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ABSTRACT

We investigate the usefulness of deep learning when applied to both control theory
and partial differential equations (PDEs). We will develop new network architectures and
methodologies to approach the solving of high-dimensional problems. Specifically, we de-
velop a network architecture called Lyapunov-Net for approximating Lyapunov functions in
high-dimensions and a new methodology called Neural Control for finding solution opera-
tors for high-dimensional parabolic PDEs. The theoretical accuracy and numerical efficiency
of these approaches will be investigated along with implementation details to use them in
practice.
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PART 1
INTRODUCTION

In recent years, deep learning methods have been used to solve many high-dimensional prob-
lems previously intractable to traditional numerical schemes. Led by the rapid expansion of
computing power enabled through ever smaller and more powerful microchips, deep learn-
ing has seen success in applications ranging from computer vision [69], to natural language
processing [116], to generative modeling [35, 105], to function approximation [123]. The
power of huge models called deep neural networks (DNNs) has been of particular interest.
These models are not new [2], however, modern computers and advances in numerical calcu-
lus through tools like automatic differentiation have made DNNs the central focus of much
modern research in machine learning, and more generally in artificial intelligence.

For this dissertation, we will investigate DNNs and their usefulness in approximating
functions. Specifically, we will look at the problem of finding high-dimensional Lyapunov
functions with applications in control theory and the problem of finding solution operators
to solve high-dimensional Partial Differential Equations (PDEs). These two applications
represent the power of DNNs when solving high-dimensional problems of the sort previously

unapproachable by traditional methods.

1.1 Neural Networks and Universal Approximation

DNNs can be viewed as nonlinear reduced-order models, and are powerful tools in solving
high-dimensional PDEs in recent years [7, 28, 43, 92, 93, 94, 124]. Mathematically, a DNN

can be expressed as the composition of a series of simple linear and nonlinear functions.



In the deep learning context, a typical building block of DNNs is called a layer, which is
a mapping h : R — R? for some compatible input dimension d and output dimension d’
defined by:

h(z; W, b) :== o(Wz+b), (1.1)

where z € R? is the input variable of h, the matrix W € R¥*¢ and vector b € R are called
the weight and bias respectively, and o : R — R is a nonlinear function that operates com-
ponentwise on its d’-dimensional argument vector Wz + b (hence o is effectively a mapping
from R? to R%). While in theory any non-polynomial function can serve as an activation
function, some common choices of activation functions include the hyperbolic tangent (tanh)
and rectified linear unit (ReLU) o(z) = max(0, z) functions. A commonly used DNN struc-
ture uy, often called a feed-forward network (FFN), is defined as the composition of multiple

layer functions of form (1.1) as follows:

ug(x) == u(z;0) = w' 2 + b, (1.2)

where 2o =z, 2z ="h(z_1):=h(zi_;W,,b), (=1,... L,

and the [th hidden layer h(-;W;, b)) : R4-1 — R% is determined by its weight and bias
parameters W, € R4*%-1 and b; € R% for I = 1,...,L and dy = d. Here the output of wuy
is set to the affine transform of the last hidden layer zyny = hp(z7_1) using weight w € R

and bias b € R. The network parameters 6 refers to the collection of all learnable parameters



(stacked as a vector in R™) of wy, i.e.,
0 := (U),b, WL,bL,...,Wl,bl) e R™. (13)

The process of training the network wug refers to finding the minimizer 6 of some properly
designed loss function which takes 6 as input.
Early research on the approximation capabilities of neural networks dates back to the

1980s from which we get one of the first universal approximation theorems due to [48].

Theorem 1. Let Q C R? be compact, g € C(Q) and € > 0. For a DNN of the form (1.2)
with any continuous non-constant activation function o there exists a large enough neural
network ug such that

sup |g(x) — up(z)| < e.
z€eQ

In particular, Hornik in [48] showed that a single hidden layer was sufficient for univer-
sal approximation. Following this early result and others in the 90s the interest in neural
networks waned. However, as previously mentioned, in recent years DNNs have been investi-
gated and new studies have shown their power in approximating high-dimensional functions,
see e.g. [39, 40, 66, 70, 89, 123]. Compared to the approach of Hornik, many of the modern
universal approximation theorems (such as [123]) come with approximation rates. These
rates show that the number of parameters of a DNN needed to approximate a Lipschitz
function to error e scales as O(e™¢) in the worst case. This theory suggests weights should
scale exponentially in dimension, yet in practice this does not play out, suggesting there yet

remains a gap in the theory.



Ultimately, these results provide the theoretical underpinning which justify the use of
DNNs in different contexts. For the rest of this dissertation, we will seek to show how DNNs
can be utilized in both control and PDEs to develop novel techniques to solve classical nu-
merical problems in high-dimensions. The theoretical advances presented in this dissertation
will make use of varying modern universal approximation results stated for the more general
Sobolev spaces. We will use the standard notation to define the Sobolev space W*?(Q) and

will use the norm defined by

lollwesioy = max {lg(a)l, max | Dig(a)l, }

where D;g(z) is the weak partial derivative of g with respect to z; at x, || - ||, is the regular

LP(§2) norm. For p = oo we have

llw ey = max { esssup lg(x)], max esssup | Dig(o)] |

For Sobolev spaces it has been shown in works such as [39] that for any M,e > 0, k € N,
p € [1,00], and Q = (0,1)¢ C R% denote F := {f € WF?(Q;R) ||| fllwrry < M}, there
exists a DNN structure uy of form (1.2) with sufficiently large m and L (which depend on
M, e, d and p only), such that for any f € F, there is |lug — f[wrr) < € for some 6 € R™.
We will use variations on this result and others throughout the rest of this work and will

recite or reference these variations in the text as necessary.



PART 2

LYAPUNOV-NET: A DEEP NEURAL NETWORK ARCHITECTURE FOR
LYAPUNOV FUNCTION APPROXIMATION

2.1 Introduction

In this part, we will discuss the first of two application of DNNs to high-dimensional problems
previously unapproachable to traditional methods. This problem is approximating Lyapunov
functions for use in control. We first recall the definition of Lyapunov function for a given
general dynamical system 2’ = f(x) with Lipschitz continuous f on the problem domain €.
We assume that x = 0 is the unique equilibrium of the system dynamics that lies within
Q. If x = 0 is asymptotically stable, then by the converse Lyapunov theory, we can find a

Lyapunov function V' defined as below.

Definition 1 (Lyapunov function). Let Q C R? be a bounded open set and 0 € €, and
f:Q — Re a Lipschitz function. Then V : Q — R is called a Lyapunov function if (i) V is
positive definite, i.e., V(x) >0 for all x € Q and V(x) = 0 if and only if x = 0; and (i) V

has negative orbital-derivative, i.e., DV (x) - f(x) < 0 for all x # 0.

DNNs have emerged for the approximation of Lyapunov functions of nonlinear and non-
polynomial dynamical systems in high-dimensional spaces [16, 22, 36, 98, 120].

For control Lyapunov functions, DNNs can also be used to approximate the control laws,
eliminating the restrictions on control laws to specific function types (e.g., affine functions)

in classical control methods such as linear-quadratic regulator (LQR).



We shall propose a general framework to approximate Lyapunov functions and control

laws using DNNs. This part’s main contributions will lie in the following aspects:

1. We propose a highly versatile network architecture, called Lyapunov-Net, to approxi-
mate Lyapunov functions. Specifically, this network architecture guarantees the desired
positive definiteness property. This leads to simple parameter tuning, significantly ac-
celerated convergence during network training, and greatly improved solution quality.
This will allow for fast adoption of neural networks in (control) Lyapunov function

approximation in a broad range of applications.

2. We show that the proposed Lyapunov-Nets are dense in a general class of Lyapunov
functions. More importantly, we prove that the Lyapunov-Nets trained by minimizing
empirical risk functions using finitely many collocation points are Lyapunov functions,
which provides a theoretical certification guarantee of neural network based Lyapunov

function approximation.

3. We test the proposed Lyapunov-Net to solve several benchmark problems numerically.
We show that our method can effectively approximate Lyapunov functions in these
problems with very high state dimensionality. Moreover, we demonstrate that our

method can be used to find control laws in the control Lyapunov problem setting.

2.2 Background

Approximating Lyapunov functions using neural networks can be dated back to [74, 106].

In [74] the authors attempted the idea assuming that a shallow neural network can exactly



represent the target Lyapunov function. In [106], stabilization problems in control using
neural networks with one or two hidden layers are considered. In [57], the control Lya-
punov functions (CLF) using quadratic Lyapunov function candidate is considered. A DNN
approach to CLF is considered in [1, 16] which are similar. Approximating stabilizing con-
trollers using neural networks is considered in [65]. Time discretized dynamics and successive
parameter updates are considered in [98, 100]. Specifically, [98] considers jointly learning
the Lyapunov function and its decreasing region which is expected to match the Region
of Attraction (ROA). Still more recently some authors have considered finding Lyapunov
functions by solving specific PDEs given by Zubovs equations [72].

Special network architectures to approximate Lyapunov functions are also considered in
[98]. In [98], a Lyapunov neural network of form ||¢g(-)||* is proposed to ensure positive
semi-definiteness, where ¢y(-) is a DNN. To ensure positive definiteness, the authors restrict
¢ to be a feed-forward neural network, all weight matrices to have full column rank, all
biases to be zero, and all activation functions to have trivial null space (e.g., tanh or leaky
ReLU but not sigmoid, swish, softmax, ReLU, or RePU). Compared to the architecture in
98], the network architecture in the present work does not have any of these restrictions.
Moreover, the positive definite weight matrix constructions in [98] can make ||¢g(x)||* grow
excessively fast as ||z|| increases, whereas ours does not have this issue.

In [36], the author considers dynamical systems with small-gain property, which yields

a compositional Lyapunov function structure that has decoupled components. In this case,

it is shown that the size of the DNN used to approximate such Lyapunov functions can be



dependent exponentially on the maximal dimension of these components rather than the
original state space dimension. Still other authors propose neural networks for other control
certificates such as barrier functions [22, 99, 120] and contraction metrics [114, 115]. While
these are a different direction compared to the approach in this section, they present other

promising angles for neural networks in control.

2.3 Proposed Method

In this section, we propose the Lyapunov-Net architecture to approximate Lyapunov func-
tions and discuss its key properties and associated training strategies. Our approach is to
approximate a Lyapunov function using a specially designed deep neural network. Due to
limited network size and finite collocation points for training in practice, we only guarantee
that our approximation function V' is positive definite in 2 and satisfies a slightly relaxed
condition of Definition 1 (ii).

Denote B(z;d) :={y € R?: ||y — x| < §} as the open ball of radius § > 0 centered at ,
and Qs := Q\ B(0;9) the problem domain with B(0;d) excluded. Then the slightly relaxed

condition (ii) is as follows:

DV (x)- f(z) <0, forall z € Q. (2.1)

where 6 > 0 is arbitrary and prescribed by the user. We term such a function V as a
0-accurate Lyapunov function.

A J-accurate function can be used as a Lyapunov function for 2’ = f(x) (or control-



Lyapunov function for f(z,u(z)) where the control u is to be found jointly with the Lyapunov
function, see Section 2.3.4) to prove that the solution x(t) will be ultimately bounded within
a small compact set (i.e., B(0;0)) [56]. As § — 0, the size of this compact set will converge
to 0, hence asymptotic stability is established. In practice, the smaller the value of 9, the
larger the network size and the more collocation points needed to train such a Jd-accurate
Lyapunov function.

With this relaxed condition of Lyapunov function in mind, we now proceed by building
a versatile deep network architecture that is particularly suitable for finding Vj for dynamics
evolving in high state dimension d. Then we will provide theoretical justifications for this
network. Finally, we will demonstrate that the training of this “Lyapunov-Net” renders a
minimization problem of a simple risk function, and thus requires much less manual hyper-

parameter tuning and achieves high optimization efficiency during practical computations.

2.3.1 Lyapunov-Net and its properties

We first construct an arbitrary DNN ¢,(-) : R? — R with the set of all its m trainable
parameters denoted by € € R™. This network has input dimension d and output dimension

1. Then we build a scalar-valued network V, : R? — R from ¢y as follows:

Vo(x) = [do(x) — ¢o(0)] + allz[], (2.2)

where @ > 0 is a small user-chosen parameter and || - || is the standard 2-norm in Euclidean

space. Then it is easy to verify that V4(0) = 0 and

Vo(z) > al|z]| >0, Vz#0.
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In other words, Vj is a candidate Lyapunov function that already satisfies condition (i) in
Definition 1: for any network structure ¢g with any parameter 0, Vy is positive definite and
only vanishes at the equilibrium 0. We call the neural network Vj with architecture specified
in (2.2) a Lyapunov-Net.

We now make several remarks regarding the Lyapunov-Net architecture (2.2). First, we
use the augmented term @||x|| to lower bound the function Vj(x) in order to ensure positive
definiteness. Other positive definite function r : R? — R, such that r(z) = 0 if and only if
2 = 0 can be chosen as such lower bound, such as @||z||* or alog(1 + ||z]|?), etc.

Second, the term |¢g(z) — ¢p(0)| in (2.2) can be replaced with ¥ (¢g(x) — ¢4(0)) for any
non-negative function ¢ : R”™ — R, with ¢(0) = 0. We chose ¢(-) = |-| for its application to
our theory and simplicity. Note that one could also use a vector-valued DNN ¢ : R* — R?
where d’ is arbitrary which could further improve network capacity. So long as ¢y is Lipschitz
continuous then Vj is Lipschitz continuous and hence weakly differentiable. In practice, we
can also use || - ||* or Huber norm to smooth out Vj.

Third, a detailed characterization of the & > 0 is provided in Section 2.3.3. However, in
practice, one chooses & freely as Lyapunov functions can be arbitrarily scaled by a positive
constant.

Fourth, if the equilibrium is at z* instead of 0, then one can simply replace ¢»(0) and
|z|| in (2.2) with ¢p(2*) and ||z — x*||, respectively. Without loss of generality, we assume

the equilibrium is at 0 hereafter in this section.

The properties remarked above show that Vj defined in (2.2) serves as a versatile network
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architecture for approximating Lyapunov functions. This architecture significantly eases
network training and yields an accurate approximation of Lyapunov functions in practice as

we will demonstrate.

2.3.2 Training of Lyapunov-Net

The training of Lyapunov-Net Vp in (2.2) refers to finding a specific network parameter 6
such that the negative-orbital-derivative condition DVp(z) - f(x) < 0 is satisfied at every
x € Q\ {0}. This is achieved by minimizing a risk function that penalizes Vj if the negative-
orbital-derivative condition fails to hold at some z. We can choose the following as such a

risk function:

(6) = ﬁ / (DVi(a) - 1(z) +lz])? de, (2.3)

where (2); := max(z,0) for any z € R. Here 7 is a user-chosen parameter. It is clear that the
risk function ¢(#) reaches the minimal function value 0 if and only if DVjy(x) - f(x) < —v]z||
for all x € 2, which, in conjunction with Vj already being positive definite, ensures that Vj
is a Lyapunov function.

In practice, the integral in (2.3) does not have an analytic form, and so Monte-Carlo
integration is used to approximate it. This is suitable for high-dimensional problems. To
this end, we notice that £(6) = Ex .y [(DVa(X) - f(X) + v||z]|)%] where U(Q2) stands for
the uniform distribution on 2 and hence has distribution 1/|2|. Therefore, we approximate

¢(f) in (2.3) using the empirical expectation
| X

i) = ~ Z(DVe(%) Cfa) + Al (2.4)
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where {z; : i € [N]} are independent and identically distributed (i.i.d.) samples from
U(Q). Then we train the Lyapunov-Net Vj by minimizing £() in (2.4) with respect to .
In this case, standard network training algorithms, such as ADAM [59], can be employed
in conjunction with automatic differentiation to calculate gradients. Note that techniques
to improve the efficiency of Monte-Carlo integration, such as importance sampling, can be
applied. For simplicity, we use uniform sampling in the experiments and leave improved
sampling strategies for future investigation.

As discussed earlier, the empirical risk function defined using finitely many sampling
points introduces inaccuracies near 0, which is common in the literature. Several existing
works [16, 36] observed that the deep-learning-based Lyapunov function approximation may
violate the condition DVpy(z)- f(z) < 0 within a small neighborhood of the equilibrium. Hence
why we will only search for d-accurate Lyapunov functions. This ensures our Lyapunov
function will establish ultimate boundedness of the solution z(t), which means that x(t)
converges to a small neighborhood m of 0. We note again that § > 0 can be set
arbitrarily small at the expense of a larger network size of V, and a greater amount of
sampling points. In this case, we can replace Q with s in (2.3) and exclude the points
in B(0;6) in (2.4). In practical implementation, we just apply standard uniform sampling
without such exclusion for simplicity.

The main advantage of the Lyapunov-Net architecture (2.2) is that the risk function (2.3)
(or the empirical risk function (2.4)) consists of a single term only with a single parameter.

This is in contrast to existing works [16, 36] where the risk functions have multiple terms to
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penalize the violations of the negative-orbital-derivative condition, positive definiteness con-
dition, bound requirements, etc. Thus, network training in these works requires experienced
users to carefully tune the hyper-parameters to properly weigh these penalty terms in order
to obtain a reasonable solution. On the other hand, the proposed empirical risk function
for Lyapunov-Net Vj requires little effort in parameter-tuning, and the convergence is much

faster in network training, as will be demonstrated in our numerical experiments below.

