ScholarWorks@GSU

Regularity Criteria via the Frobenius Euler Characteristic

Authors Wilson, Ryan

Citation Wilson, Ryan. "Regularity Criteria via the Frobenius Euler
Characteristic”. Dissertation. Georgia State University, 2024.
https://doi.org/10.57709/37395360

DOI https://doi.org/10.57709/37395360

Download date 2026-02-11 06:30:55

Link to Item https://hdl.handle.net/20.500.14694/10377



http://dx.doi.org/https://doi.org/10.57709/37395360
https://hdl.handle.net/20.500.14694/10377

Regularity Criteria via the Frobenius Euler Characteristic

Ryan Wilson

Under the Direction of Yongwei Yao, Ph.D.

A Dissertation Submitted in Partial Fulfillment of the Requirements for the Degree of
Doctor of Philosophy
in the College of Arts and Sciences
Georgia State University

2024



ABSTRACT

This dissertation explores the use of the Frobenius endomorphism to detect the regularity
of a ring within the framework of commutative algebra. In commutative local rings of prime
characteristic, invariants such as the Hilbert-Kunz multiplicity, F-signature, and Frobenius
Betti numbers have been shown to detect regularity. Polstra and Smirnov [PS21] showed
that the Frobenius Euler characteristic can be used to determine regularity for the class of
strongly F-regular rings. Here, we extend their results by relaxing the condition of strong
F-regularity. We show that the Frobenius Euler characteristic can detect regularity for rings

with sufficient F-splitting and for rings that are Cohen-Macaulay.
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CHAPTER 1
INTRODUCTION

Throughout this dissertation, all rings are assumed to be Noetherian, commutative rings
with 1, unless otherwise noted. We use the notation C to denote a strict inclusion, while
C has the possibility of equality. We use the notation (R, m) to indicate a local ring with
unique maximal ideal m and (R, m, k) to further specify that k := R/m is the residue field
of R. We also use the convention that N ={0,1,2,...}, while N, ={1,2,...}.

Let R be a ring of prime characteristic p. The Frobenius map, denoted by F', is a ring
endomorphism that sends each element r € R to its pth power, i.e., F(r) = rP. Various
invariants associated with the Frobenius map have been developed to detect regularity. The
works of Watanabe-Yoshida, Huneke-Yao, Huneke-Leuscke, and Aberbach-Li has shown that
the Hilbert-Kunz multiplicity, F-signature, and Frobenius Betti numbers can all be used to
detect regular rings.

If R is a regular local ring of prime characteristic and M is a finitely generated R-module,

then xJ"(M) = (-1) 21((]\}%), where x¥'(—) denotes the jth Frobenius Euler characteristic and

e.(—) denotes either the Hilbert-Samuel or Hilbert Kunz multiplicity. We conjecture that in

converse of this statement holds as well, under mild conditions:

Conjecture 4.0.2. Let (R,m) be an unmized local ring of prime characteristic p, and let
M be a finitely generated R-module such that Assh(M) = Assh(R). If x§ (M) = (—1)3'%

for some j € N, then R is regqular.

Polstra and Smirnov demonstrated that the Frobenius Euler characteristic can be used



to determine regularity within strongly F-regular rings, and they conjectured that it could

be proven under a weaker hypothesis. Specifically, they showed the following:

Theorem 3.5.4 ([PS21, Theorem 3.23]). Let (R, m) be an F-finite, strongly F-regular ring
of prime characteristic p. The following are equivalent:

(1) R is a regular local Ting.

(2) x;(°‘R) = (—1)? rank(°R) for every e € N.

(3) x;(‘R) = (—1)? rank(“R) for some e € N,.

(4) xj (R) = (=1)".

The organization of this dissertation is as follows. In Chapter 2, we cover basic notions.
In Section 2.1, we provide a review of the necessary background on homological algebra,
Cohen-Macaulay rings and modules, and regular local rings. In Section 2.2, we review topics
of rings in prime characteristic, tight closure, and the variants of F-regularity. In Chapter 3,
provide an overview of many invariants, including the Hilbert-Samuel multiplicity, Hilbert-
Kunz multiplicity, F-signature, Frobenius Betti numbers, and Frobenius Euler characteristic.

In Chapter 4, we present our main results. To start, we show that if Conjecture 4.0.2

holds for M = R, then it must hold for any finitely generated R-module M:

Theorem 4.1.6. Let (R,m) be an unmized local ring of prime characteristic p, and let

J € N. The following implications are equivalent:

(1) R is regular if and only if x} (R) = (—=1)7.

(2) R is regular if and only if x§ (M) = (=1) Z((A}Q for some finitely generated R-module

M with Assh(M) = Assh(R).



(3) R is regular if and only if Xf(M) =(-1) Z**((Jg)) for all finitely generated R-modules M.

We then demonstrate how the Frobenius Euler characteristic can detect regularity in
certain classes of rings. One such class includes rings with modules that possess a property

we refer to as “sufficient F-splitting”. This leads us to the following result:

Theorem 4.2.9. Let (R,m) be an unmized, F-finite, local ring of prime characteristic

p, and let M be a finitely generated R-module such that M has sufficient F-splitting. If

X (M) = (-1) 2’1((1\}%[)) for some j € N, then R is regular.

The other class of rings we cover are rings with Cohen-Macaulay modules. To do so, we

go through the Frobenius Betti numbers via a theorem due to Aberbach and Li:

Theorem 3.4.5 ([ALOS8, Corollary 3.2]). Let (R, m) be a local ring of prime characteristic
p. The following are equivalent:

(1) R is regular.

(2) BF(R) =0 forall j € N,.

(3) B (R) =0 for some j € Ny.
The above result enables us to demonstrate the following:

Theorem 4.3.1. Let (R,m) be an unmized Cohen-Macaulay local ring of prime character-
istic p, let M be a finitely generated R-module such that Assh(M) = Assh(R), and let j € N.

If Xf(M) = (—1)/ ‘Z’;((Ag)), then R s reqular.

Both Theorem 4.2.9 and Theorem 4.3.1 recover the Theorem 3.5.4, as strongly F-regular

do indeed have sufficient F-spltiting and are Cohen-Macaulay.



CHAPTER 2
PRELIMINARIES

In this chapter, we review and present the fundamental background from commutative al-

gebra necessary for this dissertation.
2.1 Basic notions

In this section, we will outline some basic notions and conventions that will be used through-
out this dissertation.

Let R be aring. The characteristic of R, denoted char(R), is the smallest positive integer
n such that n - 1z = 0. If no such n exists, then the characteristic is zero. If an ideal I is
generated by the elements r1,...,7, € R, then we write [ = (ry,...,r,). Similarly, if an R-
module M is generated by the elements my, ..., m, € M, then we write M = (mq,...,my,).

The set of all prime ideals of R is denoted by Spec(R). The height of an ideal I, de-
noted ht(7), is the supremum of lengths of chains of prime ideals contained in I. The
dimension of R is given by dim(R) := sup{ht(p) | p € Spec(R)}. More generally, given an
R-module M, dimension of M, denoted dim(M), or dimg (M) if we need to specify the ring,
is dim(R/Ann(M)) = dim(Supp(M)).

For a ring R, the radical of an ideal I C R is the set of all elements » € R such that ™ € I
for some positive integer n. The nilradical of R is nil(R) := 1/(0), and if nil(R) = {0}, we
say that R is reduced. If v/I = m, where m is a maximal ideal of R, then we say that I is
m-primary.

We denote R° as the set of elements in R that are not in any minimal prime of R. If R



is a ring of prime characteristic p and e € N, then for any ideal I of R, we denote I as
the ideal generated by {z* | x € I}.

Given a module M over a ring R, a chain of submodules of M of the form My C --- C M,
is said to have length n. The length of M, denoted ¢g(M), is the length of the largest chain
of submodules, and if no such largest chain exists, then it is said to have infinite length.

A local ring (R, m) is said to be equidimensional (resp. unmized) if dim(R/p) = dim(R)
for all minimal (resp. associated) primes p. Given a module M over a ring R, the set
of associated prime ideals of M, denoted Ass(M), is the set of all p € Spec(R) such that
p = Ann(m) for some m € M. We denote the set of all prime ideals of R of highest dimension
by Assh(R) := {p € Spec(R) | dim(R/p) = dim(R)}. More generally, for an R-module M,
we denote Asshr(M) := {p € Suppgr(M) | dim(R/p) = dim(M)}.

A module M over a ring R is said to be flat if taking tensor product of M with any exact
sequence over R remains exact. We say that M is faithfully flat if the tensor product with
M preserves exactness of a sequence if and only if the original sequence is exact. A ring map
R — S is (faithfully) flat if S is a (faithfully) flat R-module.

Let (G,+) be a commutative monoid with identity element e and M be an R-module.
We say that R is G-graded if there exists a family of subgroups {R,}sc¢ of R such that
R = @UGG R, and R,R; C R, forall o,7 € G. If M is an R-module, then we say that M
is G-graded if there exists a family of subgroups {M,},cq of M such that M = & . M,
and R,M, C M,, for all o,7 € G. If I is an ideal of R, we say that [ is G-graded if it is

G-graded as an R-module. If R is N-graded, the associated graded ring of R with respect to



I'is gry(R) :== @2, I'/I""", which is induced by the multiplication I* x I/ — .

2.1.1 Homological algebra

Homological algebra, a relatively young branch of mathematics, studies homology within
algebraic contexts. At its core, it seeks to understand the properties and relationships of
algebraic structures through exact sequences, chain complexes, and derived functors such as

Tor and Ext.

Definition 2.1.1. A chain complez, or simply complez, is a sequence of module homomor-
phisms

81' 31‘
C.I"'-)CZ'_,_l%lCi%Ci_l%“'

such that the composition of any two consecutive maps is zero, i.e., 9; 0 d;+1 = 0 (or equiv-
alently, im 0;41 C ker 0;) for all i. The maps 0; are called differentials. We write (Cs, 0,) if
we need to specify the differentials of the complex.

A cochain compler is the dual notion to a chain complex. It is sequence of module
homomorphisms

. 82’ .aifl -
C*: = O E O E— O

such that the composition of any two consecutive maps is zero, i.e., 9 0 ! = 0 (or equiv-
alently, im 0;_1 C ker 0;) for all i. We write (C*,0°) if we need to specify the differentials of

the complex.

Example 2.1.2.



(1) Every exact sequence is a complex.

(2) If C, is a complex and F is a functor, then

F(0;)

F(C) : - — F(C) F(Cii) = ...

is also a complex. However, if C, is an exact sequence, then F(C,) need not be an

exact sequence.

Definition 2.1.3. Let (C,, 0,) be a chain complex and (C*,0%) be a cochain complex.
(1) The ith homology group, denoted H;(Cl), is defined as H;(C,) = ker 0;/im 0;41.

(2) The ith cohomology group, denoted H*(C*), is defined as H'(C*®) = ker &'/ im 0" ~'.
Remark 2.1.4. Given a short exact sequence of chain complexes
0—> Ay — By — Cy — 0,
there exists natural homomorphisms 0; : H;(C,) — H;_1(A,) for every i € Z such that
s Hir (C)) 2 Hi(A)) — Hi(B)) — Hi(CL) % Hi(A)) — -

is exact.

Definition 2.1.5. Let R be a ring and M be an R-module. Let F; be a free R-module for
every ¢ € N. If

QNG DN DNICNY AN SN |

is exact, then we say that

0. 0 1o, 0 o)
F.Z"'—4>F3—3>F2—2)F1—1>F0—0>0



is a free resolution of M.

Free resolutions exist for every module, although they may not be unique even up to
isomorphism. To construct one, we choose a set of generators for M and let F; be the
free module with this set of generators as its basis. Then there is a natural surjective map
e: Fy — M. Set Q; = ker(e). This gives us an exact sequence 0 — Q) < Fy = M — 0. We
then choose another free module F; that can be surjected onto €2; and define 0,: Fy; — Fj
as the composition of the maps F; —» €; and Q; < Fj and set {2y = ker(d;). This gives us
an exact sequence 0 — €2y < F; —» )y — 0. Proceding in this manner gives us an exact
sequence 0 — Q1 — F; — Q; — 0 for every j € N;. We can combine these short exact

sequences in the following way:

O\Ql/o
>

21

\/
/\

02

/ \ ;
This gives us a free resolution
F, : —)Fg F2—>F1—>F0—0>0.

