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PRIMARY DECOMPOSITION

IN NON-FINITELY GENERATED MODULES

by

SOMAYA MUINY

Under the Direction of Dr.Yongwei Yao

ABSTRACT

In this paper, we study primary decomposition of any proper submodule N of a module M
over a Noetherian ring R. We start by briefly discussing basic facts about the well known
case where M is a finitely generated module over a Noetherian ring R, then we proceed to
discuss the general case where M is any module over a Noetherian ring R. We put a lot of
emphasis on the associated primes that occur with the primary decomposition, essentially

studying their uniqueness and their relation to the associated primes of M/N.

INDEX WORDS: Noetherian modules, Primary submodules, Associated primes,
Annihilator, General primary decomposition



PRIMARY DECOMPOSITION

IN NON-FINITELY GENERATED MODULES

by

SOMAYA MUINY

A Thesis Submitted in Partial Fulfillment of the Requirements for the Degree of

Master of Science

in the College of Arts and Sciences

Georgia State University

2009



Copyright by
Somaya Muiny
2009



PRIMARY DECOMPOSITION

IN NON-FINITELY GENERATED MODULES

by

SOMAYA MUINY

Committee Chair:  Dr. Yongwei Yao

Committee:  Dr. Florian Enescu
Dr. Lifeng Ding
Dr. Imre Patyi

Electronic Version Approved:

Office of Graduate Studies
College of Arts and Sciences
Georgia State University
May 2009



This thesis is dedicated to my parents,

and to my husband.



vi

ACKNOWLEDGEMENTS

I am grateful to all those who made it possible for me to complete this thesis. I am deeply
thankful to my advisor, Dr. Yongwei Yao, for all of his devotion, patience, stimulating
suggestions and encouragement. Without his guidance and support, this thesis would not
exist. I would also like to thank Dr. Enescu, Dr. Ding, and Dr. Patyi for their valuable
feedback. I am obliged to thank all my instructors and all my friends in the Mathematics

Department for their endless help and support.



vii

TABLE OF CONTENTS

ACKNOWLEDGEMENTS] vi

[Chapter 1 INTRODUCTION]| . . . . . .. ... ... . ... 1
(1.1 Elementary Facts| . . . . . . . . .. .. ... ... 1
(1.2 Primary Decomposition of Finitely Generated Modules| . . . . . . . . .. .. 6
apter 2 E T -F TE ENER-

| ATED MODULES|. . . . .. .. ... . 11
2.1 A Very Important Lemmal . . . . . . ... .. ... ... ..., 11
[2.2  Existence of Primary Decomposition| . . . . .. ... ... ... ... .... 14
[2.3  Examples of General Primary Decomposition|. . . . . . . ... ... ... .. 16

[Chapter 3 PROPERTIES OF THE GENERAL PRIMARY DECOMPO- |

I SITIONI . . . . . . . 19
3.1 Relation Between the Collection of Associated Primes Py and Ass(M/N)| . . 20
[3.2  About the Uniqueness of the Collection of Associated Primes P| . . . . . . . 25
3.3 About the Minimal Primes in the Collection ot Associated Primes P3| . . . . 26

REFERENCES|. . . . .. o 30



Chapter 1

INTRODUCTION

1.1 Elementary Facts

In this chapter we give some basic definitions and some well known elementary facts
from commutative algebra. In this paper all rings are assumed to be commutative with

unity.

Definition 1.1.1. [2] A commutative ring R is called Noetherian if for every ascending
sequence of ideals Iy C [, C I3 C --- there exists a positive integer k such that I = [y, =
Iy o=+ or Iy = Ijy; for every ¢ > 0. In other words, R is Noetherian if and only if every

ascending chain of ideals of R is eventually stationary.

Definition 1.1.2. An R-module M is called Noetherian if for every ascending sequence
of R-submodules M; C M, C M3 C ... there exists a positive integer k£ such that M, =
My = My o = ... or My = My, for every ¢ > 0. In other words, M is Noetherian if and

only if every ascending chain of submodules is eventually stationary.

Theorem 1.1.3. For an R-module M, the following are equivalent:

1. M is Noetherian.

2. FEvery submodule of M 1is finitely generated.

3. Every non-empty set of submodules of M has a maximal element.
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Definition 1.1.4. |2] Let R be a commutative ring, and let N be a nonzero submodule of M
overR. Then the ideal quotient (0: N) ={re R|rN =0} ={re€ R|rn=0for alln € N}
is called the annihilator of N and is denoted by Ann(N). Also for m € M, the annihiliator

of m is the quotient ideal

Ann(m) = (0:m) ={r € R|rm = 0}.

Definition 1.1.5. [4] Let R be a ring and M an R-module. A prime ideal P of R is called
an associated prime ideal of M if P = Ann(m) for some m € M. The set of associated

primes of M is denoted by Ass(M).

