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APPENDIX A

Spherical Harmonics as an Orthonormal Basis on a Sphere
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Figure A.1 On the unit sphere, any (square-integrable) function f(✓,�) can be expanded as

a linear combination of spherical harmonics Y m

l

(✓,�). We approximate the original image

‘Doug’ on the sphere by gradually adding spherical harmonics, with maximum number l
max

=

2, 4, 6, 10, 15, 20, 25, +1.



431

APPENDIX B

ELC Usage

The basic usage of ELC is to configure the two input files: ELC.inp and gridloop.opt.

The ELC.inp contains all the model parameters and gridloop.opt stores the information

on the input light curve and RV curve files and details of the optimization process. In

practice, I follow these steps:

1) Estimate the main parameters that can define the system. The e↵ective

temperatures can be found at Kepler Input Catalog, Huber et al. (2014), Armstrong et al.

(2014), etc. Based on these temperatures, we can estimate the radius of stars assuming some

main-sequence prior. Some estimated orbital parameters such as the period, eccentricity,

inclination, T0 can be found at Kepler EB catalog1 online maintained by the Villanova group.

In practice, we usually find the e↵ective temperature of two components from spectra, and

then fix T
e↵1

to the spectroscopic value. The orbital period is often fixed to the value from

light curve. Bolometric albedos, gravity darkening exponents are fixed to theoretical values.

Limb-darkening coe�cients are interpolated from tables based on the stellar temperatures

and gravities.

2) Make some trial runs of ELC to compare with the observed light curve.

Change some parameters manually and check their influence on the light curve.

3) Determine the tuning parameters and optimization method. Usually the

parameters to optimize are among the following: e, !, inclination,T
0

, period, filling factor

or fractional radii, temprat or T
e↵2

, bolometric albedo, rotational frequency. If RVs are

1http://keplerebs.villanova.edu/
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included in the fitting, parameters such as primK, mass ratio, systemic velocity are also

optimized. The genetic algorithm is a handy optimization tool (Charbonneau 1995), and we

need to set the lower and upper boundary for each parameter. We usually set broad ranges

in the gridloop.opt file and run geneticELC for 200� 400 generations with 100 members for

each generation. Alternatively, we can use the MCMC (Tegmark 2004) or de-MC sampler

(Eastman et al. 2013) and we need an extra input file MarkovELC.inp to specify the length

of chains, the number of chains and the number of iterations to skip (the burn-in part of the

chain). Note that the de-MC sampler is more e�cient than the ordinary MCMC algorithm.

The same converged result can be reached with about 10000 samples in the de-MC method

and 50000 samples in the MCMC method. For eccentric binaries, the computation is quite

expensive, and we can combine the genetic algorithm with other faster optimizers like amoeba

and Levenberg-Marquardt.

4) Analyzing the results. The parameter values and �2 at each generation are recorded

in the generation.XXX files. We usually plot the �2 values for each tuning parameter to check

if a global minimum has been found. If the parameters have converged, we usually scale the

�2 values so that the �2

min

⇡ ⌫, where ⌫ = N
data

�N
param

is the number of degrees of freedom.

The 1�, 2� error bars are then found from the intersections of �2

min

+ 1.0, 4.0 levels with the

�2 lower envelopes. Note that this approach may underestimate the errors as the parameter

correlations are not fully taken into account. For partial eclipsing systems, the light curve

shape depends on (R
1

+ R
2

)/a, thus the two parameters R
1

/a and R
2

/a (or e↵ectively, f1

and f2) are correlated. If we use the MCMC or de-MC optimizers in ELC, the outputs are
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just Markov chains for each parameter. We need to check the convergence of the chains and

then find the point estimates (usually use median values or maximum likelihood values) from

the histogram of these posterior samples. Convenient packages exist for such analysis such

as the coda2 package in R language, and corner3 package in python, etc. Other calculated

parameters are stored in ELC.parm or ELCparm.XXX files.