2.3.3 Lyapunov-Net approximation and certification theory

In this section, we provide theoretical guarantees on the approximation ability of Lyapunov-
Net. We shall concern ourselves with the activation function RePU which in this section
shall refer to the function RePU(z) = max{0, z}?. RePU is preferred to the common ReLU
as it is C! and hence more useful for approximating Lyapunov functions. We note that the
forthcoming theory can be extended to other even smoother activation functions (such as
tanh or sigmoid). We present RePU in this paper due to its ability to exactly represent
polynomials [66] allowing for some proof simplification.

Let Q = [-1,1]¢ and Qs = Q\ B(0;9). Let 2/ = f(z) be the dynamical system defined
by f. Further, we denote W*P?(Q) as the regular Sobolev space over €2, and C*(Q) as the

space of k-times continuously differentiable functions.

Assumption 1. f is Lg-Lipschitz continuous on Q for some Ly > 0 and f(0) = 0.

Assumption 2. There exist V* € CYQ;R) and constants o, 3,y > 0, such that for all
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x € Q) there are

allzl <V*(z) < Bll«l, (2.52)

DV*(x) - f(x) < =] (2.5b)

Assumption 1 implies that ||f||c@) < LyVd < oo and f € Wh®(Q). Assumption 2 can

also be relaxed to a more general case where a, f € K, and o € £ such that

a(llz])) < V*(z) < B(||=]])

DV*() - f(x) < —pla)

and p is a positive definite function such that p(z) > a(||z|)o(]|z]]). Here KX := {a: Ry —
R; @ a(0) = 0,lim, o a(s) = 00, a is strictly increasing and continuous} and £ := {o :
Ry — Ryy : limg oo 0(s) = 0, o is strictly decreasing and continuous} [53]. For simplicity,
we consider (2.5a) and (2.5b) in this paper, which hold in a large class of real-world problems.
Assumption 2 also indicates that V* is a Lyapunov function and 0 is the global asymptotically
stable equilibrium in €.

We will need the following result on the universal approximation power of neural net-

works.

Lemma 1 (Theorem 4.9 [40]). Let d € N, B > 0, and ||g||w1r) < B. For all e € (0,1/2),

there exists a feed-forward neural network ¢y with network parameter 8 and RePU activation
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such that

|do — gllwre() < ¢,

We now show a sort of universal approximation for the general Lyapunov-Net.

Lemma 2. For any 6 > 0, the set of Lyapunov-Nets of form Vy(x) = |pg(x) — dg(0)] + &l|z||
with RePU network ¢g and bounded weights 0 € [—1,1]™, where m is the number of trainable
parameters in ¢g, is dense in the function space 8 := {g(x)+al|z| : g € C*(Q;R,), g(0) = 0}

under the W>°(Qs) norm so long as & € (0, ).

Proof. Let h € 8 be arbitrary, where h(z) = g(x) + «f|z| for some g as characterized by
the definition of 8. Further let § > 0 and ¢ > 0. Let @ € (0,«) and define g(z) :=
g(x) + (o — a)||x|]|. We will use V() to approximate h(x) = g(z) + al|z||. We note that
for all z € Q5 we have g(z) > a := inf,eq, g(z) > (o — @)d > 0. From Lemma 1 we know
there exists a RePU neural network ¢ : RY — R such that ||¢g — g|lwr.=(0) < min(a/2,€/2).
Noting g(0) = g(0) = 0 we find that |py(0)| = |ps(0) — ¢g(0)| < a/2. On the other hand, for
all x € Q, there is |py(z) — g(z)| < a/2 which implies ¢y(z) > g(x) — a/2 > a/2. Hence

do(x) — pp(0) > 0 for all z € Q5. Furthermore, for all x € Q, there is

Vo(x) — h(z)| = |¢o(2) — ¢6(0) — g(z) + 9(0)]
< |po(2) = g(x)| + [#6(0) — 9(0)]

< e.
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From this we find

|DiVy(x) — Dih(x)| = |Di(¢(x) — ¢(0)) — Dig(x)]

< |Dig(x) — Dig(z)|

IA
ST

for all x € Q5 a.e. Thus

€
IV = hllwree(o;) < max (¢, 5) = e.

To show the above is true for RePU networks whose weight matrices are bounded we
note the following observation: Suppose we have any layer of a RePU network of the form
RePU(Ayzg—1 + by), where A, € R¥*™-1 and b, € R** with w, the width of layer ¢. If A,

and by have max entry L, then both can be decomposed into
A=A 4. A9 b =" 4. b,

such that each AZ@ € [—1,1]wexwe-1 and bge) € [—1,1]"*. As RePU activation functions can

exactly represent the identity function Id using weights in [—1, 1] (see for example Lemma
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2.1 [66]), we rewrite the layer RePU(Azp—1 + by) as

RePU(ById(Az_ + b)) = RePU([A 201 + b\
oo (AN b))

= R@PU(Ang,1 + bZ),

where N < [L], B; = [l,, Lw,, - - - Ly,] contains N order w, identity matrices,

and b= [(0)7,..., (b§)"]T.
Combining the above observation and the proof for general RePU feed-forward networks

completes the proof for some bounded weights 6 € [—1,1]™. O

In practice, the usefulness of bounding the weights of our network is that once the depth
and size of Lyapunov-Net is fixed, we can ensure the Lipschitz constant of DV} does not grow
unbounded during training. This guarantees a robust verification method through use of this
Lipschitz constant to ensure our approximating network is indeed a Lyapunov function after
tuning for size and width. We note that while many others [17, 39, 89, 101, 102, 123] consider
the needed size of networks to approximate functions in certain spaces, there are much fewer
results on Lipschitz bounded networks (See for example [51, 110] and references therein).
As network size bounds usually do not reflect the practical reality of many applications of
Lyapunov-Net, we will not exploit such analysis here.

From here on we assume © = [—1, 1]™ for some m € N.
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Lemma 3. For any ¢ € (0, \/gLf) and § > 0, there exists 6* € © such that Vp« satisfies
(2.5a) and

DVp«(x) - f(x) < —ayellz|, Ve Q. (2.6)
where a, . == —¢eL; > 0.

Proof. By Lemma 2, the set of Lyapunov-Nets, denoted by Vg, forms an e-net of § in
the W (Qs) sense. That is, for any h € 8, there exists § € © such that V, € Vg and
Vo — hllwreorqy) < €. Since V* € 8, we know there exists §* € © such that Vp- € Vg and

[V = V*|lwreerqy) < €. Therefore

DVp-(x) - f(x) = DV*(x) - f(x) + (DV™(x) = DVp-()) - f(x)
< Azl + [PV (z) = DV()[| - [1f ()]
< —llz]l +eVdLy|lz|

el

for all z € 5, where we used the facts that ||V — V*||1.0(0,) <€ and f is Lg-Lipschitz in

Q, and f(0) = 0 to obtain the last inequality. O

With the set of bounded weights © and fixed network Vp, we know there exists M > 0
such that DVjy(-) - f(+) is M-Lipschitz on € for all § € ©. Moreover, as we discussed above,
minimizing an empirical loss function based on finitely many sample collocation points cannot

guarantee the result is a Lyapunov function. Hence we provide a theoretical guarantee for
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finding an d-accurate Lyapunov function. The following Lemma will be needed:

Lemma 4. For any 0,¢ € (0,1), there exists N = N(d,¢) € N, such that for some N

sampling points ) € Qs where i = 1,..., N, we have Qs C UN, B(z®; ¢||z@])).

Proof. Define the radi rq, ..., 7, 7x11 such that 6/\/3 =r1 <ryg < - <rp <1 <rg and
7i41—1; = cr;. The above relation requires r; = (1+¢)""'6/v/d. Thus k = |—1In(6/+/d)/ In(1+
¢)| + 1. Now define I = {£r; : j € [k]} where [k] := {1,...,k} and let X = {2z =
(z1,...,2q) €Q:x;€1,i€[d}. Hence we set N = | X| = (2k)<.

Let y € € be arbitrary. Then for each component y; of y we know there exists
integer k; € [k] such that |y;| € [rk;,7%,41]. Therefore, we can choose the grid point

x = (sign(y1)rk,, - - -, sign(ya)re,) € X for which

|z —ylI> = (re, — Jpa])? + - + (rry — yal)?
< (Tkl - Tk1+1)2 + et (de - de+1)2
= (crg, )+ + (C?”kd)Q

< lff*.

Thus ||z — y|| < ¢||z||. As y € Qs is arbitrary, we know Q5 C UY, B(z®; ¢c|z®])). O

Theorem 2. For any § € (0,1) and a,. as defined in Lemma 3, choose any 7 € (0,a..)
and 0 < ¢ < L <1 (if L > 1, then choose any c € (0,1)). Let N and X := {2V : i € [N]}
be given as in Lemma 4 and the empirical risk function £(0) = % SN (DVp(z®) - f(2®) +

AxD|N4. Then minimizer of ¢ must exist and achieve minimum function value 0. Moreover,
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for any minimizer 0 of é(), the corresponding Vj is an d-accurate Lyapunov function of f

on SQ.

Proof. By Lemma 3, we know there exists * € © such that Vj« is positive definite and
DV (z) - f(z) < —a |z < —7||z| for all z € Q5. Hence £(#*) = 0. Given that £(6) is
nonnegative for any €, we know the minimum value of {on © is 0. Let 6 be any minimizer
of £, then there is also /(A) = 0, which implies DV;(x) - f(z) < —7||z|| for all z € X.

Now for any y € s, there exists x € X, such that y € B(x;c||z||) due to Lemma 4.

Hence
DVy(y) - fy) < DVy(x) - f(z) + [DV5(y) - f(y) — DVy(x) - f(2)]
< =Allell + Mlly — =]
< A=l + Mc|jz|
< —(§ — Mc)é.
Since y is arbitrary, we know Vj is a d-accurate Lyapunov function. m

2.3.4 Application to control and others

In light of the power of Lyapunov functions, we can employ the proposed Lyapunov-Net to
many control problems of nonlinear dynamical systems in high-dimension. In this subsection,
we instantiate one of such applications of Lyapunov-Net to approximate control Lyapunov

function.
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Consider a nonlinear control problem z’ = f(z,u) where u : R — R™ (n is the dimension
of the control variable at each x) is an unknown state-dependent control in order to steer
the state x from any initial to the equilibrium state 0. To this end, we parameterize the
control as a deep neural network u, : R? — R"™ (a neural network with input dimension d
and output dimension n) where 7 represents the network parameters of u,. In practice, the
control variable is often restricted to a compact set in R? due to physical constraints. This
can be easily implemented in a neural network setting. For example, if the magnitude of the
control is required to be in [—f, 8] componentwisely, then we can simply apply /- tanh(-) to
the last, output layer of w,.

Once the network structure wu, is determined, we can define the risk of the control-

Lyapunov function (CLF):

Corp(6,m) = ﬁ / (DVi(x) - (2, uy(w)) + |jz])2 de. 2.7)

Minimizing (2.7) yields the optimal parameters 6 and 7. In practice, we again approximate
lcrr(0,m) by its empirical expectation ECLF(H, n) at sampled points in €2, as an analogue to
0(0) versus £(#) above. Then the minimization can be implemented by alternately updating 6
and 7 using (stochastic) gradient descent on the empirical risk function cpp. Similar as (2.3),
we have a single term in the loss function in (2.7), which does not have hyper-parameters to

tune and the training can be done efficiently.
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2.4 Numerical Experiments

2.4.1 Ezxperiment setlting

In this section, we demonstrate the effectiveness of the proposed method through a number
of numerical experiments. In our experiments, the value of & used in (2.2) and the depth
and size of ¢y used in Vj for the three test problems are summarized in Table 2.1. We
minimize the empirical risk function 1 using the Adam Optimizer with learning rate 0.005
and £ = 0.9, By = 0.999 and Xavier initializer. In all tests, we iterate until the associated
risk of (2.4) is below a prescribed tolerance of 107%. We use a sample size N (values shown
in Table 2.1), i.e., the number of sampled points in 2 in (2.4), such that the associated risk
reduces reasonably fast while maintaining good uniform results over the domain. We note
these points are drawn using a uniform sampling method for simplicity. We finally note in
all experiments the weights remain bounded in [—1, 1] as noted in our theory.

All the implementations and experiments are performed using PyTorch in Python 3.9
in Windows 10 OS on a desktop computer with an AMD Ryzen 7 3800X 8-Core Processor
at 3.90 GHz, 16 GB of system memory, and an Nvidia GeForce RTX 2080 Super GPU
with 16 GB of graphics memory. The number of iterations needed to reach our stopping
criteria in (2.4) and training time (in seconds) for the three tests are also given in Table
2.1. As discussed in Chapter 1, how the width and depth of a neural network are related to
approximation power is an area of active research. In our experiments, we manually selected

the width and depth as shown in Table 2.1 which yielded good results.
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Table 2.1 Network parameter setting and training time in the tests.
Test Problem  Time Iter. N  Depth/Width @&

Curve Tracking 0.5s 2 100K 3/10 0.5
10d Synthetic DS 1.5s 2 200K 3/20 0.0
30d Synthetic DS 2.5s 15 400K 5/20 0.0

1
1

2.4.2 Ezxperimental results

To demonstrate the effectiveness of the proposed method, we apply Lyapunov-Net (2.2)
to three test problems: a two-dimensional (2d) nonlinear system from the curve-tracking

application [83], a 10d and 30d synthetic dynamical system (DS) from [36].

2.4.2.1 2-dimensional DS in curve tracking

We apply our method to find the Lyapunov function for a 2d nonlinear DS in a curve-tracking

problem [83]. The DS of x = (p, ¢) is given by

p = —sin(p), (2.8a)

¢ = (p — po) cos(p) — psin(p) +e. (2.8b)

We use the following constants in our experiments: e = 0.15, py = 1, and p = 6.42 from [83]
as well as RePU activation.

The problem domain was mapped to Cartesian coordinates around the critical point
x* = (1,0), and converted back when the training is done. The result shows that after only
2 iterations the positive definiteness and negative-orbital-derivative conditions are met. We

used RePU activation which is consistent with the theoretical results provided in Section



24

ITI-C. However, these results still hold by readily modifying the proofs if the common tanh
activation is used. We have also tested tanh activation in Lyapunov-Net and obtained a

similar performance.

2.4.2.2 10d Synthetic DS

We consider a 10d synthetic DS from [36], which is a vector field defined on [—1,1]'° and
has an equilibrium at 0. The iteration number and computation time needed for training

are shown in Table 2.1.

2.4.2.8 30d Synthetic DS

We consider the same system as the 10d Synthetic DS but concatenate the function f three
times to get a 30d problem. Figure 2.1 graphed the approximated Lyapunov function Vj (top
solid) and DVj - f (bottom wire) in the (x9, zg) and (x39, x13) planes, using RePU activation.
These plots show that Lyapunov-Net can effectively approximate Lyapunov functions in
such high-dimensional problem. We shall also use this example to compare the convergence

speeds to the Neural Network structures of [16, 36] in the following section.

2.4.3 Comparison with existing DL methods

To demonstrate the significant improvement of Lyapunov-Net over existing DL, methods in
approximation efficiency, we compare the proposed Lyapunov-Net to two recent approaches
[16, 36] that also use deep neural networks to approximate Lyapunov functions in continuous
DS setting. Specifically, we use the 30d synthetic DS described above as the test problem

in this comparison. Both [16, 36] employ generic deep network structure of Vp, and thus
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Figure 2.1 Plot of the learned Lyapunov-Net Vj (top solid) and DVj - f (bottom wire) in the
(29, zg)-plane (left) and (z19, z13)-plane (right) for the 30d synthetic DS.

require additional terms in their risk functions to enforce positive definiteness of the networks.

Specifically, the following risk function is used from [36]:

/\

(0) =4 3 (VP ) - Fa) + ) 29

+ (0]}l = VP () + (VP (i) — 02l|z:]?)’ ),

which aims at an approximate Lyapunov function V¥ satisfying 0.2||z]]* < VP E(z) <

20||z||? and DV,PE(z) - f(x) < —||z||? for all . In [16], the following risk function is used:

((0) = V" (0)* + é[(DVeNL(%) f(@i)+ 4 (V)4 (2.10)

which aims at an approximate Lyapunov function V;V* such that V;V(0) = 0, V¥ (z) >0
and DV;E(z) - f(x) < 0 for all z. The activation functions are set to softmax in (2.9) as
suggested in [36] and tanh in (2.10) as suggested in [16]. We shall label these models as
Deep Lyapunov (DL) and Neural Lyapunov (NL) respectively. For Lyapunov-Net we use

(2.4) as it already satisfies the positive definiteness condition. We again do not impose any
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structural information of the problem into our training, and thus all test methods recognize
the DS as a generic 30d system for the sake of a fair comparison.

We use the value of the less stringent empirical risk function (s with N = 400, 000 defined
in (2.10) as a metric to evaluate all three methods. Specifically, we plot the values of 0 (in
log scale) versus iteration number and wall-clock training time (in seconds) in Figure 2.2

using the same learning rate for all methods.

102 1 1024
100 1 10° 1
v -2 V4 -2
% 10 % 10
2 2
1074 1074
1076 10-°
108 108 L
iter. time (s)

Figure 2.2 The value of empirical risk function ¢, (in log scale) defined in (2.10) versus
iteration number (left) and wall-clock training time in seconds (right) for the three network
and training settings: DL [36] (red dashed), NL [16] (green dotted), and Lyapunov-Net
denoted LN (blue solid). Note that the risk of Lyapunov-Net often hits 0, the most desired
risk function value, explaining the dropoff.