The above definition can be paraphrased as: P € Ass(M), iff there is an injection
R/P < M. This is because the submodule of M generated by m is isomorphic with R/ P iff
the annihilator of m is P. Also note that the element m with a prime annihilator can never

be 0, since the annihilator of 0 is the unit ideal.

Definition 1.1.6. If Ass(M/N) = {P} for any submodule N of an R-module M, we say

that N is a P-primary submodule.

Theorem 1.1.7 ([4]). A submodule N of an R-module M is P-primary if and only if P =

VAnn(M/N) is a prime ideal and elements of R — P are not zero divisors on M/N.

In other words, the above theorem states N is P-primary if and only if for any a € R
and m € M, with am € N = a € \/JAnn(M/N) =P orm € N.
In the special case where M = R and N = [ i.e I is an ideal of R, [ is P-primary

& Va, be Rwithabe I thenaeVIi=Porbel.
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Remark 1.1.8. For any submodule N of an R-module M, where R is Noetherian, the union

of the associated primes is the set of elements of R that are zero divisors of M/N.

Theorem 1.1.9 ([4]). Let R be a Noetherian ring, and let M be an R-module, then M #

0 & Ass(M) # 0.

Proof. <= Assume Ass(M) # (), say P € Ass(M). This means that 3 u € M such that
P = Ann(u), forcing u to be a nonzero element of M, for if u = 0, then Ann(0) = R. Hence
M #0.

= Assume M # 0, let Q = {Ann(z)|0 # x € M}. Each element of  is an ideal of R and
therefore {2 has a maximal element as R Noetherian, say P = Ann(u), where 0 # u € M.
To show P is prime, for a contradiction, assume it is not. That is 3a,b € R where ab € P,
a ¢ P,and b ¢ P implying that au # 0. Consider Ann(au), we know that b € Ann(au)
and therfore P = Ann(u) C Ann(au) contradicting the fact that P is a maximal in 2. And

hence P is prime and the Ass(M) # (. O

Lemma 1.1.10 ([4]). For any proper submodule N C M we have the exact sequence

00— N-—M-— M/N—0

and it follows that

Ass(N) C Ass(M) C Ass(N)| J Ass(M/N).

Proof. 1t is clear that for any P € Ass(NN) we have P € Ass(M), and therefore Ass(N) C
Ass(M).

To prove that Ass(M) C Ass(N) U Ass(M/N), let P be one of the associated prime
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of M, then P is the annihilator of some element in M, say u, i.e. P = Ann(u). Consider
the homomorphism f : R — Ru, this homomorphism is onto with kernel P, therfore, by
the 15" Homomorphism Theorem we have Ru = R/P, and consequently we have Ass(Ru) =
Ass(R/P) = {P}. Now, observing the submodule Ru N N, we have 2 cases to consider

Case 1: If Run N = {0}, then by the 2" homomorphism we have

M/N D (Ru+ N)/N = Ru/(RunN) = Ru

taking the associates of everything in the above expression we get

Ass(M/N) D Ass ((Ru+ N)/N) = Ass (Ru) = {P},

hence P € Ass(M/N).

Case 2: If RunN N # {0}, then Ass(Run N) C Ass(Ru) = {P}. The fact that
Run P # 0 means that Ass(Run P) # 0, by Theorem [I.1.9] hence Ass(Run P) = {P}.
As Ass(Run N) C Ass(N), we conclude that P € Ass(N).

Putting both cases together, we get

Ass(M) C Ass(N)| JAss(M/N). O

Lemma 1.1.11. If M = @, M;, then Ass(M) = Ass(@ieaM;) = U;cp Ass(M;).

Proof. Let P € |J,c) Ass(M;), then P € Ass(Mj) for a specific k € A. As M}, € @, M,

€A

up to isomorphism, we have P € Ass(My) C Ass(@,., M;). Hence |J,c, Ass(M;) C



Ass(@,;cp M;).
For the other direction, we first prove the case when A = {1,2,...,n} is finite. There

exists a short exact sequence

O—>M1—>M1@M2—>M2—>O.

By Theorem [1.1.10} we have

Ass(M; @ M,) C Ass(My) U Ass(Ms).

Proceding by induction, we get

Ass(@ M;) C U Ass(M;), where A is finite.

€A (1SN

Now, for the general case when A is infinite. Let P € Ass(€D,., M;), this means that
P = Ann(u) for some u € ,., M; and hence u € @;‘:1 M;, for some {iy,i,...,i,} C A
implying that P € Ass(@_, Mi;) = Uj_, Ass(M;;) C U,cp Ass(M;).

Therefore, Ass(@;cn Mi) C U;cn Ass(M;). Hence Ass(@D,cn Mi) = U;en Ass(M;). O

Theorem 1.1.12 ([3]). Let R be a Noetherian ring and let M be a non-zero finitely generated

module over R. Then there exists a chain of submodules

O:MOQMlgM2ggMn—lgMn:M

such that Mi/M; 1 = R/P; for some P, € Spec(R), i=1,...,n.
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Lemma 1.1.13. If M is a finitely generated module over a Noetherian ring R, then |Ass(M)|

18 finite.

