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FAN LINEAR MAPS AND FAN ALGEBRAS

JOHN HULL

ABSTRACT. Fan algebras arise from fan-linear maps, a special class of functions defined on
partitions of the nonnegative integer lattice in the plane. These algebras are natural objects
to study in commutative algebra as they include many classical examples commutative rings.
Additionally, the ubiquity of this structure has only been recently identified, therefore little
is known regarding the properties of these algebras. We begin our study by classifying all
fan-linear maps via the conditions imposed on them by their domains. This classification
includes a general result regarding all semigroup homomorphisms from finitely generated
subsemigroups of the nonnegative integer lattice into the integers. We then go on to show
that the set of all fan-linear maps on any fixed partition is necessarily a finitely-generated
affine semigroup. Finally, this leads to the conclusion that the set of fan algebras corre-
sponding to a fixed partition and a fixed set of ideals forms a finitely generated semigroup.
This is accomplished through the identification of generating maps in the semigroup of all
fan-linear maps with generating algebras and the description of a natural additive operation.

1. INTRODUCTION

Let I1,...,I, be a collection of ideals in a domain R, let f = {fi,..., fn} be a collection
of special functions f;: N> — N called fan-linear maps, and let u and v be indexing variables.
Fan algebras are bi-graded rings of the following form:

B(Xap, f) = GB Ilfl(r’s) e I,{"(T’S)urvs as (r, s) ranges over N?
T8
Fan-algebras first appeared in the work of Sara Malec and we cite here an important
property of these objects.

Theorem 1.1. (/1], Theorem 2.3.3) Fan algebras are finitely generated as R-algebras.

In what follows, we extend Malec’s work by presenting a classification of all fan-linear
maps. The study begins by examining the nonnegative integer lattice in the plane in order
to deduce the general properties that it imposes on fan-linear maps (which have this lattice as
their domain). Subsequently, we use these properties to describe all such maps and derive a
correspondence between the set of all such maps and other semigroups similar to N2. Finally,
we examine fan algebras in this new context.

2. PRELIMINARIES

To begin, we will develop an intuitive grasp of what a fan-linear map is and then discuss
some general elements of semigroup theory necessary for the further study of the objects
before us. The first treatment of fan-linear maps will be concrete - we will avoid, for the
time being, general and abstract definitions. An affine semigroup is most simply described
as a semigroup that can be identified as subsemigroup of Z¢. The affine semigroup N2, where

addition is defined componentwise, is best visualized as the integer coordinate pairs in the
1
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northeastern quadrant of the real plane adjoined with the integer coordinates on the positive
axes:

N2

A fan of cones in N? is somewhat of a partition of N? (although certainly not in the strictest
sense); to construct a fan, we first n-sect the entire quadrant with positively oriented rays
of rational slope meeting at the origin:

a1

Ea,b

Above we see that the entirety of N? is a union of these slices, and this segmenting is
exactly what we mean when we say a fan. We use the notation X,y the details of which
we will explain later, to denote one of these fans. By convention, we order and index each
of the slices in a clockwise manner and the collection of the coordinates that reside within
or on the defining rays of any one of these slices is what we call a cone in N?. Here, we have
a fan of 3 cones which we may label g, )1 and (J». The integer coordinates that fall on
either ray of the two rays (including the axes when necessary) that define any of these cones
Q; comprise a face of that cone. Note that this implies that a non-axis face can be seen as
the intersection of two cones (hence why a fan is not a true partition of N?). For example,
below we show the cone (), alone:

a

Q
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With this picture in mind, we may construct a more formal criterion for cone membership.
In the case above, we see that the integer coordinates in N which lie in @; can be described
entirely by the integer coordinates between (inclusive) the lines of rational slope y = £$ and
Yy = %x. For this to occur at the point (r,s), we must have ‘—; <2< %. Consequently, we
may say that in this case, the faces of Q) are defined by (4,7) and (7,4). Note then that the
faces of Qo are defined by (0,1) and (4,7), while the faces of @, are defined by (1,0) and

(7,4). This leads to the conclusion that we may define cone membership as follows:

Definition 2.1. (Cone Membership Criterion) For any cone @); in an arbitrary fan 3, p,
where the faces of Q; are defined by (p;, ;) and (piy1,¢ir1), the element (r,s) € N? is a
member of @); if and only if fj—i <2< % where we take the convention that § < % for all

(a,b) € N2

2.1. Fan-Linear Maps. A fan-linear map is a function f: N> — N defined with two
specific requirements corresponding to a given fan. The first requirement is that for any
(r1, 81), (r2, $2) in a given cone Q);, we must have that f[(ry, s1)+(ra, s2)] = f(r1, $1)+f(ra, S2).
In this case, we may say that f is additive on Q;, but since Q; is a subsemigroup of N? (clo-
sure under addition is easily verified) and N is a semigroup as well, this is the same as
saying that f is a semigroup homomorphism when restricted to );. The second require-
ment is that for (ry,s1) € Q; and (r,s2) € Q; (where ¢ may or may not be equal to j),
flr1, s1) + (72, 82)] < f(r1,s1) + f(r2,s2). We call this property subadditivity.

Example 2.2. Consider the function max(r,s): N> — N. We may view this function as
fan-linear map on the fan described as N? segmented by the ray y = :

Al

Ea,b

As the convention dictates, we take (g to be the coordinates on or above the line y = x and
@1 to be the coordinates on or below it. When we restrict the max(r, s) function to say @4
and take the convention that max(r,s) = r when r > s, we have that max(r + ', s+ s') =
r+ 1" = max(r,s) + max(r’, s'), so max(r, s) is a semigroup homomorphism when restricted
to (1. It follows similarly that this is the case when max(r, s) is restricted to Q. To verify
subadditivity, assume that (r,s) € Qy and (1’,s') € Q; and (r +r',s + ') € Qp. Then
max(r +7,s+¢) =s+ s < s+ =max(r,s) + max(r',s'). If (r+71,s+ ") € @1, then
max(r + 7, s+ ) =r+r < s+ = max(r,s) + max(r’,s'). Then max(r,s) is a semigroup
homomorphism on each cone and is subadditive on all of N?, hence max(r, s) is a fan-linear
function.

Upon closer examination, we see that we may regard the function max(r, s) as a piecewise
function where each piece is a semigroup homomorphism:
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s if (r,s) € Qo
roif (r,s) € Q1

max(r, s) =

Indeed, for any fan linear map f: N> — N defined on a fan of any number of cones n, we
may write f in such a way. Where g;: ); — N is a semigroup homomorphism fori =1,... n,
we may write f in the following way:

(

gi(r,s) if (r,s) € Qo

o(7, s if (r, s 1
R RPCE R CE R

\ gn(rys) if (r;s) € Qn

These semigroup homomorphisms must meet other requirements, but because they are
the essential building blocks of fan-linear maps and our task is to classify every such map,
the first step is to deduce what form each of the g;: ); — N can take. This is handled in
section 3, but before we move on to that development, it is essential that we gather some
tools to examine the concerned semigroups more rigorously.

2.2. Cone Semigroup Properties. Much of the theory of affine semigroups that applies
to cones as we know them from our previous discussion is stated in terms of the properties
in linear systems of equations in R2. For this reason, we will reconcile our understanding of
a cone in N? with this other view. We illustrate the concept with an example.

Example 2.3. Consider the following set:

4 7
A:{(m,y)eRQ]y—;zZO}ﬂ{(m,y)GI@|y—1x§0}

This is exactly the set of real coordinates above and below (inclusive) the lines y = %a:
and y = ;Za: respectively in the first quadrant of R2.

A

Now consider the integer coordinates that lie within and on the boundaries of A.



FAN LINEAR MAPS AND FAN ALGEBRAS 5

......

A

It is clear then that the cone (); that we previously examined can be viewed as the set
ANN2. Considering this construction of (); has some advantages that we will exploit in the
classification of all fan-linear maps. In order to facilitate our handling of affine semigroups
that are not necessarily contained within N2, we will present all of the following semigroup
theory in full generality. First, we give some important definitions.