We see in Figure 2.2 that Lyapunov-Net (LN) has risk value decaying much faster than
the other methods. Further, Lyapunov-Net training does not need hyper-parameter tuning
to achieve this speed, whereas DL and NL require careful and tedious tuning to balance the
different terms in the risk function in order to achieve satisfactory results as shown in Figure

2.2. This highlights the efficiency and simplicity of Lyapunov-Net in finding the desired

Lyapunov functions.
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We note that the performance of all methods can be further improved using additional
structural information as discussed in [36] and falsification techniques in training as in [16].

We leave these improvements to future investigations.

2.4.4 Application in Control

In this test, we compare Lyapunov-Net and SOS/SDP methods in the problem of estimating
the Region of Attraction (ROA) for the classical inverted pendulum control problem. We
shall show how the Lyapunov-Net framework allows simultaneous training of the control
policy and outperforms SOS/SDP methods by producing a larger ROA.

The inverted pendulum is an often considered problem in control theory see [16, 98]. For
this problem we have dynamics z = (6, 9) governed by mi20 = mglsinf — 60 + u, where
u = u(z) is the control. We use g = 9.82, 1 = 0.5, m = 0.15, and § = 0.1 for our experiments.
We shall use this model to compare SOS/SDP type methods to Lyapunov-Net when it comes
to estimating the ROA of this problem using the Lyapunov candidate function they both
find within respective valid regions.

We adjust our model slightly so that we learn a u policy alongside Vj. This is done by
implementing a single layer neural network # which performs a simple linear transform for
some learned matrix A. We use such a simple control so that the control can be used in the
SOS/SDP algorithm. In the absence of such a comparison, we could make @ a much more
complex and further improved control policy. The training method is the same for both
networks.

In Figure 2.3, we use tanh as activation in Vj because while the error bounds are similar
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Figure 2.3 Left: learned Lyapunov-Net Vj (top solid) and DVp - f (bottom wire) for the 2d
inverted pendulum in phase and angular velocity space. Right: Comparison of ROA for
standard SOS/SDP methods and for Lyapunov-Net with orange sample trajectories.

with RePU, tanh has slightly better performance in this case. Once trained the u-policy
found is used for the SOS type method. As SOS methods are only applicable to polynomial
systems, we apply a Taylor approximation to the dynamics of the system and then compute
a sixth-order polynomial candidate using the standard SOS/SDP approach. We finally
compute the ROA determined by both algorithms using the level-sets of the functions over
the valid regions they found. We find that the area of the region found by Lyapunov-Net is
larger than that found by SOS. This result is plotted in Figure 2.3 where the orange paths
are a few sample trajectories. We note the similarity of our results to [16], who in addition
to the above, found examples where SOS methods produced incorrect ROA regions on this

same problem.
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2.5 Conclusions

In this part, we have constructed a versatile deep neural network architecture called Lyapunov-
Net to approximate Lyapunov function for general high-dimensional dynamical systems.
We provided theoretical justifications on approximation power and certificate guarantees
of Lyapunov-Nets. Applications to control Lyapunov functions are also considered. We
demonstrated the effectiveness of our method on several test problems. The Lyapunov-Net
framework developed in the present work is expected to be applicable to a much broader

range of control and stability problems.
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PART 3

NEURAL NETWORK CONTROL FOR HIGH-DIMENSIONAL
EVOLUTION PDES

We now switch gears and consider applications of DNNs to another high-dimensional prob-
lem. Instead of concerning ourselves with approximating functions as in Lyapunov-net, we
will develop a novel approach for finding solution operators for PDEs. This is an infinite-
dimensional problem, but we shall discuss in this and the next part how to reduce this to a
finite-dimensional optimization problem in a similar vein as what we did when developing
Lyapunov-net. We call the forthcoming approach “Neural Control” and will introduce the
relevant literature on the topic as we proceed. As Partial differential equations (PDEs) are
ubiquitous in modeling and are vital in numerous applications from finance, engineering, and

science [30] obtaining approximations of their solutions is of vital importance.

3.1 Introduction

DNNs have emerged as powerful tools for solving high-dimensional PDEs [7, 21, 28, 43, 44,
46, 62, 94]. For example, in [7, 21, 28, 94, 124], the solution of a given PDE is parameterized
as a DNN, and the network parameters are trained to minimize potential violations (in
various definitions) to the PDE. These methods have shown numerous successes in solving a
large variety of PDEs empirically. These methods aim at solving specific instances of PDEs,
and as a consequence, they need to start from scratch for the same PDE whenever the initial
and /or boundary value changes.

To solve the problem of finding PDEs for more than one instance, recent studies have
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attempeted to find solution operators of PDEs [67, 76]. These methods aim at finding
the map from the problem’s parameters to the corresponding solution. Finding solution
operators has substantial applications as the same PDE may need to run many times with
different initial or boundary value configurations. However, existing methods fall short in
tackling high-dimensional problems as many require spatial discretization to represent the
solution operators using DNNs.

In the next two chapters, we will propose a new approach for finding solution operators
of high-dimensional evolution PDEs. For a given PDE, we first parameterize its solution
as a DNN, whose parameters denoted as 6 are to be determined. Then we seek to find a
vector field on the parameter space that describes how 6 evolves in time. This vector field
essentially acts as a controller on the parameter space, steering the parameters so that the
induced DNN evolves and approximates the PDE solution for all time. Once such a vector
field is found, we can easily change the initial conditions of the PDE by simply starting
at a new point in the parameter space. Then we follow the control vector field to find
the parameters trajectory that gives an approximation of the time-evolving solution. Thus,
different initial conditions can be considered for the same PDE without solving it repeatedly.

The new contributions of this part to the existing literature can be summarized as follows:

1. We develop a new computational framework to find the solution operator of any given
initial value problem (IVP) defined by high-dimensional nonlinear evolution PDEs.
This framework is purely based on the evolution PDE itself and does not require any

solutions of the PDE for training. Once we find the solution operator, we can quickly
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compute solutions of the PDE with any initial value at a low computational cost.

2. We provide comprehensive theoretical analysis to establish error bounds for the pro-

posed method when solving linear PDEs and some special nonlinear PDEs.

3. We conduct a series of numerical experiments to demonstrate the effectiveness of the

proposed method in solving a variety of linear and nonlinear PDEs.

3.2 Background

3.2.1 Classical methods for solving PDEs

Classical numerical methods for solving PDEs, such as finite difference [113] and finite ele-
ment methods [55], discretize the spatial domain using mesh or triangulation. These meth-
ods convert a PDE to its discrete counterpart, which is a system of algebraic equations
with finite number of unknowns, and solve the system to obtain an approximate solution
on the pre-selected grid points [3, 29, 91, 112]. These methods have been significantly ad-
vanced in the past decades, and they can handle complicated situations such as irregular
domains. However, they severely suffer from the “curse of dimensionality” when applied to

high-dimensional problems.

3.2.2 Neural network based methods for solving PDEs

Early attempts using shallow neural networks to solve PDEs can be seen in [24, 62, 63, 64].
Related, in recent years DNNs have demonstrated striking power in solving PDEs through

various approaches [7, 9, 28, 86, 94, 104, 121, 124]. DNNs have demonstrated extraordinary
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potential in solving many high-dimensional nonlinear PDEs, which were considered compu-
tationally intractable using classical methods. For example, a variety of DNN based methods
have been proposed based on the strong form [9, 24, 58, 80, 84, 87, 88, 94, 95|, the variational
form [28], and the weak form [7, 124] of PDEs. They are considered with adaptive collocation
strategy [5], adversarial inference procedure [122], oscillatory solutions [14], and multiscale
methods [15, 73, 117]. Improvements of these methods with adaptive activation functions
[54], networks structures [37, 38, 49], boundary conditions [25, 79], structure probing [49], as
well as their convergence [78, 103], are also studied. Further, some methods can also solve
inverse problems, such as parameter identification.

For a class of high-dimensional PDEs with equivalent backward stochastic differential
equations (SDEs) that arise from Feynman-Kac theory, deep learning methods have been
used leveraging the Feynman-Kac theorem [8, 27, 33, 43, 44, 45, 50, 52, 90]. These methods
are shown to be good even in very high dimensions (;200) [44, 50, 90], however, they are
limited to solving the special type of evolution equations whose generator function has a
corresponding SDE.

For evolution PDEs, parameter evolution algorithms [4, 12, 26] have also been considered.
These methods parameterize the PDE solution as a neural network [12, 26] or an adaptively
chosen ansatz as discussed in [4]. In these methods, the parameters are evolved forward
in time through a time marching scheme, where at each step a linear system [12, 26] or a

constrained optimization problem [4] needs to be solved.
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3.2.3 Learning solution operator of PDEs

The aforementioned methods aim at solving a specific instance of a given PDE, and they
need to be rerun from scratch when any part of the problem configuration (e.g., initial
value, boundary value, problem domain) changes. In contrast, the solution operator of a
PDE directly maps a problem configuration to its corresponding solution. To this end,
several methods have been proposed to approximate Green’s functions for some linear PDEs
[10, 11, 71, 111}, as solutions to such PDEs have explicit expression based on their Green’s
functions. However, this approach only applies to a small class of linear PDEs whose solution
can be represented using Green’s functions. Moreover, Green’s functions have singularities
and it requires special care to approximate them using neural networks. For example, rational
functions are used as activation functions of DNNs to address singularities in [10]. In [11],
the singularities are represented with the help of fundamental solutions.

For general nonlinear PDEs, DNNs have been used for operator approximation and meta-
learning for PDEs [41, 67, 76, 77, 82, 97, 118, 119]. For example, the work [41] considers
solving parametric PDEs in low-dimension (d < 3 for the examples in the paper). Their
method requires discretization of the PDE system and needs to be supplied by many full-
order solutions for different combinations of time discretization points and parameter se-
lections for their network training. Their method applies proper orthogonal decomposition
to these solutions to obtain a reduced-order basis to construct solutions for new problems.
Another approach is DeepONets [76, 77, 118] which seek to approximate solution mappings

by using a special neural network consisting of a “branch” and “trunk” network. FNOs
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[67, 119] use Fourier transforms to map a neural network to a low dimensional space and
then back to the solution. In addition, several works that apply spatial discretization of the
problem or transform domains and use convolutional neural networks (CNNs) [42, 96, 125]
or graph neural networks (GNNs) [61, 68, 75]. Interested readers may also refer to gen-
eralizations and extensions of these methods in [13, 19, 20, 31, 60, 68, 77, 82, 87]. A key
similarity of all these methods is they require certain domain discretization and often a large
number of labeled pairs of IVP initial conditions (or PDE parameters) and the correspond-
ing solution, obtained through other methods, for training. This limits their applicability to
high-dimensional problems where such training data is unavailable, or the mesh is prohibitive

to generate due to curse-of-dimensionality.

3.2.4 Differences between the proposed approach and existing ones

Different from all existing approaches, in this chapter we propose to approximate solution
operators of evolution PDEs through controlling the parameters of the DNN in a relevant
parameter space induced by DNNs’ architecture. Unlike the existing solution operator ap-
proximation methods (e.g., DeepONet [76] and FNO [67]) which seek to directly approximate
the infinite-dimensional operator, our approach is based on the relation between evolving so-
lutions and their projected trajectories in the parameter space. This leads us to convert
the problem of finding a solution operator over an infinite-dimensional function space into
a control vector field optimization problem over a finite-dimensional parameter space. As a
result, the problem of solving an evolution PDE in continuous space is reduced to numeri-

cally solving a system of ODEs, which can be done accurately with very low computational
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complexity. Moreover, our approach does not require spatial discretization of the problem do-
main in any problem nor does it need any basis function representation throughout problem
formulation and computation. We provide mathematical insights into the relevant parameter
submanifold and its tangent spaces and establish their connection to the finite-dimensional
parameter space. These new insights led us to the proposed approach which approximates
solution operators of PDEs by controlling network parameters in the parameter space. These
new features also enable our approach to solve evolution PDEs in high-dimensional cases.
This is a significant advantage over existing operator learning methods such as DeepONet or
FNOs as their spatial discretization schemes, which are used to generate the training data,

hinder their application to high-dimensional cases.

3.3 Proposed Method

As discussed, we parameterize solutions u of our PDE as a DNN, which is denoted by uy with
parameters 6, i.e., ug is a parametric function determined by the value of its finite-dimensional
parameters 6, and uy is used to approximate u. We identify this finite-dimensional parameter
space by restricting ourselves to a subset © C R™ such that all the parameters 6 we care

about belong to ©® and we define the submanifold M of functions by

M:={up: Q=R |0 €O} (3.1)

As we can see, ug defines a mapping from the parameter space © to the submanifold M of

the infinite-dimensional function space. We call M the parameter submanifold determined
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by ug.

To find the solution operator, we propose to build a control vector field V' in the parameter
space © where 0 resides. Then the solution operator can be implemented as a fast numerical
solver of the ODE defined by V. More precisely, to approximate a time-evolving function
u*(+,t), e.g., the solution of an evolution PDE, over time horizon [0, 7] using the DNN wy,
we need to find a trajectory {#(t) € © |0 <t < T} in the parameter space © so that ugg)(-)
is close to u*(-,t) in the function space for every ¢ € [0,7]. For example, if we consider
L*(2) as the function space, by closeness we mean |Jugyy — u*(-,t)| 12 is small for all ¢
(hereafter we denote || - ||, = || - || Lr(q) for notation simplicity). Notice that {ugu) |0 <t < T}
is a trajectory on M, whereas u*(-,t) is a trajectory in the full space L*(€2). To see how
this relates to a solution operator imagine we first find the parameters 6(0) such that ug)
approximates some starting function g, then we follow the control vector field V' to obtain a
trajectory {0(t) |0 < ¢ < T} in © with low computational cost, which automatically induces
a trajectory wug() to approximate the true solution u of some IVP with the initial value g.

We make these ideas concrete in the following subsections.

3.3.1 Problem space and detailed methodology

Let Q be an open bounded set in R? and F' a nonlinear differential operator of functions

u : ) — R with necessary regularity conditions, we consider the IVP of the evolution PDE
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defined by F' with arbitrary initial value as follows:

Owu(z,t) = Flul(x,t), z=e€Q, te(0,T],
(3.2)

u(z,0) = g(z), x €,
where T' > 0 is some prescribed terminal time, and ¢ : R? — R stands for an initial value.
For ease of presentation, we assume zero Dirichlet boundary condition u(z,t) = 0 for all
r € Qand t € [0,7] (for compatibility we henceforth assume g(z) has zero trace on 9f)
throughout this chapter. We denote u? as the solution to the IVP (3.2) with this initial
g. The solution operator 8g of the IVP (3.2) is thus the mapping from the initial g to the

solution u9 :
8p: C*(Q) = C*' (2 x [0,T]), such that g Sp(g) :=u’, (3.3)

where C%(Q) := C(Q) N C%(Q) for short. As a reminder, our goal is to find a numerical
approximation to Sgp. Namely, we want to find a fast computational scheme Sg that takes
any nitial g as iput and accurately estimates ud with low computation complexity.

For ease of presentation, we use autonomous, second-order nonlinear differential operators
Flu] = F(x,u,Vu, V2u) as an example and take Q = (0,1)% in (3.2) to describe our main
idea below. Extensions to general non-autonomous nonlinear differential operators and PDEs
defined on an open bounded set Q2 C R? with given boundary values will be discussed in
Section 3.5.

We are unconcerned with the specific form of uy and only assume that uy(z) = u(x;0) is

C'! smooth with respect to 6. This is a mild condition satisfied by many common models: if
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ug is a linear combination of basis functions and 6 represents the combination coefficients,
then wuy is linear and hence smooth in #; and if uy is a feedforward DNN then uy is smooth in
6 as long as all activation functions are smooth. Suppose there exists a trajectory {0(¢) |0 <
t < T} in the parameter space © such that its corresponding 1y approximates the solution

of the IVP, we must have

Opugey () = Vou(z; 0(t)) - 0(t) = Flugw|(z), VaeQ, te (0,T],
(3.4)

ug(o) () = g(x), Ve
To compute ug(), it is sufficient to find a control vector (velocity) field Vp : © — R™, in the
sense of 0(t) = Vi (A(t)), that steers the trajectory 6(t) along the correct direction starting
from the initial 6(0) satisfying ug)(z) = g(x).
This observation suggests for the evolution equation in (3.4) to hold, it suffices to find a
vector field Vr such that

V@Ua . VF(9> = F['LLQ] (35)

for all & € ©. It is important to note that Vz only depends on the nonlinear differential
operator F' of the original evolution PDE, but not any actual initial value g of the IVP. Once
some Vp is found we can effectively approximate the solution of the IVP with any initial
value g: we first set 0(0) = 69, where 09 denotes the parameters such that wugs fits g, then

we numerically solve the following ODE in the parameter space © (which can be fast) using
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Figure 3.1 Schematic plot of pulling back trajectories (solid and dashed blue curves) in
M = {ug : 0 € O} to trajectories in the parameter space ©. Here each trajectory in M
represents the reduced-order model (e.g., DNN) ugq)(-) approximating the PDE solution
u*(t,-) starting from a given initial, and it is pulled back to the trajectory 0(t) (we use
6(t) := 0(t) as a trajectory here to avoid confusion with components 0y,...,60,,) in ©; and
Ve is a DNN approximating the control vector field Vy in ©.

the control vector field Vz:

0(t) = Vr(0(t)), Vte (0,T],
(3.6)

6(0) = 09.