2https://cran.r-project.org/web/packages/coda
3https://github.com/dfm/corner.py
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APPENDIX C

Call tree of the subroutine light curve

Figure C.1 Call tree of the subroutine lightcurve in ELC.
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Figure C.2 Call tree of the subroutine lightcurve in ELC (Continued).
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APPENDIX D

An IDL program for Bayesian Isochrone Fitting with Padova models

pro padova2

;read padova isochrones for bayesian isochrone fitting

;following Jorgensen & Lindegren 2004

;/01/13/14,/09/22/15, apply to two components in EBs, G=G1*G2

;-----------------

openr,1,’isochron.dat’

d=dblarr(19,64381)

readf,1,d

close,1

;----------------------------------------------content of the file

;1 0.00040 6.310e+07 7.80 0.15000001

;overshoot z age logage mini

;0.1500 -2.3035 3.5907 5.2264 10.529

;mact logL logTeff logg Mbol

;13.922 12.907 11.548 10.655 9.824 8.900 8.279 8.028 -9.59274740

;Umag Bmag Vmag Rmag Imag Jmag Hmag Kmag flum

;--------------------------------------------------------

overshoot=reform(d(0,*)) ;all overshoot type=1

z=reform(d(1,*))
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age=reform(d(2,*))

logage=reform(d(3,*))

;corresponds to each z, logage=7.8 7.85 7.9.....10.25,increment=0.05

mini=reform(d(4,*))

mact=reform(d(5,*))

logL=reform(d(6,*))

logTeff=reform(d(7,*))

logg=reform(d(8,*))

Mbol=reform(d(9,*))

Umag=reform(d(10,*));absolute mag in U band

Bmag=reform(d(11,*))

Vmag=reform(d(12,*))

Rmag=reform(d(13,*))

Imag=reform(d(14,*))

Jmag=reform(d(15,*))

Hmag=reform(d(16,*))

Kmag=reform(d(17,*))

flum=reform(d(18,*))

;--------------------

;fix z=0.03,get G for different age
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window,2,xsize=1200,ysize=600

g=where( (abs(z - 0.03) le 0.0001)and(abs(logage -9.30) le 0.02) )

xx=logTeff(g)

yy=logg(g)

m=mini(g)

plot,xx,yy,symsize=0.5,xrange=[4.5,3.2],yrange=[4.5,2.0],$

ystyle=1,xstyle=1,xtitle=textoidl(’log(T_{eff})’),ytitle=’logg’,$

title=’KIC9851944 isochrone fitting’,/nodata

;KIC9851944 observed log(Teff),logg

xobs=3.8467 ;logTeff

yobs=3.96 ;logg

xobs2=3.839

yobs2=3.69

sigx=0.01 ;obvervation logTeff error bar

sigy=0.05

sigx2=0.01

sigy2=0.05

;-----------------component1

age=findgen(49)/49*(10.25-7.8)+7.8
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Gfinal=fltarr(49)

for j=0,48 do begin

g=where( (abs(z - 0.03) le 0.0001)and(abs(logage -age[j]) le 0.02) )

;fix Z for now, then pick an isochrone in the age array

xx=logTeff(g)

yy=logg(g)

m=mini(g)

ng=n_elements(g)

mm=findgen(2000)/2000.0*(max(m)-min(m))+min(m)

part1=1/(sqrt(2.0*!pi)*sigx*sqrt(2.0*!pi)*sigy)

G=fltarr(1998)

for i=1,1998 do begin

qx=interpol(xx,m,mm[i])

qy=interpol(yy,m,mm[i])

chi2=(xobs-qx)^2/sigx^2+(yobs-qy)^2/sigy^2

part2=exp(-0.5*chi2)

G[i-1]=part1*part2*mm[i]^(-2.7)*(mm[i+1]-mm[i-1])

endfor

Gfinal[j]=total(G)

endfor
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ageGyr=10.0^age/1D9

int3=INT_TABULATED(age, Gfinal,/double)

Gfinal=Gfinal/int3 ;normalize pdf

plot,age,Gfinal,xtitle=’Log(age)’,$

ytitle=’Probability Density’,yrange=[0,15],xrange=[8.0,10.0]

;-------------------component2

age=findgen(49)/49*(10.25-7.8)+7.8

Gfinal=fltarr(49)

for j=0,48 do begin

g=where( (abs(z - 0.03) le 0.0001)and(abs(logage -age[j]) le 0.02) )

;fix Z now, then pick an isochrone in the age array

xx=logTeff(g)

yy=logg(g)

m=mini(g)

ng=n_elements(g)

mm=findgen(2000)/2000.0*(max(m)-min(m))+min(m)

part1=1/(sqrt(2.0*!pi)*sigx*sqrt(2.0*!pi)*sigy)

G=fltarr(1998)

for i=1,1998 do begin

qx=interpol(xx,m,mm[i])
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qy=interpol(yy,m,mm[i])

chi2=(xobs2-qx)^2/sigx^2+(yobs2-qy)^2/sigy^2

part2=exp(-0.5*chi2)

G[i-1]=part1*part2*mm[i]^(-2.7)*(mm[i+1]-mm[i-1])

endfor

Gfinal[j]=total(G)

endfor

ageGyr=10.0^age/1D9

int4=INT_TABULATED(age, Gfinal,/double)

print,int4

Gfinal=Gfinal/int4

oplot,age,Gfinal,linestyle=1;,xtitle=’Age in Log’,$

ytitle=’relative Posterior Prob.’