Remark 2.1.6. By definition, a free resolution of a module M contains neither M nor
the mapping to M in the exact sequence. If we want to include that mapping, we call it an
augmented free resolution, or we will use parenthesis around the mapping to M to emphasize

which module is being resolved, e.g.: --- — F| — Fy — (M —) 0. If the resolution is



truncated at a syzygy, i.e., if it is of the form 0 — Q, (M) = F; — --- — F; — 0, then
we refer to it as a truncated free resolution of M. However, it is common practice to refer
to both augmented and truncated free resolutions simply as free resolutions, as the context

usually makes it clear which type of resolution is being discussed.
We now briefly review the Tor and Ext functors, along with some basic properties.

Definition 2.1.7. Let R, M and F, be as in Definition 2.1.5. Given another R-module N,

we can form the complex
F,@prN: B Beop NS FReor NS Rog N 2o,
where d; = 0; ®p 1y for each i € N. We define
Tor®(M,N) := H;(F, ®z N) = kerd;/ im d;1,
We write Tor;(M, N) instead of Tori'(M, N) if the underlying ring is understood.

Remark 2.1.8. Let R be a ring and let M and N be R-modules. Then for all ¢ € N, we
have the following:

(a) Tor;(M, N) is independent from of choice of free resolution for M.

(b) Tor;(M, N) = Tor;(N, M).

(C) TOI'()(M,N) = M®R N.

Proposition 2.1.9. Let (R, m) be a local ring, M be a finitely generated R-module, L be an
R-module of finite length, and Go be a free resolution of L. Then (r(H;(Ge @r M)) < 00

for all i € N.
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Proof. Since M is finitely generated, there exists a free R-module F' that surjects onto
M. Tensoring this map with L gives us L ®g F' — L ® M. Since F is free, F = R"
for some n € Ny, so L ®z FF = L". Since L has finite length, L™ has finite length, so
(r(Ho(Ge @ M)) =Llr(L® M) < 00.

Let ¢ > 1. We show that Supp(Tor;(L, M)) = {m}. Let p € Supp(Tor;(L, M)). Then
Tor;(Ly, M,) # 0, and in particular, L, # 0 and M, # 0. Since R is local, 0 # L, ®g, M, =
(L®rM),. Since L&g M has finite length, p is maximal. Hence, H;(Ge®@r M) = Tor;(L, M)

has finite length. m

Definition 2.1.10. Let R, M and F, be as in Definition 2.1.5. Given another R-module NV,

we can form the cochain complex

Homp(Fy, N) : - - < Homp(Fy, N) <& Homp(Fy, N) <= Homp(Fy, N) <= 0

We define

Ext’ (M, N) := H' (Hompg(F,, N)) = kerd™ /im d’

Remark 2.1.11. Let R be a ring and let M and N be R-modules. Then for all : € N, we
have the following:

(a) Exth(M, N) is independent from of choice of free resolution for M.

(b) Ext%(M,N) = Homg(M, N).

Proposition 2.1.12. Let R be a ring, M be an R-module, and 0 - A —- B — C — 0 an

exact sequence of R-modules. Then
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(1) There is a long exact sequence

- — Torf (A, M) — Torf(B, M) — Tor?(C, M) — Tor® (A, M) — - -

— Torf(C,M) - AQr M — B@r M — C @ M — 0.
(2) There is a long exact sequence

0 — Homp(C, M) — Hompg(B, M) — Homp(A, M) — Exty(C, M) — - -

— BExt ' (A, M) — Ext%(C, M) — Exthy(B, M) — Extly(A, M) — --- .

While free resolutions exist for every module, these resolutions are not unique due to
different choices of generating sets and mappings that can lead to different results for the
same module. To find the most efficient free resolution, minimizing the relations at each
step, we use the concept of a minimal free resolution, which relies on Nakayama’s lemma.
This concept is particularly meaningful in two main cases: the local case and the graded
case. We present the local case:

Let (R,m,k) be a local ring and M be a finitely generated R-module. The minimal
number of generators p(M) is well-defined because, by Nakayama’s Lemma, any generating
set of M can be reduced to a minimal generating set, and the number of elements in this
minimal generating set is unique and equal to dimg(M/mM). We can then construct our
resolution as we did before, choosing minimal generating sets at each step to create a minimal
free resolution.

Minimal free resolutions over local rings are uniquely determined by the module being

resolved, up to isomorphism [BH93, §1.3], so the following are well-defined.



12

Definition 2.1.13. Let (R, m) be a local ring, M be a finitely generated R-module, and
(F,,0,) be a minimal free resolution of M. Set dy to be the map from Fy to M. For each

integer ¢ > 1, the ith syzygy of M, denoted ;(M), is defined to be ker(9;_1).

Definition 2.1.14. Let (R,m) be a local ring, M be a finitely generated R-module, and
F, be a minimal free resolution of M. For any ¢ € N, the ith Betti number of M, denoted

Bi(M), is defined to be rank(F;). Alternatively, Betti numbers can be expressed as
Bi(M) = dimy,(Torf (M, k)) = dimy,(Exth (M, k)).

Definition 2.1.15. Let (R, m) be a local ring, M be a finitely generated R-module, and

Bi(M) be the ith Betti number of M. The ith Euler characteristic of M is defined as

%

(M) =) (=1YB5(M).!

Jj=0

Lemma 2.1.16 (Schanuel’s lemma). Let
0>N—->F—->M-=0 and 00— N —-F —-M—=0
be exact sequences of modules such that F' and F' are free. Then N & F' =2 N' & F.

Proposition 2.1.17 ([GTTO07, Proposition 6.6]). Let (R,m) be a local ring and M be a
finitely generated R-module. If Fy is a minimal free resolution of M, then any free resolution

of M 1s of the form Fy & K,, where K, is a free resolution of 0.

Corollary 2.1.18. Let (R,m) be a local ring, M be a finitely generated R-module, and

i € Ny, Then Q;(M), = Q;(M,) ® Ry for some n € N.

!Some authors instead define x; using 3; instead of 3;_; in the sum.
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Proof. Consider a minimal free resolution of M over R:
0— QM) — R ... 5 R" — R - (M —) 0.
We can localize this resolution at p to get
Go:0— (M), — Ry~ — -+~ — Rl — RN — (M, —) 0.
Compare this to a minimal free resolution of M, over R,:
Fu:0— Q(My) = Ry™ — -+ — R — R — (M, —) 0.

By Proposition 2.1.17, G, = F, & K,, where K, is some free resolution of 0. It follows that
Q; (M), = Q;(M,)® L;, where L; = ker(K;_; — K;_5) for each i > 2. Each L, is free, since if
we have any other free resolution of 0, we can show that L; ® Ry = Ry by Schanuel’s lemma,

for some 7,5 € N. Thus, Q;(M), = Q;(M,) © L; = Q;(M,) @ R} for some n € N. O

Definition 2.1.19. Let (R, m) be a local ring, M be a finitely generated R-module, and F,

be a minimal free resolution of M. The projective dimension of M is defined to be
pdg(M) :=sup{i > 0 | F; # 0}.
We often write pd(M) if the underlying ring is understood.

The term “projective dimension” is derived from the concept of resolving a module using
projective modules. In the local case, these concepts are equivalent. We direct the reader to

[Rot79] or [Wei94] for a detailed explanation and formal definitions.
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2.1.2 Cohen-Macaulay rings and modules

Cohen-Macaulay modules play a significant role in commutative algebra due to their nice
homological properties and their connection to regular sequences. In this section, we will
explore the foundational aspects of Cohen-Macaulay modules, starting with their definition
and key properties.

Recall that an element r € R is called a nonzero divisor on M if for every nonzero element

m € M, we have rm # 0.

Definition 2.1.20. Let R be a ring and M be a nonzero finitely generated R-module. A
sequence of elements x1, xs,...,x, € R is called an M -regular sequence if

(1) M/(z1,...,2,)M # 0, and

(2) for each i = 1,2,...,n, the element z; is a nonzero divisor on M/(zy,...,x;_1)M.>

We call an R-regular sequence simply a regular sequence.
Example 2.1.21. Let R be a ring and £ be a field.
(1) If R = k[xq,...,x,), then xq,..., x, is a regular sequence on R.
(2) If R = kf[z,y,z|, then z,y(1 — z),2(1 — z) is a regular sequence over R (but
y(1 —x),2(1 — ), x is not).
The following proposition is a well-known property of regular sequences:

Proposition 2.1.22 ([BH93, Exercise 1.1.10]). Let R be a ring and M be a nonzero finitely
generated R-module. If x1, 5, ..., 2, is an M-reqular sequence, then zi', 2%, ... x' is an

rrn

M -regqular sequence for any ty,ts, ..., t, € N.

2The case of i = 1 is interpreted as “r; is a nonzero divisor on M.”
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Depth is another important concept in the study of modules over rings. It measures
the length of the longest regular sequence contained in an ideal. The following definition

formalizes the notion of I-depth.

Definition 2.1.23. Let R be a ring, I be an ideal of R, and M be a finitely generated
R-module. The I-depth of M, denoted depth;(M), is defined as follows:
(1) If IM = M, then depth;(M) = cc.
(2) If IM # M, then depth;(M) is defined to be length of a maximal M-regular sequence
in I.

If (R, m) is local, we denote depth,,(M) as depth(M).

An equivalent definition of I-depth, first proven by Rees, involves Ext functors and

provides a more homological perspective on this invariant.

Theorem 2.1.24 (Rees, c.f. [BH93, Theorem 1.2.5]). Let R be a ring, M be a finitely
generated R-module, and I be an ideal such that I # IM. Then all maximal M -reqular

sequences in I have the same length n given by
n =min{i | Exth(R/I, M) # 0}.

Proposition 2.1.25. Let (R,m) be a local ring and 0 - A — B — C — 0 be an ezact
sequence of finitely generated R-modules. Then

(1) depth A > min{depth B,depth C' 4+ 1}, and equality holds if depth B # depth C'.

(2) depth B > min{depth A, depth C'}, and equality holds if depth A # depthC' — 1.

(3) depth C' > min{depth A — 1, depth B}, and equality holds if depth A # depth B.
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Proof. The short exact sequence 0 - A — B — C' — 0 induces a long exact sequence:
oo = Ext (K, C) — Ext'(k, A) — Ext'(k, B) — Ext'(k,C) — Ext'"™'(k, A) — --- .

We prove the first statement; the other two statements are verified similarly. We break the

argument into three cases.

Case 1: Suppose i = depth B < depthC. Then Ext/(k, B) = Ext/(k,C) = 0 for all
0<j<i,s0oExt/(k,A) = 0forall 0 < j <i. Since Ext’(k,C) = 0 and Ext’(k, B) # 0,
this forces Ext’(k, A) # 0. Therefore, depth A = depth B.

Case 2: Suppose i = depthC < depthB. Then Ext/(k, B) = Ext’(k,C) = 0 for all
0<j<i,soExt/(k,A) = 0forall 0 < j <. Since Ext’(k, B) = 0 and Ext’(k, C) # 0,
This forces Ext"™ (k, A) # 0. Therefore, depth A = depth C + 1.

Case 3: Suppose i = depth B = depth C. Then Ext’(k, B) = Ext’(k,C) = 0forall 0 < j <

i, 50 Ext/(k, A) = 0 for all 0 < j < i. Therefore, depth A > depth B = depth C. O]
For local rings, depth provides a lower bound for the dimension of a module.

Proposition 2.1.26 ([BH93, Proposition 1.2.13]). Let (R,m) be a local ring and M be a
nonzero finitely generated R-module. Then depth(M) < dim(R/p) for all p € Ass(M). In

particular, depth(M) < dim(M).
Cohen-Macaulay modules are modules in which equality holds in Proposition 2.1.26.