The solution trajectory {0(t)|0 < ¢t < T} of the ODE (3.6) induces a path {ugq) |0 <t <
T} in M as an approximation to the solution of the IVP. The computational cost is thus
composed of two parts: finding the parameters 69 of uy to fit g and numerically solving the
ODE (3.6), both of which are substantially cheaper than solving the IVP (3.2).

The main question is how to get the control vector field V in (3.6)7 As an explicit form
of Vg is unknown, we choose to express Vr in a general parametric form Ve with parameters
§ to be determined. Specifically, we propose to set V¢ as another DNN where § represents

the set of learnable network parameters in Ve. A schematic plot of the pullback mechanism
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and the control vector field in © is provided in Figure 3.1. We call V, the neural control

field. We learn the parameters ¢ by minimizing the following loss function:

(e = / [Vt - Ve(6) — Flug)|2 db. (3.7)

In practice, we approximate the integral in ¢ by Monte Carlo integration. We sample K
points {0 |k = 1,..., K} uniformly from © (here the subscript k in 6 stands for the kth

point among the K points sampled in ©) and form the empirical loss function

U =K |IVous, - Ve(6) — Flug,JII3 (3.8)

Then we minimize ¢ (€) with respect to &, where the L? norm is also approximated by Monte

Carlo integration on €. The training of V; is summarized in Algorithm 1.

Algorithm 1 Training neural control V

Require: Reduced-order model structure uy and parameter set ©. Control vector field
structure V. Error tolerance €.
Ensure: Optimal control parameters &.
1: Sample {0; } | uniformly from © and {z,}_; from Q.
2: Form empirical loss £(¢) as in (3.30).
3: Minimize ¢ with respect to & using any optimizer (e.g., ADAM or AdaGrad) until /(&) <
€.

Once we trained the vector field Vg, we can implement the solution operator Sp in the
following two steps: we first find a 6(0) such that ug fits g, i.e., find #(0) that minimizes
|lug — g||2. This can be done by sampling {z,})_, from  and minimizing the empiri-
cal squared L? norm (1/N) - 25:1 lug(x,) — g(x,)|? with respect to #. Then we solve the
ODE (3.6) using any numerical ODE solver (e.g., Euler, 4th order Runge-Kutta, predictor-

corrector) with 6(0) as the initial value. Both steps can be done efficiently and the total
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computational cost is substantially lower than that of solving the original IVP (3.2) again.
We summarize how neural control solves IVPs in Algorithm 2. Further details on the prac-

tical implementation of Algorithm 1 and 2 are discussed in Section 3.4.

Algorithm 2 Implementation of solution operator 8z of the IVP (3.2) using trained control
Ve
Require: Initial value g and tolerance ¢y. Reduced-order model uy and trained neural
control V.
Ensure: Trajectory 6, such that ug, approximate the solution 8x[g] of the IVP (3.2).
1: Compute initial parameters #(0) such that |lugey — gl|2 < <o.

2: Use any ODE solver to compute 6, to solve (3.6) with approximate field V¢ and initial
6(0).

3.3.2 Error analysis

In this subsection, we develop an error estimate of the proposed method. We first focus on
the error due to projection onto the tangent space T,,,M in the L? space in Section 3.3.2.1.
Then we establish the solution approximation error for linear and semilinear parabolic PDEs
in Section 3.3.2.2. For ease of discussion, we again assume zero Dirichlet boundary condition
u(z,t) =0 for all x € Q and t € [0,T], and we let Q = (0,1)¢ C R be the unit open cube
in R? and © some open bounded set in R™ (note that our analysis below applies as long as
Q is open and bounded). We let F[u] := F(u, Vu, V?u) be a nonlinear differential operator
with necessary regularity conditions to be specified later and allows for a unique solution to
the PDE for each initial. Additional requirements on the regularity of uy will be given when

needed.
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3.8.2.1 Approzimation error of control vector field

We first investigate the main source of error when using a reduced-order model to approx-
imate the time-evolving solution of the given PDE. We show that this error is due to the
imperfect representation of F'[ug| using Vyug in (3.5). Specifically, due to the approximation
of reduced-order models, T, M is only a finite-dimensional subspace of L?, and thus we can
only approximate the projection of F'luy| onto this tangent space. We will need the following

assumptions on the regularity of ug and F'.

Assumption 3. The reduced-order model ug(-) € C3(Q)NC(Q) for every § € © and u(x;-) €

C%*©) N C(O). Moreover, there exists L > 0 such that for all € ©

Flug) € 7% = {f € CHQNC(Q) : | flloe < L, IVfllow < L}. (3.9)

Assumption 3 provides some sufficient regularity conditions on the reduced-order model
ug and boundedness of Fug] and its gradient to be used in our error estimates. Notice
that we consider F' as second-order differential operator here and therefore the assumption
ug € C3(Q) ensures that ug(x), Vug(x), V2up(x) are all sufficiently smooth. The regularity
condition on F in Assumption 3 requires that the mapping F[uy](z) is a C' function and
have magnitudes and gradients bounded by L over . These assumptions are generally mild
as we will use reduced-order models smooth in (z, ), e.g., a DNN with smooth activation

functions, and the operator F' is sufficiently regular.

Assumption 4. For any € > 0, there exist a reduced-order model ug and a bounded open
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set © C R™, such that for every § € © there exists a vector ag € R™ satisfying

||Oég . VQUQ - F[u9]||2 S E.

Remark 1. Assumption 4 provides an upper bound on the error when projecting Fug] onto
the tangent space T,,M, which is spanned by the functions in Voug. This error bound is
determined by the choice of ug and the parameter set ©. This can be seen as a first move,
we shall show in chapter 4 a way to extend this assumption with some basic requirements on
ug but for the more general treatment of this subject presented in this chapter we will keep

ug as a more general model and simply assume Assumption 4 holds.

We provide an example of a neural network with a special structure to justify the rea-

sonableness of Assumption 4.

Example 1. Let & > 0 and {¢;}52, be a complete smooth orthonormal basis (e.g., generalized
Fourier basis) for L*(2). Suppose there exist C > 0, v > 1, and Cy > 0 such that for all

u € C3(Q)NC(Q) and ||ul)3 < Cy we have
Flu] € §7 = {f € CY Q) NC(Q) : [{f,0)* < Cj77, Vi > 1} (3.10)

Then there exists m = m(&,C, ) € N such that 332, Cj~7 < &. Consider ug =0 - p =
> ey 0505 We denote fy := Flug] for short. Then Voug = ¢ = (¢1,...,m) and for

alt = (a{g, o, ado) with aj-cg = (fo, ), there is

m 2 o0
o - Vouo = FlugllF = | Y- afos = fol| = > hoven) < 2
j=1 j=m+1
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Therefore, the reduced-order model ug = 0 - p with © = {a € R™ : |a|? < Cy} and ay = a*
satisfy Assumption 4.

This example can be modified to use a more general form of ug, such as a proper DNN.
To see this, we first repeat the procedure above but with & replaced by £/2. Then the universal
approzimation theorem [47, 123] and the continuity of DNNs in its parameters imply that
there exist DNNs {¢; : 1 < j < m}, whose network parameters are collectively denoted by
n € R™, satisfy ||¢; — ¢jlle < E/(2¢/mColQ) and hence ||¢; — @il < &/(2/mCy) for all
n in an open set H C R™. Consider the DNN ug = c - ¢ with parameters 6 = (c,n) € R"
where n = m +m'. Then V.ug(x) = (P1,...,0m). Using the ezample above, we know for
any fo := Flug] € G97, there exists a’® € R™ such that ||a/e - o — Flug||s < /2. Therefore,

we use (af?,0) which concatenates a’* and 0 € R™ as the combination coefficients of Vgug

to obtain

1(a??,0) - Voug — Flug]ll2 = o’ - Veug — Flug]||2

<llaf? - @ —alr - glls + o’ - ¢ — Flug]|loc

- R g
§Z|04§C9|||90j—90j||2+§
j=1
g g
< v/mC, + =
o 0 2 mC(] 2
= E.

Therefore, the DNN ug = c- ¢ with © = {(c,n) : |¢;|* < Co, n € H} and ag = (a,0) satisfy

Assumption 4.
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Before proving the main proposition of this section we will need the following lemma.

Lemma 5. Suppose Assumption 3 and 4 are satisfied. For all e > & there exists v : © — R™

such that v is bounded over © and the value of v at 0, denoted by vy, satisfies

[vg - Voug — Flugl|» < e,  V0€O.

Proof. Let ¢ > & and § € (0,e — &). By Assumption 4, for all § € © there exists ap € R™
coefficient such that

H()éngUg — F[UQ]HQ <E.

As Flug] and Vgug are continuous in 6 and € is bounded, we associate to each 6 and

coefficient g the open set uy containing #, small enough, such that for all ' € uy we have
||&9V9U9/ — O{QVQU@HQ + ||F[’LL9] — F[U@/]HQ S (S (311)

and hence

lag - Voug — Flug]lla < ||agVoug — agVouglla + ||agVoug — Flugl|l2 + || Flug) — Flug]||2 < d +E.
(3.12)

Therefore Uyegg is an open cover of ©. As © is compact this open cover has a finite subcover

UN, Uy, for particular §;’s. Define v : © — R™ such that vy := v(0) = ap, if € Uy, (if 0

is in the intersection of multiple Up,’s we choose a single «y, arbitrarily). We see from this

construction that vy is uniformly bounded over © as the range of vy is finite. From (3.12)
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we have

va . V@U@ — F[UQ]HQ S (54—5 S E.

]

With Assumptions 3 and 4, and Lemma 5 we can prove the existence of an accurate

neural control field V; parameterized as a neural network, as shown in the next proposition.

Proposition 1. Suppose Assumption 3 and 4 hold. Then for any ¢ > 0, there exists a
differentiable vector field parameterized as a neural network Ve : © — R™ with parameters
&, such that

[Ve(0) - Voug — Flugl|l2 < ¢,
for all® € O.

Proof. We first show that there exists a differentiable vector-valued function V : © — R?
such that

[V(6) - Vouo — Fluglll2 < 5 (3.13)

for all § € ©. To this end, we choose &y € (0,¢/2) and & € (&,£/2), then by Assumption
4 and Lemma 5 we know that there exist a reduced-order model ugy, a bounded open set
© C R™, and M, > 0 such that there is a vector-valued function 6 — vy, where for any

6 € ©, we have |vy| < M, and

||Ug . VQUQ — F[UQNQ < éE.
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Note that vy is not necessarily differentiable with respect to 6. To obtain a differentiable

vector field V (6), for each § € O, we define the function ¢y by
Yo(w) = |lw - Voug — Flug]|l3 = w' G(#)w — 2w p(6) + q(8),
where

G(0) = /QV@U@(JI)V@U@((L’)T dz, p(f):= /QV(;u@(x)F[u@](x) dz, q(0):= /QF[UQ] (z)? du.
(3.14)
Then we know

Uy = Vg(vg) = ||ve - Voug — Flug]||; < &% (3.15)

It is also clear that G(f) is symmetric and positive semi-definite. Moreover, due to the
compactness of Q and O, as well as that Vou € C(Q x ), we know there exists A\g > 0 such
that

1G(O)]l2 < Aa

for all § € ©. Therefore, 1y is a convex function and the Lipschitz constant of Vi, is
uniformly upper bounded by A\g over ©. Now for any w € R™, h > 0, and K € N (we reuse
the letter K as the iteration counter instead of the number of sampling points in this proof),

we define

Og(’h(w) ‘= wg, where wg=wgp_1—hVig(wr_1), wo=w, k=1,... K.
Namely, Og( " is the oracle of executing the gradient descent optimization scheme on 1y with

step size h > 0 for K iterations.
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Next, we slightly modify the standard convergence result of gradient descent in convex
optimization [85, Theorem 2.1.14] and obtain Lemma 8 in Appendix A. Notice that vy
is convex, differentiable, and Vi is Lipschitz continuous with Lipschitz constant upper
bounded by Ag. Therefore, applying Lemma 8 with y = vy, f = 10y, and the gradient
descent scheme for K iterations (K to be determined soon) with initial 0 and any fixed step

size h € (0,1/\) to 1y directly yields an error bound for (05" (0)):

(05" (0)) — v < Ll (310
Combining this with the bound |vy| < M, we choose any
2
K2 e
and there is
o0y "(0)) — v < % < <§)2 - & (3.17)

Notice that (95 " is a differentiable vector-valued function of 8 because K and h are fixed.

Therefore, combining (3.15) and (3.17) yields
0 < 9p(07"(0)) = (o(0g "(0)) — ¥5) + 5 < (¢/2)° — & + & = (¢/2)".

As this inequality holds V8 € ©, we set V() = 05°"(0) which is a differentiable function of
0 satisfying (3.13).
By the universal approximation theorem of neural networks [39] (see also the discussion in

the introduction), we know there exists a differentiable vector-valued function parameterized
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as a neural network V, with parameters £ such that
Ve(0) = V(0)]ee < &/(2B)

for all @ € ©, where B := maxyeg ||Vousll2 < 0o and | - | stands for the co-norm of vectors.

Hence we know

g £
1Ve(0)-Voug—Flusl|lz2 < [[Ve(0)-Vous—V(0)-Vou|l2+[V(0) Vous—Flugllls < B- 55 +5 = e

This completes the proof. O]

Remark 2. It is important to note the geometry of M, especially its dimensionality, is com-
plex and highly dependent on the structure of ug and the parameter space ©. In particular,
we can show that the tangent space T,,2M = span(Vgug) at any ug € M is in the L* space,
where Voug = (O, ug, . .., 0p,,ug) for 0 = (b1,...,0,,). (Here we use discrete indices 1,...,m
as subscripts of 0 to indicate its components for notation simplicity. This is to be distin-
guished from the subscript t in 0(t) which stands for time of the trajectory 0(t).) However,
dim(T,,,M) may vary across different ug on M. For example, consider the reduced-order
model ug parameterized as a DNN as in (1.2): when w = 0, we have § = (0,b,---) and
hence Ow,ug = 0 and Op,ug =0 for alll =1,..., L. In this case, the m components of Vguyg
are not linearly independent, and dim(7,,,M) < m for such 0’s. This distinguishes our pa-
rameter submanifold from existing ones, such as [4], which assumes that the tangent space is
always of full dimension m at any point of the submanifold. In our case, however, challenges
and complications in dealing with the parameter submanifold M can be avoided if we made

such an assumption, but it will lead to incorrect analysis and error estimation, which poses a
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magjor technical challenge for the proposed framework. Specifically, we note that the rank of
G(0) varies across ©, and therefore the pseudoinverse G(6)" may be discontinuous. A magjor
theoretical merit of Proposition 1 is that we can still ensure the existence of a differentiable

control vector field in such case.
3.3.2.2 Error analysis in solving (semi-)linear parabolic PDEs

Now we are ready to provide error bounds of our method in solving a large class of linear and
semilinear parabolic PDEs. This class of PDEs covers many types of reaction-diffusion equa-
tions, such as heat equations, Fisher’s equation or the Allen-Cahn equation. The differential

operator F'in linear and semilinear parabolic PDEs has the form
Flul =V - (AVu) +b-Vu+ f(u)

where A : Q — R™? and b: Q — R? are continuous, f : R — R is L;-Lipschitz and acts on

u(z) for each x. Moreover we assume that there exist A > 0 and B > 0 such that
2T A(x)z > Mz|?, VzeRY zeQ, (3.18)

and

IV bl < B. (3.19)

Furthermore, due to the smoothness of Vi and compactness of O, we know there exist

My, > 0 and Ly > 0 such that

max |V¢(6)] < My and max |VyVe(6)] < Ly. (3.20)
06 00

Theorem 3. Suppose Assumptions 3 and 4 hold. Then there exist control field V¢ such that
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for any u* satisfying the evolution PDE in (3.2) there is
gy (1) — u* (-, t)||2 < eBT BTN (g + et) (3.21)

for all t as long as 0(t) € ©, where 0(t) is solved from the ODE (3.6) with Ve and initial

0(0) satisfying ||ug)(-) — u*(-,0)||2 < 0. Here Cy, is a constant depending only on 2.
Proof. We denote the residual
r(x,t) = Voug () - Ve(0(t)) — Flugqp(x).
Then by Proposition 1 we have ||r(+,t)|2 < e for all ¢. Furthermore, we denote
O(x,t) == ug) () —u*(z,t)

for all (z,t) € Q x [0,T] and D(t) := ||0(-,t)||2, then there is

/ 5('7t)
D'(t) = <m,8t6(-,t)>. (3.22)

Here we use the convention that §(-,t)/||0(-,t)||2 = 0 if §(-,£) = 0 a.e. By the definition of J,

we have

00 (x, 1) = Dyugy () — Oy (. 1)
= Vg (@) - 0(t) — Flu"](z, 1)
= Voug () - Ve(0(t)) — Flu](z,1)
= Flug](z) = Flu*](z,t) + r(z,1)

=V (A(x)Vi(z,t)) + b(z) - Vi(z,t) + flugwy(x)) — f(u™(x,t)) + r(x,t).