;----------system=component1*component2

age=findgen(49)/49*(10.25-7.8)+7.8

Gfinal=fltarr(49)

for j=0,48 do begin

g=where( (abs(z - 0.03) le 0.0001)and(abs(logage -age[j]) le 0.02) )

;fix Z now, then pick an isochrone in the age array

xx=logTeff(g)
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yy=logg(g)

m=mini(g)

ng=n_elements(g)

mm=findgen(2000)/2000.0*(max(m)-min(m))+min(m)

part1=1.0/(sqrt(2.0*!pi)*sigx*sqrt(2.0*!pi)*sigy)

part1b=1.0/(sqrt(2.0*!pi)*sigx2*sqrt(2.0*!pi)*sigy2)

G=fltarr(1998)

for i=1,1998 do begin

qx=interpol(xx,m,mm[i])

qy=interpol(yy,m,mm[i])

chi2=(xobs-qx)^2/sigx^2+(yobs-qy)^2/sigy^2

chi2b=(xobs2-qx)^2/sigx2^2+(yobs2-qy)^2/sigy2^2

part2=exp(-0.5*chi2)

part2b=exp(-0.5*chi2b)

G[i-1]=(part1*part2)*(part1b*part2b)*mm[i]^(-2.7)*(mm[i+1]-mm[i-1])

endfor

Gfinal[j]=total(G)

endfor

ageGyr=10.0^age/1D9
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int5=INT_TABULATED(age, Gfinal,/double)

Gfinal=Gfinal/int5 ;normalize the pdf

oplot,age,Gfinal,color=cgcolor(’red’),$

,xtitle=’System Age in Log’,ytitle=’Posterior Prob.’

end
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APPENDIX E

An IDL package for spectral tomography

We have discussed in Chapter 9 various algorithms for tomographic reconstruction of spec-

tra. Most of the algorithms are only demonstrated with toy examples of small scale. For

practical applications of large scale problems, the methods in Fourier space are fast and

appropriate. The tomoft code is about three times faster than the old tomography.pro pro-

gram. The Bayesian methods (linear regression) can also be applied to real spectra (e.g.,

1000 pixels), but one reconstruction usually takes about several minutes. The hierarchical

Bayesian method currently can only be used for small scale problems (e.g., a few hundred

pixels).

We attach two IDL programs for tomography in Fourier domain tomoft and tomoftregu2.

The second program includes regularization.

I have tried to design the programs so that they have the same calling sequence as the

old program (tomography.pro). Thus the new codes may be run by directly replacing the

line containing the old tomography run (with tomography.pro):

TOMOGRAPHY,100,0.8,obsspec,recspec,pshift,fratio,simspec

with the following lines:

tol=1D-5

tomoft,tol,obsspec,recspec,pshift,fratio,simspec

If low frequency deviations appear in the reconstructions, the spectra can be renormalized

using the ‘corridor correction’ by adding these lines:
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;(if F2/F1=1.3,then)

f1=1.0/(1.0+1.3)

f2=1.3/(1.0+1.3)

sp1=fltarr(npix)+1.0

sp2=fltarr(npix)+1.0

z1=(sp1-1.)*f1-(rec1-1)*f1

z2=(sp2-1.)*f2*(-1.0)-((rec2-1)*f2)*(-1.0)

zmean=(z1+z2)/2.0

zmean=smooth(zmean,20)

;oplot,wave,zmean,color=cgcolor(’green’)

rec1corr=rec1+zmean/f1

rec2corr=rec2-zmean/f2

where the smoothing width parameter 20 is arbitrary and should be varied empirically.