Definition 2.1.27. Let (R, m) be a local ring and M be a finitely generated R-module.
We say that M is a Cohen-Macaulay module if depth(M) = dim(M). We say that R is a

Cohen-Macaulay ring if R is a Cohen-Macaulay module over itself.
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Proposition 2.1.28. Let (R,m) be a local Cohen-Macaulay ring of dimension d, n € N,

and M be a finitely generated R-module such that pd M > n. Then

depthM +n+1 ifn <d— depth M.
d if n > d — depth M

depth Q.1 (M) = {

Proof. Set Q; = Q;(M) for all i > 1, and let F, be a minimal free resolution of M. Note
that for all 4 > 0, since F; is a free R-module, we have that depth(F;) = depth(R) = d.

Assume the claim is true for some n > 0. We have that 0 — Q,.y — F,, - Q, — 0 is

exact, so by Proposition 2.1.25, we have depth ,,,1 > min{d, depth (2, 4+ 1}, with equality

if depth §2,, # d. We have two cases:

Case 1: Suppose n < d — depth M. Then n — 1 < d — depth M. By our assumption,
we have that us that depth(2, = depth M +n < d. Since depth2, # d, we have that

depth Q.1 = depth M +n + 1.

Case 2: Suppose n > d — depth M. If n = d — depth M, then n — 1 < d — depth M, and
by our assumption, depth (2, = depth M +n = d. On the other hand, if n > d — depth M,
then n — 1 > d — depth M, so we again get depth (2,, = d. Therefore, depth €2, ,; > d, which

forces depth 2,,,1 = d.
The case for n = 0 is proven similarly. So by induction on n, the proposition holds. O

Maximal Cohen-Macaulay modules are those whose dimension equals that of the ring
itself. These modules represent the “largest” Cohen-Macaulay modules, in terms of dimen-

sion.
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Definition 2.1.29. Let (R, m) be a local ring and M be a finitely generated R-module. We
say that M a maximal Cohen-Macaulay module if it is a Cohen-Macaulay module such that
depth(M) = dim(R). By convention, we treat the 0 module as a maximal Cohen-Macaulay

module.

Proposition 2.1.30. Let (R,m) be a local Cohen-Macaulay ring of dimension d, n € N,
and M be a finitely generated R-module such that pd(M) > n. If n > d — depth(M),
then Qn11(M) is a mazimal Cohen-Macaulay R-module. In particular, if M is a mazimal

Cohen-Macaulay R-module, then 0,1 (M) is a mazimal Cohen-Macaulay R-module

Proof. Tt follows from Corollary 2.1.28 that if n > d — depth M, then depth Q,.1(M) = d.

Thus, ,41(M) is a maximal Cohen-Macaulay R-module. O

2.1.3 Regular local rings

Regular local rings form a fundamental class of rings in commutative algebra and algebraic
geometry due to their well-behaved nature and desirable properties. We begin this section

by introducing the concept of a system of parameters.

Definition 2.1.31. Given a local ring (R, m) of dimension d, a sequence of elements
Z1,...,2q that generate an m-primary ideal is called a system of parameters. An ideal I

of R is called a parameter ideal if it can be generated by a system of parameters.

It is well-known that every local ring admits a system of parameters, so the minimal
number of generators of m is always at least the dimension of R. Regular local rings are

those in which we have equality.
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Definition 2.1.32. Let (R, m) be a local ring. We say that R is a regular local ring if m can
be generated by a system of parameters. Without the assumption of locality, we say that R

is reqular if every localization of R at a prime ideal is a regular local ring.

Example 2.1.33. Let (R, m) be a local ring and n € N;.
(1) If dim(R) = 0, then R is regular if and only if it is a field.
(2) If dim(R) = 1, then R is regular if and only if discrete valuation ring.
(3) Let S = k[z1,...,x,] for some field k. Then S, is regular for any p € Spec(S).

(4) The power series ring k[z1,...,z,] over a field k is regular.

The following proposition implies that that every regular local ring is Cohen-Macaulay.
In Chapter 4, we will present a criterion for regularity for Cohen-Macaulay rings of prime

characteristic (Theorem 4.3.1).

Proposition 2.1.34 ([BH93, Proposition 2.2.5]). Let (R, m, k) be a local ring and x . .., x,
be minimal generators of m. Then the following are equivalent:

(1) R is regular.

(2) z1,...,2z, is an R-reqular sequence.

(3) The map X; — x; € m/m? yields an isomorphism k[ X1, ..., X,] = gr, (R).

One of the foundational results in homological algebra is the Auslander-Buchsbaum for-
mula, which establishes a profound relationship between the depth and projective dimension

of a finitely generated module over a local ring.
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Proposition 2.1.35 (Auslander-Buchbaum formula). Let (R, m) be a local ring and M be

a nonzero finitely generated R-module such that pd(M) < co. Then
depth(R) = depth(M) + pd(M).

The following theorem can be viewed as an extension of the Auslander-Buchsbaum for-
mula, offering a characterization of regular local rings in terms of the projective dimensions

of their modules.

Theorem 2.1.36 (Auslander-Buchsbaum-Serre theorem). Let (R, m, k) be a local ring. Then
the following are equivalent:

(1) R is regular.

(2) pdp(M) < oo for every finitely generated R-module M.

(3) pdg(k) < occ.

Given a local ring (R, m), we say that a ring homomorphism ¢ : R — R is a contract-
ing endomorphism if ¢'(m) C m? for some i € N;. Denote “M as the R-module given
r-m = ¢'(r)m for any r € R and m € M. This leads us to the following result by Avramov,

Hochster, Iyengar, and Yao.

Theorem 2.1.37 ([AHIY12, Theorem 1.1]). Let R be a local ring, ¢ : R — R be a con-
tracting endomorphism, M be a finitely generated R-module, and i € N. If de(qbiM) < 00,

then R s regular.
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2.2 Modules over rings of prime characteristic

In this section, we discuss properties of the Frobenius endomorphism and F-finite modules,
introduce the concept of tight closure and variants of F-regularity, and introduce several

invariants.

2.2.1 Frobenius endomorphism

Let ¢ : R — S be a homomorphism of rings, and let M be an S-module. We can derive a
left R-module structure on M by restriction of scalars via ¢. Specifically, for any » € R and
m € M, the action is given by r - m = ¢(r)m. We denote this derived R-module structure

on M by °M.

Definition 2.2.1. Let R be a ring of prime characteristic p. The Frobenius endomorphism
is the map F' : R — R defined by r + 7P for any r € R. For any e € N, the iterated

Frobenius endomorphism is the map F°: R — R defined by r — 7?° for any r € R.

The Frobenius map is indeed a ring endomorphism: given a ring R of prime characteristic
p >0, for any a,b € R, we have (a + b)P = a” + 0P, (a-b)? = aP - b, and 17 = 1.

For any R-module M and any e € N, we can derive a left R-module structure from
the Frobenius endomorphism on the set M by r-m = r?"m for any r € R and m € M.
Specifically in the case of the Frobenius endomorphism, we denote this R-module by “M
(some authors use the notation FM).

Without knowing beforehand whether an element m comes from the module M or “M,

the meaning of r - m may be ambiguous. For this reason, if it is necessary, we may use ‘m to
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clarify that an element is from of M. We now observe the following, which we will be using

throughout this dissertation without reference:

Proposition 2.2.2. Let R be a ring of prime characteristic p. Let M and N be R-modules.
For any e € N, we have that:

(a) “(°M) ="M for all ey € N.

(b) R is a ring isomorphic to R, with addition given by @+ = (a+0b) and multiplication

given by @b = (ab) for all a,b € R.

(¢) M is Artinian if and only if “M is Artinian.

(d) °M is an ‘R-module via 7 - ‘m = (rm) for all r € ‘R and ‘m € °M.

(e) If N = M, then °M = °N.

(f) If N C M, then °N C °M.

(g) If N C M, then ‘M /°N = (M/N) as an R-module.

(h) If p € Spec(R), then (M,) = ("M),.

This twisted R-module structure provides insight about the regularity of a ring. For
example, a Kunz famously proved that a ring is regular if and only if the Frobenius map is

flat:

Theorem 2.2.3 ([Kun69, Theorem 2.1]). Let (R, m) be a local ring of prime characteristic
p. Then the following are equivalent:

(1) R is regular.

(2) R is a flat R-module for all e € N.

(3) R is a flat R-module for some e € N, .
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Now present a consequence of Theorem 2.1.37, which was also proven separately as a

special case in [AHIY12].

Theorem 2.2.4 ([AHIY12, Theorem 6.1]). Let (R, m) be a local ring and M be a finitely
generated R-module. If “M has finite projective dimension for some e € N, then R is

reqular.

Definition 2.2.5. We say that a ring R is F-finite if “R is a finitely generated R-module for

some, or equivalently all, e € N,..

When R is reduced, Definition 2.2.5 is equivalent to the condition that RY?°, the ring
obtained by adjoining the p°th roots of all elements of R, is module-finite over R for some,

or equivalently all, e € N,. This is clear by considering the commutative diagram

R —=— RV

a =a

where G maps r € R to r'/P" ¢ RV,

Example 2.2.6. Recall that a field K of prime characteristic p is perfect if K = KP?.
(1) A perfect field with positive characteristic is F-finite.

(2) A complete local ring with a perfect residue field is F-finite.

Proposition 2.2.7. Let (R, m) be an F-finite local ring of prime characteristic p. Then the
following are equivalent:
(1) R is regular.

(2) “R is a free R-module for all e € N.
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(3) R is a free R-module for some e € N, .

Proof. (2) = (3) is trivial, and (3) = (1) follows directly from Theorem 2.2.3.
(1) = (2): Since R is regular and F-finite, “R is a finitely generated flat R-module for
all e € N. Let n = p(M). We have the exact sequence 0 - K — R" — “R — 0, where

K = ker(R" — “R). Since ‘R is flat, Torf(k,“R) = 0, so we have a short exact sequence
0—=k®r K —=k®rR"—= k®rR— 0.

By Nakayama’s lemma, dim(k ®g ‘R) = n, so k @ R" = k ®r “R as k-vector spaces. Thus,

k ®g K = 0, which implies that K = 0. Therefore, R" = °R, and R is free. O

Many properties of F-finite rings are well-known and have been extensively studied due
to their significance in the theory of rings and modules in prime characteristic. One of the
most celebrated results on F-finite rings is a result of Kunz, who showed in [Kun76] that
every F-finite ring is excellent.

The following proposition summarizes some basic properties of F-finite rings and modules

over them:

Proposition 2.2.8. Let R be an F-finite ring of prime characteristic p.
(a) If M is a finitely generated R-module, then “M is a finitely generated R-module for all
integers e € N.
(b) R/I is F-finite for any ideal I of R.
(c) ST'R is F-finite for any multiplicative subset S of R.

(d) R[x1,...,x,] is F-finite.
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(e) If R is a local ring with residue field k, then [k : k] < co.

In many situations, we can pass to an F-finite ring even if the original ring is not F-finite,

as demonstrated in the following remark.

Remark 2.2.9. Let (R, m, k) be a local ring of prime characteristic p. Cohen’s Structure
Theorem implies that Risa homomorphic image of a power series ring over k. Therefore,
there exists a ring homomorphism from kfzy,...,x,] onto ﬁ, where each x; maps to the
of k. The maps R — R — S are faithfully flat and mS is the maximal ideal of S, so S/mS
is perfect and S has an infinite residue field. Since S is a complete local ring with a perfect
residue field, it is F-finite. Additionally, this extension preserves length and Krull dimension.
Furthermore, R is Cohen-Macaulay if and only if S is Cohen-Macaulay, and R is regular if

and only if S is regular.

Proposition 2.2.10. Let R be a ring of prime characteristic p, M be an R-module, and I
be and ideal of R. Then

R/I ®p M = (M/IPIM).

Proof. Consider the exact sequence 0 — I — R —» R/I — 0. Since tensoring is right exact,

we obtain

I®rM — ‘M — R/I Qg ‘M — 0.

Since the image of I @z °M in °M is (IPIM), we have that R/I ®x ‘M = (M/IPIM). O
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Proposition 2.2.11. Let (R,m) be an F-finite local ring of prime characteristic p. Then
for any e € N, depth(M) = depth(“M). In particular, if M is a mazimal Cohen-Macaulay

R-module, then “M is a mazimal Cohen-Macaulay R-module.

