,).
In fact, we show that for every i (1 < i < 16), ®; in the proof of Theorem 2.3.5 has 22

signature matrices. In ®;, put by =--- =0, =0, V; = I, and V, = I; then

F = {Ul eU,:U; € Sp,UQ c Sq,det(Ul) = det(Ug) = 1} C &,.

Since F; has 2772 elements, ®; has at least 272 signature matrices. With a similar argument
we may show that for every i (2 < i < 16), ®; has at least 272 signature matrices and hence
every component of I',(.J) has at least 2”72 signature matrices. On the other hand, T, (J)
has four components and §,, has 2" elements. This implies that every component of T, (/)

has exactly 2”72 signature matrices (and also each ®; has exactly 2”72 signature matrices).

]

Lemma 2.3.9. Let J € S,,. If J # I then O,, € T',,(J).
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Proof. Since J # +1I, by Theorem 2.3.5, T',,(J) has four connected components. Assume if
possible that O,, C I',,(J), so that I',,(J) = O, UT,(J). As in the proof of Theorem 2.3.5,
O, UT,,(J) has two connected components, and then I',,(.J) has two connected components

which is a contradiction. Therefore O,, € T',(J). O

Our final result shows that to determine whether I',(J;) = I',(J2), it is sufficient to
know whether they contain the same orthogonal matrices, or whether they contain the same

matrices with spectral norm 1.

Theorem 2.3.10. Let Jy,Jo € S,,. If J1 and Jy are non-scalar matrices then the following

conditions are equivalent.

(i) Jy = £,

(i) Tn( 1) =Tl J2),

(1ii) T (J1) CTy(Js),

() Ty(Jy) CTu(Jy),

(v) O, NT,(J1) C O, NT,(Js),
(vi) O, NI, (J2) C O, NT,(J1),
(vii) On NTa(J1) = Op NT( )
(viid) T NTn(J1) C T NTn(Js),
(iz) T,NTp(J2) C TN, (),
() T, N, (1) =T NTL(J2).

Proof. Clearly we have (i) — (i1) — (1) — (v), (i) — (i) — (v) — (vi) and (77) — (vid).
By the use of Corollary 2.3.4, we have (v) <> (viii), (vi) <> (iz) and (vii) <> (z). So, it is
enough to show that (v) — (i) and (vi) — (i). For this purpose we show that ~(i)—~(v)

and ~(i)—~(vi).
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~(i)—~(v). Let p and ¢ be the numbers of +1 and —1 diagonal entries of J; respectively.
Since for every n x n permutation matrix P we have I',,(J;) = P(I',(PTJ,P))PT, without
loss of generality, we may assume that J; = I, & (—1,;). Let Jo = K; @& K, with K; € S,
and Ky € §,. Since Jy # £1 and J, # +J;, we have that K, # +1, or Ky # £1,. Without
loss of generality we may assume that Ky # =£I, (the other case is similar). By the use
of Lemma 2.3.9, O, ¢ T',(K7). Then there exists a Q € O, such that Q ¢ T',(K;). Let
A=Q®&I, Itisclear that A € O, NI, (J;). Assume if possible that A € I',(J3). Then
(QaI,)" (K19 Ky)(Qal,) = K18 K, and hence Q' K1Q = K. This implies that Q € I',(K;)
which is a contradiction. So A ¢ I',,(.J2) and therefore O, N T, (J1) € O, N T, (o).

To prove ~(i)—~(vi), it is enough to exchange J; and Jy in ~(i)—~(v). O
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PART 3

TOPOLOGICAL PROPERTIES OF J-ORTHOGONAL MATRICES II

3.1 Introduction

Let M, be the set of all n x n real matrices. A matrix J € M,, is said to be a signature
matrix if J is diagonal and its diagonal entries are £1. As in [1] and [11], if J is a signature
matrix, a nonsingular matrix B € M,, is said to be a J-orthogonal matrix if BTJB = J.
Some properties of J-orthogonal matrices were investigated in [4], [1] and [11]. In this paper
some further interesting properties of these matrices are obtained.