Proof. If M = 0, then |Ass(M)| = 0. Now assume M # 0. By the above thorem there exists
a chain

O=MyCM CM;CMz3C---CM, =M

)

where Mi/M;—1 = R/P; for some P, € Spec(R), i = 1,...,n. Note that Ass(M;/M;_,) =
Ass(R/P;)) = {P}, for all i = 1,...,n. And by Lemma [I.1.10], we have Ass(M,) C
Ass(My)\J Ass(My/My) = {P, P,}, Similarly, Ass(M3) C Ass(Ms)|J Ass(Ms/Ms) =
Ass(Ma)U{Ps} = {P, P, Ps}. Working inductively we can show that Ass(M) C

{Py, Py,...,P,}. Hence M has a finite number of associated primes. ]

Remark 1.1.14. If M is not finitely generated, then |Ass(M)| could be infinite as in Ex-

ample [1.1.15]

Example 1.1.15. Consider M = P ps 1.6, M =7y ®7Z3 @ --- over the ring R = Z.

p prime Z
Every non-zero prime ideal of Z is actually in Ass(M), since Ass(M) = Ass(Zo @ Zs ®
Zs...) = Ass(Zy) U Ass(Z3) U Ass(Zs) U --- = {(2),(3),(5),...} = {(p) |p is prime inZ}

and therefore |Ass(M)| = oc.

1.2 Primary Decomposition of Finitely Generated Modules

Definition 1.2.1. Let M be a finitely generated R-module, and let N C M be submodule

of M. If there exists primary submodules @1, Q, Qs, ... Q, of M such that

N=0Q1NQ:NQ3---NQy,



then we say that N admits a primary decomposition in M.

Definition 1.2.2. Given a primary decomposition of a proper submodule N C M of an

R-module M, we say that this decomposition is irredundant if the following hold

1. The collection {P;|i=1,...n} of associated primes to which {Q;|i=1,...n} are

primary to, are mutually distinct.

2. No Q; can be removed from the intersection without changing the intersection.

Theorem 1.2.3 ([2]). Let M be a finitely generated module over a Noetherian ring R, and
N a proper submodule of M. Then N admits a primary decomposition in M, and this

decomposition contains a finite number of primary components.

Proof. This theorem has many classical proofs, see [2] and [3]. However in this paper we

shall benefit from Remark 2.2.5] which is based on Theorem [2.2.1] O

Theorem 1.2.4 ([2]). Let N be a submodule of a finitely generated R-module M over a

Noetherian ring R, and let

N=Q1NQxN---NQ, where Q; is Py-primary fori=1,...,r

and

N=QiNQ2N---NQ, where Q is P-primary fori=1,...,r

be two irredundant primary decomposition of N in M. Then r =1’ and we have

{P,P,,...,P.} = Ass(M/N)={P/,Py,...,P.}
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In other words, the number of terms and the collection of primes appearing in an irre-

dundant primary decomposition of N is independent of the choice of that decomposition.

Proof. By Remark we have {P;};_, = Ass(M/N) is valid for the first primary decopo-
sition and {P/ }:/:1 = Ass(M/N) is also valid for the second primary decomposition. Hence

r=r"and {P,P,,...,P.} = Ass(M/N) = {P|, P,,..., P} as claimed. O

Theorem 1.2.5 (|2]). Let N be a submodule of a finitely generated R-module M over a

Noetherian ring R, and let

N=Q:NQyN---NQ, where Q; is P;-primary fori=1,...,r

and

N=Q\NQyN---NQ. where Q; is Pi-primary fori=1,....r

be two irredundant primary decomposition of N in M. Suppose that P; is a minimal member

of {P1, P, ..., P} with respect to inclusion. Then Q; = Q.

The above theorem means that if P is one of the minimal primes, then the primary
submodule to P that occurs in the primary decomposition is uniquely determined by N and

is independent of the choice of irredundant primary decomposition.

Proof. The following proof is based on Sharp’s treatment of the case of ideals.
If r = 1, then there is nothing to prove, and we therefore suppose that r > 1. Let P; be

a minimal prime in the collection { Py, %, Ps,..., P}, and let a; € P\ P; foralli=1,...,r



and 7 # j. Now, let a = []i<i<r a;, this a has the property that
i#]

ac [[ P\PC () B\P:
1<i<r 1<i<r

i#] i#]

Hence a ¢ P;, but a € P, = \/Ann(M/Q;) for all i =1,...,r and i # j, and it follows that

there exist h; € N such that a" € Ann(M/Q;). Let
t 2 max {hl, hQ, ceey h]’_l, hj+1, ce >hn} .