The source codes for the two programs are listed in the following:

1 tomoft.pro (tomography in Fourier domain, algorithm in section 9.3.1)

pro tomoft,tol,obsspec,recspec,pshift,ratio,simspec

;a similar pro to tomograph.pro, but in FT domain,3 times faster

;NO regularization

;Inputs:--------------

;tol: SVD singular value tolerance,
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;singular values smaller than tol will be

;treated as zero, usually 1D-5

;obsspec: npix*nrv

;recspec: npix*2; set initial values for prior spectra

;pshift: 2*nrv

;ratio: 2*nrv

;(nstar=2 for now)

;Outputs:---------------

;recspec: npix*2

;simspec: npix*nrv

yobs=obsspec

;dimension: dblarr(npix,nrv)

ydim=size(yobs,/dimension)

npix=ydim[0]

nrv=ydim[1]

pdim=size(pshift,/dimension)

nstar=pdim[0]
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ym=dcomplexarr(npix,nrv);FT of the obsspec

for i=0,nrv-1 do begin

yobs(*,i)=obsspec(*,i)-mean(obsspec(*,i))

ym(*,i)=fft(yobs(*,i),/double)

endfor

;-------------------------

bet=dblarr(nrv,nstar)

bet=transpose(pshift)

L=ratio

Farr=dcomplexarr(nstar,nrv,npix)

;nrv obs spec, 2 stars,npix pixels

for i=1,nrv do begin

for j=1,nstar do begin

Lj=L(j-1,i-1)

col=dblarr(npix)

;npix=n_elements(col)

temp=abs(bet(i-1,j-1))
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low=fix(temp)

high=low+1.0

fhigh=temp-low

flow=1.0-fhigh

if(bet(i-1,j-1) lt 0.)then begin

if(low eq 0.)then begin

;speciall cases when RV within[-1,0]

;2 nonzero elements are col(npix-1)and col(0)

col(0)=flow*Lj

col(npix-high)=fhigh*Lj

endif else begin

col(npix-low)=flow*Lj

col(npix-high)=fhigh*Lj

endelse

endif else begin

col(low)=flow*Lj

col(high)=fhigh*Lj

endelse
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;print,i,j,’col=’,col

Farr(j-1,i-1,*)=fft(col,/double)

endfor

endfor

Farr=Farr*npix

x_inv=dcomplexarr(npix,nstar);ft of component spectra

ysim=dcomplexarr(npix,nrv);ft of simspec

for mm=0,npix-1 do begin

y=ym(mm,0)

for iy=1,nrv-1 do y=[y,ym(mm,iy)];form the FT(yobs)at freq=m

Fm=Farr(*,*,mm);the Fm matrix for freq=mm

;----SVD solution for each mm

la_svd,Fm,w,u,v

wfilter=w

for i=0,n_elements(w)-1 do begin
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if(w[i] le tol)then begin

wfilter[i]=0.0d

endif else begin

wfilter[i]=1.0/w[i]

endelse

endfor

;for each freq=mm,x_inv is a 2 elements array

x_inv(mm,*)=v##diag_matrix(wfilter)##transpose(conj(u))##y

ysim(mm,*)=Fm##x_inv(mm,*);nrv*nstar nstar*1 =nrv*1,all complex arrays

endfor

for i=0,nstar-1 do begin

recspec(*,i)=real_part(fft(x_inv[*,i],/inverse,/double))

endfor

;ysim(npix,nrv)

simspec=dblarr(npix,nrv)

for i=0,nrv-1 do begin

simspec(*,i)=real_part(fft(ysim(*,i),/inverse,/double))

simspec(*,i)=simspec(*,i)+mean(obsspec(*,i))
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;dblarr(npix,nrv)

endfor

end

2 tomoftregu2.pro (algorithm in section 9.3.2, calling subroutines tomoftregu and find-

corner)

pro tomoftregu2,tol,bound,nalpha,prior,obsspec,recspec2,pshift,ratio,simspec,

resi_arr,x_xprior,alpha_arr,alphaBest

;tomoft with regularization,use tomoftergu and

;findcorner to find best regularization paramter alpha

;tol: SVD singular value tolerance, smaller than tol will be treated as zero

;bound: two elements array,lower and upper bounds of alpha,e.g. [0.01,10]

;nalpha: # of regular parameter calculated

;prior: npix*2

;obsspec: npix*nrv

;recspec2: npix*2,inital value is going to be set as prior

;pshift: 2*nrv

;ratio: 2*nrv



452

;----------Outputs:

;recspec2: npix*2; final recspec

;simspec: npix*nrv

;resi_arr: nalpha elements array, store the |Gx-d|^2

;x_xprior: nalpha elements array, store the |x-xprior|^2

;alpha_arr: nalpha elements array,store the regular parameters alpha

;bestalpha: the alpha adopted for final reconstruction

;

