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NOVEL JACKKNIFE EMPIRICAL LIKELIHOOD WITH APPLICATIONS IN THE

MEASUREMENT ERROR DATA

by

BRIAN PIDGEON

Under the Direction Yichuan Zhao, PhD

ABSTRACT

Nonparametric statistical inference methods have become very popular in recent years

and are the preferred method of inference among many statisticians as the data are not as-

sumed to come from any particular statistical distribution. Empirical likelihood (EL) is one

of these methods and has been popular since published by Owen (1988). While it is inspired

by the usual maximum likelihood methods, it also has some flaws: heavy computations, low

accuracy for the small samples and skewed data. In this dissertation, we investigate some

EL’s extensions, i.e., the jackknife empirical likelihood (JEL), the adjusted jackknife empir-



ical likelihood (AJEL), the mean jackknife empirical likelihood (MJEL), the mean adjusted

jackknife empirical likelihood (MAJEL),the adjusted mean jackknife empirical likelihood

(AMJEL), and the transformed jackknife empirical likelihood (TJEL) in constructing confi-

dence intervals (CI) for particular parameters of interest such as the correlation coefficient in

different statistical problems. These methods increase the length of the confidence intervals

for the correlation coefficient resulting in better coverage probabilities and perform better

than EL methods for small sample sizes.

We propose a new plug-in approach of JEL to reduce the computational cost in estimating

the symmetry of various statistical distributions. One of the main results of the JEL is the

nonparametric extension of Wilks’ theorem for parametric likelihood ratios. We explore JEL,

AJEL, MJEL, AMJEL, and MAJEL to construct a confidence interval for the correlation

coefficient for data with multiplicative distortion errors. Further, we explore JEL, AJEL,

MJEL, and TJEL for the k-th correlation coefficient in estimating measures of symmetry for

data with multiplicative distortion errors. Finally, using exponential calibration, we develop

JEL methods for the correlation coefficient between two variables with additive distortion

measurement errors.

For each of the chapters in this dissertation, all JEL methods outperform the existing

EL methods. The calculated confidence intervals are longer which results in a substantial

increase in coverage probabilities. Within each chapter, we apply the proposed methods to

real data to highlight their practical values.

INDEXWORDS: Additive error; Adjusted jackknife empirical likelihood; Adjusted mean
jackknife empirical likelihood; Correlation coefficient; Distortion er-
ror; Exponential calibration; Jackknife empirical likelihood; Mean ad-
justed jackknife empirical likelihood; Mean jackknife empirical likeli-
hood; Multiplicative error; Symmetry; Transformed jackknife empirical
likelihood.
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CHAPTER 1

INTRODUCTION

The introductory chapter will review the main concepts of empirical likelihood (EL)

and its most essential properties as well as the main concepts behind jackknife empirical

likelihood (JEL). Then, we will present the results obtained during this dissertation.

1.1 Empirical likelihood

Empirical likelihood is a non-parametric method for constructing confidence intervals without

having to assume the form of the underlying distribution introduced by Owen (1988, 1990).

Empirical likelihood enables us to successfully incorporate the advantages of the likelihood

methods. Unnecessary assumption of a family of distributions can be avoided in empirical

likelihood inference in the sense that the object is driven by data. This method combines the

benefits of the parametric likelihood approach and the reliability of non-parametric methods.

There are many advantages to using empirical likelihood. Unlike parametric likelihood-

based methods, the EL technique does not assume any known family of distribution, yet

it produces more efficient and powerful estimation and tests. The shape of the confidence

regions are determined entirely by the data. EL regions are Bartlett correctable, which

increases the coverage accuracy. The calculation of the variance is not needed to construct a

confidence interval in most situations unless the EL ratio converges to a scaled chi-squared

distribution. Importantly, the EL method retains the Wilks’ theorem, that is -2log(EL ratio)

is asymptotically χ2-distributed (Owen, 1988, 1990, 2001).

Now we review the basic idea of EL as follows. Let X1, ..., Xn be i.i.d. random samples

from an unknown distribution function F (x) = P (X ≤ x). For notation, define F (x−) =
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P (X < x). Thus, P (X = x) = F (x) − F (x−). For simplicity, we denote P (X = Xi) = pi,

i = 1, ..., n, where pi ≥ 0 and
∑n

i=1 pi = 1. The empirical cumulative distribution function

(ECDF) of X1, ..., Xn is

Fn(x) =
1

n

n∑
i=1

IXi≤x.

In addition, given X1, ..., Xn, which are assumed independent with common distribution

function F0, the non-parametric likelihood of the distribution F is

L(F ) =
n∏

i=1

(F (Xi)− F (Xi−)) =
n∏

i=1

pi. (1.1)

Let µ = E[X1]. Using Lagrange multipliers, we can show that the pi’s which maximize

L(F ) =
∏n

i=1 pi subject to pi ≥ 0,
∑n

i=1 piXi = µ, and
∑n

i=1 pi = 1 are given by:

pi(µ) = n−1 (1 + λ(Xi − µ))−1 , i = 1, ..., n. (1.2)

The empirical likelihood ratio is therefore:

R(F ) =
L(F )

L(Fn)
=

∏n
i=1 pi

(1/n)n
=

n∏
i=1

(1 + λ(Xi − µ))−1 , (1.3)

where λ is the unique solution of

n∑
i=1

Xi − µ

1 + λ(Xi − µ)
= 0.

Let E(X2
1 ) <∞. Then, the empirical log-likelihood ratio for µ is

l(µ) = −2 log(R(F )) = −2
n∑

i=1

log (npi) = 2
n∑

i=1

log (1 + λ(Xi − µ)) . (1.4)
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Let µ0 be the true parameter of interest. We have as n→ ∞,

−2 log(l(µ0))
D−→ χ2

1.

According to Owen (1988, 1990), the 100(1− α)% confidence interval for µ0 is given by

{µ : l(µ) ≤ χ2
1−α(1)}, (1.5)

where χ2
1−α(1) is the 1− α quantile of the χ2

1 distribution.

Remark 1.1.1. For the proofs of all the above theorems, see the book ”Empirical Likeli-

hood” by Owen (2001). In recent publications using EL, Chen and Van Keilegom (2009)

reviewed EL methods for various regression inference problems. Kitamura (1997) proposed

EL methods on models with weakly dependent processes. Kim and Zhou (2019) showed that

EL methods provide the smallest confidence regions. In addition, He et al. (2016) proposed

EL techniques for right censored data, and Zhou (2005) applied EL methods for inference

on truncated data. Cheng and Zhao (2022) proposed EL for conducting variable selection

via Bayesian empirical likelihood.

1.2 Jackknife empirical likelihood

Despite having many benefits over traditional parametric approaches, the EL method may

suffer from some drawbacks, such as computational complexity, under-coverage problems

with small samples, and convex-hull problem. Many researchers proposed several versions of

empirical likelihood to overcome these issues. The main idea behind JEL methods is that we

calculate jackknife pseudo-values on the parameter of interest and perform EL methods on

the pseudo-values instead. JEL methods attain all the benefits of EL and Jing et al. (2009)

showed that the JEL ratio for U -statistics retains the Wilks’ theorem.
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Let θ be a parameter of interest. For example, the sample mean, from a sample of n

independent observations X1, ..., Xn. Let θ
(−i)
(n−1) denote the parameter of interest calculated

with the ith observation deleted where i = 1, ..., n. We define θn as the consistent and unbi-

ased estimator for θ. For example, θn is a nonlinear statistic such as U -statistics. Suppose

that V̂i denotes the jackknife pseudo-value, which is obtained by

V̂i = nθn − (n− 1)θ
(−i)
(n−1), i = 1, ..., n.

Thus, the jackknife empirical likelihood evaluated at θ can be defined as

J(θ) =
n∏

i=1

(
1 + λ(V̂i − θ)

)−1

,

where λ is the solution of the following equation

n∑
i=1

V̂i − θ

1 + λ(V̂i − θ)
= 0.

Then, by Jing et al. (2009),the jackknife empirical log-likelihood ratio at θ is

−2 log(J(θ)) = 2
n∑

i=1

log
(
1 + λ(V̂i − θ)

)
.

Lastly, let θ0 be the true value of θ. We have as n→ ∞,

−2 log J(θ0)
D−→ χ2

1.

Thus, the jackknife empirical likelihood confidence interval for θ0 is obtained by

{θ : −2 log(J(θ)) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.
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Remark 1.2.1. Beyond U -statistics, there have been many advances in jackknife empirical

likelihood. Liu and Zhao (2022) published an in-depth review of various JEL methods, Chen

at al. (2022) proposed JEL for measuring the correlation coefficient between two variables

with additive distortion measurement errors. Jiang and Zhao (2022) proposed Bayesian

JEL methods for the error variance in linear regression models. Further, Satter and Zhao

(2021) proposed JEL for the mean difference of two zero-inflated skewed populations and

Alemdjrodo and Zhao (2019) developed JEL approaches for comparing two correlated Gini

indices. Motivated by Satter and Zhao (2021), Tian et al. (2021) proposed a JEL approach

to make inference for the mean of a zero-and-one inflated population. Further, Zhao et al.

(2018) used JEL for the skewness and kurtosis.

1.3 Summary

Symmetry of statistical distributions plays an important role in conducting inference and

validating various models. In many statistical models and applications, symmetry is a basic

assumption before using some inference procedures. For example, the Wilcoxon signed-rank

test is used for testing the difference between two samples with unknown symmetric distri-

bution functions. Mann-Whitney-type tests for location parameters require the population

distribution to be symmetric. It is known that the Wilcoxon signed-rank test is not robust

against the assumption of symmetry. Therefore, it is necessary to check the assumption

of symmetry before using it. In regression, linear regression models often assume that the

residuals are normally distributed about zero, and assessing the symmetry of the residuals

is done when checking the normality of the residuals. To construct a confidence interval

for estimating the symmetry of distributions, Zhang et al. (2018) used empirical likelihood.

However, the computing cost with empirical likelihood could be very expensive. In Chap-

ter 2, we propose an alternative approach using jackknife empirical likelihood method to

reduce the computational cost in estimating the symmetry. We also investigate the adjusted

jackknife empirical likelihood, mean jackknife empirical likelihood, mean adjusted jackknife
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empirical likelihood, and adjusted mean jackknife empirical likelihood to improve coverage

accuracy for small samples for estimating the symmetry of a distribution. Simulations show

that the proposed methods perform better than Zhang et al. (2018) method in terms of

coverage accuracy and computational time. Real data applications demonstrate that the

proposed methods work very well in practice.

Measurement errors are common in many areas of statistics and ignoring them could

result in inflated biases in inference procedures. Confounding variables often result in mea-

surement errors and distort data in either a multiplicative or additive way. Improper instru-

ment calibration is a major contribution to measurement errors. Measurement errors have

important implications for the reliability of general standard estimation and testing. Failure

to consider these errors may cause large bias even in large samples and leads to inconsistent

estimates. We consider the estimation problem of a correlation coefficient between two un-

observed variables of interest that are distorted in a multiplicative way by some unobserved

confounding variable. Zhang et al. (2014) proposed empirical likelihood (EL) confidence in-

tervals for the correlation coefficient between these two unobserved variable. However, their

EL based confidence intervals suffer from small sample coverage problems in terms of the

constructed confidence intervals. In Chapter 3, we propose jackknife empirical likelihood,

adjusted jackknife empirical likelihood, mean jackknife empirical likelihood, mean adjusted

jackknife empirical likelihood, and adjusted mean jackknife empirical likelihood to improve

the coverage probability for small samples for making inference on the correlation coefficient

between two variables that are distorted in a multiplicative way. The performance of all

these compared to the existing EL is demonstrated via simulations: they all have better

coverage accuracy than the EL-based confidence intervals. Finally, our conclusions are illus-

trated with a real data set.

Chapter 4 focuses on estimating the symmetry of statistical distributions resulting from

variables that have multiplicative measurement distortion errors. Zhang et al. (2020) pro-

posed EL-based confidence intervals estimating the symmetry of these distributions using
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the estimator of the k-th correlation coefficient ρk. However, their methods result in severe

under-coverage issues associated with the calculated confidence intervals for ρk. To avoid

this issue, we propose JEL methods to improve this undercoverage problem for ρk. We also

apply the adjusted jackknife empirical likelihood, mean jackknife empirical likelihood, and

transformed jackknife empirical likelihood for estimating this measure of the symmetry. The

performances of all the JEL methods are compared via extensive simulations. The proposed

JEL-based confidence interval have better coverage accuracy than these from Zhang et al.

(2020). Finally, our findings are illustrated with a real data set.

In Chapter 5, we focus on estimating the correlation coefficient between two variables

X and Y that are distorted in an additive way. Zhang et al. (2020) proposed EL-based

confidence intervals for ρM using the estimator ρ̂M . However, the constructed confidence

intervals have undercoverage problems. We propose JEL methods to improve this issue in

making inference on ρM . We also apply the adjusted jackknife empirical likelihood, mean

jackknife empirical likelihood, and transformed jackknife empirical likelihood to make infer-

ence for ρM . We introduce the ongoing simulation study, and we find that the JEL confidence

intervals have better coverage than the existing EL confidence intervals.

In Chapter 6, we summarize the findings and proposals of the dissertation, while an-

nouncing the work and possible extensions to be considered in the future.
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CHAPTER 2

JACKKNIFE EMPIRICAL LIKELIHOOD METHODS FOR TESTING THE

DISTRIBUTIONAL SYMMETRY

2.1 Background

The notion of symmetry plays an important role in applied mathematics and statistics.

In many statistical models and applications, symmetry is a basic assumption before using

some inference procedures. For example, the Wilcoxon signed-rank test is used for test-

ing the difference between two samples with unknown symmetric distribution functions.

Mann-Whitney-type tests for location parameters require the population distribution to be

symmetric. It is known that the Wilcoxon signed-rank test is not robust against the assump-

tion of symmetry. Therefore, it is necessary to check the assumption of symmetry before

using it. In regression, linear regression models often assume that the residuals are normally

distributed about zero, and assessing the symmetry of the residuals is done when checking

the normality of the residuals. Arias-Nicolás et al. (2009) showed that asymmetric distribu-

tions play a critical role in robust Bayesian inference. Statistically, a continuous probability

density function f(x) and the distribution function F (x), x ∈ R, are said to be symmetric

about γ if

F (γ − x) = 1− F (γ + x).

Alternatively,

f(γ + x) = f(γ − x), x ∈ R.
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Based on these definitions of symmetry, there are several tests to assess the symmetry

of an unknown density f(x) based on an i.i.d. random sample. For example, Butler (1969)

proposed a test statistic by using a sample version of T1 = supx≤0|F (γ + x) + F(γ − x) −

1|.

Boos (1982) and Rothman and Woodroofe (1972) use the sample versions of

s2(F ) =
∫
[F(γ + x) + F(γ − x) − 1]2 dx and s3(F ) =

∫
[F(γ + x) + F(γ − x) − 1]2 dF (x) to

test the symmetry. Davis and Quade (1978) and Randles et al. (1980) proposed U -statistics

by using the triple sample {Xi+Xj − 2Xk, i, j, k = 1, ..., n} for testing the symmetry. Other

test statistics are found in Gupta (1967), Csörgő and Heathcote (1987), Antilles et al. (1982),

and Gastwirth (1971), etc.

There is little work which could be used to judge whether one probability model or data

set is more symmetric or asymmetric than the other. It is equally as challenging to find a

mathematical expression to quantify the amount of asymmetry. Li and Morris (1991) studied

η(γ) =
∫∞
−∞ | f(γ+x)−f(γ−x) | dx, which measured the asymmetry more accurately than

the skewness. In Li and Morris (1991) the drawbacks of the classical skewness measure based

on the third central moment when used as an asymmetry measure are investigated. In Bosh-

nakov (2007) a measure of asymmetry with respect to the mode was developed. However, it

does not seem either user friendly or intuitive enough to visualize the amount of asymmetry.

In recent work, Patil et al. (2012, 2014) proposed a measure of asymmetry by using the cor-

relation coefficient of (f(X), F (x)), which is calculated as ρf,F = Cov(f(X), F (x))/
√
σ2
fσ

2
F

where 0 < σ2
f < ∞, σ2

f = Var(f(x)) and σ2
F = Var(F (x)) = 1/12. Most Recently, Zhang

et al. (2018) proposed a general k-th correlation coefficient ηk of (fk(X), F (x)), for some

positive number k, when
∫ ∫

f 2k+1(x)dx < ∞ as a measure of symmetry and asymmetry.

Zhang et al. (2018) found that when k = 1, they obtained the same correlation coefficient

proposed by Patil et al. (2012) but found through simulation studies that smaller values of k,

for example, η0.5, generally outperformed η1 for estimation and confidence interval construc-

tion when the sample size is large. Unfortunately, larger values of k used for constructing
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confidence intervals based on EL resulted in extreme undercoverage problems. Our goal is

to calculate the value of ηk as proposed by Zhang et al. (2018) but we propose jackknife

empirical likelihood methods to address this issue of undercoverage.

First introduced by Owen (1988, 1990), empirical likelihood (EL) is a nonparametric

method for small samples with a superior performance over traditional parametric methods.

Kolaczyk (1994) developed empirical likelihood for computing generalized linear models.

Claeskens et al. (2003) used the method of empirical likelihood for constructing confidence

regions for ROC curves. He et al. (2016) proposed empirical likelihood for right censored life-

time data. Diciccio et al. (1991) also showed that empirical likelihood is Bartlett correctable.

The method of adjusted empirical likelihood (AEL) was introduced by Chen et al. (2008).

Wang et al. (2017) developed empirical likelihood ratio tests for functional concurrent linear

models and the phase transition from sparse to dense functional data. Sun et al. (2009) pro-

posed empirical likelihood inference for the Cox model with time-dependent coefficients via

local partial likelihood. A common occurrence in survival analysis is the prevalence of small

sample sizes. In these situations, the coverage probability and the confidence regions using

empirical likelihood can be inaccurate. To fix this, Liang et al. (2019) proposed mean em-

pirical likelihood (MEL) by constructing a pseudo dataset through the pairwise means of the

observed values. When dealing with complicated statistics, the calculation of empirical like-

lihood can be redundant and computationally intensive. Thus, jackknife empirical likelihood

(JEL) was introduced by Jing et al. (2009) to simplify the application of empirical likelihood

to complicated statistics. In recent years, there have been many publications involving JEL

methods. Yang and Zhao (2013) introduced smooth jackknife empirical likelihood for the

difference in ROC curves while An and Zhao (2017) extended this even further and intro-

duced JEL for the difference of two volumes under ROC surfaces. Chen and Haziza (2018)

used jackknife empirical likelihood method for multiply robust estimation with missing data.