Definition 2.4. For fixed zi,...,z5,b € R, a hyperplane in RF is a set
A = {(al, cooap) ERF | ayry + -+ gy = b}. A half-space  determined by
A, denoted A°, is the set {(al, coap) ERY | ayry + -+ apxy > b} or the set
{(al,...,ak) ERY | a4+ -+ + apayp < b}.

Definition 2.5. A polyhedral cone C' in R? is the intersection of finitely many closed half-
spaces in R?, each of whose determining hyperplanes contains the origin. A hyperplane
H C R? containing the origin is called a supporting hyperplane if H N C # {0} and C is a
subset of a closed half-space determined by H. In this case, H N C'is called a face of C.

Note that the sets {(z,y) € R? | y — 2z >0} and {(z,y) € R? | y — Lz < 0} form half
spaces, and the supporting hyperplane of each is y — %x =0 and y — ;Zx = 0 respectively.
By the above definitions, the set A in example 2.3 is a polyhedral cone in R2.

Theorem 2.6. (/3/, Corollary 7.1a) (Farkas-Minkowski-Weyl Theorem) A cone C' is poly-
hedral if and only if it is finitely generated, i.e. C = {\c; + -+ + M|\ € Ryo} for
c1,...,cr € RY.

For the set A in example 2.3, we may choose the integer pairs (4,7) and (7,4) as generators
sothat A = {A\(4,7) + X2(7,4) | A1, A2 € R>o}. We may then further classify the polyhedral
cone A.




6 J. HULL

Definition 2.7. A polyhedral cone C' = {\jc; + -+ + A\, |\i € R} is said to be rational
if we may choose all ¢y,...,¢c, € Q¢ C R% We say that C' is trivial when all ¢; = 0 and that
C is nontrivial otherwise. We say that C is a ray if C' = {\c | A € Rx} for some ¢ € R?
and we say C'is a line if C'= {\jc+ Xa(—c) | \; € Ry}

We may then say that A is a rational cone since both (4,7) and (7,4) are elements of
Z? C Q% 1t is already clear that (), is an affine semigroup, but the following theorem gives
us the ability to readily identify affine semigroups embeddable in Z? where d > 2.

Theorem 2.8. (/2], Proposition 7.16) (Gordan’s Lemma) If C' C R is a rational cone and
A is any subgroup of Z2, then C' N A is an affine semigroup.

We say that a commutative semigroup with identity @ is finitely generated if @) is trivial
or there exists ¢,...,q € @ such that Q@ = {niq1 + -+ ngqr | n; € N}. Finding such
generators greatly simplifies the study of such semigroups, especially if there exists a unique
minimal set of such generators. The next theorem implies that most of the semigroups
encountered in this study have this property.

Theorem 2.9. (/2], Proposition 7.15) A semigroup C' is said to be pointed if it contains
the identity and the identity is the only invertible element in C, i.e. C'N(—C) = {0}. Any
pointed affine semigroup C' has a unique finite minimal generating set.

Consider Q; = ANN? from before. We see that as (0,0) € Q1 and that Q; N (—=Q;) =
{(0,0)} (where —@Q; denotes the reflection of @)1 about the origin). This shows that Q) is a
pointed affine semigroup and in fact, this is true for any cone in N? [as N?N(—N?) = {(0,0)}].
We may then extract a unique minimal generating set for ); which we highlight below:

-

Q

For any finitely generated subsemigroup of N2, we call its minimal generating set a Hilbert
basis. There is a symmetry in the Hilbert basis for ; = AN N2, and it is of a manageable
size, however, in general this is not to be expected. Depending on the slope of the bounding
hyperplanes defining a cone in N2, finding a unique minimal generating set can be very
cumbersome, and once it is found, it is even more difficult to verify that it is indeed the unique
minimal generating set. We have chosen to rely on the Normaliz package executable in
Macaulay?2 to extract minimal generating sets of pointed affine semigroups when necessary;
this tool saves a great deal of time.

In familiar territory, finite generation can be a simplifying property of extreme value.
As an example, if B is a linearly independent generating set for a free module F', every
R-module homomorphism ¢: F' — M is completely determined the images of the basis
elements ¢(b). The converse of this is also true; that is, every map b — m € M defined for
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all b € B determines a unique R-module homomorphism A: R* — M. This property of free
R-modules not only makes their study more accessible; since every R-module is the quotient
of a free R-module, this property can be leveraged in the study of R-modules that are not
necessarily free.

In the unfamiliar territory of cones  C N2, it is true that every semigroup homomorphism
defined on @) can be completely determined by the images of the basis elements; however,
the converse property that every set map on the unique minimal set of generators induces
a semigroup homomorphism is not true in general (and specifically not true in the case of
homomorphisms ¢g: @ — N for nontrivial cones @ in N?). In the following section, however,
we prove a theorem that gives us the ability to classify all fan-linear maps with relative ease.

3. HoMoMORPHISMS OF CONES IN N?

Consider a semigroup homomorphism g : Q — N where @ is a cone in N? and assume
that {b1,...,bx} is the Hilbert basis for . We know that the image of ¢ is determined
by the images of the generators for @); that is, if ¢ € @, ¢ = nyby + -+ + nibg, then
g(q) = n1g(br) + - - + ngg(br) € N. The issue arises in that the minimal generating set for
() will rarely be linearly independent. There may be several ways to represent ¢ in terms of
the b;, and even if there were a dependable way to choose such a representation, it would do
little to simplify the piecewise form of fan-linear maps:

(

gl(r7 5) if (7”, S) € QO

o(7, s if (r, s 1
R GO IUDE:

\ gn(r,s) if (r,s) € Q,

If we chose to study a fan-linear map by its mapping of the generators for the cones
on which it is defined, we would immediately encounter problems. First and foremost, it
is unlikely that the cones of a given fan would even have the same number of generators
between them, so studying the interactive properties of the map between each cone could
be exceedingly difficult. Secondly, we do not have a universal mapping property that allows
us to define arbitrary maps in terms of the generators and the ability to do so is essential
to the study and utility of fan algebras. It would therefore be most beneficial to escape the
classification of cone homomorphisms in terms of Hilbert bases and somehow state g(r, s) in
terms of r and s. This problem is what motivates the main result of this section, over which
we will show that any cone homomorphism g : @) — N must have the form g(r, s) = ar+bs for
some a, b € 7Z and that this a and b are determined by only the images of certain generators.
This will allow us to classify all fan-linear maps accordingly for any number of cones.

One might conclude that showing ¢(r,s) = ar + bs for some a,b € Z would not be so
difficult. It is well known that every semigroup is contained in a minimal group. It would be
enough then to show that for any cone @ C N2, the minimal group containing @ is in fact
Z2. This would imply that Z? has the property that all semigroup homomorphisms defined
Q) — Z factor through a unique group homomorphism Z? — Z, which immediately gives
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us that g(r,s) = ar + bs for some a,b € Z. But then a problem arises in that we must, in
the context of our problem, describe all semigroup homomorphisms ) — N. This requires
us to examine how the particular map acts on the generators of () in order to assure that
when we restrict to (), the image lies entirely within N. The ability to do so is lost in the
generality of the above consideration. For this reason, we require a stronger criteria which
we will provide in Theorem 3.6.

To begin, we will formalize some rather intuitive results in the interest of rigor. The
following proposition shows that in any interesting case of a polyhedral cone in R?, ie. a
nontrivial cone that is not a ray and covers less than two quadrants, we may choose exactly
two generators for the cone. Additionally, we show that these two generators must generate
the entire vector space when taken as elements of R?.

Proposition 3.1. Let C C R? be a nontrivial polyhedral cone. If C' is neither a half-space,
a line, nor a ray, then C has exactly two supporting hyperplanes and is generated by two
elements, i.e. C' = {\ic; + Aaca|\; € Rsg} for some c1,¢o € R?. Furthermore, ¢; and co
generate the vector space R? lie on the two distinct faces of C.