The following conventions will also be fixed throughout the paper:

E;j is the n x n matrix whose (7, ) entry is one and all other entries are zero; O,, is the
set of all n x n orthogonal matrices; O; is the set of all n x n orthogonal matrices with
determinant 1; O, is the set of all n x n orthogonal matrices with determinant -1; P, is the
set of all n x n permutation matrices; S, is the set of all n x n signature matrices; SP,, is the
set of all n x n signed permutation matrices, the n x n matrices with exactly one nonzero
entry +1 in each row and in each column; for J € S, T',(J) = {A € M,, : ATJA = J};
€, is the set of all n x n J-orthogonal matrices, i.e. Q, = J,;cs T'n(J); for A € M, 0(A)
and S(A) are the set of eigenvalues of A and the set of singular values of A respectively; the
matrix norm used in this paper is the spectral norm || ||o.

In [11], the following conditions were considered for a (necessarily nonsingular) matrix

B:
(i) B € SP,,
(ii) B'S,B=S,,

(iii) BTQ,B = Q...
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In was shown in [11] that (i) <> (i7) and (i7) — (ii7). However, the major open question of
whether (iii) — (¢) or (di7) — (i7) was left unresolved in [11]. The main topic of this paper
is to answer this question in the affirmative. This is done in two major steps: Theorem 3.2.4
for the case that B is orthogonal and Section 3.3 where we reduce the general case of B to
the orthogonal case.

For A € M, the linear operator T : M,, — M,, defined by T(X) = A" XA or T(X) =
ATXTA is called a standard linear operator on M,,. In this paper we show that a standard
linear operator 7' : M,, — M,, strongly preserves the set of J-orthogonal matrices if and

only if A is a signed permutation matrix.

3.2 Other properties of J-orthogonal matrices

In this section we first collect some properties of J-orthogonal matrices that have been

mentioned or proved in [1] and [11].

Proposition 3.2.1. [1, Theorem 3.2 (hyperbolic CS decomposition)] Let ¢ > p and J =
I, ® (—1,). Then every A € I',(J) is of the form
c -5
(U1 & U2)( @ Iy—p) (V1 & V2), (3.1)
-S C
where Uy, Vi € Oy, Uy, Vo € O, and C, S € M,, are nonnegative diagonal matrices such

that C* — 5% = I,,. Also, any matriz of the form (3.1) is J-orthogonal.

Corollary 3.2.2. Let ¢ > p and J = 1, ® (—1,;). Then for every A € I',(J) the singular

values of A are

1

Ci—FSi

¢ +s; and , 1 <4 <p; 1,with multiplicity g-p,

where C' = diag(cy, ..., cp) and S = diag(sy, ..., s,) are as in (3.1).

Proof. Since the singular values are unitarily invariant, we may assume that A =
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c =S
-5 C

® I,—p. Then A is real symmetric positive definite and hence

S(A)ZU(A):{cijLsi,chr 1<i<pu{i)

) 7

Remark 3.2.3. The following statements are true; see [11].

(1) T.(J) is a closed multiplicative group for every J € S,,.

(ii) Sn=yes, In(J)-

(iii) If P € SP,, then PTQ,P =Q,.

(iv) P € 8P, if and only if PTS,P = S,.

(v) For everyn > 1, O, has 2 connected components. In fact, O, = O |J O, .

(vi) If J # <1 then T',(J) has 4 connected components and hence Q, has 2 connected

components.
(vii) Let q>p and J =1,® (—1,). Then T',(J) is

diag(y/1 +bi, ..., /1 +Db2) diag(by,...,bp)
diag(by,...,bp) diag(y/1+bi, ..., /1 +Db2)

{(Ur @ Us)( @ 1) (Vi & V2)},

where Uy, Vi € Op, Uy, Vo € Oy and by, ...,b, € R.
(viii) For A € Q,, ||A||=1 if and only if A € O,.

Now, we need some preliminaries to prove the following theorem. The implications
(1) > (¢4) and (#) — (¢4i) in Theorem 3.2.4 are in Remark 3.2.3. In fact we need to prove

(idi) — (i) or (iid) — (ii).

Theorem 3.2.4. Let U € O,,. The following conditions are equivalent.
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(i) U e SP,,
(ii) UTS,U =S,
(iii) UTQ,U = Q,.