Therefore, we have

(0(-,t),0:0(-,1)) = /Qé(m,t) (V- (A(x)Vi(z,t)) + b(x) - Vi(z,t)) dx
+[§@¢xﬂWmm»—ﬂm@¢»+m%wwx

=:I(t) + J(1).
Because ug)(-)|on = v (-, t)|an = 0, we know 0(-,t)[sq = 0. Thus, we have

I(t) = /Qé(x,t) (V- (A(z)Vi(z,t)) + b(x) - Vi(z,t)) dz
_ /Q Vo(a, )T A(2) V() da — % /Q (V - b(2))3(x, 1)? da
< —)\/Q Vo, t)? dx — %A(vm(@)&@,ﬂ?m

B
s—i/ﬁww&u+—/wmmwa
C, o 2 Jo
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(3.23)

(3.24)

where the first equality is just by the definition of I(t), the second equality is obtained by

integrating by parts on both terms and using 0(-,t)|agq = 0, the first inequality is due to

(3.18), and the last inequality is due to the Poincare’s inequality

19C D)2 < Cpl[ V(- 1)z

as 0(-,t)|ag = 0 for all ¢ (here C, the Poincare’s constant depending on €2 only) and the
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bound (3.19). We can also obtain

J(t) = /gz5(93,t)(f(u6(t>($)) = f(u*(z, 1)) = r(z,t)) dv
< 0(z, )] - [ f(wony (x)) — f(u" (2, 1)) — r(x,1)| da
S/|5(ﬂ?,t)|~(Lf!5(%t)|+|7“(ﬂf,t)|)dfc (3.25)
Q
< Lello(a, t)llz + lIr ¢, B)ll2[10 (-, )12

< Lyllo(z, )13 + el )2,

where the first identity is by the definition of J(t), the second inequality is due to the
Lipschitz condition of f. Combining (3.22), (3.23), (3.24) and (3.25), we obtain

B A
D'(t <<L ———>Dt .
()< (Lt =G )Pl +<
By Gronwall’s inequality we deduce that
D(t) < e B HB/22NC (D (0) + et).
Recall that

D(0) = [16(-, 0)[l2 = [lua)(-) = u* (-, 0)ll2 = llug)(-) = 9()ll2 < o,

we thus have

lu(-,6(8)) = ul- t)]ls = D(t) < eErHHRND1 (e 4 et)

for all time ¢, which completes the proof. O
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The error estimate in Theorem 3.5 indicates that the approximation error is determined
by three factors: (i) the approximation error €y of the reduced order model to the initial
value g, (ii) the local approximation error ¢ of the projection of F'[ug] onto the tangent space
of M at wuy; and (iii) the irregularity of the differential operator F' itself. While the error
from (iii) is determined by the given PDE, we can make an effort to suppress (i) and (ii)
in practice by robust architecture of uy and the training of Ve. We note the error estimate

provided in Theorem 3.5 is an upper bound of the approximation error.

Remark 3. While we assumed f to be globally Lipschitz, the result in Theorem & still
holds locally with local Lipschitz condition of f. For example, in the case of the Allen-Cahn
example, we know if our initial function is bounded by 1 the true trajectories will remain

bounded allowing the results of Theorem 3 to apply.

Corollary 1. Suppose the conditions in Theorem 3 hold. Let 6, be the numerical solution to

the ODE (3.6) obtained by using the Euler scheme with step size h > 0. Then

Ly My|Q|h
g, (-) = u* (- )|z < VTVH(eLvt — 1) + eLr=BR2A/Co)t (o 4 2p) (3.26)

for all t as long as 0(t) € ©.
Proof. Given the estimate provided in Theorem 3, we only need to show

_ LvMy|9lh

g, () = oy ()ll2 < 5 (e = 1), (3.27)

since combined with (3.21) it yields the claimed estimate (3.26). To show (3.27), we notice
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that

b = %Vs(@(t)) = VoVe(0(1)) - 0(t) = VVe(0(1)) - Ve(0(2)).

Therefore we have

10:] = [VoVe(6(t)) - Ve(0(t))] < Ly My

where Ly and My are defined in (3.20). Hence, by the standard results for the Euler’s

method [6, pp. 346]), we know the numerical solution 0, satisfies

A h M
10, — 0(t)] < =% (elvt —1) (3.28)
for all . Therefore, we obtain
1/2 R 1/2
g, = ol = ([l (0) = wny (o) o) = ([ [Vag (@) - B~ 000 )
Q Q
. Ly My |Q|h
< L0l — o) < DR ey

where the second equality is due to the fact that ug is C* in # and hence the mean value

theorem applies to ug (here 6 is some point on the line segment between 6, and 6(¢)). O

The proof above can be modified if a different numerical ODE solver is employed. In

that case one can obtain improved upper bound and order in step size h in (3.28).
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3.4 Numerical Results

3.4.1 Implementation

In Section 3.3.1, we have showed that the neural control field V; is parameterized as a deep

network, and its parameters £ can be learned by solving

win {6©) = [ Vi) Voo ~ Flua a0}

The first-order optimality condition of this minimization problem is given by G(0)V¢(0) =
p(#) where G(0) and p(f) are defined in (3.14). The objective function ¢(§) above shares the

same minimizers as the following one:

(€)= [ 1GO)V:0) = p(O) 0. (3.29)

In our numerical experiments, we use ¢ defined in (3.29), as we can train to towards the
optimal solution Vi = G*(0)p(f) as the optimal value which seems to produce lower error
empirically.

Moreover, we know the minimum loss value of (3.29) is 0, which contrasts to (3.7) where
the minimum loss value is often unknown.

In practice, as the dimension of 6 and €2 could be large, we have to approximate (3.29)

using techniques such as Monte-Carlo integration. This leads to the approximate forms

N,

N ZZ Voug(z:)Voue(z:) ',  p(0) = Nix Zz Voug(z;) Flug)(z;),

G(6) = ~

where z;, i = 1,..., N, are sampled from ). By also drawing samples from O, we arrive at
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our empirical loss function defined by

() = 3 D IGI6) - Ve(ts) — (05 (330

To improve the training of Ve, we also augment the loss function ¢; in (3.30) with an
additional term following a data-driven approach. Specifically, we follow the methods in
[12, 26] to generate multiple sample trajectories starting from randomly sampled initial
values {0(0)® : i € [M]} in ©. For the ith trajectory, a sequence of directions {v](-i) L] =
0,1...,N;} are solved from linear systems é(Hj(-i))vj(-i) = ﬁ(@g-i) ) and the discrete-time points

on the trajectory are obtained by Hﬁl = HJ@ + hvj(-i) for j =0,1,..., N, — 1. We add the

augment loss term

M N
1 . .
o § : § : () (92
Combining with (3.30), we obtain our final loss function

liotal(§) = €1(§) + CE2(8), (3.32)

where ( is a weight parameter. In our experience for parabolic linear PDEs using only /¢4 is
sufficient to generate a good result. For the nonlinear case adding ¢, substantially improves
training results empirically as network parameters may move far away from those we sampled

near the initial parameters.

3.4.2 Experimental setting

To demonstrate the performance of the proposed method, we test it on three different PDEs:

a 10-dimensional (10D) transport equation, a 10D heat equation, and a 2D Allen-Cahn
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equation. Both of the transport equation and heat equation are linear PDEs, while the
Allen-Cahn is a highly nonlinear PDE. In fact, we also tested 10D Allen-Cahn equation
but only present the result of the 2D one here. This is because the true solution of Allen-
Cahn equation does not have closed-form, and we have to employ a classical finite difference
method, which does not scale to 10D case, to produce a reference solution for comparison. In
contrast, we have closed-form solutions of the IVPs with transport and heat equations and
hence we can use them as the true solution for direct comparison. In our tests, we employ

the following structure of our reduced-order model

ug(x) = o)z (z, 0) (3.33)

for the heat equation and Allen-Cahn equation. We use the following network structure

ug(z) = z(B(x),0) (3.34)

for the transport equation. In (3.33), a(x) is a distance function of 02 such that it satisfies
the zero boundary condition, and in (3.34) f(z) is a function chosen to satisfy a periodic
boundary condition as in [26]. This aligns with our choice of uy in (3.33) and (3.34) as
the IVP with heat and Allen-Cahn equations have zero boundary value whereas the IVP
with transport equation has periodic boundary value in our experiments. In both (3.33) and

(3.34), zr, is the neural network and is defined by

2, =wrzp—1, Aa=2-1+cWizma+b), (=1,...,L—1 (3.35)
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and zo = o(Wpx + by). Here o is a user-chosen activation function (we use tanh or ReLU in
our experiments) W, € R4 are the weight matrices and b, € R? are the bias vectors, and
W, € RY*4 and w;, € R4, all of these matrices and vectors make up the parameters vector
6. Networks such as in (3.35) are often called residual neural networks (ResNet), and have
been shown performing better than basic feed forward networks in function approximation
[108]. The values of L and d’ in our experiments are shown in Table 3.1. They are selected
manually to balance the depth L and width d’ so that uy does not have too many neurons
but still remains expressive. We use a similar structure for the vector field V¢, but adjust the
layers to be 1, = 1,1 +GeLU(U;0 +b;) tanh(Upn,_y + b;). Here GeLU(z) = 2®(x) where ®(z)
is the standard Gaussian cumulative distribution function. This is a slight modification of
the network architecture proposed in [107] for improved effectiveness in training by gradient
descent. We selected this network structure by starting with a ResNet with small width
and depth and ReLU activation, then we gradually increased the width and depth until
the improvement in the final loss value became insignificant. Finally, we attempted a few
different activation functions and network architectures for this width and depth and selected
the aforementioned structure which appeared to perform slightly better. This process was
by no means exhaustive.

Other network architectures can be used as well. The width and depth of our network
are reported in Table 3.1. Information about the number of trajectories used for (3.31) is
also collected in Table 3.1. For all of the experiments, we set the weight ( = 0.1 in (3.32)

to reflect the scale difference of the two loss terms and use the standard ADAM optimizer
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with learning rate 0.001, 8; = 0.9, B2 = 0.999. We terminate the training process when the
empirical 1oss liota1(€) < 0.1 or when the percent decrease of the empirical loss is less than
0.1% averaged over the past 100 steps. Once V¢ is learned, we use the 4th-order Runge-Kutta
method with a step size of 7/200 (7" is determined from the problem) to solve §(t) from the
ODE in (3.6) in Algorithm 2 and compare the corresponding uy with the reference solutions.
All the implementations and experiments are performed using PyTorch in Python 3.9 in
Windows 10 OS on a desktop computer with an AMD Ryzen 7 3800X 8-Core Processor at
3.90 GHz, 16 GB of system memory, and an Nvidia GeForce RTX 2080 Super GPU with 16
GB of graphics memory. Total computational time is split between three unique activities:
(i) the generation of Ny samples for ¢; in (3.30); (ii) the generation of the M trajectories for
5 in (3.31); and (iii) the training of the network V. Parts (i) and (ii) can be parallelized
offline to speed up the process. We discuss the specific time cost of the implementation of
our method in the examples below.

We also provide a few remarks on the sampling strategy in ©. While one can draw 6
uniformly from ©, adding samples 6 corresponding to some example solutions to the PDE
may further improve training efficiency. In practice, we use both uniformly sampled 6’s
and those close to the 6’s corresponding to some randomly chosen initial functions. These
initial functions are only used to help the loss function weigh more on the regions that are
potentially more important than others in ©; but they are not among the randomly chosen

initial functions used for any testing. Details on samplings are given below.
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Table 3.1 Problem settings, network structures, and the number of training trajecto-
ries/samples in numerical experiments. Here M is the number of trajectories used from
© and Ny is the total number of samples from ©.

Problem Dim. d uy Width/Depth V; Width/Depth M N
Transport Equation 10 12/4 1,500/4 0 160,000
Heat Equation 10 12/5 2,000/10 600 200,000
Allen-Cahn Equation 2 10/3 2,000/5 200 200,000

3.4.3 Numerical results on transport equation

We first consider the initial value problem defined by a 10D transport equation with periodic

boundary conditions as follows:

owu(z,t) = —1-Vyu(z,t), VaeeQ, tel0,T], 5.36)

u(z,0) = g(z), Ve,

where © = (0,1)!°, T'= 1, 1 is the vector whose components are all ones, and the boundary
value u(z,t) = 0 for all z € 0Q and t € [0,7]. This IVP has the true solution u*(z,t) =
g(x —1-t). We obtain the solution operator of the IVP (3.36), we use (3.34) as the reduced-
order model uy. Although our error analysis requires certain regularity on initial and solution
of PDEs, we test on the case where both are only Lipschitz continuous but not differentiable
for this transport equation. To this end, we set the activation of uy to ReLU. Further, define
B(x) = (cos(2m(x — b)), sin(2m(x —b)))" where b € R is a trainable parameter with sin and
cos acting component-wise to x. This means that the first hidden layer uses W, € R'?*2° For

this example, we shall set © = [—1, 1]™ where m are the number of parameters in ug. Then
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we train the neural control vector field V¢ by minimizing (3.7) with the number of sampled ¢
drawn uniformly from © shown in Table 3.1. We note that this equation performed equally
well with or without the loss ¢5 in (3.31). As such we need not generate any trajectories and
this is reflected in Table 3.1.

After the control V; is obtained, we test the performance of Vi on a variety of initial
values ¢ by uniformly sampling #(0) € ©. We emphasize that the corresponding 6(0)’s
to these initial values are not used in the training process. We show three approximate
solutions for three random initials in Figure 3.2. For the first random initial g; determined
by the random 6(0), we plot the corresponding true solution u*(-, t), the approximate solution
ug(r)(-) obtained by Algorithm 2, and their pointwise absolute difference |ug)(x) — u*(z,1)|
from row 1 to row 3 in Figure 3.2 respectively for ¢ = 0,0.15,0.5,0.85,1. The plots for
the second and third g, and g3 random initials are shown in rows 4-6 and 7-9 in Figure
3.2 respectively. From Figure 3.2, we can see that the reduced-order model ug) with 6(t)
controlled by the trained vector field Vg closely approximates the true solution u*(-,¢) with
low absolute errors (note that the scale of the error is different from that of w*(-,¢) and
ug)(+)). Figure 3.3a and 3.3b plots the mean of the absolute error [|u*(-,t) — ugw)(-)|I3,
and the relative error ||u*(-,t) — ug)(-)||3/]|u* (-, t)||3 respectively over 100 randomly chosen
initials, while the standard deviation is shaded in. We see mean errors < 1% even though
the initial functions considered are not smooth. This suggests that the proposed model can
generalize to the case where the initial and solution of the PDE are not sufficiently smooth.

We now discuss the computational cost of the method. In our tests, it took 1.78 hours
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to generate G and p from the samples in © used for training. Once generated, the training
of V¢ (i.e., minimizing the loss function iy, in (3.32)) took 5 minutes to complete. Testing
each initial condition by solving (3.6) using a 4th-order Runge-Kutta (RK4) solver with step
size 0.005 took an average of 2.1 seconds per initial. We note that no time is needed in this
case to fit an initial, as 6(0) is chosen randomly.

The proposed method has evidient improvement on computational cost over existing
methods that only solve specific instances of the PDEs. In this test, we compare the com-
putational cost with PINN [94] and a time marching (TM) [26] method. We use the same
structure of uy for PINN and time marching as used by our method. We sample 10,000
points (z,t) € (0,1) x [0, 1] for PINN and 10,000 points z € (0,1)' for each step of the
time marching method. We train PINN using its default parameters until convergence. For
TM, we use RK4 with the same step size 0.005 and its default linear system solver for each
step. We follow all other implementation steps of both PINN and TM as described in their
original papers. For a single initial g, PINN, TM, and the proposed method took 116.5s,
16.7s, and 2.1s respectively to obtain the solution. This significant time reduction is due to
the fact that the proposed method has learned the control field in the parameter space and
thus can compute the solution of the PDE by solving an ODE which has very low computa-
tion complexity. The improvement is more significant for higher-order PDEs because PINN
and TM require more time to compute the differential operator whereas the computation
complexity of the proposed method remains the same.

The proposed method is capable of approximating solution operators of high-dimensional
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PDEs whereas existing methods cannot. This is because existing solution operator learning
methods, such as DeepONet, require spatial discretization, and thus the network size and
sampling amounts grow exponentially fast in problem dimension. For example, for a one-
dimensional (d = 1) evolution PDE, DeepONet [76] requires 100 sample solutions (which
must be generated by another numerical method) each evaluated at 10? grid points in the
(x,t) domain in R x R,. Thus the size of their trunk network alone is already 10 times
larger than our V; in the 10-dimensional case. When the problem dimension d becomes over
3, DeepONet will be infeasible computationally. In addition, our method does not require

sample solutions which could be unavailable or difficult to obtain in practice.

3.4.4 Heat equation

Next we consider an initial value problem with heat equation in 10D:

Owu(z,t) = Au(x,t), VzeQtel0,T]
(3.37)

u(z,0) = g(z), Vo eQ,
where Q = (0,1)'° and the boundary value u(z,t) = 0 for all z € 9Q and ¢ € [0, T]. As most
of the initial conditions we consider have rapid evolution in a short time, we use 7' = 0.01 in
this test. For neural network we use (3.33), with a(z) = II}2,4(x; — z?) and tanh activation.