Proof. Since C' is the intersection of a finite number of half-spaces in R?, assume that C is
a subset of the first and fourth quadrants of R? (otherwise we could perform a rotation of
axes and make it so). Note that if H is a nontrivial hyperplane in R? that passes through
the origin, then H = {(z,y) € R?* | - A\ +y - Ay =0, \; € R} so that at least one of A\j, Ay
is nonzero. Then either H = {(0,y) e R? | y e R} or H = {(z,y) € R? | y = Az, A € R}.
It also follows that if H® is a half-space determined by H and H = {(0,y) € R? | y € R},
then either H° = {(z,y) e R? |y € R and z < 0} or H® = {(z,y) € R* | y € R and z > 0}.
If H={(z,y) € R? | y= Az, A\ € R}, then either H® = {(x,y) € R* | y > Az} or H® =
{(z,y) eR? | y < Az}

Let Hy, Hy, and Hj be distinct, nontrivial hyperplanes in R? and assume that H;NC' # {0}
for all © = 1,2, 3. Further assume without loss of generality that H; and H, are supporting
hyperplanes for C'. We claim that Hj is not a supporting hyperplane of C.

Since C' is not a half-space, C' is the intersection of more than one half-space. Let Hy
and HS be the half-spaces containing C' determined by H; and H respectively. Then C' C
H? N HS. Assume that Hy = {(z,y) € R? | y = Mz}, Hy = {(x,y) € R? | y = Aoz}, and
H; = {(z,y) € R? | y = \3z}. Without loss of generality, further assume that A\; < Ay and
that HY = {(z,y) € R* | y > Mz} and Hy = {(z,y) € R? | y < Moz} so that HY N HS =
{(z,y) € R? | \jx <y < Az with z > 0} (z > 0 by the assumption that C is a subset of
the eastern quadrants). If A3 < A\; or Ay < A3, then H3NC C HyN HY N Hy = {0}, false by
H3;NC #{0}. Then A\; < A3 < A\y. Assume that Hj is a supporting hyperplane for C. Let
HY be the half-space determined by Hj3 containing C'. Then (1) HS = {(z,y) € R | y > A3z}
or (2) HY = {(z,y) e R |y < Asz}. If (1), then C C Hy N HS N Hy = Hy N HY, hence
H, N C = {0}, false. Similarly, if (2), then H, N C = {0}, false again. Conclude that if H;
and Hs are supporting hyperplanes, Hs3 is not. The proof follows similarly in the case that
some H; = {(0,y) € R? | y € R}, hence C has at most two supporting hyperplanes.

It is clear that if C' has exactly one distinct supporting hyperplane, then C'is a half-space
or a line. If C' has two supporting hyperplanes and C'is the intersection of three or more half-
spaces, C' must be trivial or a ray. Then if C' is nontrivial and is not a half-space, a line, or
a ray, C' has exactly two supporting hyperplanes and C' is the intersection of two half-spaces
determined by those hyperplanes. By choice of axes (avoiding a hyperplane that intersects
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the vertical axis), we may set H; = {(z,y) € R? | y = \jz}, Hy = {(z,y) € R? | y = Moz} to
be hyperplanes for C' so that C = HiNHs = {(z,y) € R | Mz <y < Aoz with 2 > 0}. Then
C={(z,y) e R? | (x,y) = c1(1, \1) + ca(1, X2), ¢; € Rsg}, which shows that C' is generated
by exactly two elements of R2.

If (1,A\) = a(l,Ag) for a € R, then we have two cases. If a > 0, C =
{(z,y) € R* | (z,y) = c(1,\2), ¢ € Rsg}, false by the hypothesis that C' is not a ray. If
a < 0, then C = {(z,y) € R? | (z,y) = c1(1, A2) + c2(—1, =N2), ¢; € R}, which is im-
possible as C is not a line. It follows then that if ¢1(1,1) + c2(1,\2) = (0,0) for
c1,00 € R, ¢; = ¢ = 0, ie. (1,A1) and (1,)\y) are linearly dependent. Consequently,
C = {(z,y) €R?| (2,9) = c1(1, A1) + c2(1, X2), ¢; € R} = R2, hence C is maximal. It is
also immediate that Hy NC = {c- (1, A1) | c€ R} and Hy,NC = {c- (1, \2) | ¢ € R} so that
(1, A1) and (1, A2) lie on the distinct faces of C'. This completes the proof. O

The following definition and proposition refine the idea of a polyhedral cone and its rela-
tionship to cones in N? to the vector space Q2. We make this refinement as in all practicality,
a cone in N? is much “closer” to Q2 than it is to R?, just as any field containing Z must also
contain Q.

Definition 3.2. Let v; = (r1,51) and vy = (73, S2) be elements in N? so that v; and v, are
linearly independent in Q2. Define Q,, ., to be the set N* N {q1v1 + q2v2 | ¢; € Q>0} so that
Quyvs = {(r,5) EN? | (r,8) = q1v1 + qavs for some ¢, g2 € Q>o}. Furthermore, if r; and s;
are relatively prime for ¢ = 1,2, we call vy, vy the edges of Qy, v,-

Proposition 3.3. Let C' = {\jc; + \aca|\; € Roo} be a rational cone entirely within the
first quadrant of R? so that ¢; and co are linearly independent in R%2. Let Q = C N N? be a
cone in N? and assume that vy, vy € Q lie on the faces of C. Then Q = Qyy 1, -

Proof. Since C is in the first quadrant of R?, C is not a half-space or a line, and since c;
and c, are linearly independent in R?, C' is not a ray. Let H;, Hy be the distinct supporting
hyperplanes of C' so that vy € Hi N C and vy € Hy N C. Then v; = Ajc; and vy = Asco
for some A, A2 € Rso. As R is a field, we may write C' = {A\jv; + Awve | A; € Ry}, As
Q=CNN?and Q,, ., = {(r,s) € N* | (r,5) = q1v1 + gy for some q1, ga € Qs0}, it is clear
that Q,,., C CNN2=Q.

For the reverse containment, we claim that for (r,s) € @ = C N N2, (r,8) = qv1 + @209
for ¢1,q2 € Q. Since (r,s) € C, (r,5) = \Mv1 + Agvg for A\, A2 € Ry, If v3 = (1, 51) and
vy = (rg, S8), then r = A7y + Aory and s = A1s; + Aase. This is a system two of linear
equations in two unknowns, A\; and X,. As vy, vy are linearly independent in R?, they are
linearly independent in Q? which implies that there exists a unique solution A\ = ¢; € Q
and Ay = ¢o € Q. As Q C R, this solution is also unique in R, so we may take q1,qs > 0.
This proves the claim. It follows then that Q@ C N*N{qv; + gav2 | ¢ € Q>0} = Quy 4y, hence

Q - Q'Ul,vg' |:|

In the interest of generalizing the main theorem of the section, we now show that every
finitely generated subsemigroup S of N? is contained in some cone Q C N2. This is fairly
easy to see; given any set of generators, we may draw two supporting hyperplanes that pass
through the origin and generating coordinates in N? with the greatest possible interior angle
(which is equivalent to choosing two generators (r, s) with the greatest and least ratios ). A
cone can then be constructed to contain all of the elements of S. We provide an illustration
below where S = ((4,7), (4,5), (6,5), (5,3)) C N2
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S C Q)53

Definition 3.4. Let S be a finitely generated subsemigroup of N2. The cone generated by
S (denoted (S)) is the cone @ in N? such that for any cone N C N? containing S, Q C N.

Proposition 3.5. For any finitely generated nonzero subsemigroup S of N?, either (S) is a
ray or (S) = Qn, n, where hy = (r1,51) and hy = (12, s2) are generators for S and for any

/A S1 s 52
generator (r',s') for S, 2L < & < 22,

Proof. Let H = {hy,...,h,} be a generating set for S. If S is generated by one element h,
then take Q = C' N N? where C = {ch | c € R}. Then S is a subsemigroup of the cone @ in
N2, and this ray @Q is clearly contained in any cone containing S.