To complete the proof of this theorem we need some other results. For every n € N and

every integer k (0 <k < 3), let

Ingp 0 L
, if n is even;
0 —Iogp
Jp =
2 , if n is odd,
L 0 _[nT"'l—Hc
& = |J Tu(PTJP), and
PeEP,
{A € & : Ahas 2k unit singular values}, if n is even;
Fr =

{A €& : Ahas 2k + 1 unit singular values}, if n is odd.

The following proposition gives some properties of & and Fy.

Proposition 3.2.5. For every n € N and every integer k (0 < k < %), the following

properties hold:

(i) If Q € P,, then QT&EQ = &

(ii) & is a closed subset of §2,.

(iii) Fi is a dense subset of &, and hence Fy, = &y,

(iv) Frn&; =0, for every j > k.
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(v) Q, = Uogkgg Ek-

(vi) If A € & then AJ € & for every signature matriz J € S,.

Proof. (). For every Q € P, T',(Q" JxQ) = Q'T,,(J;,)Q and hence

Q'&Q = Q'(|J Tu(PTJP))Q

PEP,
= U D@ PTRPQ) = | TW(PTIP) = &.

PeP, PeP,,

(ii). For every P € P,, I',(PTJ,P) is a closed multiplicative group and hence & is closed.

(737). We prove the result when n is even (the odd case is similar). Let A € I',(Jg). First

c =S
assume that A = @ Is,. Note that ¢; +s; = 1 if and only if ¢; = 1 and
-S C
D -T
s; = 0. For every § > 0, let As = ® Ior, where D = diag(dy,...,dn_y),
-T D
T = diag(t,...,tn_) and
C;, if C; 1, Si, if C; 1,
di = ?é and tz = 7&
1406, ife; =1, (1+0)2—1, ife;=1.

By the use of Corollary 3.2.2, we have As € F,. For every ¢ > 0 we may choose

¢ =S
sufficiently small ¢ such that [|A—As|| < e. Now, assume that A = (U;@Us)( @
-S C
I,_,) (Vi@ Vs). By substituting As with (U & Us) As(Vi@V4) in the above, we have ||[A—A4;|| <

e. Finally, if B € &, then B € I',(P"J,P) where P € P,, so P'BP € I',(J;). From the
above, if € > 0 then there exists C' € Fy, such that |PT BP—C|| < e. Hence || B—PCP"| < e.
Observing that Fj, is closed under permutational similarity, we have that PCPT € F,. Thus,
F. is a dense subset of &;.

(iv). Every A € F, has at most 2k + 1 unit singular values and every A € &; has at least 2

unit singular values. Since j > k, 2j > 2k + 1 and this implies that F, N E; = 0.
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(v). This is clear from the definition of €, since

S, ={tPTJ,P: 0<k< g PeP,}.

(vi). If A € &, then there exists some permutation matrix @ € P, such that A €
[.(QTJkQ). Also J € T, (QTJ,Q). Since I',(Q'JxQ) is a group, AJ € I',(Q"JQ) and
therefore AJ € &.

0
Ip
Let J = For A € M,, we say that A is conformal to J if A =
0 -1,
A
with A; € M, and Ay € M, see [12].
0 A
[p
Lemma 3.2.6. Let J = IfAeT,(J)NO, then A is conformal to J.
0 -1,
Proof. Since A € T',,(J) N O,, we have AJ = JA and consequently
A O
A= with A, € O, and Ay € O,, which is conformal to J. O
0 A

Remark 3.2.7. If G is a real positive semi-definite matriz, then there exist an orthogonal
matriz U and a diagonal matriz D = diag(\y, . .., \y) such that G =UDUT. So (I+G) = —
I=U[(I+D)z —IUT and hence

L e IGI

[+G)z —I||=1-
(I +G) [ Ty W 5

Lemma 3.2.8. There exits a sequence {Qn}oo_; C O, such that Q,, has no zero entry for

every m > 1 and limy, oo Qm = 1.
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0 -1 —1 —1
1 0 -1 —1
Proof. Let F' = oo e : . For sufficiently large positive integer m, I +
1 1 0 -1
11 ... 1 0