Proof. By Proposition 2.1.22, any maximal M-regular sequence is a “M regular sequence,

and any maximal “M-regular sequence is a M regular sequence. O

Let R be an ring of prime characteristic p. For every p € Spec(R), we denote
a(R,) :=log,[k(p) : k(p)?], where k(p) := R,/pR,. That is, the field extension k(p)? C k(p)

has degree p*B»)_ If (R, m, k) is local, then we denote o(R) := o(Rw) = log, [k : kP].
p

Proposition 2.2.12. Let (R,m,k) be a local ring of prime characteristic p such that

[k : kP] < 0o, M be an R-module of finite length, and e € N. Then {r(°M) = {r(M)p=T).
Proof. Set A = {r(M). Then there exists a composition series
O0=MyC My C---CMy=M

such that M;/M; 1 = R/m =k forall: =1,2,... . Applying the Frobenius endomorphism

to the above composition series gives us

OZeMQCeMlC"'CeM)\:eM,



27
where ‘M;/ °M;_1 = (M;/M;_1) = % for all i = 1,2,..., \. Therefore,
A
CR(M) = UR(M;) Mi_y) = - Lp(%)
i=1
=\ gR(kl/pe)
=\ [P k]
=\ [k K] = Lp(M)p™, O

Proposition 2.2.13 ([Kun76, Proposition 2.3]). Let R be an F-finite ring of prime charac-

teristic p. For all p,q € Spec(R) with p C q, we have
a(Ry) = a(Rg) + dim(Rq/pRy).
In particular, if (R, m) is local, then a(R,) = a(R) + dim(R/p).

Corollary 2.2.14. Let (R,m) be an F-finite local ring of dimension d and prime charac-
teristic p, let p € Min(R), and M be a finitely generated R-module. Then for any integer
e >0,

pr (eMp) = ERp (Mp) (pe)a(RHdim(R/p) .

Proof. We have that R, is Artinian because R is Noetherian and p is a minimal prime of R,

and we have that M, is a finitely generated R,-module. Therefore,

Ur, (M) = (p°)* By (M,) (by Proposition 2.2.12)

= (pe)a(R)erim(R/P)ng (Mp) (by Corollary 2.2.13) ]

Corollary 2.2.15. Let (R, m) be an F-finite local domain of prime characteristic p. Then
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rank(°M) = rank(M)(p®)*B+dmE) for any integer e > 0.
Proof. Let @ be the field of fractions of R, so that rank(M) = (M ®p Q). We have

rank(M) = (M @1 Q)
= lo((M ®r Q)
— gQ(M ®p Q)(pe)a(R)erim(R/O)

_ rank(M)(pe)a(R)+dim(R). ]

We now introduce the concept of finite F-representation type (FFRT), a notion first
introduced by Smith and Van den Bergh [SVAB97] in the context of the simplicity of rings

of differential operators. This concept will be particularly relevant in Example 4.2.5.

Definition 2.2.16. Given an F-finite ring R and finitely generated R-module M, we say that
M has finite F-representation type (FFRT) by finitely generated R-modules My, ..., My, if

for all e > 0,
k
=
i=1

for some nq,...,n; € N.

Example 2.2.17. Let R be an F-finite ring.
(1) If Ris Cohen-Macaulay, then °R is a Cohen-Macaulay R-module with maximal dimen-
sion, and hence, so is every indecomposable summand of “R. Therefore, if R has only

a finite number of indecomposable maximal Cohen-Macaulay modules, up to isomor-

phism, then R has FFRT.
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(2) If R is a regular ring, then it is either a polynomial ring or a power series ring over a

field, so “R is free over R. This implies that regular rings have FFRT.

2.2.2 Frobenius functor

Let ¢ : R — S be a homomorphism of rings, and let N be an R-module and M be an
S-module. Since M is an R-module via restriction of scalars through ¢, N ®zr M has an
S-module structure given by s+ (n ® m) =n® (sm) for all s € S, n € N, and m € M. We

also note that if r € R, then (rn) ® m =n ® ¢(r)m.

Definition 2.2.18. Let R be a ring of prime characteristic p and e € N. The eth iterated
Frobenius functor FF, is a functor from the category of R-modules to itself given by extension
of scalars along F*, the eth iterated Frobenius map. That is, F5(N) := N @z “R. We simply

write F¢ as opposed to FF, if the underlying ring is understood.

Remark 2.2.19. Given a free resolution (L,, d,) of an R-module M, we can view F¢(L,) as
raising the entries in the matrices representing the differentials d, to the p°th power. That
pe

is, if 0; is represented by the matrix (a;;), then F¢(9;) is represented by the matrix (aj; ).

Lemma 2.2.20. Let R be a ring of prime characteristic p, M and N be R-modules, and

n,m € N. Then

F'(N)@p ™™ =™(F""™(N) @r M).

Proof. More generally, consider ring homomorphisms R 2 S Y T. Let N be an R-module
and M be an T-module. Then by restriction of scalars, ?S is a R-module and “M is S-

module. So, N ®g “S is a S-module, and therefore, (N ®@z “S) @5 YM is a T-module. We
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have that, as T-modules,
(N ®r%S) @5 YM = N @g (M) = N @g (YT @r M) = (N @ YT) @1 M.
Therefore, via restriction of scalars along v, we have, as T-modules,
(N ®r %S) @5 "M = (N @5 %S) @5 *M) = (N @5 T) @7 M),
Setting S =T = R, o = F™, and ¢ = F" gives us
Fr(N) ®@p ™M = "(Fp"™(N) ®@r M). O

Proposition 2.2.21. Let (R,m,k) be a local ring of prime characteristic p such that
[k : kP] < 00, Go be a complex of finitely generated free R-modules, and M be a finitely

generated R-module such that G4 @z M has homology of finite length. Then
(r(Hi(Ge ®p M) = Lp(Hy(F*(Gs) @ M))p™).
Proof. We have that

(r(Hi(Ge ®r M) = (r(H;((F*(N) ®r M)))
= (r(H;(F*(N) @r M)))

= (r(H;(F¢(N) @g M))p=®) (by Proposition 2.2.12). O

2.2.3 Tight closure and F-regularity

An important concept in the study of rings with prime characteristic p is tight closure. This

notion was initially explored and developed by Hochster and Huneke in the 1980s. Closely
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related to tight closure is the concept of F-regularity, which characterizes rings where the
tight closure operation behaves particularly well. In this section, we will define tight closure

and F-regularity and state some results.

Definition 2.2.22 ([HHS8S8, Definition 1]). Let I be an ideal of R. We say that r € R is in
the tight closure of I, denoted I*, if there exists ¢ € R° such that er?” € IP] for all e > 0.

If I = I*, then we say that [ is tightly closed.

The notion of tight closure was first introduced by Hochster and Huneke in [HH88]. The
tight closure is smaller than other closures, such as integral closure, and follows the usual
characteristics of a closure operation. Hochster and Huneke showed in [HH90] that if R is a

regular ring, then every ideal is tightly closed.

Definition 2.2.23 ([HH89; HH90]). Let R be a ring of characteristic p. If every ideal of R
is tightly closed, then we say that R is weakly F-reqular. If every localization of R is weakly
F-regular, then R is F-reqular. If R is F-finite, we say that R is strongly F-regular if for
every ¢ € R°, there exists p®, with e > 1, such that the R-linear map R — RY?" defined by

1 — c'/7° splits over R.

It is conjectured that all weakly F-regular, F-regular, and strongly F-regular rings co-
incide. Several definitions exist for strongly F-regular rings in the non-F-finite case. For
an in-depth discussion of these various definitions, we refer the reader to [HY23, §2], which
offers a comprehensive analysis and comparison of the different approaches to defining strong

F-regularity.
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We now summarize some results. We also direct the reader to a comprehensive diagram by

Murayama in [Murl9, Figure A.1] relating these concepts, along with other F-singularities.

Theorem 2.2.24. Let R be a ring of prime characteristic p and M be a finitely generated
R-module.
(1) [HH89, Corollary 3.1], [HH94, Theorem 4.2| R is reqular = R is strongly F-regular
= R 1s F-reqular = R 1is weakly F-reqular —> R s normal.
(2) [HH94, Theorem 4.2] If R is weakly F-regular and is homomorphic image of a Cohen-
Macaulay ring, then R is Cohen-Macaulay.
(3) [HH&9, Corollary 2.4] A direct summand of a weakly F-regular ring is weakly F-reqular.
(4) [LS99, Corollaries 4.3, 4.4 If R is a weakly F-reqular N-graded ring, then R is F-reqular.
If R is also F-finite, then R is strongly F-regular.
(5) [HH90, Corollary 4.15] R is weakly F-reqular if and only if Ry is weakly F-regular for
every maximal ideal m.

(6) [HH94, Proposition 6.27] If R is strongly F-regular, then R is Cohen-Macaulay.
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CHAPTER 3

INVARIANTS

3.1 Hilbert-Samuel multiplicity

Definition 3.1.1. Let (R, m) be a local ring, I be an m-primary ideal of R, and M be a

finitely generated R-module. The Hilbert-Samuel multiplicity of M with respect to I is

|. n
(L) = tim AR/ M)

n—oo nd

Y

where d = dim R.

We use eg(I, M) to clarify the underlying ring, if necessary, and we write e(/, R) as
e(/) and e(m, M) as e(M). The Hilbert-Samuel multiplicity is always a nonnegative integer.
Many properties of the Hilbert-Samuel multiplicity are well-known. For example, if [ C J
are ideals with the same integral closure, then e(I) = e(J); if R is equidimensional, then the
converse holds as well [Ree61]. We present the following properties of the Hilbert-Samuel

multiplicity, which are used in Corollary 3.6.2.

Proposition 3.1.2. Let (R,m) be a local ring, I be an m-primary ideal, and M', M, and
M" be finitely generated R-modules.

(1) If M = M, then e(I, M) =e(I,M").

(2) e(I, M) =0 if and only if dim(M) < dim(R).!

(3) If 0 > M' — M — M" — 0 is exact, then e(I, M) =e(I, M)+ e(I,M").

Proof. (1) Clear.

!Some authors define e(—) using d = dim(M) instead of d = dim(R), and in this case, we have that
e(I, M) > 0, even when dim(M) < dim(R).
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(2) For sufficiently large n, the length ¢x(M/I""*M) is a polynomial in n (known as
the Hilbert-Samuel polynomial) with degree equal to dim(M) [LW12, p. 313|. Therefore,
e(I, M) =0 if and only if dim(M) < dim(R).

(3) We can tensor the exact sequence with R/I™ to get the right exact sequence

M'/I"M’ — M/I"M — M"/I"M" — 0. By the additivity of length,
O(M/I"M) < 6(M" [ I"M") + (M’ /T" ).

Therefore, e(, M) < e(I, M")+e(I, M'). On the other hand, we can view M’ as a submodule
of M to get M" = M/M'. This implies that M"/I"M" = (M/I"M)/(M'/M'NI"M). Thus,

we have an exact sequence
0= M /M NI"M)— M/I"M — M"/I"M" — 0.

By the Artin-Rees lemma, there exists k € N such that M’ N I"M = ["*(M' N I*M) for

all n > k. Thus,

O(MJIMM) = 6(M" ) I"M") + (M) (M’ O I M)) = 6(M" )T M"Y + (M’ /T (M’ 0 T M))

Z E(MII/InM//) + E(Ml/]n—le)
Therefore, e(I, M) > e(I, M") + e(I, M), and equality must hold. O
The following result was introduced in [Lec57, Theorem 2| and is known as Lech’s lemma:

Lemma 3.1.3 (Lech’s lemma). Let (R, m) be a local ring of dimension d, M be a finitely

generated R-module such that dim(M) = d, and x = x1,...x4 be a system of parameters of
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R. Then
Cr(M/ (2], ... ,xgd)M)

min{ni,...,nq }—oo ny...Nyq

The Hilbert-Samuel multiplicity behaves particularly well in the Cohen-Macaulay case,

partially due to the following lemma:

Lemma 3.1.4. Let (R, m) be a local Cohen-Macaulay ring of characteristic d, M be a finitely
generated R-module such that dim(M) = d, and x = x4, ..., x4 be a system of parameters of

R. Then for any ny,...,ng € N,

Cr(M/ (2, ...,z )M) =nq...nglr(M/(z)M).