Assume that 2 bounds the number of possible generators in H below and renumber the h;
so that for hy = (rq1,$1) and hy = (rg, $2), 2 < ‘:—: < 2 for all by, = (rk,sk) € H. We claim
that S is a subsemigroup of Qp, ,. Consider C' = {ci1hy + c2hs | ¢; € R5o}. Since n > 2,
% < i—z which implies that r1ss — r9s1 > 0, so for any hy € H we have that:

SaT — T2Sk 1Sk — S1Tk

189 — 251 s e1) + (?"182 — 1381 )(rz; 52)

Note that both coordinates are positive by the previous conditions on (7, sx), hence S
is a subsemigroup of @ = C NN? = Qy, ,, as claimed. Now suppose N = C' N N? is
another cone in N? containing S. Then h;, hy € N which implies that ki, ho € C" and hence
c1hy + cohe € C' for all ¢, co € R>g, so it follows that @@ C N. Uniqueness follows easily; if

Q@ and @' have the property above, then Q C Q' and Q" C @, hence Q' = Q). O

(T, 8%) =

We now present the main theorem of the section, which implies that we may use the
properties of linear transformations Q? — Q to examine homomorphisms of finitely generated
subsemigroups of N2,

Theorem 3.6. Let S be a finitely generated subsemigroup of N*> and ¢ : S — Z a homo-
morphism of semigroups. There exists a linear transformation T® : Q*> — Q such that the
restriction of T% to S gives p. If S is generated by at least two elements, then this linear
transformation is unique.

Proof. Let H = {hq,...,h,} be a set of generators for S. If S is generated by one nonzero
element h, € H, choose some element hy € Q? so that h; and hy are linearly independent over
Q, and hence {hq, hy} is a vector space basis for Q2. Define T%: Q? — Q by q1h; + gohs —
q1p(hy). Tt is immediate that 7% is a linear transformation and that T“g =@. It S =0, then
define T¥ as the zero map, which has the desired properties as p(0) 4+ ¢(0) = ¢(0+0) = ¢(0)
must be 0 in Z.
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Now suppose that the number of generators in H is bounded below by 2 and choose
v1,v9 € H so that Q = Q,,.,, = (S) is the cone in N? generated by S. For each generator
h; € H such that h; # vy and h; # vs, let p(h;) = E; € Z and let p(v;) =V} € Z and
p(vy) = Vo € Z. Note that since S is generated by at least two elements, v; and vy are
linearly independent vectors in Q?, so {vy,vs} is a vector space basis for Q2.

Since S C @, for any h; € H, there exists ¢1,q2; € Qx¢ such that h; = ¢ 01 + q2,09.
It follows that we may choose some positive integer w that clears the denominators of gy ;
and ¢, ; so that w - h; = w - q1,v1 +w - ¢, is another element in S that is both a linear
combination of h; and also a linear combination of v; and v, with positive-integer coefficients
(i.e. a non-uniquely represented element in S).

As ¢ is a semigroup homomorphism on S, for every n € N and a € S, ¢(n - «a) =
éo(a) + -+ 9(a) = n-p(a). By the implicit hypothesis that ¢ is well-defined, we must

J

Vv
n times

have that:
p(w - hy) = p(w- Q1,iU1) + p(w - Qn,ﬂ&)
w - p(hi) = wqi; - (v1) + W - ©(v2)
w-F =wq ;- Vi +wn - Vo

As w € Z*, we may divide through and obtain the identity:
hi=qi-vi+aqni - v2=E=q; Vi+q Vs

Note that this identity holds for each h;, i = 1,...,n, and consider a € ( so that
a =" dh;for d; € N. Then:

a = dihy+---+dyh,
= di(q1-vi+qo1-v2)+ -+ do(qin-vi+ Gon-v2)
= (digig+-+dugip)vr + (digen + -+ + dngon)ve
= (1,0V1 + @2,qV2 for some i, g2,0 € Q>o.

Accordingly, we have that:

= di(g1-Vi+qi-Vo)+- - +digin-Vi+qan-V2)
= (i1 + - +dnqi)Vi + (digan + - - + dngon)Vo
= Q1,oz‘/1 + q2,a‘/2

This shows that if & = ¢1 401 + 2,002, then p(a) = ¢1,,Vi + @24V for all @ € S. Note here
that g1, ¢an € Qo are also the unique coordinates of a in Q* with respect to the basis
{v1,v2}. We now extend the map ¢ to all of Q2. Define the map 7% : Q* — Q by the rule
T = 11 + Uy — 1 Vh + ¢, V, allowing the ¢; € Q to be negative and thereby providing
coordinates for all of Q2. Then for all z,y € Q?, = byv; + byvy and y = c1v1 + cov9, and
for all scalars ¢,s € Q:
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T?(qr + sy) = T%(gbivy + qbovs + sc1vy + SCav9)
= T?[(gb1 + sc1)v1 + (gba + sc2)v9]
= (gby + sc1)Vi + (gby + sc2) Vs
= q(01Vi +baV2) + s(aVi + V)
= q[T%(2)] + s[T*(y)]

This shows that 7% is a linear transformation from Q? to Q. Since o € S implies that if
a = q1,4U1 + @202 then (a) = ¢14V1 + ¢2,4V2, we clearly have that ng = . Uniqueness
follows in that 7% is determined by the images of the basis vectors v; and vy. This completes
the proof. O

The above theorem is important mainly due to the the following two corollaries.

Corollary 3.7. If S is a finitely generated subsemigroup of N?> and p: S — Z is a semigroup
homomorphism, then for all (r,s) € S, o(r,s) = i + qas for some q1,q2 € Q.

Proof. Since T¥: Q> — Q is a linear transformation, there exists a unique 1 x 2 matrix
Are = [q1 q2) with entries in Q so that T%[(r, s)T] = Aze-(r,s)T = qir+qqs for all (r, s)T € Q2.
In particular, T%[(r, s)T] = ¢(r, s) = qir + qas for all (r,s)T such that (r,s) € S. O

The next corollary to Theorem 3.6 shows that when S is a cone in N?, the above can be
stated in even stronger terms.

Corollary 3.8. Let C be a rational cone in the first quadrant of R? so that C' is not a ray.
IfQ=CNN? and f: Q — Z is a homomorphism of semigroups, then f(r,s) = ar + bs for
a,beZ.

Proof. Note that by Theorem 2.9, () is finitely generated. By Corollary 3.7, we may write
f(r,s) = ar+bs for a,b € Q. We claim that there exists some (r,s) € @ such that (r,s+ 1)
and (r + 1, s) are also in ). Choose v; = (z,y), v, = (2/,y') € @Q so that these elements
lie on the two distinct faces of C' and @) = @y, ,. Suppose also, without loss of generality,

that % <Z Lete=1%-— % > 0 and note that the sequence {n -}, diverges. Each
term n - € in the sequence is simply the measure of distance between the rational numbers
n- % and n - 2. As {n-e};2, diverges, the distance between these rational multiples can be
made arbitrarily large so that we may find, for a sufficiently large r € N, some s € N so that
TZ—: < (r+1)z—: <s<s+1l<rf<(r+1)Z Then g—: <H << sl < ¥ which implies
that (r,s +1),(r,s) and (r + 1, s) are all elements in Q.

Now suppose that a = % and b = 7;’—; with each pair p;, ¢; relatively prime. As f(r,s) =

Z—ir + 2’—;3 = % € 7Z, we must have that ¢;¢o divides p1gor + paqi s for every (r,s) € Q.
By the claim above, choose (r*, s*) € @ so that (r*+1,s*) and (r*, s* + 1) are also elements
in Q. We must first have that pyger* + paqis* is divisible by ¢1g2. Then p1gor*™ + pogis™ =
0(mod qi1q2). But then, by (r* 4+ 1,s5*) € @, we must have that pjga = 0(mod ¢q2) or

equivalently p; = 0(mod ¢;). As we took p; and ¢; to be relatively prime, it must be true
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that ¢y = 1. Similarly, considering (r*, s* + 1) € @ forces ¢go = 1, so that for f(r,s) = ar +bs
we may take a,b € Z. O

We may now collect our observations in a theorem which validates the claim made at the
beginning of this section. This gives us a means to both classify assumed maps and define
arbitrary maps, which was our goal.