In order to have a class of analytical examples to compare against, we use the base
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Figure 3.2 (Transport equation). Comparison between true solution u*(-,t), the ap-
proximation wug(-) and their pointwise absolute difference |ugq)(x) — u*(x,t)| for times
t =10,0.15,0.5,0.85,1 for [IVPs with the first initial (rows 1-3), second initial (rows 4-6) and
third initial (rows 7-9) given by uy with # randomly drawn from [—1, 1]™.
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Figure 3.3 Comparison of the mean relative error ||u*(-,t) — ugq)(-)[|3/]|u* (-, t)||3 (top) and
mean absolute ||u* (-, t) —ugq)(+)[|3 (bottom) versus time ¢ for 100 different initial conditions of
the transport (a)-(b), heat (c¢)-(d), and Allen-Cahn (e)-(f) equations. Shaded areas indicate
the standard deviation over the 100 results.

functions

g1(z) = II° | sin(mx;),
ga() = sin(27x)) ]2, sin(7wa;),
(3.38)

g3(x) = sin(2may) 11}, sin(mx;)

g4(z) = sin(27x;) sin(2mw2) L2, sin ().
to generate a class of initial conditions G := {3, ¢;gi : ¢ € [~1,1]}. To train our method,
we drew 600 samples from G and found a corresponding 6(0)") for each sample. We set the
parameter space to be © = {#(0)) +§ : || <3, j =1,...,600}. We then uniformly
sampled 200,000 points from this set © and generated paths for (3.30) from the 600 centers

to train Ve. We then tested the method on a new set of 100 initials randomly drawn from
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G by following the method outlined in Algorithm 2. We randomly select three from the
test set containing the 100 initials and plot the result using our method in Figure 3.4. In
addition, Figure 3.3¢ and 3.3d show the mean and standard deviations of the relative and
absolute errors versus time ¢. We notice that the relative error increases while absolute error
decreases: this is because the true solution u*(t, -) gradually vanishes in time and hence it is
easy to cause large relative error even when the absolute error is small.

In this test, it took 2.64 hours to generate G and p for (3.30) and 1.33 hours to generate
the trajectories for (3.31). This time cost is significantly higher than the transport equation
as the heat equation requires the computation of the Laplacian which is second-order. Once
the samples were generated, training Ve took approximately 10 minutes. For testing, it took
an average of 25 seconds to train a 6(0) to a sampled g and an average of 2.6 seconds to
then solve (3.6) using a 4th order Runge-Kutta solver with step size 0.0001. This amounts

to less than 30 seconds in time per initial for the testing stage.

3.4.5 Allen-Cahn equation

In this test, we consider the IVP with nonlinear Allen-Cahn equation given by

Ou(z,t) = eAu(z,t) + 3 (u(z,t) — u(z,1)?), VeeQ,te(0,T]
(3.39)

u(z,0) = g(a), vred,
where Q = (—1,1)%, ¢ = 0.0001, and the boundary value u(z,t) = 0 for all z € 9Q and
t €10, 7]. As the Allen-Cahn PDE does not have an analytical solution to compare against,

we resort to the classical implicit-explicit scheme (see e.g. [109]) with a 100x100 grid and
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2000 time points to generate a reference solution for comparison in 2D case only, despite
that our method can be applied to higher dimensional case. In this test, we use (3.33) with
a(z) = (1 — 22)(1 — x3) as our neural network. We let T; : R — R represent the ith order

Chebyshev polynomial. We generate a class of initial conditions

§:= {(1 —af)(1 —xg)ickﬂk(l"lﬂ}k(%) Dk, gk € {0, 6}, m <36, o] < 1} :
k=
1 (3.40)
We see that G is a space of all combinations of Chebyshev polynomials up to degree 6
multiplied by a boundary function. This set is chosen to represent a diverse spread of initials
that can be approximated by our neural network from (3.33). We drew 200 samples from §
and found a corresponding #(0)\) for each sample. Then, as in the case of heat equations
above, we generated the parameter set © := {#(0)0) +6 : [0] <3, j =1,...,200}. We
sampled from © uniformly and generated paths from the 200 centers to train Ve. We again
tested the method on a new set of 100 initials from §. The results of the proposed method at
time t = 0,0.15, 0.3, 0.45, 0.6 for three random initials are shown in Figure 3.5. In Figure 3.3e
and 3.3f we again plot the mean relative and absolute errors versus time, which demonstrate
promising approximation performance of our method.
Figure 3.3e shows some challenges in the relative error as time advances. This is because
the solution to the Allen-Cahn equation for this initial value has fast-increasing derivatives as
time progresses, which poses a challenge to all numerical methods including ours in solving

Allen-Cahn equations in general. Specifically, such large derivatives force the parameters

of the neural network to blow up quickly, and hence the trajectory 6(¢) may rapidly escape
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from the prescribed © over which we trained the vector field Ve. This is a challenge that
remains to be overcome by using more adaptive training methods and sampling strategies.
For this experiment, generating G and p for (3.30) took 1.04 hours while the generation of
the trajectories for (3.31) took only 15 minutes. The much lower dimension of this problem
compared to the transport and heat equation examples accounted for the speed up in the
generation of samples. Similar to the transport equation, training Ve took only 7 minutes.
For testing, it took an average of 21 seconds to train a #(0) to a sampled g and an average
of 2.1 seconds to then solve (3.6) using a 4th order Runge-Kutta solver with step size 0.002.

This amounts to less than 24 seconds in total time per initial for the testing stage.
3.5 Variations and Generalizations

In this section, we briefly discuss modifications of the proposed approach so that it can be
applied to some other problems involving evolution PDEs. In particular, we consider the
following two cases: general time-dependent PDEs and initial value problems with time-

varying boundary conditions.

Applications to general time-dependent PDEs

Our approach can be readily applied to a large variety of time-dependent PDEs. The reason
is that these PDEs can be converted to the exact form of (3.2) for which our method is
designed. To avoid overloading the bracket notation, we temporarily use F'(u) and F(¢,u)

to represent F[u] and Fj[u] (differential operator that explicitly depends on time t). We first
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note that one can convert any non-autonomous evolution PDE into an autonomous one:
Ou=F(t,u) <<= 0= F(1), where @:=[t;u], F(i):= [1; F(u)], (3.41)

and [-; -] means to stack the two arguments vertically to form a single one. We can also
consider PDEs involving higher order time derivatives and convert them to first-order PDE

systems by noticing equivalency as follows:

Oyu=F(u) <= 0w =F(a), where @:=[uv], F(i):= [v;F(u)]. (3.42)

History-dependent PDEs can also be considered: denote H,(t) := {u(-,s) |0 < s < t} the
trajectory recording the path of w up to time ¢t and F' a nonlinear operator on path H,,
then we can set H,(t) as an auxiliary variable and convert the problem d;u = F[H,] to an

autonomous evolution PDE of [u; H,].

Evolution PDEs with boundary conditions

We can also modify our method to solve IVPs with different boundary conditions. Let
(g9,¢) be the pair of initial and boundary values of the IVP. That is, u(z,0)|q = g and
u(z,t)|paxor) = ¢. In this case, we can parameterize ug(z) = ¢, (x) + a(z)(x) with
0 = (n,(), where ¢, and 9. are two reduced-order models (e.g., neural nets) with parameters
n and ¢, respectively, and «(z) is a prescribed smooth function such that a(z) > 0 if z € Q
and a(z) = 0 if x € 09Q. Here ¢, is to fit the boundary value ¢ without interference from

at)¢ as the latter vanishes on the boundary 0.
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Figure 3.4 (Heat equation). Comparison between true solution w*(-,t), the approxima-
tion wugy(-) and their pointwise absolute difference |ugq)(x) — u*(x,t)| for times t =
0,0.004,0.008,0.012,0.015 for IVPs with the first (rows 1-3), second (rows 4-6) and third
initial (rows 7-9) drawn from the set G := {327, cigi : ¢ € [~1,1]} where g; is defined in
(3.38).
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Figure 3.5 (Allen-Cahn equation). Comparison between true solution w*(-,t), the ap-
proximation wuy) () and their pointwise absolute difference |ugy(x) — u*(x,t)| for times
t = 0,0.004,0.008,0.012,0.015 for IVPs with the first (rows 1-3), second (rows 4-6) and
third initial (rows 7-9) drawn from the set G defined in (3.40).



74
PART 4

EXTENDING NEURAL CONTROL FOR HIGH-DIMENSIONAL PDES

4.1 Introduction

In this last part we will continue searching for ways to find solution operators for evolutional

PDEs of the form

Owu(x,t) = Flu)(z,t), z=€Q, te(0,T],
(4.1)

u(z,0) = g(z), x € Q.
Previously, we had approached approximating the solution operator by solving the nonlinear

least squares problem defined as

min /@ /Q Vouo(@) - Ve(B) — Flug)(x)[? dedd, (4.2)

This approach turns out to be a natural first choice sharing much of the reasoning used in
many deep learning papers such as PINNs [94] or the approach we used in Lyapunov-Net
in terms of the negative orbital requirement. Namely, the general idea followed by the least
squares problem is that we collect together some relevant penalty terms that we want to
be zero and add those to a loss function which we seek to minimize. While the previous
chapter shows that in certain cases the total computational cost for solving this least-squares
problem is substantially lower than solving the IVP (4.1) directly over and over again, there
remain hurdles to using this approach. Chief amongst these, the computational cost in
solving the nonlinear least squares problem (4.2) is high due to the relatively high dimension

m of ©. Further, it requires intuition and careful tuning in sampling the 6 from © to achieve
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reasonable solution quality. These issues may hinder the practical applications of this least
squares approach. As such, we shall develop an extension of this method that builds upon
the main ideas developed in the previous chapter but is simpler to implement and use.

The new contributions of this part to the existing literature can be summarized as follows:

1. We develop improve on the Neural Control framework by introducing a new training

approach which utilizes Neural-ODE to train the DNNs.

2. We extend the theoretical analysis from the previous chapter to establish error bounds
for the proposed method when more general semi-linear PDEs, as well as show new

results on approximation capabilities of our previous theory.

3. We conduct a new series of numerical experiments and compare these to the least-

squares approach of the previous chapter to show some improvements.

4.2 Proposed Method

We now develop the new approach to estimate £ which is substantially more efficient and

accurate, even without any intuition, in training Ve than the alternative of using (4.2).

4.2.1 Control Theory Approach

Consider 0(t) as a controllable trajectory in the parameter space and recall that when ap-
proximating the solution operator it suffices to find a proper control vector field Ve with

parameters & such that

Voug) () - Ve(0(t)) = Oi(ugry () = Flugw)(z),  Vz e, te(0,T) (4.3)
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and the initial 0(0) to satisfy ug) = g. Realize, enforcing (4.3) for many trajectories 6(t) is

equivalent to minimizing the following running cost
r(0();€) = [ Vousw) - Ve(0) — Fluoe]|l72 o) (4.4)

for any trajectory 6(t) in ©. Realize a problem of the least-squares approach is that relevant
trajectories can be unevenly distributed in © for the corresponding wug) to be a meaningful
solution to (4.1), this is a major issue leading to the inefficient sampling of © in (4.2).
Therefore, we propose the following strategy to learn Vg effectively: first, define the auxiliary
variable v(t) := [0(t); s(t)] € R™"! (we use the MATLAB syntax |[-; ] to stack vectors as one

column vector) such that v(0) = [#(0); 0] and

Define £(7; €) = [0,n; 1] T, and we see £(y(T); &) = fOTr(H(t); €)dt. We then sample M initial
values {g; : ¢ =1,...,M} and fit them by {ug,) : ¢ = 1,..., M} correspondingly, then

solve the following terminal value control problem with control parameters &:

M
) - 1
min i) = — 3 6n(T):6),
3 M 4

i1 (4.5)
where each 6;(t) starts from its own initial 6;(0) fitted earlier. In practice, we shall be required
to approximate the L? norm within r(6;¢) in (4.4) using Monte Carlo integration as usual.

With the formulation in (4.5), we now show how to calculate gradients of ¢ using Neural

ODE (NODE) [18]. It suffices to consider the case with M = 1. NODE allows us to
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calculate V¢l(y(T),€) as follows: using the adjoint sensitivity method, we introduce the so-
called adjoint parameter a : [0,7] — R™"! such that a(T) = =V L(y(T);€) and a(t)" =
—a(t) "V, [Ve(0(t)); 7(0(t); £)]. In practice, we compute [0(t); 7(6(t); £)] forward in time to T,
and then compute a(t) and integrate a(t)"V¢[Ve(0(t)); r(0(t); €)] simultaneously backward
in time to calculate V0(v(T = — fT )TV e[Ve(O(1));r(0(t); €)]dt. The latter can be
used in any standard first-order optimization algorithm, such as stochastic gradient descient
method and ADAM [59] to minimize ¢. This can be readily extended to the case with M > 1
and averaged loss { in (4.5). The training of V¢ is summarized in Algorithm 3. In this work,

we apply ADAM to minimize ¢ and its parameter settings are provided in Section 4.3.

Algorithm 3 Training neural control V

Require: Reduced-order model structure uy and parameter set ©. Control vector field
structure V. Error tolerance €.
Ensure: Optimal control parameters &.
1. Sample {Hk( VHE ) uniformly from O.

2: Form loss (&) = & M, fo 0;(t); £)dt as in (4.5).
3: Minimize 6(5) with respect to & (usmg Neural ODE to compute Vgé(é’)).

Once the vector field Vg is trained, we can implement the solution operator 8z in the

same way as in Algorithm 2.

4.2.2 Theoretical Advances and Error Analysis

In this section, we provide theoretical justifications on the solution approximation ability
of the proposed method for a general class of second-order semi-linear PDEs. For ease of

presentation, we first define Sobolev ball with radius L in W**(Q) as follows.
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Definition 2 (Sobolev ball). For L > 0 and k € N, we define the Sobolev ball of radius L
as the set

SB(Q, L, k) == {g € WF(Q) . [|g|lwroe < L}

As mentioned in Section 4.2.1, we focus on IVPs with solutions compactly supported
in an open bounded set 2 C R? for ease of discussion. More specifically, we consider the

following IVP with an evolution PDE and arbitrary initial value g:

(

Owu(z,t) = Flul(x,t) =€, te (0,T)
u(z,0) = g(z) x € Q, (4.6)

u(x,t) =0 x €, tel0,T)]

\

where F'is a kth order autonomous, (possibly) nonlinear differential operator. We note that
non-autonomous PDEs can be converted to an equivalent autonomous one by augmenting
spatial variable x with ¢ in practice. For the remainder of this section, we require the

following regularity on F'.

Assumption 5. Let F' be a kth order differential operator and p € N. For all L > 0, there

exists My 1 > 0 such that for all w,v € SB(Q, L,k + p) we have

[F[w] = Fv][lwree) < Mprpllw = vllwrre o
The requirements of Assumption 5 ensure that F': WkPe(Q) — WP>=(Q) is Lipschitz
over SB(, L, k + p) for the specified p. For many types of PDEs, this assumption is quite

mild. For example, if the second-order linear/nonlinear differential operator F' is C? in

(z,u(z), Vu(z), V2u(r)) for all z € Q, then F satisfies Assumption 5 with k = 2. With this
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new assumption we can replace Assumption 4 from the previous chapter with a different

theorem.

Theorem 4. Suppose F' satisfies Assumption 5 for k,;p € N. Let ¢ > 0 and L > 0. Then

there exists a feed-forward neural network ug and an open bounded set O, p, C R™ such that
(i) For every 6 € ©, pr, there ezists ag € R™ such that

HO&@V@UQ — F[ug]HWLoo(Q) < €.

(ii) For every g € W23(Q) N SB(Q, L, 2k + 2), there exists 0 € O, p1, such that
HUg — gHWLoo(Q) < €.

To prove Theorem 4 we will need a few results. First, we prove the following Lemma,
which provides a meaningful connection between commonly-used general neural networks
with fixed parameters and neural networks with time-evolving parameters. For ease of
presentation, we restrict to standard feed-forward networks only, while the idea can be

readily generalized to other networks (see Remark 4).

Lemma 6. For any feed-forward neural network architecture v,(z,t) with parameters denoted
by n, there exists a feed-forward neural network gy (x) and a differentiable evolution of the

parameters 0(t) such that ugy(x) = vy(z,t) for all z € R? and t € R.
Proof. We denote the feed-forward network v, (z,t) = w; hy_1(z,t) + b with

hg(l’,t) = O—(Wﬁhé—l(xvt> + bﬂ)a t= 17 SRR [ — 17
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where ho(x,t) = o(Wox + wot + by) and n = (wy, b, Wi_1,..., Wy, wp, by). Note that all
components in 1 are constants independent of  and ¢. Similarly, denote uy(z) = u?lTiLl,l(:U)—l—
i)l with

hg(l’) :U(Wgﬁg_l(l')—i—bg), Ezl, ceey l—l,

where hg(z) = o(Wox + by) and 6 = (i, by, Wi_1, ..., W, by). Note that () can be time-
evolving. Hence, we can set bo(t) = wol + by for all ¢ and all other components in 6(t) as
constants identical to the corresponding ones in 7, i.e., W;(t) = wy, BL(t) =bp, ..., b (t) = 1.

Then it is clear that ugq)(z) = v,(z,t) for all  and ¢, and 6(t) is differentiable. O

Remark 4. While we state Lemma 6 for feed-forward neural networks, it is easy to see that
the result holds for general neural networks as well. To see this, note that for any neuron
y(z,t) we can rewrite it as Py (x) as shown in Lemma 6. For any neuron z(t,x,y(x,t)) we
can write it as z(t,x,y(x,t)) = 2(t, 2, Yyo)(T)) = Zme)a0)(x) for some neural network z, ;

with input x and parameters (n,7n) evolving in t. Applying this repeatedly justifies the claim.