L FTF is positive definite and we have (I + 2F)"(I + LF) = I+ -5FTF. Let Q. =
I+ =F)(I + #FTF)%1 It is easy to check that @, is orthogonal. If we put G = 5 FTF

in Remark 3.2.7, then we obtain that
1 1 1 1
I+ —F"FY2 —J||< —||FTF|| < —|F2.
I+ 5 FTR)T 1 < o S IIFTF) < o 5|7
Let H, = (I + L FTF)Z —I. Then (I + 25 FTF)% = H,, + I and
Vol < = |FIP |~ FH < —— | FJ]? (3.2)
= 9m2 " 'm M= 9m3 ' ’

Now we have

1 1 1

m m m
By the use of (3.2), we see that limy,,c@Qm = I. Since (I 4+ --F) has no zero entry and
LF € o(L), Hy, € o) and ~FH,, € o(-1) we see that Q,, has no zero entry for large

enough m. n

Theorem 3.2.9. Let U € O,. IfUTQ,U = Q,,, then UTEU = &, for every integer k

O<k<m).

Proof. We prove the result when n is even (the odd case is similar). First assume that & = 0.

By Proposition 3.2.1, we have

L(Jo) = {(U1 & Ua) ¢ (Vi & W)},
-S C
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where Uy, V1,Us, V2 € Oz and €, S € Mz are nonnegative diagonal matrices such that
C? — S%? = I. Observe that Fy is the set of n x n J-orthogonal matrices which have no unit
singular values. By assumption, U'Q,U = €, and U € O,,, and since the singular values
are invariant under an orthogonal similarity, we have that U FoU = Fy. Therefore, using

Proposition 3.2.5,

U U =U"FU =UTFU = Fy = &.

Now let 1 < k < 7 and assume that UTEU = & for every j < k, and hence

k—1 k—1
UT(U ENU = U &
j=0 j=0

We have - -
Fr=[FnJEIUFN (EN U &)l

=0
Let A € Fi. Then UT AU has n — 2k non-unit singular values. Using Proposition 3.2.5 (iv),
(v) and again the assumption that U'Q,U = Q,, U € O,, we then have that UTAU €

k
Uj—o & and hence
k1

vTRU g = (&) UEN L_J &),

i—0

which is a disjoint union. Since UT(U;:é ENU = U?;é £;, we obtain that
k-1 k-1
UTIFNENJENU C &N\ JE C & (3.3)
=0 =0

Now, let A € F, N (Uf;ol &;). By Lemma 3.2.8, there exists a sequence {Q,}0_, =
le 0

{ }2°_, of orthogonal matrices such that @1, and Qs,, have no zero entry
0 QQm

for every m > 1 and lim,, ;oo Q1 = I%,k and lim,,, o0 @Qom = I%Jrk. Just from the form

of @, we see that Q,, € I',,(Jy); also, from Lemma 3.2.6, Q,, ¢ T[',,(J;) for every i < k.
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So Qm ¢ U?;& E;. Since A € Fj, there exists a permutation matrix P such that A €
L. (PTJpP); also, PTQ,, P ¢ T,,(J;) for every i < k. For the sequence {P'Q,,PA}>°_,, we
have PTQ,PA € & and PTQ,,PA ¢ |JiZ; &; which imply that PTQ,,PA € &\ U} &
and PTQ,,PA has n — 2k non-unit singular values. Then P'Q,,PA € F;, and since &, is
closed, by (3.3), we have

UTAU = lim,,_.., U P'Q,,PAU € &,

and hence UT(}";J‘I(U?;& ENU C &.. Therefore by the use of (3.3), we obtain that U F,U C
&:. Thus

Since U'Q,U = €, implies that UQ,U" = Q,,, we can replace U by U in the above and
similarly obtain that U&,U" C &,. Therefore &, C UT&,U and hence U'EU = &,.
For k = 5, & = O, and trivially we have UTEU = &;. ]

Proof of Theorem 3.2.4. (iii) — (ii). We prove the result when n is even (the odd
case is similar). Let J be an arbitrary signature matrix of order n. We show that U' JU is
a signature matrix.