Yu and Zhao (2019) proposed JEL for accelerated failure time models. Zhao et al. (2015)

introduced the JEL inference for mean absolute deviation to measure the spread of data.
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In addition, jackknife empirical likelihood can also be used for the skewness and kurtosis as

proposed by Zhao et al. (2018). Cheng and Zhao (2019) applied JEL to Bayesian inference.

The method of adjusted jackknife empirical likelihood (AJEL) was proposed by Zhao et al.

(2015) and Chen and Ning (2016). In Zhao et al. (2015), AJEL preserves the properties of

JEL but provides slightly longer confidence intervals with better coverage probability.

In this chapter, we apply jackknife empirical likelihood methods to make inference on

ηk. The k-th correlation coefficient is first proposed according to Zhang et al. (2018). The

confidence intervals based on mean and jackknife empirical likelihood are proposed. Further-

more, the confidence interval from the adjusted jackknife empirical likelihood is constructed.

In a truly symmetric distribution, the value of ηk = 0. Thus, our simulation studies use

the normal, Cauchy, and t-distributions to test for the symmetry. Our simulation studies

use sample sizes ranging from 18 to 100 to show the performance of our proposed methods

from small to large sample size cases. In a real data analysis, the air quality data set, as

used in Zhang et al. (2018), is analyzed using JEL methods to estimate the symmetry found

in the distribution in linear regression model errors. We compare with the results obtained

by Zhang et al. (2018). We analyze a second textile dataset found in Box and Cox (1964),

where we analyze the Box-Cox transformation and its use of making distributions symmetric

using power transformations.

The organization of the chapter is as follows. In Section 2.2, we first review the method

k-th correlation coefficient and construction of empirical likelihood proposed by Zhang et

al. (2018). We propose jackknife empirical likelihood, mean jackknife empirical likelihood,

and adjusted jackknife empirical likelihood for ηk. We also develop adjusted mean jackknife

empirical likelihood (AMJEL) and mean adjusted jackknife empirical likelihood (MAJEL),

which combine the methods of MEL, JEL, and AJEL to improve the performance for small

sample size situations. In Section 2.3, a simulation study is conducted using normal, Cauchy,

and t distributions to assess the performance of ηk in determining the symmetry of a dis-

tribution. In Section 2.4, two real data analyses using the new methods are performed for
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illustrative purposes. In Section 2.5, we make a conclusion. Throughout this chapter, we

use the same notations as in Zhang et al. (2018).

2.2 Main Results

2.2.1 Basics

The k-th correlation coefficient between f(X) and F (X) is defined below:

ηk =
Cov(fk(X), F (X))√

σ2
fσ

2
F

(2.1)

where σ2
f = Var(f(x)) and σ2

F = Var(F (x)) = 1/12.

A moment-based estimator for ηk is proposed. We first define

f̂(x) =
1

nh

n∑
i=1

K

(
Xi − x

h

)
, F̂ (x) =

1

n

n∑
i=1

I{Xi ≤ x}, (2.2)

where K(·) is a kernel based density function, and h is a positive-valued bandwidth. Using

the fact that E[F(X)] = 1/2 and σ2
F = 1/12, the moment based estimator of ηk is calculated

as follows, per Zhang et al. (2018):

ηk =
√
12

1
n

∑n
i=1 f̂

k(Xi)F̂ (Xi)− 1
2n

∑n
i=1 f̂

k(Xi){
1

n−1

∑n
i=1

(
f̂k(Xi)− 1

n

∑n
i=1 f̂

k(Xi)
)2} 1

2

. (2.3)

A distribution of the random variableX is considered symmetric if ηk = 0. It is considered

left-skewed if ηk > 0 and it is considered right-skewed if ηk < 0.

2.2.2 Empirical likelihood (EL)

In this section, we review the EL method for k-th correlation coefficient found in Zhang

et al. (2018). We use similar notations, which are used in Zhang et al. (2018).
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The empirical likelihood is constructed based on the fact that

E

[{√
12

(
F (X)− 1

2

)
− ηk

(
fk(X)− E(fk)

σfk

)}(
fk(X)− E(fk)

σfk

)]
= 0. (2.4)

The empirical log-likelihood ratio function is then defined as:

l̂n(ηk) = −2 sup

{
n∑

i=1

log(npi); pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

piς̂n,i(ηk) = 0

}
, (2.5)

where

ς̂n,i =

{
√
12

(
F̂ (Xi)−

1

2

)
− ηk

(
f̂k(Xi)− f̂k

σ̂fk

)}(
f̂k(Xi)− f̂k

σ̂fk

)
,

and

σ̂fk =

√√√√ 1

n− 1

n∑
i=1

(
f̂k(Xi)− f̂k

)2
.

Using the method of Lagrange multiplier, l̂n(ηk) can be obtained as:

l̂n(ηk) = 2
n∑

i=1

log{1 + λς̂n,i(ηk)},

where λ is a solution of the following equation

1

n

n∑
i=1

ς̂n,i(ηk)

1 + λς̂n,i(ηk)
= 0.

The EL confidence interval proposed by Zhang et al. (2018) can be then constructed as

Iηk = {ηk : l̂n(ηk) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.
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2.2.3 Jackknife empirical likelihood (JEL)

In this section, we develop JEL methods for k-th correlation coefficients. Let η̂i,k denote

the k-th correlation coefficient estimator of ηk calculated with the ith observation deleted,

where i = 1, ..., n. Let V̂i denote the jackknife pseudo-value, which is obtained by

V̂i = nηk − (n− 1)η̂i,k; i = 1, ..., n. (2.6)

The jackknife estimator η̂Jk is defined as

η̂Jk = n−1

n∑
i=1

V̂i. (2.7)

The jackknife empirical likelihood ratio of ηk can be then defined as

J(ηk) = sup
p=(p1,...,pn)

{
n∏

i=1

npi; pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

pi(V̂i − ηk) = 0

}
. (2.8)

The maximum of pi occurs at

pi =
1

n

{
1 + λ(V̂i − ηk)

}−1

, i = 1, ..., n,

where λ is the solution of the following equation

1

n

n∑
i=1

V̂i − ηk

1 + λ(V̂i − ηk)
= 0. (2.9)

With λ, we can now calculate the -2log of the empirical likelihood ratio as

− 2 log J(ηk) = 2
n∑

i=1

log{1 + λ((V̂i − ηk)}. (2.10)

Three conditions are needed to obtain the asymptotic results as in Zhang et al. (2018).

1. The kernel function K(·) is a univariate bounded, continuous and symmetric density
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function about zero.

2. E[|X|4] <∞

3. As n −→ ∞, nh4 −→ 0, log2(n)/(nh2) −→ 0.

We can derive Wilks’ theorem as follows by following the arguments of Chen et al. (2022):

Theorem 2.2.1. Assume that conditions 1-3 hold. Let η0k be the true value of ηk. When

n −→ ∞, we have

−2 log J(η0k)
D−→ χ2

1.

Following the theorem, the JEL confidence interval for ηk is obtained by

IJηk = {ηk : −2 log J(ηJk) ≤ χ2
1−α(1)}, (2.11)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

2.2.4 Adjusted and mean jackknife empirical likelihood (AJEL, MJEL)

Many simulation studies have shown that under-coverage issues still exist with JEL when

the sample size is smaller than 25. Thus, we use adjusted jackknife empirical likelihood

to improve the performance of JEL. In order to construct an adjusted jackknife empirical

likelihood ratio for ηk, we first define Ŵi as

Ŵi(ηk) = V̂i − ηk, i = 1, ..., n, (2.12)

and then add one more pseudo value Ŵn+1 to Ŵi

Ŵn+1(ηk) = −an
n

n∑
i=1

Ŵi(ηk), (2.13)
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where an = max(1, log(n)/2). Thus, we can calculate the AJEL estimator as follows by

implementing the adjustment to the JEL estimator

η̂Ak
= η̂Jk +

1

n+ 1

n+1∑
i=1

Ŵi(η̂Jk). (2.14)

The adjusted jackknife empirical likelihood ratio for ηk is defined as

JA(ηk) = sup
p=(p1,...,pn+1)

{
n+1∏
i=1

(n+ 1)pi : pi ≥ 0;
n+1∑
i=1

pi = 1;
n+1∑
i=1

piŴi(ηk) = 0

}
. (2.15)

Hence, the adjusted jackknife empirical log-likelihood ratio for ηk is

lA(ηk) = −
n+1∑
i=1

log
{
1 + λaŴi(ηk)

}
, (2.16)

where λa is a solution to the following equation:

1

n+ 1

n+1∑
i=1

Ŵi(ηk)

1 + λaŴi(ηk)
= 0.

The -2log of adjusted jackknife empirical likelihood ratio can be obtained by

− 2 log JA(ηk) = 2
n+1∑
i=1

log{1 + λaŴi}. (2.17)

The Wilks’ theorem also holds for the adjusted jackknife empirical log-likelihood ratio

by following the arguments of Chen et al. (2022):

Theorem 2.2.2. Suppose that η0k is the true value of ηk. Under the same assumptions in

Theorem 2.2.1, when n→ ∞ we have,

− 2 log JA(η
0
k)

D−→ χ2
1. (2.18)
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Thus, following the theorem, the 100(1− α)% AJEL confidence interval is as follows:

IAηk = {ηk : −2 log JA(ηk) ≤ χ2
1−α(1)}, (2.19)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

By using AJEL, the length of AJEL confidence interval is usually longer than JEL ,but

the coverage probability of AJEL is better in small sample cases. To combine the methods of

mean and jackknife empirical likelihood, first we let M denote the pseudo vector calculated

from Ŵi, where

M =
{Ŵi + Ŵj

2
: 1 ≤ i ≤ j ≤ n

}
. (2.20)

Through the equation above, the original Ŵi is expanded into a vector of size N =

n(n+ 1)/2. Meanwhile, M maintains the same mean as Ŵi. The expected value of the new

M is close to 0. Similar to the adjusted jackknife estimator, the mean jackknife estimator

can be defined as follows by adding an adjustment term to the jackknife estimator:

η̂Mk
= η̂Jk +

1

N

N∑
i=1

Mi(η̂Jk). (2.21)

Now, we can construct the empirical likelihood based on the new vector M . The mean

empirical likelihood ratio, denoted as R̂M(ηk), is defined as:

R̂M(ηk) = sup
(p1,...,pn)

{
N∏
i=1

Npi; pi ≥ 0;
N∑
i=1

pi = 1;
N∑
i=1

piMi(ηk) = 0

}
. (2.22)

By the properties of empirical likelihood, the log-likelihood l̂M(ηk) can then be calculated

as:

l̂M(ηk) =
−2 log R̂M(ηk)

n+ 1

=
2

n+ 1

N∑
i=1

log{1 + λMi(ηk)},
(2.23)
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where λ is the solution of the following equation

N−1

N∑
i=1

Mi(ηk)

1 + λMi(ηk)
= 0. (2.24)

To construct the confidence interval of ηk, we obtain Wilk’s theorem as follows by fol-

lowing the arguments of Chen et al. (2022):

Theorem 2.2.3. Assume the same conditions we did in Theorem 2.2.1. We have that

l̂M(η0k)
D−→ χ2

1. (2.25)

Then, the mean jackknife empirical likelihood confidence interval is defined as follows by

following the arguments of Chen et al. (2022):

IMηk = {ηk : l̂M (ηk) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.

2.2.5 Adjusted mean and mean adjusted jacknife empirical likelihood (AMJEL, MA-

JEL)

Combining the methods of MJEL and AJEL, we introduce the methods of adjusted mean

jackknife empirical likelihood (AMJEL) and mean adjusted jackknife empirical likelihood

(MAJEL). In AMJEL, we calculate the vector M from equation (2.20) and then add one

more point to the vector. For MAJEL, we first obtain the vector Ŵi from equation (2.12)

and then expand the vector using the equation similar to equation (2.20).

For AMJEL, M is obtained by using equation (3.15) and has N = n(n+ 1)/2 elements.

We add one additional point to M using

MN+1 = −aN
N

N∑
i=1

Mi, (2.26)
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where aN = max(1, log(N)/2). The adjusted mean jackknife estimator is then defined as

η̂AMk
= η̂Mk

+
1

N + 1

N+1∑
i=1

Mi(η̂Mk
). (2.27)

The adjusted mean jackknife empirical likelihood ratio is then defined as:

JAM(ηk) = sup

{
N+1∏
i=1

(N + 1)pi; pi ≥ 0;
N+1∑
i=1

pi = 1;
N+1∑
i=1

piMi(ηk) = 0

}
. (2.28)

The log-likelihood of AMJEL can be then calculated by

lAM(ηk) =
2

n+ 1

N+1∑
i=1

log(1 + λMi(ηk)), (2.29)

where λ is a solution to the following equation:

1

N + 1

N+1∑
i=1

Mi(ηk)

1 + λMi(ηk)
= 0. (2.30)

The Wilks’ theorem holds for AMJEL as follows by following the arguments of Chen et

al. (2022):

Theorem 2.2.4. Under the same assumptions as in Theorem 2.2.1, when n→ ∞ we have,

− 2 log JAM(η0k)
D−→ χ2

1. (2.31)

Following the theorem, the 100(1− α)% AMJEL confidence interval is as follows

IAM
ηk

= {ηk : −2 log JAM(ηk) ≤ χ2
1−α(1)}, (2.32)

where χ2
1−α(1) is the 1− α quantile of χ2

1.
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For MAJEL, we use Ŵi obtained from equations (3.7)-(3.8) and calculate MA as follows:

Ma =
{Ŵi + Ŵj

2
: 1 ≤ i ≤ j ≤ n+ 1

}
. (2.33)

The expectation of Ma remains close to 0 and Ma has Na =
(n+ 1)(n+ 2)

2
values. The

mean adjusted jackknife estimator is then defined as

η̂MAK
= η̂Ak

+
1

Na

Na∑
i=1

Ma(η̂Ak
). (2.34)

The mean adjusted jackknife empirical likelihood ratio is then defined as follows:

JMA(ηk) = sup

{
Na∏
i=1

Napi; pi ≥ 0;
Na∑
i=1

pi = 1;
Na∑
i=1

piM
a
i = 0

}
. (2.35)

The log-likelihood of MAJEL can be calculated by the following equation:

lMA(ηk) =
2

n+ 2

Na∑
i=1

log(1 + λMa
i (ηk)), (2.36)

where λ is the solution of the following equation:

1

Na

Na∑
i=1

Ma
i (ηk)

1 + λMa
i (ηk)

= 0. (2.37)

We can also obtain the Wilks’ theorem for MAJEL by following the arguments of Chen

et al. (2022).

Theorem 2.2.5. Under the same assumption in Theorem 2.2.1, when n→ ∞,

− 2 log JMA(η
0
k)

D−→ χ2
1. (2.38)

From the theorem, we can construct the 100(1 − α)% MAJEL confidence interval as
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follows:

IMA
ηk

= {ηk : −2 log JMA(ηk) ≤ χ2
1−α(1)}, (2.39)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

2.3 Simulation Study

For the simulation study, our data X is generated from three symmetric distributions -

standard normal distribution, Cauchy distribution, and t-distribution with df = 2. Since

all three distributions are symmetric, we know that the true value of ηk = 0. We will

measure the symmetry of X by calculating ηk for k = 0.5, 1, 2, and 3. We will calculate 95%

confidence intervals using EL, JEL, AJEL, MJEL, AMJEL, and MAJEL methods. We will

compare which methods perform better under certain conditions. We hope to see that the

methods increase the coverage probability found using the standard EL method in Zhang

et al. (2018). Each simulation was repeated 5,000 times as done in Zhang et al. (2018)

with sample sizes n = 18, 30, 50, 100. For the kernel function, we choose to use both the

Epanechnikov kernel functions, K(t) = 0.75(1 − t2)+, as suggested by Zhang et al. (2018)

and the Gaussian kernel. We will compare the results between both kernel functions. The

bandwidth is chosen as suggested by Silverman (1986) such that h = σ̂Xn
−1/3. Six methods,

EL, JEL, AJEL, MJEL, AMJEL and MAJEL are compared in terms of coverage probability

(CP) and average lengths (AL) of 95% confidence intervals. The results are shown in the

following tables.
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Table 2.1: EL with the Gaussian Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -0.493 0.569 1.062 0.485 -0.498 0.556 1.054 0.773 -0.754 0.219 0.973 0.865 -0.239 0.654 0.894 0.865
30 -0.059 0.732 0.791 0.803 -0.479 0.227 0.756 0.886 -0.775 0.052 0.828 0.883 -0.270 0.521 0.791 0.857
50 -0.436 0.243 0.679 0.938 -0.249 0.372 0.622 0.913 -0.377 0.266 0.643 0.889 -0.195 0.451 0.646 0.837
100 -0.286 0.225 0.512 0.950 -0.123 0.320 0.443 0.936 -0.403 0.031 0.434 0.848 -0.109 0.258 0.368 0.792

C(0, 1) 18 -0.425 0.611 1.036 0.844 -0.793 0.123 0.916 0.912 -0.573 0.422 0.995 0.912 -0.879 0.055 0.935 0.915
30 -0.748 0.045 0.704 0.940 -0.407 0.361 0.768 0.938 -0.316 0.503 0.820 0.926 -0.594 0.105 0.699 0.919
50 -0.331 0.355 0.686 0.949 -0.212 0.431 0.643 0.942 -0.310 0.237 0.547 0.928 -0.450 0.079 0.529 0.902
100 -0.372 0.104 0.476 0.956 -0.259 0.186 0.445 0.940 -0.165 0.232 0.398 0.910 -0.129 0.226 0.355 0.893

t(2) 18 -0.375 0.677 1.052 0.717 -0.657 0.359 1.016 0.873 -0.381 0.632 1.013 0.917 -0.605 0.379 0.984 0.918
30 -0.497 0.368 0.865 0.930 -0.632 0.093 0.725 0.926 -0.431 0.314 0.745 0.923 -0.433 0.263 0.697 0.908
50 -0.043 0.538 0.581 0.959 -0.466 0.207 0.674 0.945 -0.368 0.237 0.605 0.918 -0.260 0.274 0.535 0.892
100 -0.124 0.355 0.479 0.964 -0.022 0.455 0.477 0.944 -0.269 0.154 0.423 0.899 -0.200 0.171 0.371 0.870

Table 2.2: EL with the EP Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -0.510 0.432 0.942 0.568 -0.709 0.249 0.959 0.816 -0.703 0.298 1.002 0.836 -0.150 0.772 0.922 0.816
30 -0.573 0.202 0.775 0.853 -0.398 0.360 0.759 0.888 -0.719 0.042 0.761 0.844 -0.043 0.713 0.756 0.797
50 -0.433 0.149 0.582 0.924 -0.308 0.384 0.693 0.908 -0.596 0.146 0.742 0.825 -0.299 0.218 0.518 0.745
100 -0.228 0.253 0.481 0.942 -0.270 0.122 0.392 0.900 -0.211 0.166 0.377 0.819 -0.322 0.120 0.443 0.736