Then a' € Ann(M/Q;) for all i = 1,...,r and i # j, and it follows that

T

(N:ad') = <ﬂ Qi : at> = (](QZ ca')

=1

Claim: The equality (Q; : a*) = M holds for all ¢ = 1,...,r and ¢ # j. Proof of claim.
We have shown above that a' € Ann(M/Q;) which means that a'M C Q;. As (Q; : a') =
{m € Mla'm € @Q;}, we conclude that (Q; : a") = M.

Claim: For j, (Q; : a') = Qj. Proof of claim. Since a' ¢ P; = Ass(M/Q;) means that a'
is not a zerodivisor of M/(@);, we know that there exists no non zero element m € M/Q);
with a'm = Q; = Onyg,. Now, let m € (Q; : a'), this implies that a'm € Q; and hence
a'm = Opryq,- As a' is not a zero divisor of M/Q);, it is clear that m = 05/, and that

m € Qj, therefore (Q; : a’) C Q;. The other direction Q; C (a' : Q) is trivial.
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Therefore, by the above argument, we have

(N:at):h(Qi:at):MﬂMﬂ...ﬂQjﬂ...M:Qj

i=1

After we have shown that (N : a') = Q; whenever ¢ is sufficiently large, in the same manner,

we can prove Q) = (N : a') when t is sufficiently large. Hence Q; = @} as claimed. n
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Chapter 2

PRIMARY DECOMPOSITION IN NON-FINITELY

GENERATED MODULES

2.1 A Very Important Lemma

Lemma 2.1.1. Let R be Noetherian, M # 0 an R-module and let P € Ass(M). Then there

exists a submodule M (P) such that
1. Ass(M/M(P)) ={P}, and
2. Ass(M(P)) = Ass(M) — {P}.

Proof. Consider 2 = {N C M| Ass(N) C Ass(M) — {P}}, which is £ non-empty since
{0} € Q. Let Ny € N, C --- be a chain of submodules in 2 and consider |J, N;. We claim
that Ass(|J, Vi) = U, Ass(V;). Indeed, as N; C |, N;, we have Ass(N;) C Ass(|J; IV;) and
therefore | J;, Ass(N;) € Ass(|J, N;). To show the other direction, let P € Ass(|J, N;), this
implies that P is the annihilator of some element v € |J, N;, i.e u € Ny, for a specific k

implying that P € Ass(Ny) and hence, P € |J, Ass(N;). Therefore

Ass (U Nl) = UASS(Ni) C Ass(M) —{P}

Now, as € contains all submodules N with the property that Ass(N) C Ass(M) — {P}
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means that
U N; € Q.

Therefore, every chain in 2 has an upper bound in it and hence we can apply Zorn’s
lemma and say that there exists a maximal element in €, call it M (P). This means that
Ass(M(P)) C Ass(M)—{P} and there is no proper submodule A in €2 such that M (P) C A.

Now, to prove that Ass(M/M(P)) = {P}, we are going to use Theorem [I.1.9) Note
that Ass(M/M(P)) # 0, because if Ass(M/M(P)) = (), then it follows that the quotient
submodule itself is zero, i.e, M /M (P) = 0, which means that M(P) = M and Ass(M(P)) =
Ass(M) > P which contradics that M (P) is an element of Q. So M(P) C M, and hence we
can apply lemma[1.1.10] to get Ass(M) C Ass(M(P))UAss(M/M(P)). Since P € Ass(M),
we have P € Ass(M(P)) U Ass(M/M(P)), the fact that M(P) € 2 means that P ¢
Ass(M(P)) which forces P € Ass(M/M(P)), and hence {P} C Ass(M/M(P)). Now, to
show that {P} = Ass(M /M (P)) assume for a contradiction that there exists another prime
ideal P' # P such that P’ € Ass(M/M(P)). This implies that there exists z + M(P) €
M/M(P) such that P = Ann(z + M(P)) where x ¢ M(P). Now consider the submodule
Rx + M(P) of M, realizing that M (P) C Rz + M(P) C M we can define a homomorphism
f as follows:

f:R— (Rx+ M(P))/M(P)

f(r)=rz+ M(P).

This homomorphism f is onto with kernel P’. Therefore by the 15 homomorphism theorem
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we have

(Rx + M(P))/M(P) = R/P'

and it follows that

Ass(Rx + M(P)/M(P)) = Ass(R/P') = {P'}.