This leads to the following theorem:

Theorem 3.1.5 ([Mat89, Theorems 14.10 and 14.11}). Let (R,m) be a Cohen-Macaulay
local ring of dimension d and M be a finitely generated R-module such that dim(M) = d.

Let x = x1,...,24 be a system of parameters of R. Then

e((z), M) = Lr(M/(z)M).

Corollary 3.1.6. Let (R,m) be a local ring of dimension d and M be a finitely generated

mazimal Cohen-Macaulay R-module. Then (M) < e(M).

Proof. Without loss of generality, assume |R/m| = oco. Then there exists a system of pa-

rameters £ = xy,...,xq € m such that (z) = m. Since (z) and m have the same integral

closure, e(m, M) = e((x), M). Since M is Cohen-Macaulay, e((x), M) = ¢(M/(x)M). Since



36
(z) € m, we have
p(M) = £(M M) < L(M/(z)M) = e(M). O
The Hilbert-Samuel multiplicity can be used to detect regularity of a ring.

Theorem 3.1.7 ([Nag62, Theorem 40.6]). Let (R, m) be an unmized local ring. Then R is

reqular if and only if e(R) = 1.
3.2 Hilbert-Kunz multiplicity

Definition 3.2.1. Let (R, m, k) be local ring of prime characteristic p and dimension d, I
be an m-primary ideal of R, and M be a finitely generated R-module. The Hilbert-Kunz

multiplicity of M with respect to [ is

_ LR(M/IVIM
e (L, M) := ehj&%

In particular, if R is F-finite, we can apply Propositions 2.2.10 and 2.2.12 to get

i ((R/D @ M)
eHK(I,M) = el—>oo (pe)a—i-d .

We often write epx (I, R) as enk (/) and egk(m, M) as egx (M ). The origins Hilbert-Kunz

multiplicity traces back to the following observation of Kunz:

Theorem 3.2.2 ([Kun69, Theorem 3.3]). Let (R, m) be a local ring of prime characteristic
p. Set d =dim(R). The following are equivalent:
(1) R is a regular local ring. (3) Lr(R/mPl) = (p°)? for some e € N,.

(2) lr(R/mlPl) = pd. (4) Lr(R/mlPl)y = (p°)? for all e € N.
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(3") Lr(R/mPly < (p°)? for some e € N,.

(2') Cr(R/mP) < pt.

Remark 3.2.3. The Hilbert-Kunz multiplicity was shown to exist by Monsky in [Mon83,
Theorem 1.8], and it is notoriously difficult to calculate. In his paper, Monsky initially
suspected that the Hilbert-Kunz multiplicity was always rational. However, in [Mon08], he

conjectured that

o (( Z/(2)[x,y, 2, u, 1] )) :§+ 5

wv + a3 + y3 4+ zyz 147

While this specific problem is still open, Brenner in [Brel3] found an example of a ring with
a module that has an irrational Hilbert-Kunz multiplicity. It is now conjectured that some

may even be transcendental.

Example 3.2.4 ([HM93]). Let
R = Z5[[w,m,y,z]]/(w4 +at oyt 4+ 24)

with maximal ideal m. Then ¢(R/mPl) = 188(5¢)3 — 107(3¢) Therefore, epk (R) = 2.

The Hilbert-Kunz multiplicity has similar properties to the Hilbert-Samuel multiplicity.
While it is not always an integer, it is always at least 1, if dim(M) = dim(R). Moreover, given
ideals I and J such that I C J, if I and J have the same tight closure, then egx (/) = ek (J);
if R is complete and equidimensional, then the converse holds as well [HH90, Theorem 8.17].
The following proposition gives a relationship between the Hilbert-Samuel multiplicity and

the Hilbert-Kunz multiplicity:
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Proposition 3.2.5 ([Hun96, Lemma 6.1]). Let (R, m) be a local ring of prime characteristic
p and dimension d, let M be a finitely generated R-module, and let I be an m-primary ideal.
Then

e(I,M)/d <eux(I,M) <e(l,M)
This, along with Corollary 3.1.6, gives us the following corollary:

Corollary 3.2.6. Let (R, m) be a local ring of prime characteristic p and dimension d, and

let M be a maximal Cohen-Macaulay R-module. Then

We now aim to list some properties of the Hilbert-Kunz multiplicity that will be used in

Corollary 3.6.2. First, we need the following lemma:

Lemma 3.2.7 ([Hunl3, Corollary 3.10]). Let (R,m) be a local reduced ring of prime charac-
teristic p and dimension d, let I be an m-primary ideal, and let M and N be finitely generated

R-modules such that M, = N, for all p € Assh(R). Then
[Cr(M/TPIM) — Lr(N/TPIN)| = O((p°)"")

Proof. Let S = R\ U,caqnmp- Then S7'R is an Artinian ring, and by the Chinese

Remainder Theorem, S™'R = Hpe Assh(R) R,. Therefore, we have

[I Mm=s'M=s'N= J] M.
()

peAssh(R) p€Assh

Since S~ Homp(M, N) = Homp(S™*M,S™'N), there exists ¢ € Hompg(M, N) such that
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S~y is an isomorphism. Set C' = coker(p). Since S~'C' = 0, we have that dim(C) < d.

Now, we have the exact sequence M 2 N — C' — 0, which gives us
R/I" @ M — R/ @p N — R/TP @5 C — 0.
By the additivity of length and applying the isomorphism in Proposition 2.2.10, we have

CR(N/TPINY < Cp(M/IPINM) + tr(C/TPC)

= (p(M/IVIM) + O((9)"). =

Proposition 3.2.8. Let (R,m) be a local ring, I be an m-primary ideal, and M', M, and
M" be finitely generated R-modules.

(1) If M = M', then enx(I, M) = enx (I, M’).

(2) enx (I, M) =0 if and only if dim(M) < dim(R).?

(3) If0— M — M — M" — 0 is ezact, then egx (L, M) = eax({, M") + enx (I, M").

Proof. (1) Clear.

(2) We have that e(I, M) = 0 if and only if dim(M) < dim(R), by Proposition 3.1.2. Set
d = dim(R). By Proposition 3.2.5, e(I, M)/d! < eux (I, M) < e(I, M), so exx(I, M) = 0 if
and only if dim(M) < dim(R).

(3) Without loss of generality, we may assume that R is complete and k is perfect, and

therefore, F-finite. If R is reduced, then R, is a field for all p € Assh(R), and we have

2Some authors define epk (—) using d = dim(M) instead of d = dim(R), and in this case, we have that
enk (I, M) > 0, even when dim(M) < dim(R).
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M & M) = M,. Applying, by Lemma 3.2.7, dividing by p*’, and taking limits gives us

1T At "l A [p°] e(d—1)
o | ERQL/IPIEY (MM (MIVIM)| O )

D00 ped ped ped D00 ped

Thus, exk (I, M) = egx (I, M') + eux (I, M").

If R is not reduced, then there exists eg € N such that \/6[peo] = 0. Therefore, for any
finitely generated R-module N, we have /0 - “°N = eo(\/a[peg]N ) =0. So, “N is an R/+/0-
module. This gives us that 0 — “°M’' — “°M — “°M"” — 0 is a short exact sequence of
R/ v/0-modules. Since R/ V0 is reduced, we can use the same argument above, as well as

Proposition 2.2.12, to get

Cr(M'JIVINTY  Cp(M"/TPIM"Y  Cp(M/IPIM e(d=1)
lim R( /d )+R( /d )_R( /d ):hmO(pd ).
e—00 pe pe pe e—00 pe
Thus, eHK([,M) = eHK([,M’) -+ eHK(I,M”). Il

Like the Hilbert-Samuel multiplicity, the Hilbert-Kunz multiplicity can also be used to

detect regularity.

Theorem 3.2.9 ([WY00, Theorem 1.5], c.f. [HY02, Theorem 3.1]). Let (R, m) be an unmized

local ring of prime characteristic p. Then R is regqular if and only if egx(R) = 1.

In fact, this result provides an even stronger characterization than Theorem 3.1.7, since

the Hilbert-Kunz multiplicity is always less than or equal to the Hilbert-Samuel multiplicity.

3.3 F-signature

For a local F-finite ring (R, m), R is regular if and only if “R is a free R-module. For a

non-regular ring R, Smith and Van den Bergh [SVdB97, §3.3] investigated how the free part
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of “°R behaves as e grows, in the context of FFRT modules. Specifically, they were interested
in understanding the proportion of free summands in these modules, which measures how
“far away” the ring is from being regular. Huneke and Leuschke formalized this idea by

introducing the F-signature [HL02, §2]. We first define the following:

Definition 3.3.1. Let (R, m) be an F-finite local ring and M be a finitely generated R-
module. For each e € N, the eth Frobenius splitting number of M (or free rank of ‘M),

denoted a(M), is the largest rank of a free summand of M.

With the setup in Definition 3.3.1, we can always write M = R%M) @ M., where
M, has no non-zero direct free summands. In fact, if we have two decompositions
‘M = ReM) gy M, = R*M) gy N, such that and both M, and N, have no free summands,
then we must have that a.(M) = b.(M). Indeed, without loss of generality, assume
ac(M) > b.(M). Since R is local and “M is finitely generated, we can cancel b.(M) copies
of R in the direct sum to get R%M)=b<(M) @ A, = N, (see Remark 3.3.2). Since N, has no

free summands, a.(M) = b.(M).

Remark 3.3.2. In general, direct summands cannot be canceled. That is, if A C = BaC
for modules A, B, C of a ring R, it does not necessarily follow that A = B. For example,
consider the ring R = R[z,y,2]/(2? + y* + 22 — 1). On one hand, we have R* = R?> ® R.
Consider the map ¢ : R* — R defined by (a,b,c) — aT + by + ¢z. This map is onto, so it
splits, and we have R3 = ker ¢ @ R. It is known that ker ¢ is not free, so R2® R = ker p ® R,
but R? 2 ker . However, if R is local and A, B,C are finitely generated, then A @ C' =

B @ C implies A = B. This follows from applying the Krull-Schmidt theorem to the m-adic
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completion }A%, which allows us to conclude that A = B. This, in turn, implies that A & B

[Vas65, Proposition 6.1].
We are now ready to define the F-signature.

Definition 3.3.3. Let (R,m) be an F-finite local ring and M be a finitely generated R-

module. Set a = «(R) and d = dim(R). The F-signature of M is defined as

= lim ac(M)
s(M) = el_m )i

When it was formalized, it was unknown as to whether or not the F-signature existed in
general, and it was not until Tucker [Tucl2] proved its existence for any F-finite, local ring
of prime characteristic.

The F-signature is always a real number between 0 and 1, inclusively; at these extremes,

the F-signature characterizes a ring in the following way:

Theorem 3.3.4. Let (R, m) be an F-finite local ring of prime characteristic p.
(1) [ALO3, Theorem 0.2] R is strongly F-regular if and only if s(R) > 0.

(2) [HLO2, Corollary 16] R is reqular if and only if s(R) = 1.

In fact, for a ring R of dimension d > 2, R is regular if and only if s(R) > 1— ﬁ [Yao06,

Theorem 3.1]. This implies that the F-signature cannot be arbitrarily close to 1 for rings of

dimension d > 2, since if s(R) > 1 — d!_Ld’ then R is regular and s(R) = 1.
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3.4 Frobenius Betti numbers

Recall that when R is an F-finite local ring and M is a finitely generated R-module, the
Hilbert Kunz multiplicity of M can be expressed as epx (M) = lim, o {r(k @ M)/ (p¢)>T.
Since k @ ‘M = Torf(k,“M), this leads to a natural extension of the Hilbert-Kunz multi-
plicity to higher Tor functors, called the Frobenius Betti numbers. Here, we present a more

general definition that reduces to the above in the case of F-finite rings.