C(0, 1) 18 -0.867 0.048 0.915 0.870 -0.510 0.478 0.988 0.918 -0.453 0.420 0.873 0.916 -0.512 0.385 0.897 0.901
30 -0.261 0.539 0.801 0.938 -0.094 0.617 0.711 0.925 -0.517 0.220 0.738 0.902 -0.379 0.270 0.649 0.891
50 -0.551 0.125 0.676 0.942 -0.016 0.519 0.536 0.933 -0.452 0.068 0.520 0.903 -0.187 0.262 0.450 0.856
100 -0.255 0.178 0.433 0.950 -0.068 0.348 0.416 0.934 -0.236 0.097 0.333 0.874 -0.361 0.023 0.384 0.846

t(2) 18 -0.511 0.585 1.096 0.799 -0.339 0.755 1.094 0.890 -0.691 0.262 0.953 0.873 -0.348 0.571 0.919 0.881
30 -0.431 0.355 0.786 0.922 -0.634 0.174 0.808 0.933 -0.501 0.231 0.732 0.894 -0.454 0.358 0.812 0.866
50 -0.241 0.417 0.658 0.946 -0.544 0.103 0.647 0.934 -0.418 0.184 0.602 0.889 -0.252 0.240 0.492 0.833
100 -0.081 0.382 0.463 0.951 -0.167 0.290 0.457 0.929 -0.279 0.119 0.399 0.876 -0.216 0.192 0.408 0.809
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Table 2.3: JEL with the Gaussian Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.112 0.724 1.837 0.866 -0.847 0.735 1.582 0.836 -0.783 0.713 1.496 0.827 -0.724 0.742 1.466 0.809
30 -0.691 0.534 1.225 0.897 -0.613 0.560 1.172 0.885 -0.602 0.569 1.171 0.870 -0.585 0.575 1.160 0.825
50 -0.471 0.420 0.891 0.928 -0.462 0.432 0.894 0.925 -0.452 0.458 0.910 0.897 -0.466 0.464 0.930 0.844
100 -0.313 0.228 0.602 0.948 -0.312 0.308 0.619 0.931 -0.336 0.326 0.662 0.894 -0.336 0.345 0.681 0.856

C(0, 1) 18 -0.868 0.523 1.392 0.891 -0.730 0.582 1.311 0.910 -0.636 0.588 1.224 0.924 -0.605 0.560 1.164 0.919
30 -0.577 0.446 1.023 0.941 -0.520 0.453 0.973 0.951 -0.475 0.445 0.920 0.949 -0.445 0.438 0.883 0.950
50 -0.402 0.358 0.760 0.962 -0.372 0.361 0.733 0.954 -0.353 0.343 0.696 0.949 -0.244 0.241 0.485 0.942
100 -0.260 0.250 0.513 0.964 -0.251 0.247 0.499 0.955 -0.244 0.241 0.485 0.942 -0.234 0.238 0.471 0.929

t(2) 18 -0.974 0.558 1.532 0.868 -0.785 0.619 1.403 0.886 -0.693 0.626 1.319 0.912 -0.632 0.624 1.256 0.897
30 -0.614 0.464 1.077 0.912 -0.560 0.480 1.039 0.938 -0.515 0.482 0.997 0.928 -0.495 0.473 0.968 0.918
50 -0.424 0.375 0.799 0.948 -0.400 0.370 0.770 0.946 -0.386 0.378 0.764 0.936 -0.382 0.369 0.751 0.911
100 -0.277 0.252 0.529 0.958 -0.270 0.257 0.526 0.950 -0.265 0.265 0.530 0.940 -0.270 0.264 0.534 0.910

Table 2.4: JEL with the EP Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.044 0.779 1.824 0.838 -0.866 0.788 1.654 0.841 -0.832 0.784 1.617 0.804 -0.792 0.800 1.592 0.750
30 -0.685 0.580 1.265 0.890 -0.630 0.602 1.232 0.890 -0.630 0.637 1.267 0.832 -0.646 0.651 1.297 0.766
50 -0.489 0.429 0.918 0.928 -0.468 0.464 0.933 0.912 -0.498 0.492 0.990 0.848 -0.514 0.519 1.033 0.791
100 -0.307 0.301 0.608 0.940 -0.326 0.323 0.649 0.915 -0.354 0.360 0.714 0.865 -0.380 0.379 0.760 0.825

C(0, 1) 18 -0.869 0.520 1.389 0.883 -0.745 0.580 1.325 0.915 -0.667 0.614 1.281 0.921 -0.645 0.629 1.274 0.888
30 -0.569 0.438 1.007 0.938 -0.508 0.466 0.974 0.948 -0.481 0.467 0.949 0.928 -0.473 0.470 0.943 0.896
50 -0.395 0.347 0.741 0.947 -0.376 0.348 0.724 0.949 -0.362 0.355 0.717 0.927 -0.364 0.359 0.723 0.902
100 -0.258 0.245 0.503 0.950 -0.247 0.246 0.493 0.884 -0.254 0.242 0.496 0.935 -0.256 0.248 0.504 0.904

t(2) 18 -0.948 0.601 1.549 0.883 -0.807 0.653 1.460 0.884 -0.724 0.687 1.411 0.877 -0.707 0.691 1.398 0.835
30 -0.614 0.479 1.093 0.924 -0.554 0.502 1.056 0.926 -0.537 0.530 1.067 0.901 -0.543 0.524 1.067 0.840
50 -0.426 0.370 0.796 0.946 -0.407 0.384 0.791 0.941 -0.406 0.407 0.813 0.902 -0.424 0.414 0.838 0.860
100 -0.269 0.260 0.529 0.947 -0.275 0.263 0.538 0.945 -0.283 0.282 0.565 0.913 -0.300 0.297 0.597 0.880



24

Table 2.5: AJEL with the Gaussian Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.216 0.826 2.042 0.914 -0.949 0.812 1.761 0.901 -0.850 0.822 1.672 0.879 -0.823 0.809 1.632 0.873
30 -0.743 0.583 1.326 0.926 -0.668 0.605 1.273 0.924 -0.624 0.615 1.239 0.905 -0.625 0.618 1.243 0.874
50 -0.495 0.438 0.933 0.945 -0.480 0.457 0.937 0.943 -0.482 0.471 0.953 0.906 -0.485 0.489 0.974 0.870
100 -0.314 0.298 0.612 0.958 -0.319 0.317 0.636 0.944 -0.354 0.360 0.714 0.914 -0.354 0.349 0.703 0.878

C(0, 1) 18 -0.946 0.596 1.542 0.918 -0.806 0.638 1.444 0.929 -0.711 0.655 1.366 0.947 -0.679 0.638 1.316 0.956
30 -0.612 0.481 1.093 0.960 -0.551 0.494 1.044 0.971 -0.500 0.486 0.985 0.972 -0.479 0.466 0.944 0.966
50 -0.421 0.372 0.793 0.972 -0.389 0.373 0.762 0.977 -0.368 0.360 0.728 0.965 -0.353 0.348 0.701 0.962
100 -0.269 0.256 0.525 0.964 -0.262 0.249 0.511 0.964 -0.253 0.244 0.496 0.949 -0.242 0.240 0.482 0.950

t(2) 18 -1.045 0.637 1.683 0.912 -0.867 0.682 1.549 0.918 -0.769 0.685 1.454 0.929 -0.708 0.683 1.391 0.932
30 -0.656 0.504 1.160 0.944 -0.588 0.520 1.107 0.957 -0.544 0.518 1.062 0.959 -0.522 0.509 1.030 0.946
50 -0.442 0.390 0.832 0.964 -0.410 0.399 0.809 0.968 -0.402 0.390 0.791 0.954 -0.388 0.384 0.772 0.937
100 -0.283 0.264 0.546 0.965 -0.271 0.270 0.540 0.960 -0.272 0.273 0.544 0.949 -0.276 0.271 0.547 0.957

Table 2.6: AJEL with the EP Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.151 0.870 2.021 0.899 -0.972 0.881 1.853 0.892 -0.931 0.871 1.802 0.892 -0.925 0.886 1.811 0.848
30 -0.725 0.619 1.344 0.917 -0.683 0.651 1.334 0.927 -0.687 0.663 1.350 0.873 -0.693 0.688 1.381 0.822
50 -0.500 0.458 0.958 0.940 -0.495 0.482 0.977 0.935 -0.526 0.512 1.038 0.876 -0.536 0.544 1.080 0.825
100 -0.319 0.309 0.628 0.948 -0.335 0.327 0.661 0.932 -0.366 0.369 0.735 0.897 -0.388 0.399 0.787 0.841

C(0, 1) 18 -0.954 0.594 1.548 0.930 -0.821 0.657 1.478 0.946 -0.752 0.677 1.429 0.963 -0.700 0.687 1.387 0.943
30 -0.604 0.472 1.076 0.958 -0.549 0.494 1.043 0.965 -0.516 0.505 1.021 0.959 -0.501 0.515 1.016 0.935
50 -0.411 0.367 0.778 0.964 -0.389 0.364 0.753 0.960 -0.378 0.370 0.748 0.953 -0.379 0.376 0.755 0.930
100 -0.262 0.252 0.514 0.956 -0.252 0.254 0.505 0.957 -0.255 0.252 0.508 0.950 -0.258 0.255 0.513 0.943

t(2) 18 -1.028 0.686 1.714 0.917 -0.79 0.733 1.612 0.930 -0.810 0.752 1.562 0.922 -0.794 0.767 1.560 0.882
30 -0.658 0.515 1.172 0.944 -0.596 0.539 1.135 0.951 -0.579 0.555 1.134 0.928 -0.579 0.573 1.151 0.894
50 -0.444 0.388 0.832 0.962 -0.418 0.402 0.820 0.959 -0.428 0.421 0.849 0.932 -0.431 0.436 0.867 0.896
100 -0.279 0.266 0.544 0.953 -0.278 0.271 0.549 0.948 -0.290 0.291 0.581 0.947 -0.304 0.301 0.605 0.911
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Table 2.7: MJEL with the Gaussian Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.210 0.801 2.061 0.885 -0.968 0.796 1.764 0.867 -0.862 0.787 1.650 0.862 -0.820 0.775 1.595 0.846
30 -0.766 0.584 1.350 0.908 -0.665 0.615 1.280 0.913 -0.633 0.604 1.237 0.906 -0.610 0.611 1.221 0.867
50 -0.523 0.444 0.967 0.936 -0.484 0.453 0.937 0.938 -0.489 0.459 0.948 0.901 -0.472 0.479 0.951 0.858
100 -0.327 0.302 0.629 0.956 -0.323 0.306 0.629 0.949 -0.338 0.336 0.674 0.895 -0.353 0.348 0.701 0.865

C(0, 1) 18 -0.988 0.594 1.582 0.899 -0.835 0.652 1.487 0.924 -0.712 0.647 1.360 0.944 -0.664 0.621 1.284 0.956
30 -0.631 0.496 1.126 0.957 -0.569 0.493 1.061 0.971 -0.501 0.481 0.982 0.968 -0.471 0.461 0.932 0.965
50 -0.426 0.379 0.805 0.975 -0.395 0.369 0.764 0.976 -0.364 0.359 0.723 0.965 -0.351 0.341 0.692 0.952
100 -0.270 0.255 0.525 0.961 -0.256 0.251 0.507 0.957 -0.247 0.243 0.490 0.952 -0.240 0.235 0.475 0.948

t(2) 18 -1.047 0.642 1.717 0.886 -0.879 0.693 1.572 0.896 -0.760 0.687 1.447 0.923 -0.716 0.661 1.377 0.918
30 -0.697 0.642 1.717 0.886 -0.879 0.693 1.572 0.896 -0.760 0.687 1.447 0.923 -0.510 0.507 1.017 0.946
50 -0.461 0.400 0.861 0.961 -0.416 0.398 0.815 0.972 -0.402 0.383 0.785 0.948 -0.387 0.382 0.770 0.933
100 -0.281 0.268 0.549 0.969 -0.271 0.266 0.537 0.952 -0.270 0.270 0.539 0.954 -0.269 0.270 0.539 0.930

Table 2.8: MJEL with the EP Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.175 0.844 2.018 0.869 -0.985 0.860 1.845 0.874 -0.918 0.863 1.781 0.876 -0.881 0.865 1.746 0.806
30 -0.765 0.623 1.388 0.910 -0.695 0.634 1.329 0.915 -0.673 0.672 1.345 0.865 -0.676 0.676 1.352 0.798
50 -0.517 0.462 0.979 0.939 -0.500 0.476 0.977 0.924 -0.515 0.514 1.030 0.869 -0.536 0.524 1.060 0.807
100 -0.325 0.306 0.632 0.949 -0.331 0.326 0.657 0.927 -0.366 0.363 0.729 0.876 -0.382 0.396 0.778 0.839

C(0, 1) 18 -0.966 0.585 1.551 0.920 -0.829 0.653 1.483 0.938 -0.731 0.672 1.403 0.952 -0.697 0.661 1.358 0.934
30 -0.609 0.477 1.086 0.962 -0.550 0.492 1.041 0.968 -0.518 0.490 1.008 0.950 -0.501 0.493 0.994 0.924
50 -0.414 0.363 0.778 0.960 -0.392 0.357 0.750 0.963 -0.367 0.368 0.735 0.937 -0.371 0.374 0.745 0.913
100 -0.260 0.251 0.511 0.953 -0.254 0.247 0.501 0.945 -0.252 0.255 0.506 0.945 -0.254 0.256 0.510 0.916

t(2) 18 -1.055 0.664 1.720 0.898 -0.873 0.723 1.596 0.915 -0.799 0.763 1.561 0.930 -0.783 0.747 1.530 0.905
30 -0.670 0.525 1.195 0.944 -0.607 0.541 1.148 0.953 -0.579 0.556 1.135 0.930 -0.569 0.559 1.129 0.882
50 -0.450 0.396 0.846 0.960 -0.423 0.402 0.825 0.957 -0.422 0.413 0.835 0.917 -0.433 0.428 0.861 0.877
100 -0.282 0.262 0.544 0.959 -0.275 0.271 0.547 0.943 -0.286 0.289 0.575 0.915 -0.300 0.302 0.601 0.884
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Table 2.9: AMJEL with the Gaussian Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.307 0.897 2.204 0.908 -1.048 0.867 1.915 0.876 -0.916 0.851 1.767 0.872 -0.888 0.860 1.748 0.868
30 -0.780 0.593 1.374 0.915 -0.683 0.6605 1.288 0.911 -0.643 0.616 1.259 0.906 -0.627 0.624 1.250 0.876
50 -0.526 0.451 0.976 0.944 -0.484 0.461 0.945 0.939 -0.480 0.476 0.955 0.904 -0.488 0.469 0.957 0.860
100 -0.324 0.304 0.628 0.961 -0.324 0.309 0.633 0.937 -0.336 0.335 0.670 0.900 -0.354 0.346 0.700 0.864

C(0, 1) 18 -1.021 0.653 1.673 0.918 -0.866 0.702 1.568 0.930 -0.768 0.695 1.464 0.947 -0.708 0.675 1.383 0.957
30 -0.642 0.502 1.144 0.953 -0.566 0.507 1.073 0.973 -0.510 0.483 0.993 0.975 -0.478 0.464 0.942 0.967
50 -0.428 0.380 0.808 0.973 -0.393 0.374 0.767 0.978 -0.369 0.355 0.724 0.961 -0.348 0.347 0.695 0.950
100 -0.269 0.256 0.524 0.960 -0.257 0.252 0.508 0.960 -0.247 0.243 0.490 0.949 -0.241 0.236 0.477 0.957

t(2) 18 -1.127 0.697 1.824 0.907 -0.934 0.742 1.676 0.906 -0.814 0.746 1.560 0.925 -0.766 0.715 1.481 0.930
30 -0.702 0.522 1.225 0.938 -0.612 0.541 1.152 0.954 -0.553 0.517 1.070 0.962 -0.517 0.513 1.030 0.949
50 -0.464 0.398 0.862 0.966 -0.421 0.395 0.816 0.970 -0.398 0.389 0.787 0.953 -0.391 0.380 0.772 0.925
100 -0.283 0.266 0.550 0.969 -0.274 0.266 0.539 0.955 -0.268 0.269 0.538 0.943 -0.269 0.271 0.540 0.938

Table 2.10: AMJEL with the EP Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.238 0.911 2.149 0.883 -1.058 0.922 1.980 0.890 -0.970 0.938 1.908 0.888 -0.960 0.940 1.899 0.836
30 -0.759 0.626 1.385 0.909 -0.701 0.650 1.351 0.924 -0.691 0.665 1.356 0.871 -0.695 0.697 1.392 0.804
50 -0.524 0.459 0.982 0.936 -0.494 0.489 0.983 0.931 -0.521 0.520 1.042 0.868 -0.545 0.542 1.086 0.810
100 -0.319 0.312 0.632 0.950 -0.326 0.329 0.655 0.924 -0.362 0.365 0.727 0.879 -0.394 0.381 0.775 0.835

C(0, 1) 18 -1.021 0.648 1.669 0.931 -0.878 0.705 1.583 0.946 -0.788 0.711 1.499 0.959 -0.752 0.734 1.486 0.950
30 -0.620 0.488 1.107 0.959 -0.558 0.501 1.059 0.968 -0.528 0.491 1.019 0.954 -0.504 0.499 1.004 0.923
50 -0.417 0.367 0.783 0.968 -0.384 0.370 0.754 0.965 -0.373 0.371 0.745 0.945 -0.377 0.371 0.747 0.934
100 -0.262 0.252 0.514 0.951 -0.253 0.249 0.501 0.951 -0.251 0.252 0.502 0.951 -0.252 0.258 0.509 0.947

t(2) 18 -1.118 0.740 1.857 0.919 -0.944 0.793 1.737 0.931 -0.860 0.809 1.669 0.939 -0.852 0.815 1.666 0.918
30 -0.682 0.526 1.208 0.943 -0.610 0.548 1.158 0.959 -0.576 0.564 1.140 0.934 -0.582 0.575 1.158 0.921
50 -0.455 0.395 0.849 0.963 -0.418 0.410 0.827 0.960 -0.422 0.417 0.839 0.923 -0.436 0.430 0.866 0.923
100 -0.278 0.266 0.544 0.962 -0.276 0.272 0.547 0.941 -0.283 0.295 0.578 0.929 -0.302 0.299 0.600 0.943
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Table 2.11: MAJEL with the Gaussian Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.348 0.941 2.289 0.903 -1.086 0.908 1.994 0.883 -0.967 0.904 1.871 0.880 -0.931 0.909 1.840 0.873
30 -0.800 0.609 1.409 0.922 -0.770 0.628 1.328 0.924 -0.640 0.625 1.265 0.913 -0.628 0.621 1.250 0.886
50 -0.529 0.455 0.985 0.948 -0.488 0.470 0.959 0.953 -0.486 0.470 0.956 0.911 -0.487 0.485 0.972 0.879
100 -0.326 0.306 0.632 0.958 -0.322 0.316 0.638 0.951 -0.336 0.338 0.674 0.910 -0.355 0.353 0.708 0.874