Now, according to Lemma [1.1.10, we have

Ass(Rx + M(P)) € Ass(M(P))| J Ass(Rz + M(P)/M(P)) = Ass(M(P))|_J{P'},

where P ¢ Ass(M(P))JU{P’}. Hence, (Rx+ M (P)) € Q and it is strictly larger than M (P),
which contradicts that M (P) is maximal in Q. And therefore Ass(M/M(P)) C {P}. This

fact along with the result shown above {P} C Ass(M /M (P)) forces that

Ass(M/M(P)) = {P},

proving first part of the theorem.
Now, knowing that Ass(M) C Ass(M(P))|JAss(M/M(P)) = Ass(M(P))J{P}, we

can use set theory to conclude that Ass(M(P)) 2 Ass(M) — {P} and hence

Ass(M(P)) = Ass(M) — {P}

which proves the second part of the theorem. O
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2.2 Existence of Primary Decomposition

Theorem 2.2.1. Let R be a Noetherian ring and M # 0 a general module over R, then
every proper submodule N of M can be expressed as the intersection of primary submodules,

i.e N = () er @ where each Qy is Pyx-primary in M.

Proof. As a first step, we are going to study the primary decomposition of 0, C M. By the

previous lemma for each P € Ass(M), there exists M (P) such that
1. Ass(M/M(P)) = {P}, i.e., M(P) is P-primary in M, and
2. Ass(M(P)) = Ass(M) — {P}.

We claim that 0 = () pe 44500y M (P). Indeed, we notice that

Ass (NpeassanyM (P)) C Ass(M(P)) = Ass(M) — {P} ,Y P € Ass(M),

which implies that

Ass (NpeassanyM(P)) € NpeassuyAss(M(P)) = Npeassar) {Ass(M) — {P}} = 0.

Hence Ass(Npeass(vyM(P)) = 0, and therefore by Theorem we conclude that

i.e, the zero submodule admits a primary decomposition in M.

Now, we are going to prove the theorem in general for any proper submodule N C M
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over R. By the obove, we know that

ox= ) P

PeAss(M/N)

where 22(P) is a primary submodule of M/N. Rewriting this submodule (P) as B(P)/N

for some submodule B(P) of M where N C B(P) C M, we can write the following using

the 3" Homomorphism Theorem

_ M/N _ MJN
MIBE) = BN = 1(p)

Taking the associates of every thing in the above expression, we get

_ M/N \ _
Ass(M/B(P)) = Ass <%> ={P}

as 2 (P) is P-primary in M/N. Hence B(P) is also P-primary in M, and by the Correspon-

dence Theorem, we can express N as

PcAss(M/N)

In other words, N can be expressed as the intersection of primary submodules. O

Remark 2.2.2. In this paper, we will call any primary decomposition with (possibly in-

finitely many components) a General Primary Decomposition.

Remark 2.2.3. If R is not Noetherian, then the primary decomposition of any proper

submodule N C M over R is not guaranteed as in the following example.
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Example 2.2.4. [2] Let R = C|0, 1] the ring of all real-valued continous functions on the
inteval [0,1]. This ring is not Noetherian and the zero ideal in this ring does not have a

primary decomposition.

Remark 2.2.5. The proof of the above theorem shows that every proper submodule N C M
over a Noetherian ring R admits a primary decomposition, and the primary submodules that
appear in the intersection are in one-to-one correspondence with Ass(M/N). Therefore, if
|Ass(M/N)| < oo (which happens when M is finitely generated or more generally when
M/N is finitely generated), then N can be expressed as the intersection of a finite number
of primary submodules. This fact proves the existence of a finite primary decomposition of

any proper submodule N C M over a Noetherian ring R.

2.3 Examples of General Primary Decomposition

In this section, we demonstrate two examples of the general irredundant primary de-

composition.

Example 2.3.1. Let M be as described in example [1.1.15( where M = @ Z,, and

p prime

consider the primary submodules of M:

Q2=0z2,DZsDLs DZL7; D ---
Q3=Zy® 0z, DZLs DL D - -

Qs =Zoy®Z3 D0z, DZ7 D -~
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Generally, for any prime p € Z, we can define Q, = Zy ® Z3® ... ® 0z, @ .... Note that

M/QQZ(Z2®Z3®Z5EB)/(022@Z3@Z5@)g22

and this means that Ass(M/Qs) = Ass(Zy) = {(2)}, in other words, @), is (2)-primary. In
general, Ass(M/Qp) = Ass(Z,) = {(p)} and therefore @, is (p)-primary.

It is clear that if we take the intersection of all these primary submodules, we will obtain:

OM - m Q]M

pprime in Z

which is a primary decomposition of 0y, in M. Moreover, to show that this decomposition
is irredundant we will remove one primary component from the intersection, say ()2, by
removing it we get Mp0Q)p = Zo ® 0z, ® 0z, @ ... # Opr. In general, if we remove any @);,

where 7 is prime, then we get

() Qp =0z, 80, &...0Z & ... # 0.
pFEI

Hence, the submodule 0;; admits an irredundant primary decomposition of in M.

Example 2.3.2. Let M = Zy X Z3 X Z5 X -+ or simply M =[] Z,, and consider the

p prime

following primary submodules of M:

Q2:022XZ3XZ5XZ7X...
QBZZQXOZSXZE)XZ?x.”