Definition 3.4.1. Let (R, m, k) be a local ring of prime characteristic p and dimension d, M
be finitely generated R-module, L be an R-module of finite length, and G4 be a resolution
of L by finitely generated free modules. The ith Frobenius Betti number of M with respect

to L is

M) ety U (Ga) @0 0))

e—00 pEd

In particular, if R is F-finite, then we can apply Proposition 2.2.21 to get

BF(L, M) = 1 T0r M)

e—00 (pe)a+d ’

where a = a(R) < co. We denote 35 (M) = BF(k, M).

Remark 3.4.2. Let (R,m) be a local ring of prime characteristic p and dimension d, M
be a finitely generated R-module, and L be an R-module of finite length. Let R — S be
a faithfully flat ring homomorphism such that mS is the unique maximal ideal of the local
ring S. Then BF(L, M) = (L ®@r S,M ®r S). Indeed, let G, be a free resolution of L.

Since S is flat over R, we have that dim(S) = d and G, ®p S is a free resolution of L ®p S.
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Therefore,

(r(H;(F5(Ge) ®p M)) ls(H;((F5(Gs) @r M) ®r S))

F L . _ .
P, M) = I, Iz =4 iz
— lim ls(Hi(F5(Ge ®p S) ®s (M ®@p S)))
e—00 ped

= ﬂZF(L ®gr S, M ®@pS).

Seibert’s work in [Sei89] shows that Frobenius Betti numbers exist. We now present the
relevant parts of the main theorem from Seibert [Sei89] that are necessary for our discussion.

For the complete theorem, we refer the reader to the original source.

Theorem 3.4.3 ([Sei89, Main Theorem)). Let (R, m) be an F-finite local ring of characteris-
tic p, and g be a function from the family of all finitely generated R-modules to the integers.
Assume that g(N) < g(N')+ g(N") for all short exact sequences0 — N' — N — N”" — 0 of
finitely generated R-modules. Then for any finitely generated R-module M, as e — oo, we
have that g(*M) = c¢(M)(p¢)@F)+dmM) 4 O((pe)dB)+dmM)=1) for some ¢(M) € R; moreover,

c(—) is an additive function on exact sequences.

We now present the following properties of the Frobenius Betti numbers, which used for

Corollary 3.6.2. The proofs for these results closely follow [Sei89, Proposition 1].

Proposition 3.4.4. Let (R, m) be an F-finite local ring of prime characteristic p, let M’,
M, and M" be finitely generated R-modules, let L be an R-module of finite length, and let
1 € N. Then

(1) If M = M, then BF (L, M) = BF(L, M").

(2) If dim(M) < dim(R), then BF(L, M) = 0.
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(3) If 0 — M' — M — M" — 0 is ezact, then F' (L, M') = BF(L, M) + B (L, M").

Proof. (1) is clear.

For (2) and (3), we may assume that R is complete and F-finite (in particular, we do not
need to assume that k is perfect).

Let G, be a free resolution of L. Define g(P) = (r(H;(Gs®pr P)) for all finitely generated
R-modules P. For any short exact sequence 0 — N’ — N — N” — 0 of finitely generated
R-modules, we have the exact sequence H;(Ge @ N') — H;(Ge ® N) — H;(G, ® N").
Therefore, g(N) < g(N) + g(N"). Since homology and length commute with direct sums,
equality holds if the sequence splits, so Theorem 3.4.3 applies. Now, by Proposition 2.2.21,

for any finitely generated R-module P,
Cr(Hi(Fg(Ge) @ P)) = Lr(Hi(Ge @ P))p~ = g("P)p~c™.

Hence, in light of Theorem 3.4.3,

i BUHLFHCYOP) L g(P) L
B L P) = o = I, Gyt = oD@

for some ¢(P) € R.
For (2), clearly if dim(M) < dim(R), then 8 (L, M) = 0.
For (3), it is clear that 3f(L, M) < BF(L, M") + BF (L, M"). For the other direction,

since ¢(—) is additive on exact sequences, we have that ¢(M) = ¢(M’) + ¢(M"). Without
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loss of generality, assume dim(M) = dim(M’) > dim(M"). Then

BI(L, M) = lim c(M)(pe)"™ M

e—00

— lim C(M/)(pe>dimM7d_i_ lim C(M//)<pe)dimM7d

e—00 e—00

> Tim (M) (p*) M4 4 Tim (M) (pe)dim M~

e—00 e—00

= Bz'F(Lﬂ M/) + 55{([” MN)'
Hence, we have equality. O

Like the Hilbert-Kunz multiplicity, these higher in invariants also detect regularity, which
was shown by Aberbach and Li. They established the following theorem, which serves as a

cornerstone for Theorem 4.3.1.3

Theorem 3.4.5 ([ALO08, Corollary 3.2]). Let (R, m) be a local ring of prime characteristic
p. The following are equivalent:

(1) R is regular.

(2) BF(R) =0 for alli € N,.

(3) BE(R) =0 for somei € Ny.
3.5 Frobenius Euler characteristic

In [DPY22], De Stefani, Polstra, and Yao extended the Frobenius Betti numbers to encom-
pass a wide range of finitely generated modules over rings of prime characteristic, without

assuming locality. One of the invariants they studied was the so-called Frobenius Euler

3We note that in their work, Aberbach and Li denote 5/ (R) as t;(R).
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characteristic. While they extended this invariant to the global case, we define the local

case:

Definition 3.5.1. Let (R, m, k) be a local ring of prime characteristic p and dimension d, M
be finitely generated R-module, L be an R-module of finite length, and G4 be a resolution

of L by finitely generated free modules. The jth Frobenius Fuler characteristic of M is

X5 (L, M) := lim

e— 00

d = Z(_l)i f—i(Lv M)

i(_l)igR(Hj—i(fe(G') QR M)) -
i=0 P i=0
In particular, if R is F-finite, then we can apply Proposition 2.2.21 to get

iﬁR(Torﬁi(L ‘M))
(pe>oz+d

X[ (L, M) = lim Y "(~1)

e—00 4

where o = a(R) < co. We denote x} (M) = x} (k, M).

The Frobenius Euler characteristic also exists due to the results of Seibert in [Sei89]. We
now present the following properties of the Frobenius Euler characteristic, which are used in

Corollary 3.6.2.

Proposition 3.5.2. Let (R,m) be an F-finite local ring of prime characteristic p, let M’,
M, and M" be finitely generated R-modules, let L be an R-module of finite length, and let
7 € N. Then

(1) If M = M’, then x¥(L, M) = x¥(L, M").

(2) If dim(M) < dim(R), then xj (L, M) = 0.

(3) If0 = M' — M — M" — 0 is exact, then x} (L, M) = x¥ (L, M") + x} (L, M").

Proof. (1) Clear.
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(2) Since dim(M) < dim(R), we have that 87 (L, M) = 0 for all 0 < ¢ < j. Therefore

XF(L, M) =Y

1=0

(~1)85.(L, M) = 0.

(3) We have that 87 (L, M') — BF(L, M) + BF (L, M") = 0 for all 5. Therefore,

M-

(—1)' ]}'ii<L7M/)_Z(_1)i (L, M)+ (1) B (L, M)

=0 3 =0

<.l

(_1)i (Bf—Z<L7 M,) - /BJF—z(L’ M) + ﬂf—i(L: M”))

o

1=

= 0. [l

Example 3.5.3 ([DHNB17, Example 3.2]). Let S be an F-finite regular local ring of char-
acteristic p and set R = S/(f) for some f € S. We can write ‘R = R*() ¢ M,, where
a.(R) is the eth Frobenius splitting number of R and M, has no free summands. Consider

a minimal free resolution of “R:
RN R/BQ(eR) — R/Bl (eR) — R/BO(eR) — (eR _>> 0

We have that By(°‘R) = a.(R) + Bo(M.) and 5;(‘R) = S;(M.) for all i > 0. Since M, is a

maximal Cohen-Macaulay module with no free summands, §;(M,) = Bo(M,) for all i > 0
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[Eis80, Proposition 5.3 and Theorem 6.1]. Therefore,

Xi(R) = x;(R*U) + x;(M,)
Z )By- (RO 4 D7 (=1)'8,-s (M)
= (~1Yac(R) + Y_(~1)'Bo(M.).

Thus, x;(‘R) = ac(R) + Bo(M,) if j is even, and x;(‘R) = —a.(R) if 7 is odd. Therefore, we

have that

i Xo(‘R) — lim a.(R) T Bo(M.) = s(R) + li Bo(M.)

F R
X0 (R) = B Gpeyeea = B8 Gpeyora B8 (peyrsa = e ()i

Note that this implies that lim,_,, 5;%2 =t (R) — s(R) = epx(R) — s(R). Hence,

- ac(R) Bo(M) .. ..
o X (‘R) elgrolo (pe)o-td + elimo (pe)o+d if j is even

X (B)=lm 0052 =1" " Zau()
P lim — e if j is odd

e—r00 <pe)a+d

_ Jenx(R) if jis even
| —=s(R) ifjis odd

for all 7 > 0.

The Frobenius Euler characteristic has been shown to also detect regularity. For instance,
Li demonstrated that xI'(R) = —1 if and only if R is regular [Li08, Theorem 2.2]. However,
it remained an open question whether higher orders of this invariant could similarly detect
regularity. Polsta and Smirnov addressed this question partially, proving results under the
assumption that R is strongly F-regular. They conjectured that their results might hold

under a weaker hypothesis. We present their results here:
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Theorem 3.5.4 ([PS21, Theorem 3.23]). Let (R, m) be an F-finite, strongly F-regular ring
of prime characteristic p. The following are equivalent:

(1) R is a regular local ring.

(2) x;("R) = (—1) rank(‘R) for every e € N,.

(3) x;(°‘R) = (—1)? rank(‘R) for some e € N.

(4) x5 (R) = (=1)".
3.6 Associativity formula

Proposition 3.6.1 (“Associativity formula”). Let R be a ring and f be a function from the
family of all finitely generated R-modules to the integers such that for any finitely generated
R-modules M', M, M", the following hold:

(a) If M = M’ then f(M) = f(M’),

(b) If dim(M) < dim(R), then f(M) =0, and

(c) If0 - M — M — M" — 0 is exact, then f(M)= f(M') + f(M").

Then for any finitely generated R-module M, we have

F(My=">" tr,(M,)f(R/p).
peAssh(R)
Proof. Consider a prime filtration of an R-module M as follows:

0=M,C M, C---CMy=M.

Then we have short exact sequences of the form 0 — M; — M; 1 — M;_1/M; — 0 for each
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1 =1,...,n. By the additivity of f,

f(M) = f(M) + f(Mo/M) = f(N) + f(M/N) + f(Mo/M)

Since the above filtration is a prime filtration, for each ¢ = 1,...,n, we have that

M;_1/M; = R/p; for some p; € Spec(R). Define
A:={pe{p1,...,pn} | dim(R/p) = dim(R)} C Assh(R),

and let ny := |{i € {1,...,n} | p, =p}| for every p € Assh(R). Since f(R/p) = 0 for all

p € Spec(R) such that dim(R/p) < dim(R),

FOMD) =3 f(Mia /M) =3 F(Rfp) = > mf(R/p).

peAssh(R)

To finish the proof, we show that n, = (g, (M,) for every p € Assh(R). Let p € Assh(R) and

localize the above filtration at p:
0= (Mp)y C (Mp-1)y C -+ C (Mp)y = M,.

Then (M;_1)y/(M;), = (M;—1/M;), = (R/p;), for each i =1,2,...,n. If p # p; for some 1,

then (R/p;), = 0, since Ann(R/p;) € p. Otherwise, if p = p; for some ¢, then (R/p;), =
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(R/p)y. Therefore, we have

Cry(My) = lr, (M /Mi)y) =Y o, (R/pi)y) = > Lr,(R/p) =D 1=n,,
i=1 i=1 pi=p

pi=p

Hence, f(M) = ZpeAssh(R) Cr,(My) [ (R/P). 0

Corollary 3.6.2. Let (R, m) be a local ring of prime characteristic p and M be a finitely
generated R-module. Let f be any of the following invariants:

e (I, M) for any m-primary ideal I;

e epk (L, M) for any m-primary ideal I;

o BF(L, M) for any finite length R-module L and i > 0;
° Xf(L, M) for any finite length R-module L and j > 0.