C(0, 1) 18 -1.061 0.695 1.756 0.919 -0.911 0.740 1.650 0.929 -0.810 0.736 1.546 0.945 -0.742 0.706 1.448 0.956
30 -0.651 0.512 1.164 0.961 -0.579 0.513 1.092 0.975 -0.515 0.495 1.010 0.981 -0.491 0.469 0.960 0.978
50 -0.433 0.381 0.814 0.977 -0.399 0.374 0.773 0.978 -0.368 0.365 0.733 0.970 -0.356 0.348 0.704 0.963
100 -0.270 0.271 0.527 0.964 -0.258 0.253 0.511 0.965 -0.245 0.247 0.492 0.953 -0.243 0.236 0.479 0.952

t(2) 18 -1.189 0.744 1.933 0.900 -0.980 0.783 1.762 0.912 -0.865 0.796 1.661 0.929 -0.796 0.771 1.567 0.931
30 -0.728 0.528 1.257 0.943 -0.626 0.547 1.173 0.958 -0.563 0.525 1.089 0.962 -0.532 0.518 1.051 0.953
50 -0.471 0.401 0.873 0.971 -0.426 0.403 0.830 0.974 -0.402 0.392 0.794 0.961 -0.388 0.389 0.777 0.937
100 -0.281 0.271 0.552 0.973 -0.274 0.268 0.542 0.960 -0.273 0.269 0.542 0.946 -0.273 0.271 0.544 0.940

Table 2.12: MAJEL with the EP Kernel

η0.5 η1 η2 η3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

N(0, 1) 18 -1.281 0.992 2.272 0.901 -1.105 0.965 2.070 0.885 -1.046 0.992 2.038 0.892 -1.019 1.003 2.022 0.860
30 -0.786 0.645 1.431 0.927 -0.716 0.663 1.379 0.926 -0.696 0.679 1.375 0.886 -0.718 0.691 1.679 0.836
50 -0.522 0.470 0.992 0.944 -0.506 0.483 0.989 0.940 -0.524 0.518 1.042 0.881 -0.547 0.545 1.092 0.829
100 -0.326 0.311 0.637 0.953 -0.329 0.330 0.659 0.930 -0.371 0.359 0.730 0.887 -0.395 0.395 0.790 0.854

C(0, 1) 18 -1.057 0.690 1.747 0.926 -0.913 0.755 1.668 0.955 -0.824 0.756 1.580 0.965 -0.794 0.772 1.566 0.956
30 -0.625 0.496 1.121 0.958 -0.563 0.515 1.078 0.978 -0.529 0.517 1.046 0.969 -0.509 0.514 1.023 0.942
50 -0.427 0.367 0.794 0.974 -0.385 0.375 0.760 0.970 -0.375 0.372 0.747 0.946 -0.382 0.377 0.759 0.930
100 -0.264 0.251 0.515 0.959 -0.252 0.251 0.503 0.958 -0.255 0.251 0.506 0.938 -0.258 0.259 0.517 0.947

t(2) 18 -1.158 0.785 1.942 0.918 -0.987 0.835 1.822 0.932 -0.901 0.841 1.742 0.943 -0.899 0.861 1.759 0.928
30 -0.703 0.535 1.238 0.947 -0.616 0.563 1.180 0.964 -0.584 0.580 1.164 0.952 -0.584 0.584 1.167 0.909
50 -0.459 0.400 0.859 0.968 -0.431 0.406 0.837 0.968 -0.426 0.423 0.849 0.938 -0.432 0.435 0.867 0.892
100 -0.279 0.268 0.547 0.956 -0.277 0.270 0.548 0.947 -0.291 0.2987 0.578 0.949 -0.306 0.300 0.606 0.935



28

Replicating the EL methods from Zhang et al. (2018), we observe that our simulated

results using a Gaussian kernel more closely follows the table summarizing their results using

the EP kernel. Overall, the EP kernel produced confidence intervals with larger average

lengths but suffered from poorer coverage probability. The Gaussian kernel performed more

favorably in all five jackknife methods. From the simulations, we can see that the average

lengths of all five jackknife methods are longer than those of EL. The average length of the

AJEL confidence intervals is longer than that of JEL. MJEL produces longer intervals for

smaller values of n. All new methods give better performance as the sample size increases.

The AMJEL and MAJEL methods have over-coverage when the sample size is greater than

30 in many of the simulations. All five jackknife methods improve the estimators of η2 and

η3 as their coverage probabilities increase towards the nominal level over the EL method.

Based on the simulations, η0.5 and η1 are overall better estimators to measure the symmetry

and the use of JEL with Gaussian kernel for larger sample sizes is preferred and the use of

AJEL with Gaussian kernel for smaller sample sizes is preferred. The other methods greatly

improved the estimators overall but the overcoverage found may need to be looked at.

2.4 Real Applications

2.4.1 Real application 1

To compare the new methods to the method proposed by Zhang et al. (2018), we use the

air quality dataset found in the machine learning catalogue UCI. The dataset contains n =

9358 instances of hourly averaged responses from an array of five metal oxide chemical sensors

embedded in an air quality chemical multisensor device. The device was located on the field

in a significantly polluted area, at road level, within an Italian city. Data were recorded from

March 2004 to February 2005 (one year) representing the longest freely available recordings

of on field deployed air quality chemical sensor devices responses. The dataset contains the

following predictor variables and response variable:
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1. X1 - True hourly averaged concentration CO

2. X2 - PT08.S1 (tin oxide) hourly averaged sensor response (nominally CO targeted)

3. X3 - True hourly averaged overall Non Metanic HydroCarbons concentration in

microg/m3

4. X4 - True hourly averaged Benzene concentration in microg/m3

5. X5 - PT08.S2 (titania) hourly averaged sensor response

6. X6 - True hourly averaged NOx concentration in ppb

7. X7 - PT08.S3 (tungsten oxide) hourly averaged sensor response (nominally NOx tar-

geted)

8. X8 -True hourly averaged NO2 concentration in microg/m3

9. X9 - PT08.S4 (tungsten oxide) hourly averaged sensor response (nominally NO2 tar-

geted)

10. X10 - PT08.S5 (indium oxide) hourly averaged sensor response (nominally O3 targeted)

11. X11 - Temperature

12. Y - Relative Humidity.

Our goal is to replicate the linear regression procedure found in Zhang et al. (2018) and

construct confidence intervals for ηk using the jackknife empirical likelihood methods. The

original dataset contains many missing values. After removing them, we have a sample size

of n = 827, contrary to Zhang et al. (2018). After fitting the full saturated linear regression

model, we find that there is one outlier in the residual plot. Upon removing this sample

from the dataset, we get the sample of n = 826 found by Zhang et al. (2018). After refitting

the full saturated model without the outlier, we obtain the model summary found in Table
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2.13. From the table, we see that X1, X2, and X10 are not significant. As a result, we

remove them and refit the model. The summary of the reduced model with insignificant

predictors removed is displayed in Table 2.14. These are the same results obtained by Zhang

et al. (2018). We redo them for completeness. In Tables 2.15 and 2.16, we summarize

estimates of ηk for checking the symmetry of the model errors for the calculated saturated

least squares regression model using the Gaussian kernel and the EP kernel along with their

95% confidence intervals. In Tables 2.17 and 2.18, we summarize estimates of ηk for checking

the symmetry of the model errors for the calculated reduced least squares regression model

using the Gaussian kernel and the EP kernel along with their 95% confidence intervals. We

can see that all of the calculated confidence intervals are entirely less than zero, indicating

that the density function of the model errors is not symmetric whether we remove the

insignificant predictors or not. For visualization, the histograms of the model errors for both

models and their density estimates are presented in Figure 2.1. These figures show us that

the model errors are not symmetric and the assumption that the distribution of the residuals

are symmetric is not validated.



31

Table 2.13: Least Squares Estimates for the Saturated Model

Intercept β1 β2 β3 β4 β5 β6 β7 β8 β9 β10 β11

Estimator 2.1616 -0.4286 -0.0050 0.0041 -1.872 -0.0646 -0.0261 -0.0079 0.0727 0.1086 0.0007 -2.2400

Standard Error 8.8122 0.7426 0.0033 0.0021 0.2801 0.0080 0.0078 0.0027 0.0151 0.0032 0.0014 0.049

P-values 0.8063 0.5640 0.1300 0.0560 4.35 x 10−11 2.05 x 10−15 0.0009 0.0034 1.69 x 10−6 2 x 10−16 0.6244 2 x 10−16

Table 2.14: Least Squares Estimates for the Reduced Model

Intercept β1 β2 β3 β4 β5 β6 β7 β8 β9 β10 β11

Estimator 5.1251 * * 0.0043 -1.8646 -0.0668 -0.0296 -0.0094 0.0626 0.1058 * -2.2313

Standard Error 8.5636 * * 0.0020 0.2517 0.0076 0.0070 0.0025 0.0134 0.0027 * 0.0474

P-values 0.5497 * * 0.0312 3.2 x 10−13 2 x 10−16 2.55 x 10−05 .0001 3.51 x 10−16 2 x 10−16 * 2 x 10−16
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Table 2.15: 95% EL and JEL Confidence Intervals for ηk for the Full Model Using the Gaussian Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.3591 -0.4439 -0.2799 -0.3636 -0.4422 -0.2879 -0.3567 -0.4304 -0.2855 -0.3488 -0.4182 -0.2819

JEL -0.3683 -0.4552 -0.2776 -0.3738 -0.4711 -0.2754 -0.3718 -0.4843 -0.2593 -0.3685 -0.4887 -0.2492

AJEL -0.3663 -0.4555 -0.2773 -0.3719 -0.4715 -0.2750 -0.3698 -0.4847 -0.2589 -0.3666 -0.4891 -0.2487

MJEL -0.3683 -0.4553 -0.2774 -0.3738 -0.4713 -0.2752 -0.3718 -0.4845 -0.2591 0.3685 -0.4889 -0.2490

AMJEL -0.3683 -0.4553 -0.2774 -0.3738 -0.4713 -0.2752 -0.3718 -0.4845 -0.2591 -0.3685 -0.4889 -0.2490

MAJEL -0.3644 -0.4554 -0.2774 -0.3699 -0.4713 -0.2751 -0.3678 -0.4845 -0.2590 -0.3646 -0.4889 -0.2489

Table 2.16: 95% EL and JEL Confidence Intervals for ηk for the Full Model Using the EP Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.3559 -0.4426 -0.2753 -0.3665 -0.4460 -0.2901 -0.3682 -0.4417 -0.2974 -0.3644 -0.4326 -0.2992

JEL -0.3698 -0.4567 -0.2793 -0.3818 -0.4814 -0.2814 -0.3906 -0.5111 -0.2714 -0.3939 -0.5267 -0.2638

AJEL -0.3679 -0.4570 -0.2790 -0.3798 -0.4818 -0.2809 -0.3886 -0.5116 -0.2709 -0.3918 -0.5273 -0.2633

MJEL -0.3698 -0.4568 -0.2791 -0.3818 -0.4815 -0.2812 -0.3906 -0.5113 -0.2712 -0.3939 -0.5270 -0.2636

AMJEL -0.3698 -0.4568 -0.2791 -0.3818 -0.4816 -0.2812 -0.3906 -0.5113 -0.2713 -0.3939 -0.5270 -0.2636

MAJEL -0.3659 -0.4569 -0.2790 -0.3778 -0.4816 -0.2811 -0.3865 -0.5114 -0.2712 -0.3897 -0.5271 -0.2635
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Table 2.17: 95% EL and JEL Confidence Intervals for ηk for the Reduced Model Using the Gaussian Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.3433 -0.4287 -0.2639 -0.3440 -0.4236 -0.2676 -0.3315 -0.4065 -0.2591 -0.3200 -0.3913 -0.2514

JEL -0.3524 -0.4421 -0.2594 -0.3537 -0.4558 -0.2506 -0.3456 -0.4666 -0.2245 -0.3388 -0.4714 -0.2067

AJEL -0.3506 -0.4425 -0.2590 -0.3519 -0.4562 -0.2502 -0.3438 -0.4671 -0.2240 -0.3370 -0.4719 -0.2062

MJEL -0.3524 -0.4423 -0.2592 -0.3537 -0.4559 -0.2504 -0.3456 -0.4668 -0.2243 -0.3388 -0.4716 -0.2065

AMJEL -0.3524 -0.4423 -0.2592 -0.3537 -0.4559 -0.2504 -0.3456 -0.4668 -0.2243 -0.3388 -0.4716 -0.2065

MAJEL -0.3487 -0.4423 -0.2591 -0.3500 -0.4560 -0.2504 -0.3419 -0.4669 -0.2242 -0.3352 -0.4717 -0.2064

Table 2.18: 95% EL and JEL Confidence Intervals for ηk for the Reduced Model Using the EP Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.3379 -0.4248 -0.2574 -0.3426 -0.4231 -0.2655 -0.3361 -0.4109 -0.2638 -0.3275 -0.3975 -0.2602

JEL -0.3476 -0.4378 -0.2542 -0.3523 -0.4577 -0.2459 -0.3505 -0.4805 -0.2207 -0.3488 -0.5129 -0.2094

AJEL -0.3457 -0.4382 -0.2538 -0.3504 -0.4581 -0.2454 -0.3487 -0.4811 -0.2201 -0.3470 -0.4933 -0.2053

MJEL -0.3476 -0.4379 -0.2540 -0.3523 -0.4579 -0.2457 -0.3505 -0.4808 -0.2204 -0.3488 -0.4939 -0.2047

AMJEL -0.3476 -0.4380 -0.2540 -0.3523 -0.4579 -0.2457 -0.3505 -0.4808 -0.2204 -0.3488 -0.4935 -0.2050

MAJEL -0.3439 -0.4380 -0.2539 -0.3486 -0.4580 -0.2456 -0.3468 -0.4808 -0.2203 -0.3451 -0.4936 -0.2049
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Figure 2.1: Histogram of model errors with estimated density for the full model (left) and the
reduced model (right)

2.4.2 Real application 2

In the second real data analysis, we investigate the textile data introduced in Box and

Cox (1964). They proposed a family of power transformations in order to improve the

additivity, normality, and homoscedasticity of observations. This is appealing because it

allows for applications of the normal distribution to statistical inferences. The data is from

an unpublished report to the Textile Committee. The report described some experiments on

the behavior of worsted yarn under cycles of repeated loading. The data consists of n = 27

such values. Figure 2.2 shows the histogram along with the Q-Q plot of the non-transformed

textile data. From the histogram, the distribution of textile values is heavily skewed and

non-symmetric. The non-normality is verified by the Q-Q plot showing a strong deviation

from linearity. Tables 2.19 and 2.20 show the calculations of ηk for k = 0.5, 1, 2, 3 and their

95% confidence intervals using a Gaussian kernel and an EP kernel. All confidence intervals

are strictly less than 0 indicating that the underlying distribution is not symmetric. Figure

2.3 shows the Box-Cox transformed textile data with λ = −0.6. The histogram shows a

more symmetric appearance and the Q-Q plot shows improved linearity. Tables 2.21 and

2.22 show the calculations of ηk for k = 0.5, 1, 2, 3 and their 95% confidence intervals
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using a Gaussian kernel and an EP kernel for the Box-Cox transformed textile data. Every

confidence interval contains 0 which indicates that the value of ηk = 0 is plausible indicating

that the distribution can be considered symmetric.

Figure 2.2: Histogram of textile data with estimated density (left) and Q-Q plot (right)

Figure 2.3: Histogram of Box-Cox transformed textile data with the estimated density (left) and
Q-Q plot (right)
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Table 2.19: 95% EL and JEL Confidence Intervals for ηk for the Textile Data Using the Gaussian Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.5880 -1.2783 -0.4999 -0.6735 -1.2185 -0.5278 -0.6821 -1.0987 -0.5250 -0.6503 -1.0077 -0.4855

JEL -0.9461 -1.1106 -0.8115 -0.9212 -1.0522 -0.8034 -0.8521 -0.9874 -0.7129 -0.7812 -0.9304 -0.6236

AJEL -0.8566 -1.1229 -0.8011 -0.8341 -1.0620 -0.7943 -0.7715 -0.9977 -0.7023 -0.7073 -0.9419 -0.6115

MJEL -0.9461 -1.1255 -0.8059 -0.9212 -1.0626 -0.7973 -0.8521 -0.9947 -0.7055 -0.7812 -0.9371 -0.6153

AMJEL -0.9461 -1.1280 -0.8032 -0.9212 -1.0646 -0.7952 -0.8521 -0.9971 -0.7031 -0.7812 -0.9400 -0.6125

MAJEL -0.7672 -1.1321 -0.8005 -0.7470 -1.0677 -0.7928 -0.6909 -0.9999 -0.7002 -0.6334 -0.9430 -0.6092

Table 2.20: 95% EL and JEL Confidence Intervals for ηk for the Textile Data Using the EP Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.6470 -1.2182 -0.5707 -0.7075 -1.1360 -0.5722 -0.6827 -1.0017 -0.5151 -0.6390 -0.9247 -0.4467

JEL -0.9597 -1.1332 -0.8055 -0.8974 -1.0560 -0.7346 -0.7844 -0.9489 -0.5968 -0.8974 -0.8796 -0.5242

AJEL -0.8689 -1.1463 -0.7936 -0.8125 -1.0682 -0.7222 -0.7102 -0.9617 -0.5826 -0.8125 -0.8924 -0.5098

MJEL -0.9597 -1.1446 -0.7986 -0.8974 -1.0643 -0.7248 -0.7844 -0.9558 -0.5849 -0.8974 -0.8866 -0.5119

AMJEL -0.9597 -1.1474 -0.7956 -0.8974 -1.0671 -0.7221 -0.7844 -0.9591 -0.5819 -0.8974 -0.8899 -0.5088

MAJEL -0.7782 -1.1512 -0.7925 -0.7277 -1.0704 -0.7185 -0.6360 -0.9624 -0.5777 -0.7277 -0.8933 -0.5046
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Table 2.21: 95% EL and JEL Confidence Intervals for ηk for the Box-Cox Transformed Textile Data Using the Gaussian Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL 0.3325 -0.5724 0.5695 0.1714 -0.5733 0.5216 0.0720 -0.5632 0.4433 0.0256 -0.5480 0.3842