Qs = Zo X Lz X Oz, X Zg X - -
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In general, we can define @), for any prime p € Z in a similar fashion. Note that M/Q, = Z,
meaning that Ass(M/Q,) = {(p)} and hence @, is (p)-primary. By taking the intersection

of these primary submodules, we get

OM: m Qp-

p prime

This is a primary decomposition of 0;; in M, and by an argument similar to the one used
in the previous example, we can show that this is an irredundant primary decomposition of

OM in M.
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Chapter 3

PROPERTIES OF THE GENERAL PRIMARY

DECOMPOSITION

In the previous chapter we proved that any proper submodule N of a non empty module
M over a Noetherian ring R admits a primary decomposition of the form N = ({Q, | A € A}
where (), is Py-primary. In this chapter we investigate the collection of associated primes

{Px| X € A}, but before we do that we need to study the following example.

Example 3.0.3. Consider the module mentioned in Example , ie, M = Hp Ly,

prime
we note that Zy = Zs x 0 x 0... € M which means that Ass(Zy) = {(2)} C Ass(M).
In general, for every p € Z, the ideal (p) is in Ass(M), and the question here is about
the zero ideal: Does 0z € Ass(M) 7 To show that 07 € Ass(M), we need to show that
{0z} = Ann(m) for some m € M. Consider m = (1,1,1,...) € M and Let r € R be
such that r € Ann(m), i.e, rm = 0. To find an integer r € Z that kills all the entries in
m, we must have p|r for every prime p which is impossible except for r = 0, and therefore

Ann(m) C {0z}. The other direction, {0z} C {r € R|rm =0} = Ann(m) is true for all

m € M. Hence

Ass(M)zAss( 11 Z,,) ={0z,(2),(3),(5),...}

p prime



20
3.1 Relation Between the Collection of Associated Primes Py, and Ass(M/N)

We begin this section by studying the well known case where |Ass(M/N)| < oo and

M /N may not be finitely generated.

Lemma 3.1.1. Let N be a proper submodule of an R-module M where N admits a finite
primary decomposition, i.e., N = Q1 N Qs--- N Q,, where each Q; is P; primary then

ASS(M/N) g {Pl,PQ,...,Pn}.

Proof. Define a homomorphism f: M — M/Q, ® M/Qs--- ® M/Q,, by
fm) =(m+Q1,m+Q2,...,m+Qy), form € M.

Here Ker(f)=N=Q:NQ2N---NQ, and hence M/N C @}, M/Q; up to isomorphism

which implies that

Ass(M/N) C Ass (é M/QZ> ={P,P,...,P,} O

i=1

The above argument raises the question whether the same result will still hold if the
submodule N is not finitely generated and it admits a primary decomposition of infinitely

many components. To answer the question we introduce the following lemma.

Lemma 3.1.2. Let N be a proper submodule of a module M over a ring R, and let N
admits a primary decomposition of the form N = (,o, @x where each Qy is Py primary for

all N € A. Then

Ass(M/N) C Ass (H M/QA> :

AEA
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Proof. As in the previous lemma, we define a homomorphism f : M — ], ., M/Qx, where
for all m € M the A\*® component of f(m) is (m + Q) € M/Qy. It is clear that the kernel

of fis Ker(f) = N and therefore M/N — ], ., M/Qx hence

Ass(M/N) C Ass (H M/Q,\> O

AEA

Question 3.1.3. In the case of irredundant primary decomposition where the number of

associated primes is finite , i.e A is finite we know that

Ass(M/N) = ASS(H M/Q»)

AEA
and we ask: Does this equality hold in general for A is infinite .
To answer our question, we study the following example.

Example 3.1.4. Let M = @Z, as in example we know that 0,; admits an
irredundant primary decomposition, and the collection of associated primes that corre-
sponds to this decomposition is {P\|A € A} = {(2),(3),(5),...}, and Ass(M/N) =
Ass(M) = {(2),(3),(5), ... }, on the other hand, Ass([], j.ime M/Qp) = AsS(I], prime Zp) =
{0z,(2), (3), (5),-. }-

In other words, this example agrees with the lemma(3.1.2]stated above, i.e, Ass(M/N) €
Ass(I 1, prime M/@p), and shows that the equality mentioned in Question in not guar-

anteed for A infinite.

Remark 3.1.5. Recall that for all A € A, we have M/Qx C [],., M/Q@x up to isomorphism,
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we easily see that Ass(M/Qx) C Ass(][ cp M/Qx) or simply

{PAIXe A} C Ass(J] M/@Qy).

AEA

Note that the collection {Py[A € A} may be properly contained in the Ass([], jime M/@2)

as in the following example.