Theorem 3.9. Let () be a cone in a fan Xap. A mapping g: Q — 7Z is a semigroup
homomorphism if and only if g(r,s) = ar + bs for some a,b € 7.

Proof. The forward implication is simply a collection of the previous results. For the converse,
it is easily verified that g defined as such is a semigroup homomorphism. 0

Remark 3.10. Note that the above theorem does not force a and b to be nonnegative
integers when we require that f is nonnegative (i.e. f: Q — N C Z). The map f(r,s) =
2r+(—1)s is an example of a homomorphism on the cone Q = Q1,2),1,0)- Since 2r > s for all
(r,s) € @, this function still maps from @ to N. In general, it is not always possible to state
a homomorphism ¢: S — Z as ¢(r,s) = ar + bs for a,b € Z. As a counter example, take
{(2,0),(4,0),(6,0)...} = {(2,0)) € Q@ = C NN? where C = {¢(0,2) | ¢c € Rso}. We may
map (2,0) — 1 € Z which would determine all of ¢, however there are no integers a,b € Z
such that a2 + 00 = 1.

Since by Theorem 3.6, any semigroup homomorphism f: () — Z is determined by the
image of the edges vy, v, when @ = @, 4, it is tempting to think that one might be able to
define arbitrary maps ) — Z. The next proposition shows that this is false.

Proposition 3.11. (Counterexample to Arbitrary Maps S — Z) Let S be a finitely
generated affine semigroup such that S C C N N? where C C R? is a positive rational cone.

It is not always possible to define arbitrary maps S — Z by the images of the generators of
S.

Proof. Consider the cone Q4,3),(2,5 in N* and consider a map (4, 3) = 2 and ¢(2,5) = 1. We
claim that either ¢ is not a semigroup homomorphism or ¢ does not send @ to Z. Assume
the contrary and let c1, ¢y be the integers such that ¢(r,s) = c1r + cgs for all (r,s) € Q as
guaranteed by Corollary 3.8. Then we have the following matrix equation:

[35]-[a]=[1]

Solving by the inverse of the matrix [(4,3)7, (2,5)7], we have:

al=l =1

Here we see that neither ¢; nor ¢, is an integer, a contradiction, and hence there is no
semigroup homomorphism () — Z such that ¢(4,3) = 2 and ¢(2,5) = 1. O

We close this section with the remark that Theorem 3.6 may be extended to N¢ for any d
under certain circumstance. Let C' C R? be a rational cone and consider the resulting affine
semigroup @ = C NNY. If ) has a Hilbert basis such that it contains a subset of generators
that generate the entire rational cone C' (in the proper context) and these generators are a
linearly independent set of generators for RY, then any homomorphism ¢ : Q — N will be
a restriction of some linear transformation Q¢ — Q. The proof of this fact follows exactly
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as in Theorem 3.6. In the case of cones in a fan X, 1, it happens that the above hypothesis
is always satisfied. This is why Theorem 3.6 has a universal utility in the classification of
fan-linear maps.

4. A COMPLETE CLASSIFICATION OF FAN LINEAR MAPS

We now move on to the main task of this study, the classification of all functions from
which fan-algebras arise. First, we give formal definitions to some objects with which we
have already dealt intuitively.

Definition 4.1. For a finite indexing set I, a fan is a collection ¥ C P(R?) of cones {C;}ier
so that the following conditions are satisfied:

(1) No C; is a ray.

(2) The faces of each C; are also in ¥.

(3) The intersection of any pair of cones, when the intersection is not {0}, is a shared
face of the two cones.

Definition 4.2. Let ¥ = {C;}; C P(R?) be a fan such that |J;_, C; gives exactly the first
quadrant of R? and each Cj is rational. Let a = {po,...,pns1} and b = {qo,...,qns1} sO
that each (p;,q;) and (pis1,qir1) define the faces of Cj, each p; and ¢; are relatively prime,
and Zi—j: < Z—i for i = 0,...,n. Define a fan in N? of n + 1 cones to be the collection
Yab = {Qi}l, where each Q; = C; N N? is a cone in N?, noting that |J_,Q; = N?. For
Qi € Lap, Qi NQiy1 is a face of a1, and we say that each (p;, ¢;) and (pit1,git1) define a
face of Q;.

Herein, we will be discussing only fans in N?, therefore when we say a fan of n + 1 cones,
we mean fan in N? of n + 1 cones. Then next few definitions and propositions give a formal
definition of fan-linear maps and show that for any fixed fan ¥, , the set of all fan-linear
maps on Y, p is itself a semigroup.

Definition 4.3. Let f be a function so that addition is an associative binary operation
defined on both the domain and range of f. Further assume that Range( f) is totally ordered.
We say that f is subadditive if f(x +y) < f(z)+ f(y) for all z,y € Domain(f).

Definition 4.4. Let ¥, be a fan of n + 1 cones. A fan-linear map on X,p is a map
f : N> — N such that for cones Qo, Q1,...,Qn € Yap, f is a semigroup homomorphism
when restricted to each Q; and f is subadditive on N* = [J_, Q..

As a result of the discussion in the previous section, we may write any fan-linear maps in
a much simplified form.
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Proposition 4.5. Let f : N> = N be a fan linear map on a1 = {Qo, Q1,...,Qn}. Then f
can be written as a piecewise function:
agr +bos  if (r,8) € Qg
air +bis  if (r,8) € Q1
f(T', S) = 9

ap,r +bps  if (r,s) € Qy

\

where each a;,b; € 7.

Proof. This follows immediately from Corollary 3.8 and the definition requiring that f is a
semigroup homomorphism when restricted to each cone @);. U

Proposition 4.6. If f and g are subadditive on N?, then f + g is subadditive on N?.

Proof. If f and g are subadditive on N? then for all x,y € N2, (f +g)(x +y) = f(z +y) +
9@ +y) < f@)+ fly) +9(x) +9(y) = (f +9)(@) + (f + 9) (). 0

Definition 4.7. Let F (X, ) denote the collection of all fan linear maps on a fixed fan 3, p.

Proposition 4.8. The collection F (Lap) is a commutative, additive semigroup with identity
under the operation of function addition.

Proof. Let Yap = {Q0,Q1,...,Qn}t. If f.g € Fan(Xay), then for each z,y € Q;, (f +
9z +y) = flat+y) +gl@+y) = f(@)+ fly) +9(x) + 9(y) = (f + 9)(x) + (f + 9)(¥).
By Proposition 4.6, f + g is subadditive on N? and as function addition is associative,
(F(Zap),+) is a semigroup. Since the zero function 0 : N* — N is linear on each Q;
and subadditive on N2, 0 € F (X,3), and as addition commutes in (N, +), (F (Zap),+) is
commutative. O

The following map is essential to the classification of all fan-linear maps and will give us
the ability late to deduce that the set F (X,p) of all fan-linear maps is indeed an affine
semigroup.