Then

FM) =Y Lr,(M)f(R/p).

peAssh(R)

Corollary 3.6.3. Let R, M, and f be as in Corollary 3.6.2. If R is F-finite, then
F(M) = () f (M),
where a = a(R) and d = dim(R).

Proof. We have

FEM)y =" L, (M) f(R/p) (by Proposition 3.6.2)
p€Assh(R)
= (p)** Z Cr, (M) f(R/p) (by Corollary 2.2.14)
peAssh(R)

= (p°)* I f(M). (by Proposition 3.6.2) ]
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Corollary 3.6.4. Let R, M, and f be as in Corollary 3.6.2. Further, assume that R is a
domain. Then

f(M) = f(R) rank(M).
Proof. Let @) be the field of fractions of R, so that rank(M) = (o(M ®r Q). We have

FM)= " (g, (M) f(R/p) = lo(M ©r Q)f(R) = f(R) rank(M). =

peAssh(R)
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CHAPTER 4

MAIN RESULTS

In this section, we will present out main results, which revolve around determining regularity
of a ring by using the Frobenius Euler characteristic. In this work, we use a multiplicity
invariant, and in most cases, the Hilbert-Samuel multiplicity and the Hilbert-Kunz multi-
plicity can be used interchangeably. Therefore, throughout this chapter, we will use e,(—)
represent either the Hilbert-Samuel multiplicity or the Hilbert-Kunz multiplicity. Moreover,
throughout this chapter, we will set d = dim(R) and o = «(R).

The following is a direct consequence of Kunz’s work in [Kun69]. We present a proof for

completeness.

Proposition 4.0.1. Let (R,m) be a regular local ring of prime characteristic p, M be a

finitely generated R-module, and j € N. Then Xf(M) =(=1) Z((]g)).

Proof. Without loss of generality, we may assume that R is F-finite (see Remark 2.2.9 and
Remark 3.4.2). Since R is regular, “R is free as an R-module by Corollary 2.2.7. Therefore

‘R = R*(R) and
ac(R) ifi=0

AilR) = {o if 4 0.

Thus, x,;(‘R) = (=1)7a.(R) = (—1)? rank(°R) and hence,

(—1)7 rank(“R)

F .
X; (F) et rank(“R) (=1)
By Corollary 3.6.4, rank(M) = <G8 and x7'(M) = xI'(R) rank(M) = (=1)/ & O
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Note that when R is regular, e,(R) = 1. Despite this, we retained e,(R) in the proposition

to highlight its significance, as we conjecture that the converse true, under mild conditions:

Conjecture 4.0.2. Let (R,m) be an unmized local ring of prime characteristic p, and let

M be a finitely generated R-module such that Assh(M) = Assh(R). If x§'(M) = (=1) i**((]g))

for some j € N, then R is reqular.

We note that the condition that R is unmixed is necessary. Indeed, consider the following
ring:

R =k[z,y]/((z) N (2*,y)) = k[z,y]/(2*, 2y).
We have that x{'(R) = eax(R) = 1, but R is not regular.

Remark 4.0.3. If there exists a ring extension R — S, such as described in Remark 2.2.5,

such that S is unmixed, then it suffices to study Xf (M ®g S). Indeed, if S is regular when

XY (M®gS) = (—1)3'%, then R is regular when x"(M) = (-1) Z((]g)). If R is unmixed

and excellent, for example, then such a ring extension would exist.

4.1 Conjecture equivalency

Lemma 4.1.1. Let (R, m) be an local ring, let M be a finitely generated R-module, and let

7 € N. Then

oy = e Qi (M)) + (1) e (M)
x;(M) = e.(R)

Proof. Consider an minimal free resolution of M:

0— Qi (M) — R o RO-OD oy RAGD 5 A 0.
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Propositions 3.1.2 and 3.2.8 imply that

Solving for x;(M) yields the desired result. O

Lemma 4.1.2. Let (R,m) be a local ring, M be a finitely generated R-module, and j € N.

Then x;(M) > (—1)7&.

Proof. By Lemma 4.1.1,

ec(Q1(M)) + (=1) e(M) _ jed(M)
e.(R) = (=1) e.(R)’

x;(M) = 0

Lemma 4.1.3. Let (R,m) be a local ring of prime characteristic p, let M be a finitely

generated R-module, and let j € N. Then x5 (M) > (=1) Z**((Jg)).

Proof. Without loss of generality, we may assume that R is F-finite. Applying Lemma 4.1.2

and Corollary 3.6.3, we have

jex (°M)
(M D e (M
wMﬁmm)>mLL@, e.(M)

e—oo (p°)otd T emoo  (po)otd = (=1 e (R) . [

Lemma 4.1.4. Let (R,m) be an unmized local ring, M be a finitely generated R-module,
and j € N. The following are equivalent:
(1) pd(M) > j.

(2) x;(M) > s + (—1peld.
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(3) x;(M) # (~1yelid)

Proof. (1) = (2): Suppose pd(M) > j. Since Q;,1(M) C R and R is unmixed, we
have

Ass(Q1(M)) C Ass(RP™M)) = Ass(R) = Min(R).
So, since Q1 (M) # 0,

dim (€41 (M)) = dim(R/p) = dim(R/p) = dim(R).
(@ (M) = | max | dim(Rfp) = max | dim(F/p) = dim(FR)

By Propositions 3.1.2 and 3.2.8, we have that e,(Q;41(M)) > 1. Therefore, applying

Lemma 4.1.1, we have

€s (241 (M)) + (=1)7 e. (M) 1 e (M)

X (M) = o.(R)

(2) = (3): Trivial.

(3) = (1): Suppose x;(M) # (—1)7<L0 Then by Lemma 4.1.1,

e«(R)
e (Q11(M)) + (=1)7 e. (M) je(M)
e 70w
Hence, e,(€241(M)) # 0. This implies that Q;41(M) # 0, so pd(M) > j. O

Proposition 4.1.5. Let (R, m) be a local ring of prime characteristic p, and let j € N. The

following are equivalent:

(2) xJ (M) = (—l)j% for some finitely generated R-module M with Assh M = Assh R.

(3) xJ (M) = (—1)3'% for every finitely generated R-module M.
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Proof. (1) = (2) and (3) = (1) are trivial.

(2) = (3): Let M be a finitely generated R-module such that Assh(M) = Assh(R)

and x5 (M) = (-1)/ 2’;((%), and let N be an arbitrary finitely generated R-module. Since

X (M) = (-1)/ ) “proposition 3.6.2 implies that

e« (R)
Z ERp(Mp)Xf(R/P) = Z ng<Mp)(_1)j&ép)- (%)
peAssh(R) peAssh(R) e.(R)

By Lemma 4.1.3, x}'(R/p) > (—1)j% for all p € Assh(R), and since (g, (M,) > 0 for all

p € Assh(M) = Assh(R), we have that (x) forces

\J (R/p) = <—1>J'—e”;%>

for all p € Assh(R). Therefore,

e, R p
> (R = e ()17
pEAssh(R) veAS(R) .
Thus, by Proposition 3.6.2, Xf(N) - (_1)]‘2((]}\%7)) .

In light of Proposition 4.1.5, we have the following theorem:

Theorem 4.1.6. Let (R,m) be an unmized local ring of prime characteristic p, and let
j € N. The following implications are equivalent:

(1) R is reqular if and only if xJ (R) = (=1).

2) R is reqular if and only if x¥'(M) = (-1 j ex (M) for some finitely generated R-module
J e«(R)
M with Assh(M) = Assh(R).

3) R is reqular if and only if X' (M) = (-1 je=(M) for all finitely generated R-modules M.
J e«(R)
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4.2 Sufficient F-splitting case

In this section, we define a class of modules that satisfy a certain condition, which we call
“sufficient F-splitting”. We then show Conjecture 4.0.2 holds for that any module that has

this property.

Definition 4.2.1. Let (R,m) be an F-finite local ring of prime characteristic p and M be
a nonzero finitely generated R-module. For each e € N, the eth Frobenius indecomposable
summand count of M, denoted g.(M), is the maximum number of summands in a direct

indecomposable decomposition of “M.

We may write g. = g.(M) if the underlying module is understood. With the setup in
Definition 4.2.1, we can write M = @7, M;, where each M; is a nonzero indecomposable

R-module.

Definition 4.2.2. Let (R, m, k) be an F-finite local ring of prime characteristic p and M be
a nonzero finitely generated R-module. Set o = a(R) and d = dim(R). We say that M has

sufficient F-splitting if

. ge(M)
lim su > 0.
e—>oop (pe)a+d

Remark 4.2.3. It is clear from the definition that a.(M) < g.(M) < p(“M). Tt is not

M . .
*Ziga +)d exists in general.

known if lim (
e— 00

Many modules have sufficient F-splitting; we present the following examples:



60

Example 4.2.4. If R is an F-finite, local, strongly F-regular ring, then R has sufficient

F-splitting. Indeed, by Theorem 3.3.4, we have that s(R) > 0. Therefore,

lim sup Je > li

o0 <pe>a+d — e v00 (pe)aer = S(R) > 0.

Thus, R has sufficient F-splitting.

Example 4.2.5. If R is an F-finite ring with FFRT, then R has sufficient F-splitting. Indeed,
if R is a ring with FFRT, then there exists indecomposable R-modules M, M, ..., M} such

that for every e > 0, ‘R & @le M, for some ne1, Nea, - . ., e, € N. Fix e. Then,

k k k
e.(‘R) = e, (EB MZ.””> =Y e (M) =Y lne - en(My)].
i=1 i=1 i=1
Since there are only finitely many M;, there exists N € N such that e,(M;) < N for all
1 = 1,...,k. Moreover, since each M; is indecomposable, we have that g, = Zle Nei-

Therefore, e,(‘R) < g. - N. Thus,

9o o &(R) _ e B)(p) _ eu(R)

(pe)a+d—N(pe)a+d_ N(pe)aer - N

Since e, (R) > 0, we have that lim sup Je y
e—00 (pe)a+

> 0, and R has sufficient F-splitting.

Example 4.2.6. If (R, m, k) is an F-finite Artinian local ring and M is a nonzero finitely
generated R-module, then M has sufficient F-splitting. Notice that m A/ = mP 1A/, and
for e > 0, we have that mlPl = 0. Therefore, for e > 0, °M is a vector space over k, and

dimg(“M) = Lr(°"M) = Lr(M)p®®. Thus,

M M)pee M
lim sup ge( >zli u —KR( Jp zlimsupgR( )

=/lp(M) > 0.
MSUP ¢ ovarrd = Hmsup = oo = limsup = 5= = (M)
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For the following example, we will closely follow a similar construction to that of [HY23,
Lemma 5.14]. For any s € N, a ring is said to be N*-graded local if R is N°-graded and
(Ro, mg, k) is local, where 0 is the zero element of the semigroup (N°® +). We write N°-

graded local rings as (R, m, k), where m is the maximal homogeneous ideal.

Example 4.2.7. Suppose R = @,y R; is an Ne-graded ring of prime characteristic p that
is a finitely generated algebra over Ry, where d = dim(R), Ry is a perfect field, and R; # 0

for all || > 0. Then R, has sufficient F-splitting. To see this, fix e € N and let
Ao={(r,...,rq) €N |r; €{0,1,...,p° —1}}.
For each r € A., denote p°N? + 7 = {p°n +r | n € N?}. Then we can write

‘R = GB M., , where M., = @ R;. (1)

rel. i€peNd4r

We note that M., is an R-submodule of “R for each r € A,. Therefore, ‘R = EBTE A, Mey is
a direct sum decomposition of ‘R. Since |A.| = p* and R; # 0 for all i such that |i| > 0,
we have that M., # 0 for all e > 0 and for all » € A,. Thus, ‘R has p°d summands.