JEL -0.0365 -0.6593 0.6112 -.0610 -0.7236 0.6229 -0.1277 -0.8643 0.6154 -0.1993 -0.9870 0.5761

AJEL -0.0331 -0.7072 0.6607 -0.0552 -0.7745 0.6751 -0.1156 -0.9208 0.6723 -0.1805 -1.0474 0.6356

MJEL -0.0365 -0.6882 0.6494 -0.0610 -0.7540 0.6626 -0.1277 -0.8981 0.6525 -0.1993 -1.0252 0.6123

AMJEL -0.0365 -0.6998 0.6602 -.0610 -0.7664 0.6741 -0.1277 -0.9119 0.6658 -0.1993 -1.0395 0.6267

MAJEL -0.0296 -0.7125 0.6742 -.0495 -0.7799 0.6888 -0.1036 -0.9269 0.6812 -0.1616 -1.0558 0.6425

Table 2.22: 95% EL and JEL Confidence Intervals for ηk for the Box-Cox Transformed Textile Data Using the EP Kernel

η0.5 η1 η2 η3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL 0.3147 -0.5151 0.5349 0.1588 -0.5220 0.4896 0.0527 -0.5242 0.4053 -0.0068 -0.5190 0.3306

JEL 0.0045 -0.6960 0.7035 -0.0553 -0.8352 0.7293 -0.2229 -1.1803 0.7126 -0.4471 -1.5556 0.5891

AJEL 0.0040 -0.7497 0.7571 -0.0501 -0.8950 0.7894 -0.2019 -1.2534 0.7844 -0.4048 -1.6398 0.6689

MJEL 0.0045 -0.7299 0.7368 -0.0553 -0.8722 0.7675 -0.2229 -1.2303 0.7580 -0.4471 -1.6206 0.6373

AMJEL 0.0045 -0.7427 0.7496 -0.0553 -0.8866 0.7818 -0.2229 -1.2471 0.7751 -0.4471 -1.6391 0.6568

MAJEL 0.0036 -0.7571 0.7640 -0.0448 -0.9026 0.7980 -0.1808 -1.2671 0.7943 -0.3625 -1.6630 0.6779
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2.5 Conclusions

In this chapter, we proposed five methods for a k-th correlation analysis to measure symme-

try. By the nature of JEL, MJEL and AJEL, all confidence intervals are larger than those

of empirical likelihood by Zhang et al. (2018). AJEL and MJEL have longer confidence

intervals than JEL. All new methods provide better coverage probability compared to the

conventional empirical likelihood but the performance varies case by case. MJEL, AJE, AM-

JEL, and MAJEL could have over-coverage when the sample size is greater than or equal

to 75. Generally, MAJEL and AMJEL greatly increased the performance of the estimators

η2 and η3. The overcoverage for AMJEL and MAJEL with the larger sample sizes needs

further investigation. When applied to real data sets, the new methods allow us to more

comfortably construct confidence intervals since the traditional EL method suffered from

extreme low coverage probability. None of the methods resulted in conflicting inferences but

based on the simulation results, it is important to utilize JEL methods for inference using

this measure of symmetry. For future research, the tool of jackknife empirical likelihood can

be extended to measure symmetry for other types of distributions such as joint probability

distributions, posterior distributions in Bayesian analysis, or conditional distributions. In

addition, we could also attempt to use different methods of jackknife empirical likelihood

not addressed in this paper. Finally, real applications are given to illustrate the performance

of the proposed methods.
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CHAPTER 3

JACKKNIFE EMPIRICAL LIKELIHOOD METHODS FOR THE

CORRELATION COEFFICIENT WITH MULTIPLICATIVE DISTORTION

MEASUREMENT ERRORS

3.1 Background

Measurement errors are common in many areas of mathematics and statistics. Their exis-

tence is inevitable and ignoring them could lead to inflated biases in estimation procedures

and inference. Confounding variables often lead to measurement errors and they commonly

distort measurements in either an additive or multiplicative way. There are several papers

on the subject of errors in variables. These distortions could either overestimate or under-

estimate the true correlation coefficient between two variables of interest and the classical

estimation and inference for this quantity can become very challenging. Liang and Ren

(2005) proposed generalized partially linear measurement error models. Further, Liang and

Li (2009) introduced variable selection for partially linear models with measurement er-

rors. Delaigle et al. (2009) proposed a local polynomial estimator for variables with errors.

Schafer (2001) proposed an EM algorithm for semiparametric likelihood analysis of linear,

generalized linear, and nonlinear regression models with measurement errors in explanatory

variables. Wang and Hsiao (2011) considered method of moments estimation of the semipara-

metric nonlinear errors-in-variables models. Taupin (2001) proposed a consistent estimator

of the unknown parameter in the semiparametric estimation for the nonlinear structural

errors-in-variables model. Schennach (2004, 2007) introduced methods of estimation of non-

linear models with measurement errors. Li and Hsiao (2004) proposed a robust estimator of

generalized linear models with measurement errors. Carroll et al. (2004) presented various
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linear and nonlinear models used with data involving measurement data. Sentürk and Müller

(2005) introduced a moment-based estimator for the correlation coefficient between two un-

known variables with multiplicative measurement errors. Cui et al. (2009) proposed a direct

plug-in estimator of the correlation coefficient for two unknown variables with measurement

errors. Lastly, Zhang et al. (2014) employed bootstrap and empirical likelihood methods

to make inference on the correlation coefficient proposed by Sentürk and Müller (2005) and

Cui at al. (2009). In this chapter, we propose jackknife empirical likelihood methods based

on these two estimators.

Owen (1988, 1990) introduced empirical likelihood (EL), which is a nonparametric

method for small samples with a superior performance over traditional parametric meth-

ods. Cheng et al. (2012) proposed empirical likelihood inference for the semiparametric

additive isotonic regression model. Huang and Zhao (2018) proposed empirical likelihood

for the bivariate survival function under univariate censoring. Wang et al. (2019) proposed

the penalized empirical likelihood for the sparse Cox regression model. Yu and Zhao (2019)

introduced empirical likelihood inference for semiparametric transformation models with

length-biased sampling. The method of adjusted empirical likelihood (AEL) was introduced

by Chen et al. (2008). Liang et al. (2019) proposed mean empirical likelihood (MEL) by

constructing a pseudo dataset through the pairwise means of the observed values for situa-

tions involving small sample sizes which is common in many areas of statistics. Empirical

likelihood calculations can be computationally intense when working with the complicated

nonlinear statistics. Thus, jackknife empirical likelihood (JEL) was introduced by Jing et

al. (2009) to simplify the application of empirical likelihood in those situations. In recent

years, there have been many publications involving JEL methods. Alemdjrodo and Zhao

(2019) proposed jackknife empirical likelihood for comparing two correlated Gini indices.

Yang and Zhao (2017) introduced the idea of smoothed jackknife empirical likelihood for the

one-sample difference of quantiles. Wang et al. (2015) used jackknife empirical likelihood

methods for constructing confidence intervals for the Gini index. Lin et al. (2017) proposed
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jackknife empirical likelihood for the error variance in linear models. The method of adjusted

jackknife empirical likelihood (AJEL) was proposed by Zhao et al. (2015) and Chen and

Ning (2016). According to Zhao et al. (2015), AJEL preserves the properties of JEL, but

provides slightly longer confidence intervals with better coverage probability.

In this chapter, we consider multiplicative distortion measurement errors. Both the

response and the predictors are unobservable and distorted by general multiplicative effects

of some observable confounding variable. Let


X̃ = ψ(U)X,

Ỹ = ϕ(U)Y,

(3.1)

where (X̃, Ỹ ) are the observable variables while (X, Y ) are the corresponding unobservable

true values of interest. ϕ(U) and ψ(U) are unknown functions of an observed confounding

variable U with identifiability condition E[ϕ(U)] = E[ψ(U)] = 1. Different models of ϕ(·)

and ψ(·) have been studied under the scenario of multiplicative distortion measurement er-

rors. Sentürk and Müller (2009) investigated linear and generalized linear models. Zhang

et al. (2014) studied multiplicative regression models with distortion measurement errors

and proposed three estimators for the correlation coefficient between X and Y , denoted as

ρ(X, Y ). We will consider two of those estimators. We apply jackknife empirical likelihood to

make inference on ρ(X, Y ). The confidence intervals based on mean and jackknife empirical

likelihood are proposed. Furthermore, the confidence interval from the adjusted jackknife

empirical likelihood is constructed. Our simulation studies use a bivariate normal distribu-

tion with various values of ρ to simulate X and Y . The simulation studies use sample sizes

ranging from 25 to 100 to show the performance of our proposed methods from small to

large sample size cases. In their original analysis, Zhang et al. (2014) only used a sample

size of n = 600 which is unrealistic in many situations. In a real data analysis, the Boston

housing data, as used in Zhang et al. (2014), is analyzed using JEL methods to estimate the
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correlation coefficient between crime rate and housing prices. We compare with the results

obtained by Zhang et al. (2014).

The organization of this chapter is as follows. In Section 3.2, we first review the two corre-

lation coefficient estimators and construction of empirical likelihood proposed by Zhang et al.

(2014). We propose jackknife empirical likelihood, mean jackknife empirical likelihood, and

adjusted jackknife empirical likelihood for ρ(Y,X). We also develop adjusted mean jackknife

empirical likelihood (AMJEL) and mean adjusted jackknife empirical likelihood (MAJEL),

which combine the methods of MEL, JEL, and AJEL to improve the performance for small

sample size situations. In Section 3.3, a simulation study is conducted using the bivariate

normal distribution to examine the performance of the proposed methods. In Section 3.4, a

real data analysis using the new methods is performed for illustrative purposes. In Section

3.5, we make a conclusion.

3.2 Main Results

In this section, we introduce the moment-based estimator and the direct plug-in estimator

to estimate the correlation coefficient between the unobservable X and Y, ρ(X, Y ), as found

in Zhang et al. (2014). We use similar notations, which are used in Zhang et al. (2014).

3.2.1 Moment based estimator

We first introduce the moment based estimator of ρ(X, Y ), denoted ρ̂(X, Y ). Sentürk

and Müller (2005) introduced that

E[ψ(U)] = 1, E[ϕ(U)] = 1. (3.2)

This assumption is similar to that of the classical measurement error where E(e) = 0, for

the model W = X + e. The moment based estimator is based on ρ(X, Y ) = ρ(eỸ U ,eX̃U )/∆ for

some unknown constant ∆ (see Appendix for derivation), where ρ(eỸ U ,eX̃U ) is the correlation

coefficient between eỸ U = Ỹ − E[Ỹ |U ] and eX̃U = X̃ − E[X̃|U ] and
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∆ =
E[ψ(U)ϕ(U)]√
E[ψ2(U)]E[ϕ2(U)]

. (3.3)

We display the calculations for the estimator ρ̂(eỸ U ,eX̃U ) and ∆̂. This estimator ρ̂(eỸ U ,eX̃U )

is called the residual estimator as defined in Zhang et al. (2014). We define the residuals of

X and Y as


êiX̃U = X̃i − Êh(X̃i|U = Ui),

êiỸ U = Ỹi − Êh(Ỹi|U = Ui),

(3.4)

where

Êh(X̃|U = u) =
n−1

∑n
j=1Kh(Uj − u)X̃j

n−1
∑n

j=1Kh(Uj − u)
,

Êh(Ỹ |U = u) =
n−1

∑n
j=1Kh(Uj − u)Ỹj

n−1
∑n

j=1Kh(Uj − u)
,

(3.5)

with kernel function Kh(·) = h−1K(·/h), where h = σ̂Un
−1/3 and σ̂U is the sample standard

deviation of U .

Then, the residual based estimator is calculated as:

ρ̂(eỸ U ,eX̃U ) =
Ĉov(eỸ U , eX̃U)√

σ̂2
eỸ U

σ̂2
eX̃U

,

Ĉov(eỸ U , eX̃U) = n−1

n∑
i=1

êiX̃U êiỸ U − ¯̂eX̃U
¯̂eỸ U ,

σ̂2
eX̃U

= n−1

n∑
i=1

ê2
iX̃U

− [¯̂eX̃U ]
2,

σ̂2
eỸ U

= n−1

n∑
i=1

ê2
iỸ U

− [¯̂eỸ U ]
2,

(3.6)

where ¯̂eX̃U = n−1
∑n

i=1 êiX̃U and ¯̂eỸ U = n−1
∑n

i=1 êiỸ U .

We now introduce the estimator for ∆, which we denote ∆̂. We define the following

quantities as in Zhang et al. (2014),
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ψ̂(Ui) =
Êh1(Ỹi|Ui)

¯̃Y
, ϕ̂(Ui) =

Êh1(X̃i|Ui)
¯̃X

, (3.7)

where ¯̃Y = n−1
∑n

i=1 Ỹi,
¯̃X = n−1

∑n
i=1 X̃i. We choose another bandwidth h1, a different

bandwidth h used to calculate the residual estimator of ρ(X, Y ) because under-smoothing

of h1 is needed such that the bias of ∆̂ is small. We define

Ê[ψ(U)ϕ(U)] = n−1

n∑
i=1

[ψ̂(Ui)− 1][ϕ̂(Ui)− 1] + 1,

Ê[ψ2(U)] = n−1

n∑
i=1

[ψ̂(Ui)− 1]2 + 1,

Ê[ϕ2(U)] = n−1

n∑
i=1

[ϕ̂(Ui)− 1]2 + 1.

(3.8)

Thus, the estimator of ∆ can be defined as

∆̂ =
Ê[ψ(U)ϕ(U)]√
Ê[ψ2(U)]Ê[ϕ2(U)]

. (3.9)

The moment-based estimator of ρ(X, Y ) can be constructed as

ρ̂(X, Y ) =
ρ̂(eỸ U ,eX̃U )

∆̂
. (3.10)

3.2.2 Direct plug-in estimator

We now present a direct plug-in estimator for ρ(X, Y ) as proposed in Zhang et al. (2014).

If ∆ ≈ 0, then the method of moments estimator ρ̂(X, Y ) cannot be implemented directly.

Firstly, the kernel smoothing method in (3.5) is used to estimate the unknown distortion

function, ψ(·) and ϕ(·), with ψ̂(Ui) and ϕ̂(Ui). The unobserved X and Y are calibrated such

that

Ŷi =
Ỹi

ϕ̂(Ui)
, X̂i =

X̃i

ψ̂(Ui)
. (3.11)
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These calibrated values (X̂, Ŷ ) can be used to calculate Pearson’s correlation coefficient

ρ(X, Y ) directly. Thus, the direct plug-in estimator is defined as

ρ∗(X, Y ) =

∑n
i=1[Ŷi −

¯̂
Y ][X̂i − ¯̂

X]√∑n
i=1[Ŷi −

¯̂
Y ]2

∑n
i=1[X̂i − ¯̂

X]2
, (3.12)

where
¯̂
Y = n−1

∑n
i=1 Ŷi,

¯̂
X = n−1

∑n
i=1 X̂i.

3.2.3 Empirical likelihood (EL)

The empirical likelihood is constructed based on the following result

E

[(
Y − Ȳ

σY
− ρ(X, Y )

X − X̄

σX

)
X − X̄

σX

]
= 0. (3.13)

The empirical log-likelihood ratio function is then defined by Zhang et al. (2014) as:

l̂n(ρ(X, Y )) = −2 sup

{
n∑

i=1

log(npi); pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

piς̂n,i(ρ(X, Y )) = 0

}
,

where

ς̂n,i =

(
Ŷ − ¯̂

Y

σŶ
− ρ(X, Y )

X̂ − ¯̂
X

σX̂

)
X̂ − ¯̂

X

σX̂
, (3.14)

and

σ̂X̂ =

√√√√ 1

n− 1

n∑
i=1

(
X̂i − X̂

)2
,

σ̂Ŷ =

√√√√ 1

n− 1

n∑
i=1

(
Ŷi − Ŷ

)2
.

Using the method of Lagrange multipliers, l̂n(ρ(X, Y )) can be obtained as:

l̂n(ρ(X, Y )) = 2
n∑

i=1

log{1 + λς̂n,i(ρ(X, Y ))},
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where λ is a solution of the following equation

1

n

n∑
i=1

ς̂n,i(ρ(X, Y ))

1 + λς̂n,i(ρ(X, Y ))
= 0.

The EL confidence interval can be then constructed as

Iρ(X,Y ) = {ρ(X, Y ) : l̂n(ρ(X, Y )) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of the χ2

1 distribution.

3.2.4 Jackknife empirical likelihood (JEL)

Let ρ̂∗i (X, Y ) represent the estimated correlation coefficient of ρ(X, Y ) calculated with the

ith observation deleted using ρ̂∗(X, Y ) which is either an estimator for ρ∗(X, Y ) or ρ̂(X, Y ),

where i = 1, ..., n. Let V̂i denote the jackknife pseudo-value, which is obtained by

V̂i = nρ̂∗(X, Y )− (n− 1)ρ̂∗i (X, Y ); i = 1, ..., n. (3.15)

The jackknife estimator ρ̂J(X, Y ) is defined as

ρ̂J(X, Y ) = n−1

n∑
i=1

V̂i. (3.16)

The jackknife empirical likelihood ratio of ρ(X, Y ) can be then defined as

J(ρ(X, Y )) = sup
p=(p1,...,pn)

{
n∏

i=1

npi; pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

pi(V̂i − ρ(X, Y )) = 0

}
. (3.17)

We can now calculate the -2log of the empirical likelihood ratio as

− 2 log J(ρ(X, Y )) = 2
n∑

i=1

log{1 + λ((V̂i − ρ(X, Y ))}, (3.18)
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where λ is the solution of the following equation

1

n

n∑
i=1

V̂i − ρ(X, Y )

1 + λ(V̂i − ρ(X, Y ))
= 0. (3.19)

Five conditions are needed to obtain the asymptotic results as in Zhang et al. (2014).

1. The density function fU(U) of the confounding variable U is bounded away from 0 and

satisfies the Lipschitz condition of order 1 on U , where U is a compact support set of

U .

2. Both ψ(U) and ϕ(U) have three bounded and continuous derivatives on U . The ab-

solute values of ψ(U) and ϕ(U) are greater than a positive constant on U . Also,

E[ψ4(U)] <∞ and E[ϕ4(U)] <∞.

3. E[Y] and E[X] are bounded away from 0. Moreover, E[Y 4] <∞ and E[X4] <∞.

4. The kernel function K(·) is a symmetric density function about zero and has bounded

derivatives. In addition, K(·) satisfies a Lipschitz condition on R.

5. as n→ ∞, the bandwidths h and h1 satisfy

(i) h→ 0, nh8 → 0, nh2

log2 n
→ ∞,

(ii) h1 → 0, nh41 → 0,
nh2

1

log2 n
→ ∞.

We can derive the Wilks’ theorem for the empirical log-likelihood ratio as follows by

following the arguments of Chen et al. (2022):

Theorem 3.2.1. Assume that conditions 1-5 hold. Let ρ0(X, Y ) be the true value of ρ(X, Y ).