Definition 4.9. Let p and ¢ be relatively prime positive integers. Define f,, : N> = N so
that:

0 if

S |»

foaq(rys) =

"B WK

>
qgr—ps if 2 <

3 |»

We call f,, the determining map of (p,q) and note here that as qr > ps for all (r,s) € N?
such that & < 4, f, , is nonnegative on N2,

Proposition 4.10. For any relatively prime pair (p,q) € N?, the determining map f,, is
subadditive on N2,
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Proof. Choose (r,s) and (r/,s') in N* so that £ > 4 and j—i < I If iiii > 1, t/hen fpq(r+
rs4 ) =0 < gt s) = 04 frg(tr'.8) = frg(r.s) + foglr',s)). If 22 < 9 then
foqr +1',s+5") = q(r +71") —p(s +5) = qr + ¢’ — ps — ps’. Since 7 > L, it follows
that ps > ¢r and qr + qr' — ps — ps’ — (g’ — ps’) = qr — ps < 0 which implies that
Jpa(r+1",5+5) <0+ f,,(",8") = fpq(r,s) + frq(r',s'). It follows that f,, is subadditive
on N2, U

Example 4.11. Recall the fan given in example 2.2 which has faces determined by the
coordinates (0,1),(1,1),(1,0).

Al

2a,b

Consider the max(r, s) function from example which we wrote in piecewise form.

s if (r,s) € Qo
rif (r,s) € Q1

max(r, s) =

The determining map gives us the ability to rewrite this function as the sum of a semigroup
homomorphism mapping ()9 — Z and f;;. The determining map f;; is given by:

0 iff >1
fin =

r— 5§ if§<1

Consider the function f(r,s) = s+ f11(r,s). If (r,s) € Qq, then f(r,s) =s+r—s=r. If
(r,s) € Qo, then f(r,s) = s+ 0 = s. This gives us that f(r, s) = max(r,s). In this manner,
we may use the determining maps of coordinates defining the faces X, 1, of to give necessary
and sufficient conditions on all fan-linear maps defined on any fan X, .

Theorem 4.12. Fiz a fan Yap of n+ 1 cones. Assume that for Yap = {Qo, Q1,...,Qn},
the faces of Yap are defined by {(p;,q;) € N2} A function f on Say is fan linear if and
only if:

f(rys) =aor +bos + ki - fp.00(1,8) + - 4+ kn - fpn.gn(7,5)
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With the following conditions:

(1) ki >0 fori=1,...,n

(2) fla) >0 for all « € {(pi, @) € N}

Proof. Let f be a map that is fan linear on X, . Then by Proposition 4.5 we may write f:

(

aor +bos  if (r,s) € Qo

s = ar +bis  if (r,s) € Q1

anr +bys if (r,s) € Qn

\

For some i € {1,...,n}, choose two cones @);_1 and @); so that these cones share the face
(pi, gi)- By the assumption that X, , is well defined, we must have a;,_1p; +b;,_1¢; = a;p; +b;q;
which implies that (a;_1 — a;)p; = (b — bi_1)q;- As p; and ¢; are relatively prime, we must
have that a;_; — a; = dq and b; — b;_1 = dp so that a; = a,_1 — dg; and b; = b;_1 + dp; for
some d € Z. Then we may rewrite f:

)
aor + bos if (r,8) € Qo

ai—17 + bi1s if (r;s) € Qi

flr,s) =
(Cbl;l — dql)r + (bifl + dpl)s Zf (7“, S) € Ql

a,r + b,s if (r,s) € Q,

Define a connected subfan of ¥ap to be the sequential union @; U Q1 U --- U @y for
J <k jke{01,....,n}. Let fo, , o, denote the restriction of f to the connected subfan
Qi—1 U Q. It is clear that fo, ,0,(r,s) = ai—17 + bi—15 + (—=d) fp, 4 (1, s) where f,, ., is the
determining map of (p;, ¢;).
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Now choose some (7, s) € Q;_1 and (1, s") € @; so that the sum (r + 7', s + s') lies in Q);.
Then f(r+1r',s+s") < f(r,s)+ f(r' + s') implies that:

fr+rs+s) < flrs)+ f(r'+5)
a1 (r+1") + b1 (s + 8) + (=d) fpoq(r +7",5+5") < aia(r 1) +bici(s + )+ (=d) g + (=5) fpa(r'8)
—d- fpg(r+rs+8) < —d-fpq(, )
—dlgi(r +1") —pi(s + )] < —d(gr’ — pis’)
—d(qir —pis) < 0
—dg;r < —dp;s

Since (r,s) € Q;_1 C N? r and s must satisfy the inequality ¢;r < p;s. It follows then that
for —dg;r < —dp;s to hold, we must have —d > 0 which implies that d < 0. Let k; = —d >0
so that we may now write fo, , 0,(r,s) = ai_17 + bi—is + ki - fp, 4, (7, s) for a;_1,b,1 € Z,
k; € N.

It follows then that if a1 = ag+ qul + e+ kiflqifl and bi,1 = b(_) — klpl — kiflpifl,

=0
Tora(rs8) + -+ kica - foi 1011, 8) + ki - fp.q(r,s). Consequently, we see that for all
(r,s) € N2, f(r,s) = aor 4+ bos + k1 fpr.0(1,8) + -+ 4+ kn - fpoqu(r,8) for ke,... .k, € N.
Note that this implies condition (1). Since f is fan linear and this implies that f(Q;) C N
for each i = 0,1,...,n, condition (2) follows immediately.

For the converse, assume that f is a map satisfying the given condition that f(r,s) =
aor +bos+ k1 forq (1, 8)+-+kn [y, 4. (1, s) for all (r,s) € N2, Assume further that k; > 0
foralli =1,...,n and f(a) > 0 for all & € {(0,1) = (po,q0), (P1,01),---, Pn, ), (1,0) =
(Prst1s Gni1) }- In order to show that f is fan linear, we must show that f is a semigroup ho-
momorphism that maps into N when restricted to each cone (); and also that f is subadditive
on all of N2

Let (r,s) € Q; for any i € {0,1,...,n}. As f, , vanishes when > > Z—j, we see that
f(rys) =aor +bos+ ki forq(r,s)+ -+ ki fp0(rs) = (a+ kg + -+ kig))r + (bo —
kipi—---—kip;)s for all (r,s) € Q;. Let (r,s), (1, s") € Q; and let ' = ag+k1g1+- - -+k;q; and
b =by—kipi—---—kip;. Then f(r+r',s+5) =d (r+r)+b0(s+s) =dr+bs+ar'+0's =
f(r,s) + f(r',s") which shows that f is a semigroup homomorphism when restricted to @Q;.

Since flo, is a semigroup homomorphism into Z, by Theorem 3.6 we may extend fq,
to a linear transformation 77e: : Q> — Q. Note that by condition (2), for the edges
a = (pi,q) and B = (pir1,¢iv1), both f(a) > 0 and f(8) > 0. Then for all (r,s) € @Q; where
(r,8) = cia+ ¢ for ¢1,¢o € Qsg, f(r,8) = THRi(r,s) = ey f(a) + cof (8) > 0 which shows
that f(Q;) C N for each i =0,1,...,n.

Note that the map (r,s) — agr + bys is linear on N2, which implies that it is trivially
subadditive on N?. By Proposition 4.10, f,,, is subadditive for each i = 1,...,n. Since
the sum of subadditive functions is subadditive by Proposition 4.6, k; - f,, 4, is subadditive
for each 7 = 1,...,n. It follows then that since f is the sum of subadditive functions,
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f(rys) =aogr+bos+ky- fp 0 s)+-+kn fpnq(r,s) is subadditive on N2, This completes
the proof. ([l

4.1. Representative Semigroup and Correspondence with F (X,1). We now show
that F (Xap) is naturally isomorphic to an affine semigroup that embeds in Z"*? when X},
has n + 1 cones.

Definition 4.13. Fix a fan ¥, = {Qo, Q1,...,Qn} of n + 1 cones with faces defined by
{(pi,qi) € N>} L Let Cray = {(a,b, k1, ..., ky) € Z"?} so that:

(1) k,>0fori=1,...,n

(2) ap; + bp; + ki (qipi — @ipr) + -+ - + kic1(qi—api — gipi—1) > 0 for all i = 0,1,...,n.

We call Cf(Ea,b) the correspondence semigroup of F (Xap).
Proposition 4.14. Cf(Eab) 1s an affine semigroup and has a finite and unique minimal set

of generators.