We will use the following statement of the universal approximation theorem for neural

networks in our later proofs.

Lemma 7 (Theorem 5.1 [23]). Lete > 0, L > 0, and k € N. There ezists a fized feed-forward
neural network architecture w, with tanh activation such that for all f € SB(Q), L,k + 1)

there exists an n € R™ such that

||wn - f||Wk»<>o(Q) <€
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Proof. While Theorem 5.1 in [23] is stated for 2 = [0, 1]% we can apply a transformation layer
to generalize this for more arbitrary bounded €2. Thus Lemma 7 is an immediate corollary

to Theorem 5.1 in [23]. O
We now advance to the proof.

Proof of Theroem 4. Let § > 0 and define Q5 = Q x [0, §]. Denote

L= (14 (14 ) M) L+ (1+ 0) [ F0]lssseqey.

For any g € W2*3(Q) with ||g|lwzr+2.00(0) < L, we define T, such that Ty(z,t) = g(z) +
tFg|(z) for all (z,t) € Qs. Note that T,(-,0) = ¢(-) and 0, T,(-,t) = Flg](-) for all t.

Furthhermore, there is

[Ty llwrtz.00 5y = lg + tF[g]llwr+2.00 (05)
< lgllwrszoe (@) + 1 Flg)llwesno ) + S| F[g] wrrze o) (4.7)
< Nlgllwrszomgay + (1 + )| Flg)lwrszm(oy

=T+ (1+6)-1I,

where the first equality in (4.7) is due to the definition of T}, the first inequality due to the
triangle inequality in W*t2°°(Q;), the split of time and spatial derivatives on T}, and [¢| < 6,
and the second inequality due to [|F[g]|lwe+1.e(0;) < [|F[g]llwirzooq,). Since g € C*+2(Q),
we have

= lgllwsamqag < lgllweesnm < L (48)
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given that g is constant in . On the other hand, there is

II:= ||F[g]||Wk+Qv°°(Q) < | Flg] - F[O]Hwkﬂvw(ﬂ) + ||F[O]||W’“+2a°°(ﬂ)
< My, 1 pllgllwassa.ce ) + [ F[0]|[ w200 (@) (4.9)

< My pp L + || F[0]||wh+2.00 ()

where the second inequality is due to the Assumption 5 on F. Combining (4.7), (4.8) and
(4.9) yields ||Ty|lwr+200(, < L. By Lemma 7, there exists a feedforward neural network
architecture v, such that for any 7} there are parameters n = n, for some 7, satisfying

€

_ 4.10
2(1 + My1.r) (4.10)

ang - TgHW’““’O"(Qa) <

Define wy := v,, — Ty, then w, € WH%(Q;) since v,, is smooth in (z,¢) and Ty(-,t) =
g(-)+tF[g](-) € Wk+220(Qs). As a result, for any multi-index o € N satisfying |o| < k+1,
there is 9*w, € W'*°(Qs), which also implies 9w, € C({s). Due to this continuity, we also
have

10w (-, 0| oo () < 0% wg [ Lo 0 - (4.11)

Since « is arbitrary, we thus have

ng('ao)“Wono(Q) < ||wg||Wp,oo(95) (4.12)

||atwg(', 0) HWP*LOO(Q) S ||atngWp71,oo(Qs) (413)
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forall p=1,...,k+ 1. Therefore,we have

|, (-, 0) — () [wr1.000) = ||wg(-,0)||wk+1,oo(g) < ||wg||[)[7k+1,oo(05) (4.14)
= llv Wh-+1.00 ,
o gIWETE=(0s) 2(1+ My L r)

where the two equalities are due to the definition of wy, the first inequality due to (4.12)

with p = k + 1, and last inequality due to (4.10), Note that (4.14) further implies that

€
1€ 03, (- 0) = Flg]()llwroee) < Mir,rllvg, (-,0) = gO)llwrsioe() < 5 (4.15)

Combining the results above, we have

194, (-, 0) = Flog, (- Ol < 045, (- 0) = Flgl()llwroecay + [ Flg)C) — Flo . 0)lwaomqen

€
< 190y (Ol (o) + 5

€

; (4.16)

< [|Gswg w5 +
€
< llvny = Tgllwerreog) + 5

2

< e.

where the first inequality above is due to the triangle inequality, the second due to the
definition of wy, the property 0,7,(-,0) = F|g|(-), and (4.15), the third due to (4.13) with
p = 2, the fourth due to ||v,, — Tj|lwr+1.0(q,) being the max of terms including ||, (v,, —
Ty)|lw.0(0,), and the last inequality due to (4.14). Since v, uses tanh activations and hence

is smooth in 1, we know both (4.14) and (4.16) hold for some open neighborhood U, of 7,
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in R™.

Following the ideas in the proof of Lemma 6 we define the sets Ug where for each n =
(wy, ..., wo,by) € U, we have 8 = (wy,...,b) € Ug, since U, is open we can easily conclude
that Ug is also open.

Now we set I' := UgeW2k+3’°°(Q)ﬂSB(Q,L,2k+2) Ug, which is open, and ©, 1 = I' N Br(0)
where Br(0) := {# € R™ : |0] < R} is a bounded open set for some R > 0. Therefore
O, F is also bounded and open. Moreover by Lemma 6, for any ¢ € ©, 1, p, there exists
n € U, for some g and a differentiable (t), such that Ui (-) = vy(+, 1) for all ¢ with 9(0) = 0.
Therefore,

0y (,0) = Brugiy (imo = Vorgo) () - 6(0) = Voug(-) - (0).
Let ag = é(O) Given that (4.16) holds for v, and ug(-) = v, (-, 0), we know that
IVoug - ag — Flug]|[wre ) = [[050y (-, 0) = Flog] (-, 0) s <€,

which justifies the first claim.

(ii) For any g € W2+22(Q) N SB(Q, L,2k + 1), we know there exists 7, € U,, such
that v, (-,0) = g(-). Given the definition of ©, r; above, there exists § € ©, . and a
differentiable curve 6(t) such that 6(0) = 6 and Uy (-) = vy, (-, ) for all t. Therefore, given

that (4.14) holds for v,,, we have

lug = gllwroe(@) = llugy = gllwioe@) = [lvg, (-,0) = g()lwree@) <€

which proves the second claim. O
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Theorem 4 tells us that with a sufficiently large neural network, we can find a subset
O, r 1 of the parameter space such that the tangent spaces of ©, 1 can approximate F|ug]
arbitrarily well. Realize, this theorem allows us to derive a stronger result when compared
to Assumption 4 from the previous chapter and only requires regularity on the operator
F and the approximating power of neural networks. With Theorem 4 we can now state a
similar existence result as in Proposition 1 of vector fields defined over ©,, 1, that have the

approximation capabilities proved in Theorem 4.

Proposition 2. Suppose Assumption 5 holds. Then for any ¢ > 0 and L > ¢ > 0, there
exists a differentiable vector field parameterized as a neural network Ve : @u,F,L — R™ with

parameters &, such that

[Ve(0) - Voug — Flug]|| a1 ) < ¢,

for all € ©, rr.

Due to the similarity of the proof of Proposition 2 to that of Proposition 1, we have
moved the exposition to Appendix B. Now we provide a few mild conditions on the problem

setting of the PDE and its solutions, as follows.

Assumption 6. Let Q be a bounded open set of R:. The solutions to (4.1) are compactly

supported within Q for all t € [0,T].

Of particular importance, Assumption 6 allows us to be able to design uy so that Vug(z) =
0 and ug(z) = 0 on the boundary and as such matches the true solutions on the boundaries

as well (see e.g. [12, 26, 34] for more discussion on this point).
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Assumption 7. Let (4.1) be a second-order semi-linear PDE with F[u](x) := (0%(z)/2)Au(x)+
f(z,u(z), Vu(x)) for some (possibly) fully nonlinear function f such that the following in-

equalities hold for all x,y € Q, u,v € R and p,q € R%:

|[f(z,u,p) = f(y,0,9)] < Ly(lz =yl + [u—v[+[p—ql) (4.172)

102 f (2,0, p) = 0uf(y,0,9)| < La(lz =yl + Ju—v[+p —ql) (4.17b)

10uf (@, 1 p) = Ouf (y, v, )| < Lullr —y[ + [u —v] +[p — q) (4.17c)

10pf (2,1, p) = Opf(y, v, )| < Ly(lz =yl + [u = v +p —ql) (4.17d)

for some Ly, Ly, L,, L, > 0. Here |- | denotes absolute value or standard Euclidean vector

norm.

It should be noted that F' as defined in Assumption 7 satisfies the requirements of As-
sumption 5, and thus we can use the results of Proposition 2. Now we are ready to present

the main theorem of the present chapter.

Theorem 5. Suppose Assumptions 6 and 7 hold. Let eq > € > 0 be arbitrary. Then for any
L > ¢ > 0 there exist a vector field Ve and a constant C' > 0 depending only on F, ug, and
Ve, such that for any u* € SB(Q, L,2) satisfying the evolution PDE in (4.1), Assumption 6

and u*(-,0) € SB(, L,4) there is
||U9(t)() — U*(-7 t)HHl(Q) S \/5(60 + 26t>€40t (418)

for all t as long as 0(t) € ©, rr, where O(t) is solved from the ODE defined by (3.6) with V;
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and initial 0(0) satisfying ||ug)(-) — u*(-,0)|| r2(0) < €o.

Proof. Due to Assumptions 7 and 5, there exist a vector field V; and a bounded open set
O, r 1 that satisfy the results of Proposition 2. Assume 0(t) € ©,, 5, is the solution to (3.6),
and [|ugo)(-) —u*(+,0)]]2 < &¢ (such 6(t) is guaranteed to exist for ¢ < ), where u* is the true
solution of the PDE (4.1). As u* € SB(f, L,2), there exists My := ||O0u f|| Lo (ax (L, 0]x[~L,1]9)
because u* € SB(S, L, 2) which implies 0, f(x, u*(z,t), Vu*(z,t)) < My a.e. in Q for every
t. Similarly, by Assumption 7 we have 0, f Lipschitz continuous jointly in its arguments and
thus there is V - 0, f (v, u*(z,t), Vu*(z,t)) < M} a.e. in Q for some M} > 0.

In what follows, we denote || - ||2 := || - || 2() and
ug =gy, U=y, eo(nt) = w() —wul), el t) = V() = V()

to simplify the notations hereafter. Define

B) =5 [ lu(@) - u(@Pdo+ 5 [ 1Vul) - Tuwp s = 10000, fabOk

Taking the time derivative of F, we find

E(t) - <60<'7t)78t60<'7t)> + <€1('7t>7at€1('7t)>
= (uy — vy, Flug) — Flv]y + (Vuy — Vo, VE[uy] — VFv]) + (ug — vy, €) + (Vug — Vg, Ve)

— T+ 11+ T +1V, (4.19)

where (-, ) is the inner product in the L*(Q) space, €(+) := Voug)(+) - Ve(0(t)) — Flugn () =

Orur(+) — Flug)(+), and the terms III and IV result from Oyu; = Flu] + ;. We shall now
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proceed to estimate the four terms above.

For the term I, we first notice that

o2
I .= <ut — Uy (Aup — Awy) >

- /Q - ;x) eo(z,t)Aeg(z, t)dr = /Q - ém) (V- (eo(x,t)Veo(x, 1)) — [Veo(x, t)|?) da

< /% 02;x>eo(x,t)Ve(x,t) -ii(x) dS(w) — /(U(x)VU(Q:)) (eo(x, ) Veo(x, 1)) dx

Q

< Mo |leo(-, ) |2 Veo(E, -) 2,
(4.20)

where M, = |[ocVo| L~ < o0, 7i(x) is the unit outer normal at x € 0, and the first

inequality is due to [, %2|V60|2 > 0. Furthermore, we can show a bound for the quantity:

Iy :={eo (), F (0w, Vur) = (00 Vo)) < Lylleo(s D)lla(lleo(, 1)z + [ Veo - D)l2),

(4.21)
where we used the Lipschitz bound on f to arrive at the inequality. Realize I = Iy 4 I and

SO

1< (Mg + Ly)lleo( )2l Veo(t, )|z + Lylleal:, 1) 3. (4.22)

Next, consider the term

~—

o?(x

(Vuy — Vo, V(;Aut - ?Avt» = /aQ Aeo(z,t)Veg(x,t) - 1i(x) dS(x)
0*(z)

5 (Aeg(x,t))*dx (4.23)

|
S~

<0

)

where the inequality comes as Veg(z,t) = 0 on the boundary by Assumption 6. Now we
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define
IIZ = <vut - vvta V[f('>ut7 vut) - f(a Ut, Vvt)]>

= (Veo(, 1), 0u f (- ue, V) = Op f (- 00, Vi)
+ (Veo(, 1), (Ouf (s ug, Vg ) Vg — 0y f (-, v, V) V) (4.24)
+ (Veo(+, 1), (V2w 0, f (-, s, Vug) — V20,0, f (-, 06, Vr)))
=1IIy; + 1o o + Il 5.
We now estimate these three terms using our assumptions on the function f. First
oy < L, /Q Veo(z,t)(Jue(x) — ve(x)| + |[Vue(z) — Vog(x)])de

< Lo([[Veo (-, t)2lleo(, )]z + [Veal-, 1)[3)-
Since @% r1 is compact and 0(t) is bounded, it is easy to see there exists a constant M, > 0
such that [|u|[w2.e0q) < M, where M, depends only on O..rr and the architecture of u;.

Therefore,
a2 = (Veo(-, 1), (Ouf (-, ue, V) = 0uf (v, Vo)) Vug + 0u f (-, 0, Vo ) Ve (-, 1))

< MyLu||Veo (-, t)ll2(llea- )ll2 + I Veo (-, 1)ll2) + My Veo -, 1)]l2-

Finally, we have
H2,3 = <V€0(‘> t)7 VZUtapf('7 Ug, Vut) - V2vtapf('7 U, VUt))
= <v€0(‘, t)v v2ut(apf('7 Uy, Vut) - apf('v Vg, Vvt)»

+ <v60('7 t)’ (VQGO(" t))apf('7 Ut Vvt»'



90

Now we see

(Veo(,t), VAur(Opf (e, Vi) =0p f (-, v, Vo)) < MuLy[[Veo (- 1)l2(llea( B)ll2 + I Veo (-, 2)]12)

(4.25)

and
(Veo(-, 1), (V2eo (-, 1))D, f (-, v, Vo)) = /Q O f(x, v (x), Voy(a)) Vieo(x,t) Veg(z, t)da
_ /Q 0,/ (, (), Vou()) TV (%]V@o(a:,tﬂz) da
_ _%/QV-(8pf(:c,vt(x),V'Ut(x)))|Veo(x,t)]2dx

d
< SM Vel 1) 3
(4.26)

where we used the fact that Veg(-,t) = 0 on 09 to get [, 9,f|Veo|[?dS(z) = 0. Applying

(4.25) and (4.26) in Ily 3, we find
d
flya < MaLylVeal Olalleal Ol + (ML + 55 ) Vel
Define

d
C:=L,+ M,L,+ M,L,+ max {MG + Ly, My+ §M}},

and we can see

T+ 11 < C(lleo( )12+ lleo s )2l Veo - )ll2 + [ Veol- )]13)
(4.27)

< 2C ([leo(-, )12 + I Veo (-, 1)I13) -
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Now, using our bound on ¢;, we can bound III and IV:
HI+1V = <€0('7 t)v 6('7 t>> + <V€0('7 t)? VE('a t)>

< E(lleol-s )ll2 + [[Veo (- 1)]l2) (4.28)

< V2z/lleo( DB + Vel D3

Applying (4.27) and (4.28) to (4.19) and dividing both sides by E(t), we see

% E(t) = \/_340\/ )+ 22.

Applying Gronwall’s inequality, we conclude

VE() < (VE() + 2et)e'! = (g9 + 28t)e?".

The above inequality holds for any u*(-,0) € SB(€, L,4) by Proposition 2, and so the proof

is completed. O

Remark 5. Theorem 5 provides an upper bound on the error between ugyy and u*(-,t): it
depends on the projection error € and initial error €y linearly, while it grows exponentially
fast in t which is expected. Note that Theorem 5 extends Theorem 3.6 in [34] from PDEs that
are linear in the first- and second-order terms to general semi-linear PDEs. This extension

requires substantial efforts and new proof steps.
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4.3 Numerical Results

4.3.1 Implementation

Throughout all experiments, we select the following special form for our neural network
Ve :R™ — R™,

Ve(0) = 0 (0) (62(0) + 6 (0) 0 6) (4.29)

where & = (&,€,,€.), ® is component wise multiplication, and ¢{®) : @ — R is a sigmoid
feedforward network, ¢® : Q — R? is a ReLU feedforward network, and ¢ : Q — R?
is a ReLU ResNet, each of depth L and constant width w as shown in Table 4.1. We
decided to use the structure above in order to represent both linear functions through ¢
and exponential functions through ¢(©), while ¢ acts as a scaling network to handle the
varying velocities the different regions of the parameter space may use. It appears to perform
better than the other few generic networks we tested.

The loss function (4.5) records the total error accumulated along the trajectories. Some-
times it can be further augmented by an additional loss containing relative errors to target
values obtained by, e.g., [26]. In [26], the goal is to solve a given PDE (not to approximate
solution operator) but it provides potential target locations §(T) by solving a sequence of
linear least squares problems from a given 6(0). We leverage this method to generate an
additional set T = {6;(T) : i =1,...,|T|}, and add the following augmentation term to the

loss function (4.5):

[ug, (1) — u@(T)H%)

(4.30)
||U9’,-(T)||%

bo€) = 77 > (o) +
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Table 4.1 The problem dimension d, the size of augument set T, the mini-batch size K in
training, and the width and depth of V; used in each of the numerical experiments.