When n −→ ∞, we have

−2 log J(ρ0(X, Y ))
D−→ χ2

1.

Following the theorem, the JEL confidence interval for ρ(X, Y ) is obtained by

IJρ(X,Y ) = {ρ(X, Y ) : −2 log J(ρJ(X, Y )) ≤ χ2
1−α(1)}, (3.20)
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where χ2
1−α(1) is the 1− α quantile of χ2

1.

3.2.5 Adjusted and mean jackknife empirical likelihood (AJEL, MJEL)

Many simulation studies have shown that under-coverage issues still exist with JEL when

the sample size is smaller than 25. Thus, we use adjusted jackknife empirical likelihood

to improve the performance of JEL. In order to construct an adjusted jackknife empirical

likelihood ratio for ρ(X, Y ), we first define Ŵi as

Ŵi(ρ(X, Y )) = V̂i − ρ(X, Y ), i = 1, ..., n, (3.21)

and then add one more pseudo value Ŵn+1 to Ŵi

Ŵn+1(ρ(X, Y )) = −an
n

n∑
i=1

Ŵi(ρ(X, Y )), (3.22)

where an = max(1, log(n)/2). Thus, we can calculate the AJEL estimator by implementing

the adjustment to the JEL estimator

ρ̂A(X, Y ) = ρ̂J(X, Y ) +
1

n+ 1

n+1∑
i=1

Ŵi(ρ̂J(X, Y )). (3.23)

The adjusted jackknife empirical likelihood ratio for ρ(X, Y ) is defined as

JA(ρ(X, Y )) = sup
p=(p1,...,pn+1)

{
n+1∏
i=1

(n+ 1)pi : pi ≥ 0;
n+1∑
i=1

pi = 1;
n+1∑
i=1

piŴi(ρ(X, Y )) = 0

}
.

(3.24)

Hence, the adjusted jackknife empirical log-likelihood ratio for ρ(X, Y ) is

lA(ρ(X, Y )) = −
n+1∑
i=1

log(1 + λaŴi(ρ(X, Y ))), (3.25)

where λa is a solution to the following equation,
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1

n+ 1

n+1∑
i=1

Ŵi(ρ(X, Y ))

1 + λaŴi(ρ(X, Y ))
= 0.

The -2log of adjusted jackknife empirical likelihood ratio can be obtained by

− 2 log JA(ρ(X, Y )) = 2
n+1∑
i=1

log{1 + λaŴi}. (3.26)

By following a similar argument as Chen et al. (2022), the Wilks’ theorem also holds for

the adjusted jackknife empirical log-likelihood ratio:

Theorem 3.2.2. Suppose that ρ0(X, Y ) is the true value of ρ(X, Y ). Under the same as-

sumptions as in Theorem 3.2.1, when n→ ∞, we have

− 2 log JA(ρ0(X, Y ))
D−→ χ2

1. (3.27)

Thus, following the theorem, the 100(1− α)% AJEL confidence interval is as follows:

IAρ(X,Y ) = {ρ(X, Y ) : −2 log JA(ρ(X, Y )) ≤ χ2
1−α(1)}, (3.28)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

By using AJEL, the length of AJEL confidence intervals are usually longer than JEL, but

the coverage probability of AJEL is better in small sample cases. To combine the methods of

mean and jackknife empirical likelihood, first we let M denote the pseudo vector calculated

from Ŵi, where

M =
{Ŵi + Ŵj

2
: 1 ≤ i ≤ j ≤ n

}
. (3.29)

Through the equation above, the original Ŵi is expanded into a vector of size N =

n(n+ 1)/2. Meanwhile, M maintains the same mean as Ŵi. The expected value of the new

M is close to 0. Similar to the adjusted jackknife estimator, the mean jackknife estimator
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can be defined as follows by adding an adjustment term to the jackknife estimator:

ρ̂M(X, Y ) = ρ̂J(X, Y ) +
1

N

N∑
i=1

Mi(ρ̂J(X, Y )). (3.30)

Now, we can construct the empirical likelihood based on the new vector M . The mean

empirical likelihood ratio, denoted as R̂M(ρ(X, Y )), is defined as:

R̂M(ρ(X, Y )) = sup
(p1,...,pN )

{
N∏
i=1

Npi; pi ≥ 0;
N∑
i=1

pi = 1;
N∑
i=1

piMi(ρ(X, Y )) = 0

}
. (3.31)

The log-likelihood l̂M(ρ(X, Y )) can then be calculated as:

l̂M(ρ(X, Y )) =
−2 log R̂M(ρ(X, Y ))

n+ 1

=
2

n+ 1

N∑
i=1

log{1 + λMi(ρ(X, Y ))},
(3.32)

where λ is the solution of the following equation

N−1

N∑
i=1

Mi(ρ(X, Y ))

1 + λMi(ρ(X, Y ))
= 0. (3.33)

To construct the confidence interval of ρ(X, Y ), we obtain Wilk’s theorem as follows by

following a similar argument as Chen et al. (2022):

Theorem 3.2.3. Assume the same conditions as in Theorem 3.2.1. We have that

l̂M(ρ0(X, Y ))
D−→ χ2

1. (3.34)

Then, the mean jackknife empirical likelihood confidence interval is defined as follows:

IMρ(X,Y ) = {ρ(X, Y ) : l̂M (ρ(X, Y )) ≤ χ2
1−α(1)},
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where χ2
1−α(1) is the 1− α quantile of χ2

1.

3.2.6 Adjusted mean and mean adjusted jackknife empirical likelihood (AMJEL,MAJEL)

Combining the methods of MJEL and AJEL, we introduce the methods of adjusted mean

jackknife empirical likelihood (AMJEL) and mean adjusted jackknife empirical likelihood

(MAJEL). In AMJEL, we calculate the vector M from equation (3.29) and then add one

more point to the vector as used in equation (3.22). For MAJEL, we first obtain the vector

Ŵi from equation (3.22) and then expand the vector using the equation similar to equation

(3.29).

For AMJEL, M is obtained by using equation (3.29) and has N = n(n+ 1)/2 elements.

We add one additional point to M using

MN+1 = −aN
N

N∑
i=1

Mi, (3.35)

where aN = max(1, log(N)/2). The adjusted mean jackknife estimator is then defined as

ρ̂AM(X, Y ) = ρ̂M(X, Y ) +
1

N + 1

N+1∑
i=1

Mi(ρ̂M(X, Y )). (3.36)

The adjusted mean jackknife empirical likelihood ratio is then defined as:

JAM(ρ(X, Y )) = sup

{
N+1∏
i=1

(N + 1)pi; pi ≥ 0;
N+1∑
i=1

pi = 1;
N+1∑
i=1

piMi(ρ(X, Y )) = 0

}
. (3.37)

The log-likelihood of AMJEL can be then calculated by

lAM(ρ(X, Y )) =
2

n+ 1

N+1∑
i=1

log(1 + λMi(ρ(X, Y ))), (3.38)
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where λ is a solution to the following equation:

1

N + 1

N+1∑
i=1

Mi(ρ(X, Y ))

1 + λMi(ρ(X, Y ))
= 0. (3.39)

The Wilks’ theorem holds for AMJEL as follows by following a similar argument as Chen

et al. (2022):

Theorem 3.2.4. Under the same assumptions in Theorem 3.2.1, when n→ ∞, we have

− 2 log JAM(ρ0(X, Y ))
D−→ χ2

1. (3.40)

Following the theorem, the 100(1− α)% AMJEL confidence interval is as follows

IAM
ρ(X,Y ) = {ρ(X, Y ) : −2 log JAM(ρ(X, Y )) ≤ χ2

1−α(1)}, (3.41)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

For MAJEL, we use Ŵi obtained from equations (3.21)-(3.22) and calculateMa as follows:

Ma =
{Ŵi + Ŵj

2
: 1 ≤ i ≤ j ≤ n+ 1

}
. (3.42)

The expectation of Ma remains close to 0 and Ma has Na =
(n+ 1)(n+ 2)

2
number of

values. The mean adjusted jackknife estimator is then defined as

ρ̂MA(X, Y ) = ρ̂A(X, Y ) +
1

Na

Na∑
i=1

Ma(ρ̂A(X, Y )). (3.43)

The mean adjusted jackknife empirical likelihood ratio is then defined as follows:

JMA(ρ(X, Y )) = sup

{
Na∏
i=1

Napi; pi ≥ 0;
Na∑
i=1

pi = 1;
Na∑
i=1

piM
a
i = 0

}
. (3.44)
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The log-likelihood of MAJEL can be calculated by the following equation:

lMA(ρ(X, Y )) =
2

n+ 2

Na∑
i=1

log(1 + λMa
i (ρ(X, Y ))), (3.45)

where λ is the solution of the following equation:

1

Na

Na∑
i=1

Ma
i (ρ(X, Y ))

1 + λMa
i (ρ(X, Y ))

= 0. (3.46)

We can also obtain the Wilks’ theorem for MAJEL by following a similar argument as

Chen et al. (2022).

Theorem 3.2.5. Under the same assumption in Theorem 3.2.1, when n→ ∞, we have

− 2 log JMA(ρ0(X, Y ))
D−→ χ2

1. (3.47)

From the theorem, we can construct the 100(1 − α)% MAJEL confidence interval as

follows:

IMA
ρ(X,Y ) = {ρ(X, Y ) : −2 log JMA(ρ(X, Y )) ≤ χ2

1−α(1)}, (3.48)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

3.3 Simulation Study

For the simulation study, the confounding variable U is generated from Uniform(0,1) and our

true unobserved data (X, Y ) is generated from a bivariate normal distribution with mean

vector µ = (4, 4) and σ2
X = σ2

Y = 1. The correlation coefficient ρ(X, Y ) is set to be -0.9, -0.5,

0, 0.5, and 0.9. We present three cases for distorting functions:

Case 1: The distorting functions ψ(U) = ϕ(U) = 3(U2 + 1)/4. (∆ = 1)

Case 2: The distorting functions ψ(U) = 3(U2 + 1)/4, ϕ(U) = 1.5− U . (∆ = 0.8790)

In the simulations, we use the Epanechnikov kernel K(t) = 0.75(1 − t2)+ as done in
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Zhang et al. (2014). The bandwidth is chosen as suggested by Silverman (1986) such that

h1 = σ̂Un
−1/3, where σ̂U is the sample standard deviation of U . To select bandwidth h, we

use the popular leave-one-out cross validation method. Each simulation was repeated 5,000

times, while Zhang et al. (2014) only did it 500 times. The sample sizes n = 25, 50, and 100

are chosen to show how the proposed methods work for small to large sample sizes but we

also present n = 600 for EL to compare with the EL inference methods for ρ∗(X, Y ) done

by Zhang et al. (2014) since that is the only sample size that they presented in their paper.

In the simulation study, we calculate the moment-based estimator ρ̂(X, Y ) and the direct

plug-in estimator ρ∗(X, Y ) and calculate the 95% confidence intervals for these estimators.

EL, JEL, AJEL, MJEL, AMJEL and MAJEL are compared in terms of coverage probability

(CP) and average lengths (AL) of 95% confidence intervals. Zhang et al. (2014) perform

EL inference to construct 95% confidence intervals on the direct-plug in estimator ρ∗(X, Y )

and they use bootstrap methods to construct 95% confidence intervals on the moment-based

estimator ρ̂(X, Y ). Our goal is to show that JEL methods outperform EL and bootstrap

methods. The confidence interval results are found in Table 3.1 and Table 3.2 for both

distorting scheme cases for ρ∗(X, Y ). We propose JEL methods for ρ̂(X, Y ) and the results

for both distorting scheme cases are found in Table 3.3 and Table 3.4. The local smoothing

curve of X against Y and the local smoothing curve for eX̃U against eỸ U , the residuals

used in calculating ρ̂(X, Y ), are displayed in Figures 3.1-3.4. They are shown to highlight

the linearity in the relationships indicating that the use of ρ̂(X, Y ) and ρ∗(X, Y ) may be

appropriate to measure the correlation between X and Y in these inference procedures.
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Figure 3.1: The local smoothing curve of eX̃U and eỸ U against the confounding variable U for ρ = -0.9, -0.5, 0 , 0.5, 0.9 in case 1.

Figure 3.2: The local smoothing curve of X and Y against the confounding variable U for ρ = -0.9, -0.5, 0 , 0.5, 0.9 in case 1.
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Figure 3.3: The local smoothing curve of eX̃U and eỸ U against the confounding variable U for ρ = -0.9, -0.5, 0 , 0.5, 0.9 in case 2.

Figure 3.4: The local smoothing curve of X and Y against the confounding variable U for ρ = -0.9, -0.5, 0 , 0.5, 0.9 in case 2.
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Table 3.1: Comparison of all methods using ρ∗(X, Y ) in case 1

EL JEL AJEL MJEL AMJEL MAJEL
ρ(X, Y ) n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP
-0.9 25 -0.932 -0.755 0.176 0.812 -1.052 -0.756 0.296 0.912 -1.066 -0.741 0.324 0.950 -1.074 -0.739 0.335 0.931 -1.081 -0.732 0.349 0.942 -1.092 -0.721 0.371 0.945

50 -0.963 -0.809 0.117 0.860 -0.985 -0.813 0.172 0.945 -0.988 -0.808 0.180 0.959 -0.996 -0.806 0.191 0.961 -0.996 -0.805 0.191 0.956 -1.000 -0.801 0.199 0.965
100 -0.922 -0.842 0.080 0.893 -0.950 -0.846 0.104 0.951 -0.951 -0.845 0.106 0.963 -0.954 -0.844 0.110 0.956 -0.954 -0.844 0.110 0.969 -0.955 -0.843 0.112 0.963
600 -0.911 -0.880 0.030 0.951

-0.5 25 -0.701 -0.168 0.534 0.858 -0.962 -0.053 0.910 0.901 -1.003 -0.019 0.984 0.943 -1.028 0.001 1.028 0.919 -1.044 0.010 1.054 0.929 -1.078 -0.038 1.116 0.942
50 -0.662 -0.263 0.399 0.901 -0.782 -0.218 0.564 0.941 -0.798 -0.207 0.591 0.948 -0.809 -0.202 0.607 0.947 -0.812 -0.192 0.621 0.946 -0.829 -0.190 0.638 0.962
100 -0.624 -0.336 0.288 0.928 -0.679 -0.321 0.358 0.945 -0.684 -0.317 0.368 0.957 -0.686 -0.309 0.377 0.952 -0.688 -0.310 0.379 0.954 -0.693 -0.310 0.384 0.951
600 -0.556 -0.437 0.120 0.949

0 25 -0.331 0.342 0.673 0.850 -0.576 0.582 1.158 0.897 -0.625 0.639 1.264 0.940 -0.663 0.666 1.329 0.923 -0.661 0.679 1.340 0.930 -0.691 0.735 1.426 0.942
50 -0.257 0.259 0.516 0.894 -0.362 0.377 0.739 0.936 -0.390 0.382 0.773 0.947 -0.409 0.408 0.816 0.950 -0.406 0.404 0.810 0.947 -0.430 0.414 0.844 0.958
100 -0.190 0.190 0.380 0.919 -0.242 0.234 0.476 0.948 -0.243 0.243 0.485 0.954 -0.253 0.243 0.497 0.961 -0.248 0.251 0.499 0.964 -0.257 0.255 0.511 0.959
600 -0.080 0.080 0.160 0.946

0.5 25 0.181 0.715 0.534 0.854 0.051 0.961 0.909 0.894 0.024 1.022 0.998 0.924 0.023 1.065 1.042 0.930 0.013 1.040 1.054 0.929 0.039 1.080 1.120 0.930
50 0.265 0.666 0.402 0.893 0.220 0.784 0.564 0.937 0.209 0.797 0.589 0.945 0.191 0.812 0.622 0.947 0.188 0.819 0.631 0.954 0.184 0.834 0.650 0.957
100 0.337 0.628 0.291 0.942 0.322 0.681 0.359 0.950 0.320 0.687 0.368 0.956 0.309 0.690 0.381 0.953 0.310 0.691 0.381 0.961 0.312 0.701 0.389 0.970
600 0.437 0.557 0.120 0.943

0.9 25 0.792 0.948 0.157 0.853 0.782 1.039 0.257 0.893 0.775 1.047 0.272 0.917 0.764 1.057 0.293 0.905 0.763 1.060 0.297 0.911 0.756 1.071 0.315 0.927
50 0.830 0.939 0.109 0.890 0.828 0.978 0.150 0.934 0.821 0.980 0.159 0.947 0.820 0.985 0.165 0.942 0.819 0.986 0.166 0.939 0.820 0.990 0.170 0.944
100 0.853 0.930 0.077 0.924 0.854 0.947 0.093 0.932 0.845 0.949 0.095 0.952 0.851 0.950 0.099 0.948 0.851 0.950 0.099 0.952 0.852 0.951 0.100 0.956
600 0.883 0.914 0.031 0.949
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Table 3.2: Comparison of all methods using ρ∗(X, Y ) in case 2

EL JEL AJEL MJEL AMJEL MAJEL
ρ(X, Y ) n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP
-0.9 25 -0.935 0.-0.768 0.167 0.828 -1.403 -0.753 0.290 0.919 -1.058 -0.744 0.314 0.941 -1.065 -0.740 0.325 0.928 -1.067 -0.735 0.332 0.941 -1.080 -0.726 0.354 0.950

50 -0.929 -0.816 0.113 0.871 -0.982 -0.811 0.170 0.950 -0.989 -0.811 0.105 0.962 -0.993 -0.806 0.187 0.959 -0.992 -0.805 0.187 0.951 -0.997 -0.803 0.194 0.957
100 -0.922 -0.843 0.079 0.892 -0.949 -0.846 0.103 0.957 -0.951 -0.846 0.105 0.962 -0.953 -0.844 0.109 0.964 -0.953 -0.843 0.110 0.959 -0.954 -0.844 0.111 0.961
600 -0.911 -0.881 0.031 0.932

-0.5 25 -0.703 -0.175 0.528 0.844 -0.955 -0.058 0.897 0.900 -0.998 -0.019 0.979 0.938 -1.025 -0.016 1.040 0.911 -1.037 -0.006 1.044 0.935 -1.067 -0.033 1.100 0.932
50 -0.661 -0.261 0.399 0.895 -0.784 -0.224 0.560 0.934 -0.790 -0.212 0.578 0.950 -0.815 -0.198 0.617 0.954 -0.809 -0.189 0.620 0.947 -0.824 -0.187 0.638 0.952
100 -0.624 -0.335 0.289 0.920 -0.679 -0.322 0.357 0.945 -0.683 -0.316 0.367 0.960 -0.688 -0.314 0.375 0.952 -0.688 -0.311 0.377 0.958 -0.696 -0.313 0.383 0.953
600 -0.556 -0.436 0.120 0.954