Since J € £z, by Theorem 3.2.9, U'JU € Ez_y. Then there exists a permutation
matrix P such that P(UTJU)PT € Ty(Jz_1). Put K = P(UTJU)P" and observe that K
is orthogonal so that by the use of Lemma 3.2.6, K is conformal to J2_; and hence K has
at least one +1 on its main diagonal. Assume if possible that K is not a signature matrix;

then K has exactly r +1s on its main diagonal with 1 < r < n. Without loss of generality
+1 0

we may assume that K = @V, where V € M,,_,. is an orthogonal matrix

0 +1
with no +1 entries on its main diagonal. Note that r # n — 1; otherwise V = +1 and then

K is a signature matrix. Also, we will discus the case r = 1 separately.
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0
Let A = , where B € M, is an orthogonal matrix with no zero entries.

0 In—r
Since n — r > 1, we have that A € 6'%_1. By the use of equation P(UTE%_lU)PT = 53_1,

there exists D € £z such that P(UTDU)PT = A. By Proposition 3.2.5 (vi), DJ € En_,
and hence

AK =PU'DUP'PU"JUP" = PUT(DJ)JUP" € £a_,.

On the other hand, when 2 < r < n—2, by a simple computation one can show that AK has
no +1 on its main diagonal and hence by Lemma 3.2.6, the orthogonal matrix AK ¢ Enq
which is a contradiction.

We now handle the case r = 1. Here, we may assume that K = (£1) & V, where
V € M,,_; is an orthogonal matrix with no £1 on its main diagonal. Let A = B @ (1) where
B is orthogonal with no zero entries in its first row. We have that A € £x_;, so that by
Theorem 3.2.9 there exists D € E»_; such that U'DU = P"TAP. Then JD € En_y and
hence by Theorem 3.2.9 UTJDU € Ez_y. But

U'JDU = (U'JU)(U'DU)

+1 0 B 0
= P’ pp' P
0 \% 0 1
+1 0 B 0
— pT P=P"V,P,
0 \% 0 1
+1 0 B 0
where V| = . Since V; is orthogonal with no zero entries in the
0 V 0 1

first n — 1 positions of the first row and V specifically does not have +1 as its last diagonal
entry, V; has no £1 on its main diagonal. Then U'.JDU has no £1 on its main diagonal.
Since U".JDU is orthogonal and UTJDU € 5%_1, by Lemma 3.2.6, U JDU has at least
one *+1 on its main diagonal, which is a contradiction.

Therefore K is a signature matrix and consequently U'.JU is a signature matrix. Thus,
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we have shown that U'S,U C S,,. Since the transformation X — U' XU is 1 — 1 and S,, is

finite, we conclude that UTS,U = S,,, so that (iii) — (i1). O

3.3 The general case of U'Q,U =,

The purpose of this section is to prove that if B'Q,B = Q,, then in fact B € O,.
First, if W is a nonempty set of n x n invertible matrices, by W~! we shall mean the set
{A7': A€ W}. Note that for J € S,, since I',(J) is a group, (I',(J)) ™' = T',(J) and hence
Q1 =Q,.

Lemma 3.3.1. If B € M,, and B"Q,B = ,,, then BQ,B" = Q,, and hence B" BQ,,B"B =
Q,.

Proof. Since B'Q,B = Q,, = Q! we have Q, = (B")"'Q 1B~ = (BQ,B")". Then
BQ,BT =Q'=Q,. O

In what follows, we assume that B € M,, and B'Q,B = ,. In particular, B'B =
BTIB €T, (J) for at least one J € S,,. For any A € Q,,, let Li(A) ={J € S,: AeT,(J)}
and Lo(A) ={J € S,: A¢T,(J)}. Then S, = Li(A) L2(A), for any A € Q,.

Lemma 3.3.2. Let A€ Q,\ O, and ATQ,A=Q,. Then ATA € UJeLQ(A) L(J).

Proof. Define the isomorphism 7' : M,, — M,, by T(X) = ATXA. If J € L;(A), then
A € T,(J) and since T',(J) is a group we have AT, (J)A = T',(J). This implies that

T(UJELI(A) Ln(J)) = UJ€L1(A) I',(J) and hence

T\ |J Tu) =@\ | mnc |J ).