Proof. Let B be the set of coordinates (a,b, ky,...,k,) € R"™? that satisfy the following

inequalities:

a-14+b-0+k -q1+-+kn-¢. >0
a"pn+b'QN+k1'(QIpn_an1>+"'+kn—1'(Qn—lpn_ann—l)"’kn'OZO
a'pn—1+b'Qn—1+k1 '(q1pn—1_Qn—1p1)+"'+kn—2'(Qn—lpn_ann—1)++kn—1 O+kn020

a-po+b-ga+ki-(qip2—qp1) +ky-0+---+k,-0>0
a-p1+b-q1—|—k1~0+'--—|—/€n-020
a-0+b6-1+k-04+---4+%k,-0>0

Then B is the intersection of finitely many closed linear half-spaces in R"™2. Considering
the resulting equations by setting the inequalties equal to 0, it follows that each bounding
hyperplane of these half-spaces contains the origin. B is therefore a polyhedral cone in R"*2,
and by Theorem 2.6, B = {\1by + - -+ + \by| A € Ry}

Since the bounding hyperplanes of B are all solutions to linear equations with integer
coefficients, it is clear that each has a solution set in Q"*2, so we may take by,...,b, € Q"+2
which implies that B is a rational cone. Since Cr4) C B consists of all coordinates in B
with integer entries, it follows that CF(Ea,b) = BNZ"*? and by Theorem 2.8, CF(anb) is an

affine semigroup.
Consider (a,b,ky,..., k,) € Cf(Eab)' With the possibility that a < 0, two cases arise.

First, if not all b, ky,... Lk, are zero, then as b > 0 and k; > 0 for all © = 1,... n,
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(—a,—b,—ky,...,—k,) ¢ Cf(Ea,b)’ Second, if all b = k; = --- = k, = 0 and a # 0,

then we must have that a > 0 by condition (3) of definition 4.13. This implies that
(=a,0,0,...,0) & Crray. It follows then that Cf(Eab) N (—C]_.(Ea b)) = {0} and by Theo-

rem 2.9, CF(Zab) has a unique finite minimal generating set. O

Now we establish the natural isomorphism.

Theorem 4.15. There is a an isomorphism of semigroups between the semigroup of fan
linear maps F (Xap) and the affine semigroup C]—'(E b)" Note that in particular, this shows

that F (Xap) s an affine semigroup with a finite and unique minimal set of generators.

Proof. Define the set map ® from Of(Eab) to F(Zaw) by (a,b,k1,... ky) — f(r,s) =

ar +bs + ki - forq(rys) + -+ kn - fpoq.(r,s). This map is clearly well defined and the
conditions of definition 4.13 imply that k; > 0 for i« = 1,...,n and f(a) > 0 for all a €
{(07 1) = (p07 C]o)a (pla Q1)7 ] (pnv qn)7 (17 0) = (pn+17 Qn+1>}' Then by Theorem 4127 o is
surjective.

Suppose that ar +bs + ki - fp, ¢, (r,s) + -+ kp - fppgn(r.8) =ad'r+ s+ k- fp.a(rs)+
ootk fonan (1, 8) for all (r,s) € N2, Then evaluating the given fan linear maps at (0, 1), we
see that b = b'. Next, evaluating at (p1, q1), we have that ap; +bqy = a'py +0'q1. Asb =1V, it
follows that @ = a'. Similarly, by successively evaluating at (p;, ¢;) for each i =2,...,n+ 1,
we have that k; = ki for each i = 1,...,n. This shows that ® is injective.

Since ®[(a,b, ky,..., k,) + (', 0k}, ... k)] = P[la+ a0+ U, ki +K|,....kn + k)] =
(@a+a)r+ b+V)s+ (kt + k) fooga(r,s)+ -+ (kn + ) - fong(r,8) = ar + bs +
ki fora(rs) + oo 4 ko fpg.(rs) +ar Vs + k- foa(rs) + -+ k- fpg.(rs) =
O(a,b, ki, ... kn)]+ @[,V K], ... k)], we see that ® is a semigroup homomorphism and
therefore an isomorphism, which completes the proof. 0]

Because F (Xap) is a pointed affine semigroup, we now can assume that for any fixed fan
Yab, there exists a unique, minimal set of fan-linear maps ¢i,...,gx € F (Xap) such that
every fan linear map can be written as f(r,s) = ni1gi1(r,s) + -+ + ngge(r,s). In fact, the
above correspondence gives us a method to find such generating functions; we simply need
to find the generators for CF(Ea,b . Unlike more loosely defined semigroups, pointed affine

semigroups are reasonably well-structured. Now we know that the properties of these semi-
groups will be imposed on our objects of study whenever we can establish an isomorphism
of semigroups, so this correspondence is inherently valuable.

5. FAN ALGEBRAS

In this final section, we draw some brief conclusions which apply directly to fan-algebras.
For this section, assume that we are given a fan X, . First, we recall the definition of a fan
algebra.

Definition 5.1. Given ideals Ii,...,I, in a domain R, a fan .3 of cones in N? and
fan-linear maps fi, ..., f,, define a fan-algebra of f = (f1,..., fu) on Xap as:

B(Ea’b, f) = @r,slfcl(r’s) . ]T{n(r,s)urvs

In order to study fan-algebras in the context of semigroups, we need an associative binary
operation that allows to classify certain sets of fan algebras as such.
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Proposition 5.2. Let B,y, be the set of all fan algebms on a fized fan Xay,. For A,B € B,p,
A=0,, [ yrys gnd B = D... JOT) L ge s define G(A,B) = C =
D, ]lfl(r’s) ) Jfl (rs) L ggm ) yrys., Then G: Bap X Bap — Bap is an associative,
commutative binary operation with identity so that Bay forms a semigroup.

Proof. First, we must show that the operation above is well defined. Assume that
@Tslfl(rvs) ]fn(ras) TS — @r,s Hf{("as) ”.];Lf ! (1,3) uv® and @Tsjgl(TS) Jﬂzn(r,s)urvs _
D, ./ Jors) J’g’”(”)uws Because u and v are mdexmg variables, it follows that
@ns [{1 GON [fn(Ts @Tsjlfl rs) I;lf,’l( s if and only if Ifl(rs ) .L{n(r,s) _

Iif{(r’s)---[;f”(r’s) for all (r,s) € N2 Tt follows that to show well definition, it is
Ilfl(rvs) . Infn(rvs)Jiql(rvs) . ngm(r7s) _

enough to show that under the assumptions above
[ ) el gl ) g any fixed (r,s) € N2, But for any fixed (r,s) € N2,
both the left and the right side of this equation are ideals in R, so it is clear then that
the equation holds. Associativity follows similarly since A(BC) = (AB)C for any ideals
A, B,C C R, and commutativity follows from the assumption that R is commutative. We
may also take the polynomial ring in v and v, that is R[u, v] = &, ;Ru"v®, to be the identity
element of this operation. Then under this operation, B, p forms a semigroup. 0J

To highlight the fact that the above operation is a commutative semigroup operation, we
write G(A,B) as A+ B. Forn e Nyn- A=A+ ---+ A. For convenience herein, we will
—_——

n times
use the notation a € N? meaning that o = (r, s), and we write u® = u"v*. Next, we use the

semigroup properties of the affine semigroup F (X,1) to show that fixing a set of ideals and
considering all of the fan algebras constructed on those ideals establishes a finitely generated
subsemigroup of B, p.

Proposition 5.3. Let Z = {Iy,..., 1.} a finite family of ideals in R and let Bap(Z) denote
the set of all fan algebras of the form A = @I . I*®ue. Then Ban(Z) is a finitely
generated subsemigroup of Bap.