0 25 -0.335 0.335 0.670 0.860 -0.585 0.587 1.172 0.915 -0.627 0.627 1.254 0.941 -0.647 0.675 1.322 0.922 -0.068 0.675 1.359 0.933 -0.707 0.724 1.431 0.942
50 -0.262 0.252 0.513 0.907 -0.361 0.371 0.731 0.937 -0.388 0.377 0.766 0.959 -0.399 0.413 0.812 0.953 -0.403 0.408 0.810 0.948 -0.409 0.433 0.842 0.958
100 -0.190 0.190 0.380 0.922 -0.238 0.234 0.472 0.959 -0.236 0.247 0.483 0.954 -0.248 0.250 0.498 0.962 -0.250 0.249 0.500 0.959 -0.251 0.259 0.511 0.951
600 -0.080 0.080 0.159 0.942

0.5 25 0.167 0.708 0.541 0.842 0.067 0.984 0.917 0.900 0.007 1.014 1.007 0.929 0.001 1.058 1.058 0.921 0.001 1.049 1.049 0.927 0.031 1.095 1.129 0.936
50 0.267 0.668 0.402 0.892 0.217 0.785 0.568 0.926 0.202 0.794 0.596 0.944 0.206 0.824 0.618 0.944 0.199 0.826 0.628 0.951 0.176 0.829 0.653 0.961
100 0.334 0.627 0.292 0.927 0.326 0.683 0.357 0.943 0.317 0.687 0.370 0.957 0.313 0.693 0.380 0.949 0.312 0.693 0.381 0.957 0.307 0.693 0.387 0.955
600 0.436 0.556 0.120 0.941

0.9 25 0.768 0.942 0.174 0.850 0.771 1.052 0.283 0.892 0.766 1.065 0.299 0.939 0.758 1.076 0.318 0.916 0.765 1.075 0.309 0.905 0.746 1.096 0.350 0.932
50 0.821 0.936 0.115 0.919 0.828 0.981 0.154 0.931 0.821 0.984 0.163 0.946 0.819 0.990 0.171 0.936 0.822 0.991 0.169 0.935 0.812 0.994 0.182 0.949
100 0.849 0.928 0.079 0.926 0.853 0.948 0.095 0.940 0.853 0.950 0.097 0.946 0.850 0.951 0.101 0.944 0.850 0.951 0.101 0.952 0.850 0.953 0.102 0.950
600 0.883 0.914 0.031 0.950
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Table 3.3: Comparison of all methods using ρ̂(X, Y ) in case 1

Bootstrap JEL AJEL MJEL AMJEL MAJEL
ρ(X, Y ) n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP
-0.9 25 -0.992 -0.740 0.252 0.904 -1.058 -0.775 0.283 0.919 -1.070 -0.763 0.308 0.949 -1.085 -0.748 0.337 0.941 -1.087 -0.745 0.342 0.955 -1.104 -0.732 0.372 0.962

50 -0.979 -0.815 0.164 0.920 -0.988 -0.823 0.164 0.933 -0.991 -0.817 0.174 0.953 -0.999 -0.817 0.182 0.942 -0.998 -0.812 0.186 0.954 -1.002 -0.809 0.192 0.944
100 -0.958 -0.862 0.097 0.941 -0.953 -0.851 0.102 0.949 -0.955 -0.850 0.105 0.948 -0.957 -0.846 0.111 0.952 -0.958 -0.848 0.110 0.948 -0.958 -0.846 0.112 0.951
600 -0.921 -0.886 0.035 0.951

-0.5 25 -0.800 -0.019 0.781 0.932 -0.981 -0.061 0.920 0.908 -1.025 -0.019 1.005 0.937 -1.053 0.700 1.072 0.921 -1.068 -0.022 1.091 0.926 -1.106 -0..056 1.112 0.928
50 -0.721 -0.233 0.488 0.932 -0.793 -0.213 0.581 0.936 -0.809 -0.202 0.607 0.951 -0.853 -0.184 0.651 0.960 -0.828 -0.188 0.640 0.945 -0.845 -0.165 0.680 0.954
100 -0.652 -0.314 0.338 0.952 -0.693 -0.315 0.378 0.949 -0.695 -0.309 0.386 0.954 -0.709 -0.299 0.410 0.959 -0.711 -0.305 0.406 0.943 -0.706 -0.284 0.422 0.957
600 -0.570 -0.436 0.134 0.953

0 25 -0.478 0.479 0.957 0.950 -0.584 0.603 1.187 0.913 -0.638 0.637 1.276 0.934 -0.676 0.700 1.375 0.939 -0.674 0.707 1.381 0.932 -0.744 0.742 1.486 0.947
50 -0.323 0.305 0.628 0.946 -0.376 0.389 0.765 0.941 -0.401 0.396 0.797 0.956 -0.435 0.408 0.843 0.951 -0.430 0.426 0.856 0.944 -0.444 0.444 0.888 0.966
100 -0.209 0.224 0.433 0.944 -0.247 0.252 0.499 0.952 -0.256 0.255 0.511 0.959 -0.264 0.271 0.535 0.949 -0.260 0.275 0.535 0.953 -0.274 0.281 0.555 0.962
600 -0.086 0.087 0.173 0.955

0.5 25 0.058 0.794 0.736 0.940 0.065 0.970 0.905 0.898 0.013 1.002 0.989 0.925 0.005 1.048 1.044 0.924 0.003 1.058 1.061 0.919 0.038 1.088 1.096 0.950
50 0.234 0.711 0.477 0.944 0.226 0.801 0.575 0.931 0.210 0.811 0.601 0.948 0.191 0.826 0.635 0.952 0.199 0.839 0.640 0.937 0.167 0.842 0.675 0.961
100 0.321 0.649 0.329 0.948 0.320 0.691 0.371 0.951 0.312 0.695 0.383 0.956 0.300 0.702 0.402 0.958 0.300 0.705 0.404 0.960 0.293 0.709 0.416 0.952
600 0.443 0.561 0.117 0.952

0.9 25 0.756 0.968 0.212 0.938 0.787 1.038 0.251 0.888 0.785 1.046 0.261 0.925 0.771 1.057 0.286 0.911 0.772 1.053 0.281 0.904 0.764 1.064 0.300 0.925
50 0.818 0.948 00.129 0.914 0.830 0.979 0.149 0.927 0.824 0.982 0.155 0.927 0.824 0.988 0.163 0.922 0.820 0.989 0.169 0.932 0.820 0.990 0.170 0.943
100 0.852 0.936 0.085 0.944 0.854 0.950 0.096 0.946 0.853 0.951 0.098 0.949 0.849 0.954 0.105 0.943 0.849 0.952 0.104 0.948 0.849 0.955 0.105 0.955
600 0.891 0.912 0.021 0.951
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Table 3.4: Comparison of all methods using ρ̂(X, Y ) in case 2

Bootstrap JEL AJEL MJEL AMJEL MAJEL
ρ(X, Y ) n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP
-0.9 25 -0.960 -0.758 0.202 0.870 -1.109 -0.710 0.399 0.915 -1.134 -0.697 0.437 0.957 -1.143 -0.687 0.456 0.938 -1.147 -0.669 0.478 0.951 -1.154 -0.656 0.497 0.958

50 -0.951 -0.818 0.133 0.904 -1.027 -0.775 0.252 0.948 -1.037 -0.772 0.265 0.964 -1.040 -0.760 0.281 0.965 -1.043 -0.761 0.282 0.970 -1.046 -0.758 0.288 0.959
100 -0.933 -0.844 0.089 0.916 -0.985 -0.818 0.167 0.946 -1.134 -0.697 0.437 0.957 -0.991 -0.816 0.176 0.947 -0.990 -0.812 0.178 0.965 -0.992 -0.808 0.184 0.958
600 -0.931 -0.882 0.049 0.935

-0.5 25 -0.866 -0.080 0.786 0.938 -0.966 -0.061 0.905 0.935 -0.994 -0.018 0.976 0.952 -1.043 -0.004 1.039 0.954 -1.044 -0.010 1.044 0.953 -1.075 -0.002 1.073 0.950
50 -0.741 -0.250 0.492 0.932 -0.784 -0.225 0.558 0.954 -0.796 -0.220 0.577 0.955 -0.815 -0.197 0.617 0.960 -0.809 -0.197 0.612 0.951 -0.830 -0.201 0.630 0.967
100 -0.663 -0.335 0.328 0.956 -0.682 -0.327 0.355 0.948 -0.687 -0.320 0.367 0.967 -0.697 -0.319 0.378 0.963 -0.689 -0.312 0.377 0.961 -0.696 -0.311 0.385 0.966
600 -0.531 -0.433 0.098 0.955

0 25 -0.505 0.458 0.962 0.930 -0.574 0.565 1.139 0.933 -0.606 0.612 1.218 0.955 -0.656 0.655 1.311 0.957 -0.661 0.649 1.311 0.958 -0.707 0.684 1.391 0.961
50 -0.302 0.311 0.613 0.950 -0.356 0.347 0.703 0.958 -0.368 0.363 0.731 0.961 -0.384 0.383 0.767 0.965 -0.383 0.390 0.773 0.956 -0.406 0.396 0.802 0.976
100 -0.217 0.195 0.411 0.940 -0.224 0.228 0.452 0.963 -0.235 0.229 0.464 0.964 -0.239 0.232 0.472 0.960 -0.241 0.238 0.480 0.964 -0.243 0.244 0.486 0.965
600 -0.082 0.081 0.163 0.957

0.5 25 0.035 0.821 0.786 0.936 0.057 0.962 0.905 0.940 0.015 0.990 0.975 0.964 0.018 1.021 1.030 0.952 0.008 1.032 1.024 0.951 0.024 1.082 1.058 0.960
50 0.236 0.715 0.479 0.942 0.228 0.782 0.554 0.941 0.214 0.789 0.575 0.958 0.194 0.805 0.611 0.974 0.203 0.816 0.613 0.965 0.181 0.819 0.637 0.967
100 0.319 0.657 0.338 0.949 0.322 0.678 0.356 0.961 0.301 0.679 0.378 0.962 0.314 0.691 0.377 0.970 0.314 0.688 0.374 0.967 0.309 0.697 0.389 0.960
600 0.443 0.557 0.114 0.950

0.9 25 0.692 0.995 0.303 0.938 0.707 1.089 0.383 0.916 0.694 1.104 0.410 0.954 0.683 1.118 0.435 0.937 0.685 1.119 0.434 0.940 0.672 1.138 0.465 0.956
50 0.793 0.986 0.193 0.952 0.780 1.007 0.228 0.948 0.774 1.013 0.239 0.954 0.771 1.021 0.250 0.954 0.769 1.021 0.251 0.953 0.765 1.031 0.266 0.956
100 0.847 0.949 0.102 0.955 0.825 0.969 0.145 0.950 0.814 0.986 0.172 0.959 0.821 0.974 0.153 0.959 0.819 0.973 0.154 0.952 0.817 0.975 0.158 0.965
600 0.872 0.924 0.052 0.956
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Replicating the EL and bootstrap methods from Zhang et al. (2014), we can see that the

average lengths of all five jackknife methods are longer than those of EL and bootstrap. In

addition, both EL and bootstrap methods had poor performance for smaller sample sizes.

The average length of the AJEL confidence intervals is longer than that of JEL. MJEL

produces longer intervals for smaller values of n. All new methods give better performance

as the sample size increases for both estimators ρ∗(X, Y ) and ρ̂(X, Y ). The AMJEL and

MAJEL methods have over-coverage when the sample size is greater than 50 in many of the

simulations. All five jackknife methods improve the estimators of ρ∗(X, Y ) and ρ̂(X, Y ) as

their coverage probabilities increase towards the nominal level over the EL and bootstrap

methods. However, it is important to address that since we are estimating the correlation

coefficient, values above 1 and below -1 are not possible. Many of the JEL intervals produce

lower and upper bounds outside of this range when n=25 so it many be important to truncate

the intervals at -1 and 1. Based on the simulations, it would appear that the moment-

based estimator ρ∗(X, Y ) is the better of the two measures of correlation since it produced

confidence intervals that had overall smaller average lengths and better coverage probabilities

in both cases for both small and large sample sizes. This is the same conclusion made from

Zhang et al. (2014). The JEL methods greatly improved the inference over their EL methods

in terms of average lengths and coverage probabilities.

3.4 Real Applications

In this section, we analyze the Boston housing price data introduced in Harrison and Rubin-

feld (1978) and analyzed by Zhang et al. (2014) using EL methods. The Boston housing data

contains 506 census tracts of Boston from the 1970 census with 14 variables. The variables

are defined below:

1. crim - per capita crime rate by town

2. zn - proportion of residential land zoned for lots over 25,000 sq.ft
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3. indus - proportion of non-retail business acres per town

4. chas - Charles River dummy variable

5. nox - nitric oxides concentrations (parts per 10 million)

6. rm - average number of rooms per dwelling

7. age - proportion of owner-occupied units built prior to 1940

8. dis - weighted distances to five Boston employment centers

9. rad - index of accessibility to radial highways

10. tax - full-value property-tax rate per USD 10,000

11. ptratio - Pupil-teacher ratio by town

12. b - proportion of African Americans by town

13. lstat - percentage of lower status of the population

14. medv - median value of owner-occupied homes in USD per 1,000

Each of the first 13 variables may affect the price of a house. In this analysis, we

are interested in the correlation between crime rate (CR) and median value of the home

(HP). There are two potential confounding variables - lstat and ptratio. These confounding

variables were both analyzed by Zhang et al. (2014) and used to estimate the correlation

between HP and CR using ρ̂(X, Y ) and ρ∗(X, Y ). In their analysis, Zhang et al. (2014) used

EL to construct 95% confidence intervals for these two estimators. We will repeat the EL

methods but also perform the JEL methods to construct 95% confidence intervals and make

a comparison. In their analysis, it appears that Zhang et al. (2014) removed a few outliers

from their datasets before performing inference and making graphs. Since it is not clear which

values were omitted from their calculations, we analyze the full dataset without removing
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the outliers. Our inferences are similar with small differences in estimators and confidence

intervals. In this real data analysis, we investigate the estimate of ∆. For comparison, we use

the notation ∆̂L, ∆̂P for the estimated ∆ using the two different confounding variables lstat

and ptratio, respectively, The estimators are obtained as ∆̂L = 0.4125 and ∆̂P = 0.4281.

The results are displayed in Table 3.5 and Table 3.6.

Table 3.5: 95% EL and JEL confidence intervals using ρ∗(X, Y ) using lstat (left) and ptratio
(right) as confounding variables

Estimate Lower Upper Estimate Lower Upper
EL -0.017 -0.152 0.200 EL -0.335 -0.405 -0.271
JEL -0.044 -0.329 0.242 JEL -0.322 -0.389 -0.242
AJEL -0.043 -0.331 0.244 AJEL -0.317 -0.390 -0.241
MJEL -0.043 -0.384 0.297 MJEL -0.317 -0.390 -0.236
AMJEL -0.043 -0.384 0.297 AMJEL -0.317 -0.390 -0.236
MAJEL -0.044 -0.386 0.299 MAJEL -0.322 -0.390 -0.236

Table 3.6: 95% EL and JEL confidence intervals using ρ̂(X, Y ) using lstat (left) and ptratio
(right) as confounding variables

Estimate Lower Upper Estimate Lower Upper
EL -0.415 -0.603 -0.222 EL -0.525 -0.652 -0.323
JEL -0.411 -0.611 -0.200 JEL -0.510 -0.648 -0.377
AJEL -0.406 -0.612 -0.199 AJEL -0.504 -0.648 -0.376
MJEL -0.406 -0.620 -0.187 MJEL -0.504 -0.655 -0.365
AMJEL -0.406 -0.620 -0.187 AMJEL -0.504 -0.655 -0.365
MAJEL -0.411 -0.621 -0.185 MAJEL -0.510 -0.655 -0.364

Figure 3.5 shows the patterns of the distorting functions ψ̂(U) and ϕ̂(U) using the con-

founding variable lstat. Figure 3.6 shows the patterns of the distorting functions ψ̂(U) and

ϕ̂(U) using the confounding variable ptratio. These four plots indicate that ψ(U) and ϕ(U)

are not constant, which indicates that both variables have an effect on HP and CR. When

using lstat as the confounding variable, EL and JEL show an uncorrelated relationship be-

tween HP and CR. This happened when Zhang et al. (2014) analyzed this data set. In

Figure 3.7, we show the local smoothing curve of predicting HP from CR using lstat as

the confounding variable and we can see that there appears to exist a complex structure
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Figure 3.5: The estimated curve of distorting functions of housing price (HP) and crime rate (CR)
against the confounding variable lstat along with 95% pointwise confidence intervals.

between the two variables. It is known that ρ(X, Y ), Pearson’s correlation coefficient, is a

measure of the linear correlation between the variables X and Y . The nonlinear pattern in

Figure 3.7 highlights the fact that ρ∗(X, Y ) may not be an appropriate measure to estimate

the correlation and future simulation studies may need to be performed with more complex

distorting schemes to study this. It is likely for this reason that the direct plug-in estima-

tor, ρ∗(X, Y ), yields a different conclusion from the moment-based estimator, ρ̂(X, Y ). The

estimated smoothing curve of eC̃RU against eH̃PU is monotonically decreasing which is likely

why the confidence intervals calculated show a negative correlation between CR and HP. In

Figure 3.6: The estimated curve of distorting functions of housing price (HP) and crime rate (CR)
against the confounding variable ptratio along with 95% pointwise confidence intervals.
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Figure 3.7: Confounding variable - lstat. The estimated local smoothing curve of the estimated
crime rate against the estimated housing price with the associated 95% pointwise confidence inter-
vals (dotted lines) (left) and the estimated local smoothing curve of the eC̃RU and eH̃PU with the
associated 95% pointwise confidence intervals (dotted lines) (right).

Figure 3.8, we show the estimated smoothing curve of predicting HP from CR with ptratio

as the confounding variable. It shows monotonically decreasing functions, which explains

why all the methods produce 95% confidence intervals entirely below 0 for this confounding

variable.