JEL1(A) JEL1(A) JELQ(A)

By Lemma 3.2.8, there exits a sequence {Q,,}>°_; C O,, such that @,, has no zero entry for
every m > 1 and lim,, ,0o@y = 1. Since A € Q, \ O,, £1 ¢ L,(A) and hence by Lemma
3.2.6, Qm € (20 \ Ujep,a)In(J)) for every m > 1. Then T(Qm) € Ujep,a) I'n(J), and
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since U ey, 4y I'n(J) is a closed set, we have

ATA=T(I) =lim,-oT(Qm) € | Tu(J).

JeLa(A)

Theorem 3.3.3. Let Be M,. If B'Q,B =, then B € SP,,.

Proof. By Theorem 3.2.4, it is enough to show that B € O,,. Assume if possible that B ¢ O,,,
so that B'B ¢ O,. By the use of Lemma 3.3.1, BT BQ,B"B = Q,, and hence by Lemma
3.3.2,

(B'BYe |J Tu()) (3.4)

JELy(BT B)
If BB € T,(J), then (B"B)? € T',(J) and hence L,(B"B) C Li((B"B)?). Now, by the
use of (3.4), L1(B"B) C Li((B"B)?). By a similar argument, for every positive integer k,
we can obtain L, ((BTB)*) C Li((BTB)?*). Then {L,((B"B)*)}%2, is a strictly increasing
sequence of subsets of S, so that §,, is an infinite set which is a contradiction. Therefore

B e O,. [l

We have now completely answered the open question raised in [11] in the affirmative.
In fact, for a (necessarily nonsingular) matrix B we showed that the following conditions are

equivalent:

(i) BeSP,,

(ii) B'S,B=SG,,
(iii) B'Q,B =Q,.

As an interesting consequence, we have the following theorem that characterizes the
standard linear operators T' : M,, — M,, strongly preserving the set of J-orthogonal matrices,

i.e. T(A) is J-orthogonal if and only if A is J-orthogonal.
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Theorem 3.3.4. Let T : M, — M, be a standard linear operator. Then T(S,) = Q, if

and only if there exists a signed permutation matriz P such that

T(X)=P'XP, VX e M,,

or

T(X)=P'X'"P, VXcM,.

As mentioned earlier in this dissertation, the work in Part 3 will appear in the paper

13].
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PART 4

SOME CONNECTIONS BETWEEN J-ORTHOGONAL MATRICES AND
G-MATRICES

4.1 Introduction

Let M,, be the set of all n x n real matrices. A nonsingular matrix A € M,, is called a
G-matrix if there exist nonsingular diagonal matrices D; and D, such that A=7 = D AD,,
where A~7 denotes the transpose of the inverse of A. These matrices form a rich class and
were originally studied in [14] by Fiedler and Hall. Some properties of these matrices are as
follows:

All orthogonal (J-orthogonal) matrices are G-matrices.

All nonsingular diagonal matrices are G-matrices.

Any n positive real numbers are the singular values and eigenvalues of a diagonal G-
matrix D.

If Ais a G-matrix, then both AT and A~! are G-matrices.

If Ais an n x n G-matrix and D is an n X n nonsingular diagonal matrix, then both
AD and DA are G-matrices.

If Ais an n x n G-matrix and P is an n X n permutation matrix, then both AP and
PA are G-matrices.

1

pmre for some numbers z; and y;.
J

Cauchy matrices have the form C' = [c;;], where ¢;; = ——

We shall restrict to square, say n x n, Cauchy matrices - such matrices are defined only
if z; +y; # 0 for all pairs of indices ¢, j, and it is well known that C' is nonsingular if and
only if all the numbers z; are mutually distinct and all the numbers y; are mutually distinct.

From M. Fiedler, Notes on Hilbert and Cauchy matrices, LAA, 2010:

Every nonsingular Cauchy matrix is a G-matrix.

The G-matrices were later studied in two papers [15] and [16].