Now, we localize at m. The residue field of R, is Ry, and since it is a perfect field,
a(Ry) = 0. Localizing (f) at m, we get Ry = @, cp, (Me,r)m. We have that (M, )n # 0 for

all e > 0. Indeed, let 0 # z € M,,. Then x =) x;, where only finitely many x; are

i€peNd4r
nonzero. Let t € R\ m, and write © = z;, + 2" and t = ¢, +t/, where ip = min{i | z; # 0}, so

that z;, € R;,, and ty € Ry. Then tx = tox;, +tox’ +t'z;, +t'2’. Since tox;, # 0, deg(z’) > ig,
0 0 0 0 0

and deg(t') > 0, we have that tx # 0. Thus, /1 # 0, and (M., )n # 0 for all e > 0. Thus,
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‘R has p®d summands. Hence,

ge(R) pee

: = limsup ———~— > 0.
(pe)a(Rm)—i-dlm(Rm) e dim(Rm)

lim sup

e—00 e—oo P

Lemma 4.2.8. Let (R,m,k) be an F-finite, local ring, and let M be a finitely generated

R-module. If M has sufficient F-splitting, then dim(R) = dim(M).

Proof. For each e € N, we can decompose “M into g. = g.(M) nonzero R-modules. That
is, ‘M = @7, M,;, where each M,; is a nonzero R-module. Set d = dim(R) and o = a(R).

Then

. Up(k®gr M) lr(k @p B, M)
enk (M) = eli)rglo —(pe>a+d = lim )
Je .
— lim KR( i:l[k ®Rr Mm])
e—00 (pe)aer
?21 KR([]C QR MeZD
e—»00 (pe)a—l—d
% 1

i eyard

v

since k and M,; are nonzero

= lim —9¢

e—00 (pe)a—i—d > 0.

Since epk (M) > 0, we have that dim(M) = dim(R), by Proposition 3.2.8. O
We are ready to prove the following theorem:

Theorem 4.2.9. Let (R,m) be an unmized, F-finite, local ring of prime characteristic

p, and let M be a finitely generated R-module such that M has sufficient F-splitting. If

xF (M) = (—1)j% for some j € N, then R is reqular.
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Proof. Assume that R is not regular. For each e € N, there exists a maximal g. € N and

nonzero finitely generated R-modules M, , Me,, ..., M., such that ‘M = @I M.,. So,

Je

1
=1

i=1
By Theorem 2.2.4, we have that pd(IMei) =oo forallv=1,2,...,g.. Therefore, for every

JeN,

e+1
F o xi(TM)
X;j (M) = 61520 (petl)etd

Xj (@zgil 1M3i>
e300 (pe—l-l)a—i—d

— lim LX—J(IMG)

e300 (pe+1)a+d

% 1+ (=1) e, (*M,)]

. Z—l * €;
= hren_fo‘jp (p)otde, (R)
= lim sup ( i‘]il 1) (_1)j z’gil e*(lMei)

e (Pt e, (R) (p=)otde, (R)

. Ge (=1 e (T'M)
=1 |

lgiso‘jp (p*+1)o+d e, (R) + (pe+)ot+de,(R)

o e*<e+1M>
1)1
> ( ) eiglo (pe—l-l)a—l-d e*(R)

(by Lemma 4.1.4)

(by Definition 4.2.2)

(by Proposition 3.6.3).

Therefore, (M) # (—1)/ Z((A;)) for every j > 0. O

This result recovers Theorem 3.5.4, as any strongly F-regular ring is a domain that has

sufficient F-splitting.

Remark 4.2.10. In Theorem 4.2.9, if R is not F-finite, then there may exist a sufficiently

good ring extension R — S such that M ®pr S has sufficient F-splitting over S. In that case,
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if Theorem 4.2.9 holds for M ®z S over S, then it holds for M over R.

4.3 Cohen-Macaulay case

In this section, we show that Conjecture 4.0.2 holds for finitely generated modules over

Cohen-Macaulay rings.

Theorem 4.3.1. Let (R, m) be a Cohen-Macaulay local ring of prime characteristic p, and let

M be a finitely generated R-module such that Assh(M) = Assh(R). If x§'(M) = (=1) i’i((]g))

for some j € N, then R is regqular.

Proof. Fix j. We first show that x!'(R) = (1)’ implies that R is regular. Without loss of
generality, we may assume that R is F-finite (see Remark 2.2.9 and Remark 3.4.2).

So, assume R is F-finite. By Lemma 4.1.1,
e(Q+1(R)) = x;(R) e(R) — (=1) e(‘R).

By Proposition 2.2.11, ‘R is a maximal Cohen-Macaulay R-module, so Q,41(°R) is a maximal

Cohen-Macaulay R-module Proposition 2.1.30. Therefore, by Lemma 3.1.6,

Bis1(R) = n(Q1(R)) < e(Q11(R)) = x;(R) e(R) — (—1) (‘)
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for all e > 0. Therefore,

F _ . Bix1(R)
ia(R) = elggo (p)otd

X;(R) e(R) — (=1)7 e(‘R)

o
< lim (pe)ord

. x(R) o e(R)
= lim {oeyara o(F) = lim (=170

= x; (R)e(R) — (—1) ¢(R)

= 0.

Thus, by Theorem 3.4.5, R is regular.
We have shown that if xJ'(R) = (—1)7, then R is regular. Applying Theorem 4.1.6,

we conclude that if x'(M) = (-1)/ Z’;((A;)) for any finitely generated R-module M such that

Assh(M) = Assh(R), then R is regular. O

This result also recovers Theorem 3.5.4, as any local strongly F-regular ring is Cohen-

Macaulay.
4.4 Further results

In this section, we present some results that could aid in proving Conjecture 4.0.2. Through-
out this section, d = dim(R) and o = «(R). For simplicity, we only discuss the F-finite
situation in this section.

We begin by outlining some properties under localization. Although it should be clear
from context, we denote the Hilbert-Samuel or Hilbert-Kunz multiplicity of a finitely gener-

ated R-module M at a prime p € Spec(R) by e.(M,). Similarly, we use x;(M,) and x} (M,)
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to denote the jth Euler characteristic and the jth Frobenius Euler characteristic of M, as

an Ry,-module, respectively.

Proposition 4.4.1. Let (R,m) be a local ring, M be a finitely generated R-module, and

j € N. Then x;(M) > x;(M,) for all p € Spec(R).

Proof. Fix j € N and let p € Spec(R). By Lemma 4.1.1,

, _ el (M)y) + (1) e(M,)
x(M) e(Rp)

and

By Corollary 2.1.18, e,(Q2j41(M)y) > e(Q;41(My)).  Thus, x;(M) > x;(M,) for all

p € Spec(R). O

Proposition 4.4.2. Let (R, m) be an F-finite local ring, M be a finitely generated R-module,
and j € N. Then for all p € Spec(R) such that dim(R/p) + dim(R,) = dim(R), we have

Xf(M) > Xf(Mp)'

Proof. Fix j7 > 0 and let p € Spec(R) such that dim(R/p) + dim(R,) = dim(R). By

Proposition 4.4.1, x;(“M) > x,;(“M,). By Corollary 2.2.13, we have

a(Ry) + dim(R,) = o(R) + dim(R/p) + dim(R,) = a(R) + dim(R).
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Therefore,
F _ X, ("M) . X (M) "
X; (M) = ell)rglo Mo B T 2 ell)rglo N o () (by Proposition 4.4.1)
(p°) (p°)
X5 ("My)

= lim

e=vo0 (p©)(s) +im(By) (by assumption)

F
= X; (Mp) L
Now we present results relating to the parity of j.

Proposition 4.4.3. Let (R,m, k) be an F-finite local ring of prime characteristic p. If

Xf(R) < 0 for some odd j € N, then R is equidimensional.

Proof. Suppose that R is not equidimensional. Then there exists p € Min(R) such that
dim(R/p) < dim(R). Fix e,j € N such that j is odd. Consider a minimal free resolution of
‘R over R:

MR RB2(6R) — RBI(BR) — RBO(ER) — (eR _)) 0
We can localize this resolution at p to get
cee RfQ(eR) — Rfl(eR) — RfO(eR) — (R, —) 0.

Since p € Min(R), we have that dim(R,) = 0 and R, is Artinian. Therefore, (g, (2%(°R),) +

(r,(“Ry) < co. The exactness of the free resolution of ‘R, yields

<Z<—1>Z’6R,,<Rfj‘“%>> — (1)L, (Ry) = L, (11(R)y) > 0.

=0

Since g, (Ry ™) = B, i(‘R)lr,(R,), and €, (‘R,) = (p°)+mEP)p (R,), we have,

Cr,(Ry) (x;(°R) — (=1)7 (p°)* T 4m/7)) > 0.
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Since j is odd, we get x;(°R) + (p¢)2+4m(E/P) > 0. Thus,

F o X (R)
X; (R) = jggo (pe)e-tdim(R)

: X(GR) : e\dim —dim : : :
= eli)rgo W + eli}rglo(p )dim(R/p)—dim(R) (since dim R/p < dim R)

(e e\a+dim(R/p)
= lim X](R)+(p).
e300 (pe)a+d1m(R)

> 0. [l

Proposition 4.4.4. Let (R,m) be a F-finite local ring of prime characteristic p. If

Xf(R) = (=1)7 for some even integer j > 0, then |Assh(R)| = 1.

Proof. Let j > 0 be an even integer. Assume, to the contrary, that xJ(R) = (1)’ and
|Assh(R)| > 1. Let Assh(R) = {p1,p2,...,p,} and Ass(R) = {p1, P2, .-, PryPri1,---,Ps} for
some s > r > 2. Let

Or=qiNq2 NN N s NN,

be a prime decomposition of the zero ideal, where each q; is p;-primary for all ¢ = 1,...,s.
Consider the R-linear map h : R — @;_, R/q; defined by = — (z + q1,2 + q2,..., 2 + q,).

This gives rise to the exact sequence

0—>kerh—>R—>@R/qi—>cokerh—>O.

i=1
We note that for all ¢ = 1,...,7 and p € Assh(R), if p = p;, then (q;), = 0, and
if p # p;, then (q;)y = R,. Since h/1: R, — (P._, R/q:), is an isomorphism for all

p € Assh(R), we have (kerh), = 0 = (coker h),. This gives us that dim(kerh) < dim(R)
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and dim(coker h) < dim(R). Therefore,
1= x5 (R) = x} (ker h) + xF (é R/qi> — X} (coker h) (by Proposition 3.5.2)
i=1
= i X5 (R/g:) (by Proposition 3.5.2)
i=1
> SV (R /(@) (by Corollary 4.4.2)
i=1

= Z Xf(sz)
1=1

> (=1)r (by Corollary 4.1.3)

a contradiction. ]

Corollary 4.4.5. If (R, m) is an F-finite unmized local ring and x§ (R) = (=1)’ for some

even integer 7 > 0, then R is a domain.

Proof. By Proposition 4.4.4, we have that |[Ass(R)| = |Assh(R)| = 1. Say Ass(R) = {p}.
Since x!'(R) = (—1)7 and R, is Artinian, we have that R, is regular, and hence, R, is a field.
That is, p, = 0, so there exists s € R\ p such that sp = 0. Since every element in R\ p is a

nonzero divisor, p = 0. Hence, R is a domain. O

Discussion 4.4.6. For an unmixed local ring R, one could approach Conjecture 4.0.2 by
induction on d = dim(R). In the case of d = 0 and d = 1, R is Cohen-Macaulay, so R is
regular by Theorem 4.3.1. If we assume the conjecture holds for some d > 1, then R, is

regular for all p € Spec(R) \ {m}. Moreover, if the m-adic completion of R is unmixed, then
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R is a generalized Cohen-Macaulay ring (that is, (r(HE (R)) < oo for all ¢ < d). Therefore,

it suffices to prove Conjecture 4.0.2 under these assumptions.

Question 4.4.7. Suppose (R, m) is an F-finite local ring of characteristic p. We may assume
that R, is regular for all p € Spec(R) \ {m}. Does there exist a constant ¢ > 0, independent
of e, such that p(Q;41(°R)) < ¢-e.(©2;+1(R)) for all e > 17 If so, then we can follow a
similar argument to that seen in the proof of Theorem 4.3.1 (in that proof, we have ¢ = 1).

That is, we would have §;11(°R) = u(Q41(°R)) < ¢ e.(Qj41(R)). If xJ(R) = (=1), then

e+(2411(°R))

lim,_, —perT = 0, so this gives us
0 < tim Dentlf) e @nlR)
e—00 (pe)O‘er e—00 (pe)aer

Thus, 5;11(}%) = 0, and by Theorem 3.4.5, R is regular.
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