Experiment d |J| K Width Depth

Heat Equation 10 0 100 1000 5
H S)erbo ic PDE 10 1000 100 600 5
B Equation 8 250 512 1000 5)

where the first term in the sum is due to the same logic in (4.5) by starting from 6;(0) = 6;(0)
for all ¢ and the second term is to match the targets computed by [26]. Here 6;(7T") is the
first m components of +;(T"). Since time-marching is very slow, we only add a small sized
T for some of our experiments. Nevertheless, they help to further improve approximation
of V¢ in certain experiments. Finally, we note that the empirical estimations in the relative
errors are on L?(Q) norm and thus are again approximated by Monte Carlo integration over
Q). Other parameters are also shown in Table 4.1.

For all the experiments, we use the standard ADAM optimizer [59] with learning rate
0.0005, B; = 0.9, B2 = 0.999. We terminate the training process when the percent decrease of
the loss is less than 0.1% averaged over the past 20 steps or 10,000 total iterations whichever
comes first. Once Vg is learned, we use the adaptive Dormand-Prince (DOPRI) method
to approximate 6(t) from the ODE in (3.6). All the implementations and experiments are
performed using PyTorch in Python 3.9 in Windows 10 OS on a desktop computer with
an AMD Ryzen 7 3800X 8-Core Processor at 3.90 GHz, 16 GB of system memory, and an

Nvidia GeForce RTX 2080 Super GPU with 8 GB of graphics memory.
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4.3.2 Comparison to Existing Methods

First, we consider an initial value problem corresponding to the 10D heat equation (d = 10):
Owu(z,t) = Au(x,t), Ve Q,tel0,T] (4.31)

with initial value u(x,0) = g(z), where 2 = (—1,1)!° € R and we use periodic boundary
conditions. Note that this is beyond the restrictions we used in error analysis, which suggests
that the analysis may be extended to more general cases. As most of the initial conditions

result in rapid diffusion, we use T' = 0.1 in this test. We define our neural network as follows:

up(z) = Z ¢; tanh (a; sin (7(z — 8)) — b;) . (4.32)

We choose this network with trainable parameters 6 = (8, a;,b;,¢;) with ¢ = 1,...,80,
ai, 3 € RY and by, ¢; € R which enforce the periodic boundary conditions as sin(7(1 — p)) =
sin(m(—1 — p)) for any p € R and the sin function above acts component-wisely. Hence,
6 € R™ has dimension m = 970. We train the vector field V using the nonlinear least
squares (NLS) method in [34] and the proposed method (Alg. 3) and test their performance
on randomly generated initial conditions. Specifically, we generate a set of 100,000 points
sampled uniformly from © := {# € R™ : |6| < 20} and another 50,000 from N(0,,,0.51,,),
use them as the initials to train the control field Vg defined in (4.29) for both of the compared
methods.

After the training is completed, we generate 100 random initials g = ug(g) where 6(0) ~
N(0,,,0.51,,). For each g, we compute the ODE (3.6) using the trained V¢ of the comparison

methods, obtain an approximate solution ug«), and compute the relative error ||ugw)(-) —
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Figure 4.1 Comparison of NLS [34] method (black dashed line) and the proposed method
(black solid line). While the previous method only allows accurate results for a small time
scale T' = 0.02, the new method allows more accuracy for longer time scales 7' = 0.1.

uw* (-, t)||3/]Ju* (-, t)||3 where the true solution is given by u*(x,t) = [g(y)N(y — x,2t1;) dy
[30], where N stands for the density of Gaussian. Then we show the average and standard
deviation of the relative errors over these 100 initials versus time ¢ in Figure 4.1.

Figure 4.1 shows that Alg. 3 significantly improves the approximation accuracy compared
to the NLS method provided by [34]. Specifically, V¢ obtained by NLS yields reasonably
accurate solutions up to t = 0.01 with < 2% relative error, but the error grows unacceptably
large to 60% on average at t = 0.1. On the other hand, the vector field V; trained by Alg. 3
yields much more stable and accurate solution wg(;). The relative error maintains to be lower
than 0.3% at ¢ = 0.01 and 4% for the proposed method at ¢ = 0.1. We also show the
approximation wug) obtained by NLS and the proposed method for ¢ = 0.02 in Figure 4.2.
Due to space limitation, we only draw 5 different initial function g (as shown from the top to

bottom rows in Figure 4.2). From left to right columns, they are the initial g (first column),
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the true solution u* (second column), the result obtained by the proposed method (third
column), and the approximation obtained by NLS (fourth column), where the last three are
at t = 0.02.

The training time for NLS takes approximately 1.3 hours using NLS, but only about 15
minutes using Algorithm 3. The testing time for individual initial condition, i.e., running
time of Alg. 2, takes an average of 0.84 second with a standard deviation of 0.33 second.
We remark that this time can be significantly reduced when multiple initials are queried in
batch. For example, it takes only 1.94 seconds to solve 100 different initials when they are
batched. These results demonstrate the significant improvement of the proposed method in

both accuracy and efficiency.

4.3.3 Hyperbolic PDE

Our next test is on the following 10D nonlinear hyperbolic PDE:

Owu(x,t) = Flu](z,t) := 2V - tanh(u(z, 1)) (4.33)

with initial value u(z,0) = g(z) and Q = (—1,1)'°. We remark that this is a very challeng-
ing problem and its solutions can often develop shocks which makes most methods suffer.
Therefore, we choose T' = 0.15 as this is the earliest we observed shock waves in the ex-
amples we shall compare against. Then we enforce periodic boundary conditions by using
the same network wuy in (4.32) as above. Here, we sample 6;(0) such that a;, 5 ~ N (04, 1)
and b; ~ N(0,1) for i = 1,...,80, and ¢ = (c1,¢o,...,cg) " is sampled uniformly from the

sphere of radius 1. For this method to be scalable, we have to use special initials g = ugo)
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Figure 4.2 Comparison with NLS [34] on the Heat Equation (4.31). All plots show the
(21, z2) plane. (First column) initial g; (Second column): reference solution; (Third column)
Proposed method; and (Fourth column) NLS [34]. In all cases, the proposed method demon-
strates significant improvement on solution accuracy.
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with @;(0) = (a;1(0),0,...,0)" for i = 1,...,80. For the 6’s to be used in the terminal
set T, we make use of this form of our tested ¢g’s and sample 3, b;, and ¢ as above but use
a;(0) = (a:1(0),0,...,0)" with a;; ~ N(0,1).

The PDE (4.33) does not have analytic solutions. For comparison purpose, we use a
dedicated solver [81], which is a numerical approximation using a first-order upwind scheme,
with 4000 time steps and 1000 spatial steps to compute the reference solution. We use
as initial conditions the g¢’s defined above as their 1-d nature allows the computation of
our reference solutions. We stress that the initials we use here for testing are not contained
within the samples used for training. After training, we use the learned control V to generate
solutions for all these initials. We plot mean and relative error of our method compared to
the reference numerical solutions for 100 different random initials in Figure 4.3 (left). We
observe a relative error of less than 4% on average, and more than 70% of results are below
8% relative error in our tests. These results suggest that our proposed method has great

potential to be applied to more challenging PDEs.

4.3.4 Applications to Hamilton-Jacobi-Bellman equations

We consider the following stochastic control problem with control function a:

min % /O (X (1), H)Pdt + g(X(T)), (4.34a)

st dX(t) = (X (t),t)dt +V2edW,  where X(0) =z, (4.34D)
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Figure 4.3 Mean relative error (dotted line) and standard deviation (grey) between the
learned wug() and the reference solution u* for 100 different random initial conditions. (Left)
hyperbolic PDE (4.33); (Right) Hamiltonian-Jacobi-Bellman equation (4.35). Note that in
either case, the tested initials are not included in the training datasets.

and the objective function consists of a running cost of o and a terminal cost g, and W is
the standard Wiener process. We set problem dimension to d = 8, coefficient ¢ = 0.2, and
terminal time 7" = 1. Here X (t) € R? for all £. The corresponding Hamilton-Jacobi-Bellman
(HJB) equation of this control problem is a second-order nonlinear PDE of the value function
u:

1
Owu(z,t) = —eAu(x,t) + Q\Vu(x,t)ﬁ, Vo eRY te[0,T] (4.35)

with terminal cost (value) u(x,T) = g(x). The optimal control a(x,t) = —Vu(zx,t) for all
x and t. This problem is a classic problem with many real-world applications [32]. Our
goal is to find the solution operator that maps any terminal condition g to its corresponding
solution. We note that (4.35) can be easily converted to an IVP with initial value g by

changing ¢ to T' — t. We choose

50
_la: _ b2
ue((p) = E w;e lai©(z—b;)| /2’
=1
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where ® denotes component wise multiplication, and the parameters 6§ € R™ with m = 850
is the collection of (w;,a;,b;) € R x R x R for i = 1,...,50. We select this neural network
as it is similar to those in the set § below (but they are not necessarily the actual solutions
u*) and satisfies |ug(x)| — 0 as  — oo so long as a; # 0. This is important as our solutions
will be mainly concentrated in [—3, 3]¢ due to the solution property of the HJB equation and
we want our neural network to reflect this. We sample g functions by setting them to ug(q)

for 6(0) sampled from
O:={0: w; € (—1,0), |a;|le € (0.1,2), |bilec € [-2,2]},

and use these to generate trajectories (t) for training. We sampled 250 points 6;(0)’s from
© uniformly and then used the time marching numerical method as described in [26] to
generate a terminal dataset J. As such we use the loss function (4.30) in our training.
As Q = R® we use importance sampling to generate the x points for our Monte-Carlo
approximations of || - [|o. Namely, we sample = from the distribution defined by the density
p(a;0) = 55 S N(z — by, diag(a;) 7).

After we train the V¢, we uniformly sample 100 terminal conditions ¢ from the following

set:
50

G .= {Zcz-e_\ac—b,-w/cf? : ¢ € (—1,0), 07 €(0.5,20), |bilso € [_2,2]}.
=1

We choose such §G as it is an analogue to the Reproducing Kernel Hilbert Space (RKHS) and

can represent a variety of functions by different combinations of functions in practice. For
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each g, we compute the solution using the Cole-Hopf transformation [30]:

w*(z,t) = —2¢ln ((467T(T o)) /R exp (-4'6‘”(;35) . ze(gT(y_) t)) dy).

We can approximate these true solutions using Monte-Carlo methods, which is done by using

importance sampling to sample 20,000 points in R® using the distribution N (z,2¢(T — t)).
This allows us to approximate the integral above and compute u* at each (z,t). We graph
the average and standard deviation of the relative error of the solution by our approach for
these 100 terminal costs in Figure 4.3 (right) with reversed time ¢ <— 7" —t. This plot shows
that the average relative error is about 7.5% and the standard deviation is less than 3%.
For demonstration, we show the performance of control &(-,t) := —Vugy(-) obtained
above. Due to space limitation, we select 5 terminal cost ¢’s such that they vary in
x1, 2 making the minimum locations clear. For each g, we sample 50 X;’s uniformly from
[—1.5,1.5]> x [—1,1]° and generate their trajectories by solving the stochastic differential
equation with & in (4.34b) using the Euler-Maruyama method with step size 0.001. The ini-
tial X (0)’s (red dots) and the terminal locations X (T")’s (green triangle) averaged over 1000
runs for these terminals are shown from top to bottom rows in Figure 4.4. The gray-level
contours show the corresponding terminal cost g and the locations of X are shown in the
(21, 22), (x3,24), (T5,76), and (z7, xg) planes in the four columns of Figure 4.4. From these
plots, one can see properly controlled particle locations by using the solution obtained by

the proposed method.
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Figure 4.4 The evolution of 50 sampled points X (0) (red circles) to time X (1) (green tri-
angles) in the (first column) (x1, z2) plane; (second column) (z3,x4) plane; (third column)
(x5,26) plane; and (fourth column) (x7,z5) plane. The background images show the ex-
pected minimum points of the terminal cost for the five randomly chosen initials. We see the
solution —Vwug(y) provides correct control for all cases. Note that the induced control may
not be able to steer the far-away initials to the minimum since the running cost penalizes
large movements that the terminal gains do not compensate for. This phenomenon becomes
less (more) likely as the terminal cost g is scaled larger (smaller).
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APPENDICES
A Proof of Inequality in Proposition 1

In the proof of Proposition 1, we needed (3.16). This equation can be obtained by applying

the lemma below, whose proof is a slight modification of the proof of [85, Theorem 2.1.14].

Lemma 8. Let f : R? — R be a differentiable conver function and Vf is L-Lipschitz

continuous for some L > 0. Define the gradient descent iterates by
T = Tj—1 — hvf(xi—l)
with g € R, Let y € R and 0 < h < %, then for any k > 1 there is

2
flaw) — ) < 12 VE

Proof. Following the standard steps in the proof of [85, Theorem 2.1.14] and using 0 < h <

1/L we can derive the bound

) = fai) < = (1= L) ISP < 390Gt 30)

Since f is convex, there is

f@) < fly) + V@) (z—y), YreR™
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Combining this with z = x;_; and (36), we derive

F() = F() < Vi) (s —9) — VT o)l

IN
<

(2hV f(zia) (@i —y) = PPV (@) P+ |zia — y? = |20 — yf)

(|$z 1= y| —|@i1 = WV f(w1) — y‘2)

(|$i71 - y|2 — |z — yP) .

§|" >|" §|"‘

We can now bound the telescoping sum

a 1 ¢ 1
Z(f(ﬂfi) _h; i1 =y — |z —y]?) < —h|370 —yl®.

=1

IN

By (36) we know f(xy) < f(xk_1) - < f(zo) and therefore

k
|20 — yI”
o) = £0) < 0w~ S) < Pt

wl»—‘

B Proof of Proposition 2

First we sight the following corollary to Theorem 4 which follows Lemma 5.

Lemma 9. Suppose Assumption 5 is satisfied. For all € > 0 there exists v : O, p — R™

such that v is bounded over (:)%F,L and the value of v at 6, denoted by vy, satisfies

[ve - Voug — Flugl| a2 <, Vo eo.

Lemma 9 is an immediate result by combining Theorem 4 above and Lemma 5. Hence

we omit the proof here. With this lemma in hand, we can prove our main result of this
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section.

Proof of Proposition 2. In what follows, we will follow the proof of Proposition 3.4 in [34] to
extend that result from the L? to the H' norm. We first show that there exists a differentiable

vector-valued function V : (:)u, FL — R¢ such that

IV(6) - Voug — Flull| > < (37)

DO | ™

for all 0 € (:)u, rr. After which the claim about neural networks follows immediately from
the proof of Proposition 1. To this end, we choose &, € (0,¢/2) and & € (&y,£/2), then by
Theroem 4 and Lemma 9 we know that there exists a neural network ug, a bounded open
set @u, rr C R™ and M, > 0 such that there is a vector-valued function 6 — vy, where for

any 0 € O, 1, we have |vg| < M, and
va - Voug — F[ua]HIp <E.

Note that vy is not necessarily differentiable with respect to 6. To obtain a differentiable

vector field V (6), for each § € O, 11, we define the function vy by
Yo(w) = |Jw - Voug — Flug]|| 32 = w' G(0)w — 2w p(6) + ¢(6),

where

d
G(0) = Z/SIV(;@xiue(x)Vgamiu@(x)de+/QV(;u@(x)Vgue(x)de
p(0) => /Q Vo0s, g () Flug] (z)dx + /Q Voug(2) Vo Fug) (z)da (38)

00) = | Flusl(a)d.
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we are using the convention that Vyug € R? is a column vector. Then we know
by = Yg(vg) = |vg - Vgug — Flug)||7 < &% (39)

It is also clear that G(f) is symmetric and positive semi-definite. Moreover, due to the
compactness of Q and @%F’L, as well as that Vyu € C’(Q X (:)), we know there exists A\g > 0
such that

1G(O)]l2 < Ac

for all @ € ©,, ¢ with respect to the spectral norm. Therefore, ¥y is a convex function and
the Lipschitz constant of Vg is uniformly upper bounded by A\g over (:)u, r.L- Now for any
w € R™ h >0, and K € N (we reuse the letter K as the iteration counter instead of the

number of sampling points in this proof), we define

Of’h(w) ‘= wg, where wy=wp_1 —hVipg(wr_1), wo=w, k=1,... K.

Namely, (‘)f " is the oracle of executing the gradient descent optimization scheme on 1y with
step size h > 0 for K iterations.

Now we note that 1y is convex, differentiable, and Vg is Lipschitz continuous with
Lipschitz constant upper bounded by Ag. With these in mind, we can directly use the

process from Proposition 1 to arrive at the inequality

YOt ) - v < (5) -2 (10)
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Here we have set K to be some fixed number such that

)z
Kz e =)

Notice that Oé( " is a differentiable vector-valued function of 8 because K and h are fixed.

Therefore, combining (39) and (40) yields

0 < ¥p(0,7"(0)) = (Y(05"(0)) — vp) + ¥y < (e/2)* — &2 + &% = (¢/2)%.

As this inequality holds V6 € ©, we set V (0) = 05°"(0) which is a differentiable function of

0 satisfying (37). This completes the proof. O
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