32

Denote by J = diag(+1) a diagonal (signature) matrix, each of whose diagonal entries

is +1 or —1. As in [1], a nonsingular real matrix @ is called J-orthogonal if

QTJQ = J,
or equivalently, if
QT =JQJ

Of course, every orthogonal matrix is a J-orthogonal matrix. And clearly, every J-orthogonal
matrix is a G-matrix. Not every G-matrix is a J-orthogonal matrix. But, a G-matrix can

always be “transformed” to a J-orthogonal matrix [4].

4.2 Classes of G-matrices

For nonsingular n x n diagonal matrices D; and D,, the following known result from

[14] shows that if A=T = D;AD, then D; and D, have the same inertia matrix.

Proposition 4.2.1. Suppose A is a G-matriz and A~T = Dy AD,, where D, and D, are

nonsingular diagonal matrices. Then the inertia of Dy is equal to the inertia of Ds.

Proof. We have ATD;AD, = I and so ATD;A = D;'. Since A is nonsingular, the result

follows from Sylvester’s Law of Inertia. ]

For fixed nonsingular diagonal matrices D; and Do, let the class of G-matrices

G(D17 DQ) = {A € Mn . A_T == DlADQ}

In this section we find a characterization of G(Dy, Ds).
Let D be a nonsingular diagonal matrix with the inertia matrix J (a signature matrix
having all its positive ones in the upper left corner). Then there exists a permutation matrix

P such that D = |D|PTJP, where |D| is obtained by taking the absolute value on entries
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of D. Recall that for a fixed signature matrix J, I',(J) = {A € M,, : ATJA = J}. In fact,
Ln(J) = G(J, J).

Theorem 4.2.2. Let Dy and D, be nonsingular diagonal matrices with the inertia matriz

J. Then there exist permutation matrices P and () such that
G(Dy, Dy) = {|D1|"V2PTAQ|Do|? - A T, (J)}.

Proof. Since J is the inertia matrix for Dy and Ds, there exist permutation matrices P and
Q such that Dy = |D{|PTJP and Dy = |Do|QTJQ. Then J = P\Dl\_1/2D1]D1|_1/2PT =
Q|Da|7Y2Dy| Dy|7Y2QT. These imply that

Ael,(J) & AT =JAJ
& AT = P|Di[72 Dy | D[ T2 PTAQID,| 7D,  Do| T 2QT
& (IDy[Y2PTAQIDA VAT = Dy(|Dy| 2P AQ| D) Dy

& | Dy|TY2PTAQ|D,y|"V? € G(Dy, D).

Therefore

G(Dy, Do) = {|D1| Y2PTAQ|Do| V2 : A€ T, (J)}.
O

We will now incorporate the hyperbolic CS Decomposition for I',,(J) into a simplified
version of G(Dy, Dy). Assume g > p, the common inertia matrix J of D; and Dy has the

form

I, 0
0 —I

q
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and that D; and Dy have the form

where +, (—,) denotes an order p (¢) diagonal matrix with positive (negative) diagonal
entries. Then P = Q = I, Dy = |Dy|J, and Dy = |Ds|J. Using Proposition 3.2.1 on the CS

Decomposition, we then have the following result.

Corollary 4.2.3. With the above notation,

—1/2 ¢ =5 —-1/2
G(D1, Da) = {|D:1]"/*(Uy @ Us)( ® Iyp) (Vi @ V)| Do/ 7}
-S C

where Uy, Vi € Op, Uy, Vo € Oy and C, S € M,, are nonnegative diagonal matrices such
that C* — S? = I,.

Let A be an n X n nonsingular matrix with Singular Value Decomposition
Uxw

where U and W are orthogonal matrices. So, AWT = U¥X. Now, it is easy to see that
UY € G(I,X7?). (Also: since U is an orthogonal matrix, U is a G-matrix; multiplying U
by the nonsingular diagonal matrix 3 we still have a G-matrix.) Hence, AWT = B, where

B € G(I,X7?), so that A = BW. We thus arrive at the following result.

Proposition 4.2.4. Every n x n nonsingular matriz is a product of a G-matrix and an
orthogonal matriz. In particular, if USW is a Singular Value Decomposition of a nonsingular

matrixz A, then UY is a G-matrix.