;yobs=obsspec;dblarr(npix,nrv)

ydim=size(obsspec,/dimension)

npix=ydim[0]

nrv=ydim[1]

;nalpha=20.

low=alog10(bound[0])

up=alog10(bound[1])

alpha0=dindgen(nalpha)/nalpha*(up-low)+low;low->up

alpha_arr=10.0^alpha0;

resi_arr=dblarr(nalpha)
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x_xprior=dblarr(nalpha)

for al=0,nalpha-1 do begin

;alpha=0.1

alpha=alpha_arr[al]

recspec2=prior;need to reset prior, recspec2 initial values=prior

tomoftregu,tol,alpha,obsspec,recspec2,pshift,ratio,simspec

rec1=recspec2(*,0)

rec2=recspec2(*,1)

x_xprior[al]=total((rec1-prior(*,0))^2)+total((rec2-prior(*,1))^2)

sum=0.0d

for j=0,nrv-1 do begin

sum=sum+total((obsspec(*,j)-simspec(*,j))^2)

endfor

resi_arr[al]=sum

print,x_xprior[al],resi_arr[al],alpha

;alpha=-2->2, resi,xxprior,alpha saved in xyz.txt,



454

;and used by test_findcorner

endfor

window,18,xsize=1200,ysize=600

x=alog10(resi_arr)

y=alog10(x_xprior)

plot,x,y,psym=4,yrange=[min(y),max(y)],$

xrange=[min(x),max(x)],xstyle=1,ystyle=1,$

title=’log(resi) vs log(x_xpior)’,xtitle=’resi’,ytitle=’x_xprior’

;use findcorner

findcorner,resi_arr,x_xprior,alpha_arr,alphaBest,g,kap

print,’best alpha=’,alphaBest,’ index=’,g

oplot,[x(g)],[y(g)],psym=1,color=cgcolor(’red’)

for i=0,nalpha-1 do begin

str=strtrim(string(alpha_arr[i],format=’(f6.3)’),2)

xyouts,[x(i)],[y(i)],str

endfor

;calculate curvature numerially

dy1=deriv(x,y)
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dy2=deriv(x,dy1)

curv=abs(dy2)/(1.0+dy1^2)^1.5; Curvature

gg=where(curv eq max(curv))

;print,gg,alpha(gg)

oplot,x[gg],y[gg],psym=4,color=cgcolor(’red’)

window,19

plot,alpha_arr,curv,psym=1,title=’alpha vs curvature’

oplot,alpha_arr,kap,psym=4,color=cgcolor(’red’)

;curvature from findcorner.pro approx.method

;--------------Lcurve end-----------------------------

;use the best alpha to do final tomo again

recspec2=prior

tomoftregu,tol,alphaBest,obsspec,recspec2,pshift,ratio,simspec

end

;------------------------------tomoftregu----------------------------

pro tomoftregu,tol,alpha,obsspec,recspec,pshift,ratio,simspec

;tomoft with regularization

;------------Inputs:
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;tol: SVD singular value tolerance,

;smaller than tol will be treated as zero

; usually 1d-5

;alpha: regularization parameter;

;larger value->solution is closer to prior

;obsspec: npix*nrv

;recspec: npix*2; set inital values are prior spectra

;pshift: 2*nrv

;ratio: 2*nrv

;----------Outputs:

;recspec: npix*2

;simspec: npix*nrv

;set recspec initial values as prior

;tol=1d-4

;--------------

;use modelspectra as mprior ,regularization in Fourier domain

;modp=spmod(w,paramp)

;mods=spmod(w,params)

;prior: npix*nstar array

modp=recspec(*,0)
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mods=recspec(*,1)

x1=modp-mean(modp)

x2=mods-mean(mods)

x1m=fft(x1,/double)

x2m=fft(x2,/double)

;the following part is the pro:

;tomoft,tol,obsspec,recspec2,pshift,ratio,simspec2

yobs=obsspec;dblarr(npix,nrv)

ydim=size(yobs,/dimension)

npix=ydim[0]

nrv=ydim[1]

pdim=size(pshift,/dimension)

nstar=pdim[0]

ym=dcomplexarr(npix,nrv);FT of the obsspec

for i=0,nrv-1 do begin

yobs(*,i)=obsspec(*,i)-mean(obsspec(*,i))

ym(*,i)=fft(yobs(*,i),/double)
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endfor