Example 3.1.6. Let M be as mentioned in Example ie M = Hp prime Zp, for all
p prime in Z, we know that N = 0p = ()@, is an irredundant general primary de-

composition, where @), is as defined in the example and @), is (p)-primary. Here the
collection of associated primes that corresponds to this decomposition is {Py |\ € A} =
{(p) |p prime in Z}, We also know form Example W that Ass([], pime M/Qp) =
A55(TT prme Zo) = 102(2),(3),(5),... 1. Clearly: U, e As5(Zy) © Ass(TT, e Zo)

in other words {px | A € A} C Ass([], jrime M/Qp) as the above remark stated.

By the above example, we can say that there are examples of general primary decom-

position with the property that

U Ass(M,y) € Ass (H MA> :
AEA AEA

Theorem 3.1.7. Let N be a proper submodule of a module M over a ring R. If N admits an
irredundant primary decomposition of the form N = (., @x, where each Qy is Py primary,

then {Py\| A € A} C Ass(M/N).

Proof. Let Ay € A be arbitrary, then Ass(M/Q,,) = {P} as each @, is Pj-primary.

The assumption that the primary decomposition of N is irredundant guarantees that N C
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MNazr, @2, implying that the quotient submodule (., @2)/N = (Myn, @)/ (Mrea @) is

a non-zero submodule of M/N. Applying the 2"¢ Homomorphism Theorem, we get

() @0/([)@Qx) = (@r+ () @)/ Qoo

AF# Ao A€A A#£ Ao

where the new quotient module (Qx, + [Ny, @1)/@x, is a nonzero submodule of M/Qy,.

Taking the associates of everything in the above statement, we get

Ass(M/N) 2 Ass(({1) Qu)/([1) @) = Ass(@ut [) Q0)/Qx) € Ass(M/Qu) = {Pro} -

Ao AEA Ao

As mentioned above, the submodule ([, @)/ is non zero, forcing it to have non empty

associates, which means that the submodule isomorphic to it has also non-empty associates

as well, in other words () # Ass((Qx, + Nyzr, @2)/@x0) € { Py, } implying that

Ass (( ﬂ QA)/(ﬂ QA)) = Ass <QA0 + m Q)\)/Q)\O)> ={P\y}-

A#£Xo AEA A#£Xo

The submodule (5, @)/ (Myea @1) = (Myszn, @1)/NV is contained in the quotient module

M/N and by the above argument we have

{Py} = Ass (( M @v/(N QA)) C Ass(M/N).

A#No AEA

Since P,, was arbitrarily chosen, we can generalize the following fact

{P\|X € A} C Ass(M/N). O
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It is well known that in the case of an irredundant primary decomposition with a
finite number of components, we have {P;|i=1,...,n} = Ass(M/N). And in the above
theorem, we proved that in the general primary decomposition (with possibly infinitely many
components), the collection of associated primes has the property that: {Py|A € A} C
Ass(M/N) and this makes us question whether the equality {Py |\ € A} = Ass(M/N) still
holds in the general case. This question motivates us to go back to our previous example

and investigate its associated primes in a different way.

Example 3.1.8. Let M =[] Z,, and consider the irredundant primary decomposition

p prime
of N =05 =) Qp, where @, is as defined in example and @), is (p)-primary for every
prime p € Z. Here {P\|A € A} = {(2),(3),(5),...,}, and we showed that Ass(M/N) =
Ass(M) = {0z,(2),(3),(5),...}. Clearly {(2),(3),...} € {0z,(2),(3),...}, therefore there

are cases of general primary decomposition where

{P\| )\ € A} C Ass(M/N).

In other words, in the general primary decomposition the equal relationship between

the collection of {P\} and Ass(M/N) is not guaranteed.

Remark 3.1.9. Considering the case when N admits a primary decomposition of a finite
number of primary components i.e N = ()_, Q; where Q; is P;-primary, Lemmam states
that the Ass(M/N) C {Pi, P, Ps,..., P, }. Also by Theorem [3.1.7, we know that for any
A the collection of associated primes {Py |\ € A} C Ass(M/N), this means that when A is

finite, i.e, when A = r for some r € N we have { Py, P,, P5,..., P.} C Ass(M/N). Hence the
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well known result for finite primary decomposition

Ass(M/N)={P,,P,..., P}

3.2 About the Uniqueness of the Collection of Associated Primes P,

In the first chapter, Theorem [[.2.4] stated that the collection of associated primes
{P;|i=1,...,n} = Ass(M/N) is uniquely determined by N C M regardless of the par-
ticular irredundant primary decomposition of N in M. And in this section we investigate
this uniqueness property in the general primary decomposition, i.e, if N C M and N ad-
mits two irredundant general primary decomposition N = (., @x = [);c; @; Where @y is
Py-primary, @)} is P! primary, A and I are both infinite sets. The question here is: Does
{P\|N€ A} ={P/|i eI} ? To answer the question we introduce the following interesting

example.