Note 4.2.5. We can observe that by using Theorem 4.2.2 the above matrix B € G(I,X7?)
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simply equals to C'X, where C' is an orthogonal matrix. This yields that
A= BW =CXW,

a Singular Value Decomposition! In fact, the matriz C' must be the same as the matriz U

above.

Remark 4.2.6. Giwen a fized n X n inertia matriz J, we have various classes of G-matrices
associated with J. We then have the following relation on the collection of the classes of

n X n G-matrices:

G(Dl, DQ) ~ G(Dg, D4)

if and only if each class is associated with the same J, i.e. the inertia matriz of Dy, Ds, D3,
Dy is J. (Note that G(J,J) is in the same equivalence class.) Then, it is clear that ~ is an

equivalence relation on the collection of the classes of n x n G-matrices.

4.3 The Connected Components

In this section we show that G(D;, Dy) has two or four connected components in M,,.
Also we show that
Gn= |J G(D1,Dy),

D1,D2
the set of all n xn G-matrices, has two connected components in M,,. Let O,, be the set of all
n x n orthogonal matrices, O;F be the set of all n x n orthogonal matrices with determinant

1, and O, be the set of all n x n orthogonal matrices with determinant —1.

Proposition 4.3.1. [7, Theorem 3.67] For everyn > 1, O, has two connected components,
O and O,

Proposition 4.3.2. [11, Theorem 8.5] Let J be an n x n signature matriz. If J # £I

then T',,(J) has four connected components.
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Corollary 4.3.3. For every n x n signature matriz J, O, UT,(J) has two connected com-

ponents.

Proof. Since every component of I',,(J) has some orthogonal matrices (this is because each
component has signature matrices, which in fact are orthogonal matrices), by the use of

Proposition 4.3.1, the result is obtained. O

Theorem 4.3.4. Let Dy and Dy be nonsingular diagonal matrices with the inertia matriz

J.
(1) If J # £1, then G(Dy, D) has four connected components.

(17) If J = =£I, G(Dy, D3) has two connected components.

Proof. Let P and @) be as in the proof of Theorem 4.2.2. Consider the linear operator
T : M, — M,, defined by

T(A) = |Di|"2PTAQ| D,y |72,

Both 7 and T~! are continuous and T(T',(J)) = G(Dy, Dy) by Theorem 4.2.2. So the
number of connected components of I',(J) and G(Dy, Ds) are the same. Now, by the use of

Propositions 4.3.1, 4.3.2, the proof is complete. O
Theorem 4.3.5. The set G,, of all n X n G-matrices has two connected components.

Proof. We present the proof in two steps.
Step 1: First we show that G(D1, Do) |J G(|D1], |D2]) has two connected components, where
J is the inertia matrix of D; and D,. By Theorem 4.2.2, there exist permutation matrices

P and @ such that

G(D1, D) = {|D1|2PTAQ|Do| /2 - A€ Ty(J)},

G(IDi|, [Daf) = {|Ds| V2P AQI Dy /2 : A € O,),
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where J is the inertia matrix of D; and Ds.

Then G(Dy, Dy) UG(| Dy, |Ds|) = T(O, UT,,(J)), where T is the linear operator in the
proof of Theorem 4.3.4. By the use of Corollary 4.3.3, G(Dy, D2) U G(|D1],|D2|) has two
connected components.

Step 2: Let D, be the set of all n x n diagonal matrices with positive diagonal entries.
It is clear that D, is a connected set. For every Dy, Dy € D,, we have G(Dq, Dy) =
D70 Dy * U DTY*(0;)D5?. Then we have

U G(Dy, Dy) = U D—1/2<O+ —1/2 U D_I/Q(O )D—1/2]

D1,D2€D,, D1,D2€D,, D1,D2€D,,

Since D,,, O;f and O, are connected sets,

U (D1, Dy

D1,D2€Dy,

has two components.
Recalling that G,, = Up, p, G(D1, D2), by use Step 1 and Step 2, the set of all n x n

G-matrices has two connected components.

The work in Part 4 of this dissertation will soon be submitted for publication [17].
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