;-----

bet=dblarr(nrv,nstar)

bet=transpose(pshift)

L=ratio

Farr=dcomplexarr(nstar,nrv,npix)

;nrv obs spec, 2 stars,npix pixels

for i=1,nrv do begin

for j=1,nstar do begin

Lj=L(j-1,i-1)

col=dblarr(npix)

;npix=n_elements(col)

temp=abs(bet(i-1,j-1))

low=fix(temp)

high=low+1.0

fhigh=temp-low
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flow=1.0-fhigh

if(bet(i-1,j-1) lt 0.)then begin

if(low eq 0.)then begin

;speciall cases when RV within[-1,0],

;2 nonzero elements are col(npix-1)and col(0)

col(0)=flow*Lj

col(npix-high)=fhigh*Lj

endif else begin

col(npix-low)=flow*Lj

col(npix-high)=fhigh*Lj

endelse

endif else begin

col(low)=flow*Lj

col(high)=fhigh*Lj

endelse

Farr(j-1,i-1,*)=fft(col,/double)

endfor

endfor
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Farr=Farr*npix

x_inv=dcomplexarr(npix,nstar);ft of component spectra

ysim=dcomplexarr(npix,nrv);ft of simspec

II=dcomplexarr(2,2)

temp=complex(1.0,0.0)

II(0,0)=temp

II(1,1)=temp

for mm=0,npix-1 do begin

y=ym(mm,0)

for iy=1,nrv-1 do y=[y,ym(mm,iy)];form the FT(yobs)at freq=m

mprior=[x1m(mm),x2m(mm)]

Fm=Farr(*,*,mm);the Fm matrix for freq=mm

;----svd solution for each mm

Fm2=[[Fm],[alpha*II]]

ynew=[y,alpha*mprior]
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la_svd,Fm2,w,u,v

wfilter=w

for i=0,n_elements(w)-1 do begin

if(w[i] le tol)then begin

wfilter[i]=0.0d

endif else begin

wfilter[i]=1.0/w[i]

endelse

endfor

;---for each freq=mm,x_inv is a 2 elements array

x_inv(mm,*)=v##diag_matrix(wfilter)##transpose(conj(u))##ynew

ysim(mm,*)=Fm##x_inv(mm,*);nrv*nstar nstar*1 =nrv*1,all complex arrays

endfor

for i=0,nstar-1 do begin

recspec(*,i)=real_part(fft(x_inv[*,i],/inverse,/double))

endfor

;ysim(npix,nrv)
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simspec=dblarr(npix,nrv)

for i=0,nrv-1 do begin

simspec(*,i)=real_part(fft(ysim(*,i),/inverse,/double))

simspec(*,i)=simspec(*,i)+mean(obsspec(*,i))

;dblarr(npix,nrv)

endfor

end

;------------------------------findcorner------------------------------

pro findcorner,resi,x_xprior,reg_param,reg_corner,g,kappa

;translate from matlab code:l_curve_corner(rho,eta,reg_param)

;transform rho and eta into log-log space

;Input: --------------

;resi :|Gm-d|^2

;x_xprior :|x-xprior|^2

;reg_param: alpha array

;Output:---------------

;reg_corner :best alpha(regularization parameter)
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;g : index of the best alpha

;kap : curvature at each alpha

x=alog(resi);

y=alog(x_xprior);

; Triangular/circumscribed circle simple approximation to curvature

; (after Roger Stafford)

; the series of points used for the triangle/circle

nx=n_elements(x);nx=ny

x1 = x(0:nx-3);

x2 = x(1:nx-2);

x3 = x(2:nx-1);

y1 = y(0:nx-3);

y2 = y(1:nx-2);

y3 = y(2:nx-1);

; the side lengths for each triangle

a = sqrt((x3-x2)^2+(y3-y2)^2);

b = sqrt((x1-x3)^2+(y1-y3)^2);

c = sqrt((x2-x1)^2+(y2-y1)^2);
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s=(a+b+c)/2;%semi-perimeter

; the radius of each circle

R=(a*b*c)/(4*sqrt((s*(s-a)*(s-b)*(s-c))));

; The curvature for each estimate for each value which is

; the reciprocal of its circumscribed radius.

;Since there aren’t circles for

; the end points they have no curvature

kappa = [0,1.0/R,0];

nk=n_elements(kappa)

curvature_max=max(abs(kappa(0:nk-1)),g);

reg_corner=reg_param(g)

end