Example 3.2.1. Let M = Z X Zy X 7Z3 x ---. Consider the submodule 0;; in M, this

submodule admits the following irredundant primary decomposition Oy = Qg N Q2 N Q3 N

Qs N Q7. .., where

QOZOZXZQXZ3XZ5X--'
Q2 =7 x0gy X Zg X L5 X -+

Q3 =7 X Lo X 0y X L5 X -+~

Note that Ass(M/Qo) = Ass ((Z X Zgy X Z3 X -+ ) /(07 X Zz X Zs x ---)) = Ass(Z) = {0z},
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similarly Ass(M/Q2) = {(2)}, Ass(M/Q3) = {(3)} and so on, and hence the collection of

associated primes that occurs along with this irredundant primary decomposition is exactly

{027 (2)7 (3>7 (5)7 (7)7 T }

Also 0ps admits another irredundant primary decomposition 0y = Q5N Q5N Q5N - -

where

Q/2:<2)XOZQX23><Z5><...
Qg:<3)XZ2XOZ3XZ5X...

Qg:(5)XZQ><Z3XOZ5><...

Here Ass(M/Q5) = Ass(Zg X Ly) = Ass(Zy)UAss(Zy) = {(2)}, and similarly,Ass(M/Q]) =
{(p)} for every prime in Z. Therefore, the collection of associated primes that corresponds to
this primary decomposition is {(2), (3), (5), ... }, which is different from the above collection,
ie, {P\|AN€e A} #{P/|ieI}.

Hence, we can say that in a general primary decomposition the collection of associated
primes is not necessarily unique and is dependent on the choice of the primary components

of the primary decomposition.

3.3 About the Minimal Primes in the Collection of Associated Primes P,

In the first chapter , Theorem stated that if a proper submomodule N C M ad-
mits a primary submodule of finitely many primary components, and if P; is one of the
minimal primes, then the primary submodule to P; that occurs in the primary decomposi-

tion is uniquely determined by N and is independent of the choice of irredundant primary
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decomposition.
Well, in the general case the situation is different, i.e if N = (., @x = ;e @) Where A
an [ are not finite and P; is a minimal associated prime that appears in both decomposition,

then it may happen that Q; # @} as in the following example.

Example 3.3.1. Let M = Z X7 X 7y X 7.3 X 5 X . . ., and consider the following submodules

Qo =0z X 0g X Zy X Lz X L5 X ...
Qs =7Z x7Zx 0z, x Ly X L5 X ...

Qs =Z XZ X Toy X 0gy XLz % ...

Similarly, for any prime p € Z, we can define Q) = Z X Z X Z3 x ... X 0z, X ..., note that

Ass(M/Qo) = Ass(Z x Z) = Ass(Z) U Ass(Z) = {0z}

Ass(M/Q,) = Ass(Z,) = {(p) }

Hence @), is p-primary, and if we take the intersection of these submodules we get

0M = QO n (ﬂ p prime Qp)

This is a general primary decomposition of 0); submodule in M. Furthermore, if we remove

Qo from the intersection we get [, Qx = Z X Z X 0z, x 0z; x --+ # Oy where A =
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{0,2,3,...}, and in general, if we remove any (),, we get

ﬂQA:OZXOZxOh><...><Zp><...7é()M.
A#p

This means that this decomposition is an irredundant one, and the collection of associated
primes that corresponds to it is {0z, (2), (3), (5),... }.

Now, for the same module M consider the following submodules

Qy=0z XZ XZ%ogXZLzxLsX...
QL =7 x (2) x 0z, X Zg x L5 X ...

Qs =7 X (3) X Zy X Og4 X L5 X ...

In a similar manner, we can define @), for any prime p € Z, where M/Qo = Z implying that
Ass(M/Qo) = {0z} and M/Qy = Zs X Zy implying that Ass(M/Q2) = {(2)}. In general

Ass(M/Q,) = {(p)}, and if we take the intersection of these submodules we obtain

0]\/[ = Qo ﬂ (mpprime Qp) .

This is another primary decomposition of 0, in M, and by an argument similar to the
one used in the previous decomposition we can show that it is an irredundant one, and the
corresponding collection of associated primes is {0z, (2), (3), (5),... }.

The associated prime 0z is a minimal prime with respect to inclusion in both decompo-

sition, but the corresponding primary submodules @y and @ that appear in the decomposi-
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tions are different: Qo = 0z X 0z X Zg X Zg X Z5 X ..., and Qf = 0z X Z X Loy X Zg X L5 X . ...

ie., Qo # Q)

Remark 3.3.2. Although all examples in this paper are over the ring of integers Z, we can

generate other examples using other rings. So for the module M = [] Z/(p) that we

p prime

studied in depth, we can replace it with M =[] K[x]/(p(z)) where K is a field and p(z) runs

all over monic prime polynomials. Similarly, we can replace the module M =B , ;i Z/(P)

by M = @ K[z]/(p(x)).
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