Proof. Let A = @, 11" ... [I"ye and B = @19 ... 19y Then A + B =
B 11 L @ 9@ on(@ e _ Uiten() | p(ntan)(@

linear, A+ B € By,....1,-

Now consider A € By, .5, A = @alfcl(a)~-]£"(a)u°‘. As F (3ap) is a pointed affine
semigroup by Theorem 4.15, there exists a unique minimal set of fan-linear maps {b1, ..., b}
such that F (Xap) = {c1b1 + - - - + b | ¢; € N}, Then we may rewrite fi, ..., fu:

fila) = ciabi(a)+ -+ c1mbn(a)

[0}

u®, and as each f; + ¢; is fan-

Fo@) = cnabi(@) + - + cnmbm(@)
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Let B;; = @alfj(a)ua fori=1,...,n,j=1,...,m, noting that since 0 is a fan-linear map,
Bi; € Br,,.. 1, We may write A:

A = @alfl(a) . LJ:n(a)ua
- @ [Cl,lbl(a)+"'+cl,mbm(a) L Icn,1b1(a)+~~+cn,mbm(a) o
- alql n

u
- @ [161,1131(01) . [161,mbm(01) . [ﬁn,1b1(04) L [zn,mbm(a)ua
_ @alchwl(a) L [Tcln,1b1(a)1101,2b1,2(04) o ]101,mbm(a) o [ﬁbn,mbm(a)ua

— @allcl,lbl(a)ua + . + @algn,lbl(a)ua _|_ . + @allcl,mbm(a)ua + . + @a]'rcln,mbm(a)ua
@a(ﬁn(a))cmua 4t @augl(a))cn,lua IS @a(ffm(a))cl’mua 4t @a<]2m(a))cn,mua
= 1 Biat e Buiteg Biat ot cim Bt cum s Bam

It follows that the set of B; ; = G}albj(a)ua generate By p(Z). O

7
As we have previously mentioned, affine semigroups have desirable properties and for this
reason, we wish to answer when the subsemigroups of B, constructed as above are in fact
affine semigroups. It could be difficult to show that a class of these subsemigroups is not
an affine semigroup, however we may put some conditions on the ring R and the family of
ideals Z so that B, p(Z) is indeed an affine semigroup.

Proposition 5.4. Let R be a Noetherian domain and I a proper, nontrivial ideal in R. For
Z = {1}, the collection of fan algebras Bayn(Z) is a pointed affine semigroup.

Proof. It is clear that there is a surjective semigroup homomorphism F (Xap) — Bab(Z)
given by f— @, I7®u® Recall that in a Noetherian domain, J? = J for any ideal J C R
implies that J = (0) or J = R. We proceed by contrapositive and assume that the map
described above is not injective.

This assumption is equivalent to the assumption that for some f # g € F (Zap).
@D, 'Yu* =@, I*“u® and f # g. Then for some a € N2, [F(®) = [9(%) and f(a) # g(a).
Assume that f(«) > g(a) so that f(a) =j + k and g(«) = k.

Then ['** = [I]* = [* which implies that (I*)/*! = [Fk+tk = [ik[k = [J... [k = [
It follows that I* C (I*)7+t C (I%)7 C ... C (I*)® C (I*)?, so I* is idempotent and hence
I* = R or I*¥ = 0. It follows then that either I contains a unit or * = 0 for all i € I,
in which case I = 0. By contrapositive, we may conclude that if (0) C I C R, then the
map f — @, I/¥u® is an injection and therefore is an isomorphism of semigroups. Since
F (Xap) is an affine semigroup, we may conclude that B,y (Z) is as well. O

Next, we prove the affine semigroup property for any finite family of ideals Z in a principal
ideal domain. We first show that any such family generates a subsemigroup of fan algebras
in a semigroup taken over a family of relatively co-prime ideals.

Proposition 5.5. Let R be a principal ideal domain and Z = {I,...,1,} a finite family
of proper nontrivial ideals in R. There exists a finite family of ideals J = {J1,...,Jm} in
R such that for J; = (d;), ged(d;,di) = 1 for all i # k and Ban(Z) is a subsemigroup of
Ba,b(j)-

Proof. To prove the proposition, it is enough to show that the statement is true for n = 2,
then the case for n arbitrary follows naturally. Let I,J C R be ideals and write I =

Tk+1

(i - -pzkp;;’ff ~-ppry and J = (p L ---p;"qlll1 e qll::> Then for any f,g € F(Xap) we
have the following:
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R Ry D AL (A ‘pZ"CIllll T qll:>g(a)ua
>g(oc)u06

(P -

a< ; .. p2k>f( )<p;f:11 .. pznzf(a) <p2’i:11 .. p"”n>9(0‘) <qlll e qll:; !

RO ...pkk>f(a)<pk’:rl>f(a)<p EHyg(@) L (prn)fla )<Psn> (a><ql;.--ql;>g(°‘)ua
(it pr) @) (g yrenf (@) bskaag@) L (p >rnf(a)+sng(a)<ql; . ..ql:>g(a)ua

@[f ) J9@pe =

«

69696969

[0}

Set Jo = (pi*---pif), Ji = (pei) for i = 1,...,n —k, and J,_j11 = <Q;i : qf;") and let
J ={Jo,J1,. .., Ju_rs1}. Noting that the ry; f+ ski;g are fan-linear for alli = 1,... ,n—k,
it follows that B, p(Z) is a subsemigroup of B, (J). The case where n > 2 follows easily. [

We now show that for any finite family Z of ideals in a principal ideal domain R, B, (Z)
is an affine semigroup.

Proposition 5.6. Let R be a principal ideal domain and Z = {Iy,...,I,} a finite family of
proper nontrivial ideals in R. Bap(Z) is an affine semigroup.

Proof. Constructing the family J as in the above proposition, it is sufficient to show that
Bab(J) is an affine semigroup, in which case there is a natural embedding B p(Z) < Ban(J)
so that Bap(Z) embeds also in Z¢ for some d € N. Assume J = {(d;),---, {d)} and that
ged(d;, di) = 1 whenever i # k.

We may proceed directly and consider the surjective semigroup homomor-
phism (F (Zap))® — Ban(J) so that for fi,....fx € F(Zap), (f1,---,fr) —

@a Jll(a) .. Jlfk(a)ua' If @a Jll(a) .. J]fk(a)ua — @a Ji‘h(a) .. Jgk(a)ua, then
JHE g = @ 84 for all & € N2 Then for any o, (@ gl @y =
(@) .. @% )y which implies that ' ... d*® = 4@ ... % for some unit u € R.

It follows then that since ged(d;, dy) =1 When i £k, fila) = gi(oz) for all & € N? and hence
fi = gi € F(Zap). It follows that (F (Zap))” = Ba,b(j) as semigroups and hence Ba,(Z)
embeds in Z? for some d € N. This implies that Bap(Z) is an affine semigroup. O

Note that the above proposition does not prove that Ba(Z) is a pointed affine semigroup,
but this is largely unnecessary. Recall that proposition 5.3 already shows that Bapn(Z) is
finitely generated, so whether or not we may consider it pointed is irrelevant to our purposes.
We conclude this section (and consequently the paper) with an example of how semigroup
properties might be used to simplify the study of fan algebras. We could show the next
proposition using the fact that for nonzero ideals I, A, B < R where R is a principal ideal
domain, /A = IB if and only if A = B. Instead, we use the cancellative property of affine
semigroups.

Proposition 5.7. Let R be a principal ideal domain and let I,Jy,...,Jk, Ni,... Ny
be ideals m R. For any fan-linear maps f,q1,..., gk h1,- o hm € F (Zab),
@, 1@ g . gy = P, 1f<a>Nh1(“)---N27'L<a)ua if and only if
@ ng(a) J]gk(a @ Nh1 NP m(a)

Proof. The converse is trivial. For the forward implication, we note that affine semigroups en-
joy the cancellative property; that is, A+ B = A+C implies that B = C. Regarding both the
left and right sides of the equation @, 17 J# @) ... jor@ye — @y [f(@) n(@) . Nfm(@)ya
as members of Bap({I, J1,...,Jk, N1,..., Ni}), we have that both sides are members of an
affine semigroup by proposition 5.6. With this observation, the result follows easily. ([l
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