Figure 3.8: Confounding variable - ptratio. The estimated local smoothing curve of the estimated
crime rate against the estimated housing price with the associated 95% pointwise confidence inter-
vals (dotted lines) (left) and the estimated local smoothing curve of the eC̃RU and eH̃PU with the
associated 95% pointwise confidence intervals (dotted lines) (right).
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3.5 Conclusions

In this chapter, we proposed five methods for the correlation coefficient with multiplicative

distortion measurement errors. By the nature of JEL, MJEL and AJEL, all confidence

intervals are larger than those of empirical likelihood by Zhang et al. (2014). AJEL and

MJEL have longer confidence intervals than JEL. All new methods provide better coverage

probability compared to the conventional empirical likelihood but the performance varies case

by case. MJEL, AJEL, AMJEL, and MAJEL could have over-coverage when the sample size

is greater than or equal to 50. The overcoverage for AMJEL and MAJEL with the larger

sample sizes needs further investigation. When applied to a real data set, the new methods

obtain the same results as previously proposed EL methods but simulation studies show

that JEL methods provide confidence intervals that are closer to the nominal level. None

of the methods resulted in conflicting inferences but based on the simulation results, it is

important to utilize JEL methods for inference. Further, more complex distorting schemes

need to be studied to assess the performance of ρ∗(X, Y ). For future research, jackknife

empirical likelihood can be extended to measure correlation coefficients for measurement

errors that are both additive and multiplicative. In addition, We will use transformed JEL

and transformed AJEL to make inference for ρ(X, Y ) after Jing et al. (2017) proposed

transformed EL methods.
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CHAPTER 4

JACKKNIFE EMPIRICAL LIKELIHOOD METHODS FOR MEASURING

THE SYMMETRY AND ASYMMETRY OF MULTIPLICATIVE

DISTORTION MEASUREMENT ERROR DATA

4.1 Background

Measurement errors are common in many areas of mathematics and statistics. Their ex-

istence is inevitable and ignoring them could lead to inflated biases in the estimation pro-

cedures and inference. Confounding variables often lead to measurement errors and they

commonly distort measurements in either an additive or multiplicative way. In this paper,

we consider multiplicative distortion measurement errors. We suppose that an unobservable

variable X is measured with multiplicative errors and includes an independent confounding

variable:

X̃ = ψ(U)X, (4.1)

where X̃ is the observable variable and X are the corresponding unobservable true val-

ues of interest. ψ(U) is an unknown function of an observed confounding variable U with

identifiability condition E[ψ(U)] = 1. There have been many techniques for dealing with

’measurement errors. Liang and Ren (2005) studied generalized partially linear measurement

errors models. Liu and Xia (2018) proposed empirical likelihood for single-index multiplica-

tive models. In addition, Hwang (1986) studied multiplicative errors-in-variables models

with applications to the data released by the U.S. Department of Energy in the mid-1980’s.

Cui et al. (2009) studied nonlinear multiplicative distortion errors models. Li et al. (2010)

considered partial linear models, where the linear part is observed with multiplicative distor-

tion measurement errors. Most recently, Zhang et al. (2014) recently proposed direct plug-in
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estimators to measure the correlation coefficient between two variables with multiplicative

distortion measurement errors. Zhang et al. (2020) proposed direct plug-in estimators to

measure the symmetry for data with multiplicative distortion measurement errors.

The notion of symmetry plays an important role in applied mathematics and statis-

tics. In many statistical models and applications, symmetry is a basic assumption before

using some inference procedures. For example, the Wilcoxon signed-rank test is used for

testing the difference between two samples with unknown symmetric distribution functions.

Mann-Whitney-type tests for location parameters require the population distribution to be

symmetric. It is known that the Wilcoxon signed-rank test is not robust against the assump-

tion of symmetry. Therefore, it is necessary to check the assumption of symmetry before

using it. In regression, linear regression models often assume that the residuals are normally

distributed about zero, and assessing the symmetry of the residuals is done when checking

the normality of the residuals. Statistically, a continuous probability density function f(x)

and the distribution function F (x), x ∈ R, are said to be symmetric about γ if

F (γ − x) = 1− F (γ + x).

Alternatively,

f(γ + x) = f(γ − x), x ∈ R.

Based on these definitions of symmetry, there are several tests to assess the symmetry of

an unknown density f(x) based on an i.i.d. random sample. For example, Butler (1969)

proposed a test statistic by using a sample version of T1 = supx≤0|F (γ + x) + F(γ − x) −

1|.

Boos (1982) and Rothman and Woodroofe (1972) use the sample versions of

s2(F ) =
∫
[F(γ + x) + F(γ − x) − 1]2 dx and s3(F ) =

∫
[F(γ + x) + F(γ − x) − 1]2 dF (x) to

test the symmetry. Davis and Quade (1978) and Randles et al. (1980) proposed U -statistics

by using the triple sample {Xi +Xj − 2Xk, i, j, k = 1, ..., n} for testing the symmetry.
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There is little work which could be used to judge whether one probability model or data

set is more symmetric or asymmetric than the other. It is equally as challenging to find

a mathematical expression to quantify the amount of asymmetry. Li and Morris (1991)

highlighted the drawbacks of the classical skewness measure based on the third central mo-

ment when used as an asymmetry measure. Hill and Rao (1977) proposed Cramér-von

Mises type statistics to test the symmetry. In recent work, Patil et al. (2012, 2014) pro-

posed a measure of asymmetry by using the correlation coefficient of (f(X), F (x)), which

is calculated as ρf,F = Cov(f(X), F (x))/
√
σ2
fσ

2
F where 0 < σ2

f < ∞, σ2
f = Var(f(x))

and σ2
F = Var(F (x)) = 1/12. Most Recently, Zhang et al. (2020) proposed a general k-

th correlation coefficient ρk between fk(X) and F (x)), for some positive number k, when∫ ∫
f 2k+1(x)dx <∞ as a measure of symmetry and asymmetry for data that has multiplica-

tive measurement errors. They found that when k = 1, they obtained the same correlation

coefficient proposed by Patil et al. (2012) but found through simulation studies that smaller

values of k, for example, ρ0.5, generally outperformed ρ1 for estimation and confidence in-

terval construction when the sample size is large. Unfortunately, larger values of k used

for constructing confidence intervals based on EL resulted in extreme undercoverage prob-

lems. Our goal is to propose jackknife empirical likelihood methods to address this issue of

undercoverage based on the ρk by Zhang et al. (2020).

Introduced by Owen (1988, 1990), empirical likelihood (EL) is a nonparametric method

for small samples with a superior performance over traditional nonparametric methods.

Alemdjrodo and Zhao (2022) proposed empirical likelihood inference for the mean differ-

ence with right-censored data. Adimari (1996) used empirical likelihood to make inference

on estimators of distributional quantiles. Yu et al. (2014) proposed empirical likelihood to

study two-group comparisons of upper quantiles. Diciccio et al. (1991) showed that em-

pirical likelihood is Bartlett correctable. A common occurrence in survival analysis is the

prevalence of small sample sizes. In these situations, the coverage probability and the confi-

dence regions using empirical likelihood can suffer from poor performance. To fix this, Liang
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et al. (2019) proposed mean empirical likelihood (MEL) by constructing a pseudo dataset

through the pairwise means of the observed values. The method of adjusted empirical likeli-

hood (AEL) was introduced by Chen et al. (2008). In addition, Jing et al. (2016) proposed

transformed empirical likelihood (TEL) to obtain better coverage probabilities. When deal-

ing with complicated statistics, the calculation of empirical likelihood can be redundant and

computationally intensive. Thus, jackknife empirical likelihood (JEL) was introduced by

Jing et al. (2009) to simplify the application of empirical likelihood to complicated statis-

tics. In recent years, there have been many publications involving JEL methods. Chen

and Haziza (2018) used jackknife empirical likelihood method for multiply robust estimation

with missing data. Satter and Zhao (2021) proposed JEL for the mean difference of two

zero-inflated skewed populations. Zardasht (2021) studied JEL and made inference on the

variance residual life function. In addition, jackknife empirical likelihood can also be used

for the skewness and kurtosis as proposed by Zhao et al. (2018). Cheng and Zhao (2019)

applied JEL to Bayesian inference. The method of adjusted jackknife empirical likelihood

(AJEL) was proposed by Zhao et al. (2015) and Chen and Ning (2016). According to Zhao

et al. (2015), AJEL preserves the properties of JEL but provides slightly longer confidence

intervals with better coverage probability.

Under multiplicative distortion measurement errors, Zhang et al. (2020) proposed two

direct plug in estimators proposed in Cui et al. (2009) and Delaigle et al. (2016) and used

the calibrated values of X̂ to estimate ρk, which will be used to measure the symmetry or

asymmetry of X. In addition, a special case is studied where we use the observed values of X̃

without calibration to measure the symmetry or asymmetry of X. We use two direct plug-in

estimators of ρk in Zhang et al. (2020) to introduce JEL, AJEL, and MJEL methods. We

further propose transformed jackknife empirical likelihood (TJEL) to obtain better coverage

in calculated confidence intervals. Our extensive simulation studies use three distributions

with multiplicative measurement errors. In a real data analysis, the Boston housing data, as

used in Zhang et al. (2014), is analyzed using JEL methods. We compare with the results
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obtained by Zhang et al. (2014). In addition, the Algerian Forest Fires Dataset Data Set is

analyzed where we determine the symmetry of the relative humidity and temperature based

on the confounding variable of rainfall.

The organization of the chapter is as follows. In Section 4.2, we first review the two

direct plug-in estimators for ρk and construction of empirical likelihood proposed by Zhang

et al. (2020). We propose jackknife empirical likelihood, mean jackknife empirical likelihood,

and adjusted jackknife empirical likelihood for ρk. We also develop transformed jackknife

empirical likelihood (TJEL) to improve the performance for small sample size situations. In

Section 4.3, a simulation study is conducted using normal distribution and χ2 distribution

to examine the performance of the proposed methods. In Section 4.4, two real data analyses

using the new methods are performed for illustrative purposes. In Section 4.5, we make a

conclusion. In this chapter, we use the same notations as in Zhang et al. (2020) for simplicity.

4.2 Main Results

4.2.1 Review of the basics

As the distorted X̃ is available, we first calibrate unobservable X by using the observed

i.i.d. sample {X̃iUi}ni=1. We first go over the background and the existing methods for

completeness using the same notations as in Zhang et al. (2020). To ensure the identifiability

condition, we assume that

E[ψ(U)] = 1. (4.2)

The identifiability condition is introduced by Sentürk and Müller (2005) and is similar

to the classical additive measurement error setting: E(θ) = 0 for W = Z + θ, where W is

error-prone and Z is error-free. For the distorting function ψ(U) and the expectation of X,

we assume the following assumptions as in Zhang et al. (2020):

Assumption M1: E(X) ̸= 0, the unknown distorting function ψ(U) satisfies ψ(U) ̸= 0

for all u ∈ [UL,UR], where [UL,UR] denotes the compact support of U.
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Assumption M2: the unknown distorting function ψ(U) satisfies ψ(U) > 0 for all u ∈

[UL,UR].

By using the two assumptions M1 and M2, we have two different estimation procedures of

ρk as in Zhang et al. (2020).

Step 1.1: Using the identifiability condition (4.1) and assumption M1, we have E(X̃) =

E(X) and ψ(u) = E(X̃ | U = u)/E(X̃). Then, the local linear estimator ψ̂1(u) of ψ(u) is

proposed as

ψ̂1(u) =
Sn2(u)Qn0,X̃(u)− Sn1(u)Qn1,X̃(u)[

Sn2(u)Sn0(u)− [Sn1(u)]
2] X̃ , (4.3)

where

Snω(u) =
1

nh1

∑n
i=1

(
Ui−u
h1

)ω
K
(

Ui−u
h1

)
for ω = 0, 1, 2, andQnδ,X̃(u) =

1
nh1

∑n
i=1

(
Ui−u
h1

)δ
K
(

Ui−u
h1

)
X̃i

for δ = 0, 1, and X̃ = n−1
∑n

i=1 X̃i. Here K(·) denotes a kernel density function, and h1 is a

bandwidth.

Step 1.2: Using the identifiability condition (4.1) and assumption M2, we have E(|X̃|) =

E(|X|) and ψ(u) = E(| X̃∥U = u)/E(|X̃|). Then, the local linear estimator ψ̂2(u) is used to

estimate ψ(u) by

ψ̂2(u) =
Sn2(u)Vn0,|X̃|(u)− Sn1(u)Vn1,|X̃|(u)[

Sn2(u)Sn0(u)− [Sn1(u)]
2] |X̃|

, (4.4)

where

Vnδ,|X̃|(u) =
1

nh1

∑n
i=1

(
Ui−u
h1

)δ
K
(

Ui−u
h1

)
|X̃i| for δ = 0, 1, and |X̃| = n−1

∑n
i=1 |X̃i|.

Step 2: Using (4.3) and (4.4), we obtain X̂
[1]
i = X̃i/ψ̂1(Ui) and X̂

[2]
i = X̃i/ψ̂2(Ui), i =

1, ..., n and the estimators of f(x) and F (x) are constructed as:


f̂1(x) =

1
nh2

∑n
i=1K

(
X̂

[1]
i −x

h2

)
F̂1(x) =

1
n

∑n
i=1 I

{
X̂

[1]
i ≤ x

} (4.5)
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
f̂2(x) =

1

nh3

n∑
i=1

K

(
X̂

[2]
i − x

h3

)

F̂2(x) =
1

n

n∑
i=1

I
{
X̂

[2]
i ≤ x

} (4.6)

where h2 and h3 are two positive-valued bandwidths.

Step 3: Directly using E[F (X)] = 1/2, σ2
F = 1/12, two moment based estimators of ρk

are proposed as, for s = 1, 2,

ρ̂
[s]
k =

√
12

1
n

∑n
i=1 f̂

k
s

(
X̂

[s]
i

)
F̂s

(
X̂

[s]
i

)
− 1

2n

∑n
i=1 f̂

k
s

(
X̂

[s]
i

)
{

1
n−1

∑n
i=1

[
f̂k
s

(
X̂

[s]
i

)
− 1

n

∑n
i=1 f̂

k
s

(
X̂

[s]
i

)]2}1/2
.

In the simulation study, k will be considered as k = 0.5, k = 1, k = 2, and k = 3. A

distribution of the random variable X is considered symmetric if ρk = 0. It is considered

left-skewed if ρk > 0 and it is considered right-skewed if ρk < 0.

4.2.2 Empirical likelihood (EL)

The empirical likelihood is constructed based on the fact that

E

[{√
12

(
F (X)− 1

2

)
− ρk

(
fk(X)− E(fk)

σfk

)}(
fk(X)− E(fk)

σfk

)]
= 0. (4.7)

The empirical log-likelihood ratio function is then defined by Zhang et al. (2020) as:

l̂[s]n (ρk) = −2 sup

{
n∑

i=1

log(npi); pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

piς̂
[s]
n,i(ρk) = 0

}
, (4.8)

where i = 1, ..., n, s = 1, 2,

ς̂
[s]
n,i(ρk) =

{
√
12

(
F̂ s(X̂

[s]
i )− 1

2

)
− ρk

(
f̂k
s(X̂

[s]
i )− f̂k

s

σ̂s,fk

)}(
f̂k
s(X̂

[s]
i )− f̂k

s

σ̂s,fk

)
,
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and

σ̂s,fk =

√√√√ 1

n− 1

n∑
i=1

(
f̂k
s(X̂

[s]
i )− f̂k

s

)2
.

Using the method of Lagrange multiplier, l̂
[s]
n (ρk) can be obtained as:

l̂n(ρk) = 2
n∑

i=1

log{1 + λsς̂
[s]
n,i(ρk)},

where λs is a solution of the following equation

1

n

n∑
i=1

ς̂
[s]
n,i(ρk)

1 + λsς̂
[s]
n,i(ρk)

= 0.

The EL confidence interval proposed by Zhang et al. (2020) can be then constructed as

Iρk = {ρk : l̂[s]n (ρk) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.

4.2.3 A Special Setting

Suppose thatX is symmetric about γ, and ψ(U) > 0 for all u ∈ [UL,UR] under assumption

M2. Using the independence condition between U and X, it is seen that

F̃ (x) = E
[
1− EIX̃ ≤ 2γψ(U)− x|U

]
. (4.9)

Thus, if X is symmetric about zero (γ = 0), then X̃ is also symmetric about zero. This

further implies that the effect of multiplicative distortion for testing the symmetry about

X about zero vanishes. In this case, testing the symmetry of X about zero is the same as

testing the symmetry of X̃ about zero. Thus, we can calculate our direct plug in estimator

ρk using the uncalibrated values of X̃ and immediately test the symmetry at step 2. The

estimator ρ
[1]
k is not appropriate in this setting since dividing by zero will produce an infinite
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value.

4.2.4 Jackknife empirical likelihood (JEL)

In this section, we develop JEL methods for k-th correlation coefficients. Let ρ̂
[s]
i,k denote

the k-th correlation coefficient estimator of ρk calculated with the ith observation deleted,

where i = 1, ..., n and s = 1, 2. Let V̂i denote the jackknife pseudo-value, which is obtained

by

V̂i = nρ
[s]
k − (n− 1)ρ̂

[s]
i,k; i = 1, ..., n. (4.10)

The jackknife estimator ρ̂
[s]
Jk

is defined as

ρ̂
[s]
Jk

= n−1

n∑
i=1

V̂i. (4.11)

The jackknife empirical likelihood ratio at ρ
[s]
k can be then defined as

J(ρ
[s]
k ) = sup

p=(p1,...,pn)

{
n∏

i=1

npi; pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

pi(V̂i − ρ
[s]
k ) = 0

}
. (4.12)

We can now calculate the -2log of the empirical likelihood ratio as

− 2 log J(ρ
[s]
k ) = 2

n∑
i=1

log{1 + λ(V̂i − ρ
[s]
k )}, (4.13)

where λ is the solution of the following equation

1

n

n∑
i=1

V̂i − ρ
[s]
k

1 + λ(V̂i − ρ
[s]
k )

= 0. (4.14)

Three conditions are needed to obtain the asymptotic results as in Zhang et al. (2020).

1. The kernel function K(·) is a univariate bounded, continuous and symmetric density

function about zero.

2. E[|X|4] <∞
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3. As n −→ ∞, nh4 −→ 0, log2(n)/(nh2) −→ 0.

We can derive Wilks’ theorem as follows similar to Chen et al. (2022):

Theorem 4.2.1. Assume that conditions 1-3 hold. Let ρ0k be the true value of ρ
[s]
k . When

n −→ ∞, we have

−2 log J(ρ0k)
D−→ χ2

1.

Following the theorem, the JEL confidence interval for ρ
[s]
k is obtained by

IJ
ρ
[s]
k

= {ρ[s]k : −2 log J(ρ
[s]
Jk
) ≤ χ2

1−α(1)}, (4.15)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

4.2.5 Adjusted and mean jackknife empirical likelihood (AJEL, MJEL)

Many simulation studies have shown that under-coverage issues still exist when the sam-

ple size is smaller than 25. Thus, we use adjusted jackknife empirical likelihood to improve

the performance of JEL. In order to construct an adjusted jackknife empirical likelihood

ratio for ρ
[s]
k , first define Ŵi as

Ŵi(ρ
[s]
k ) = V̂i − ρ̂

[s]
k , i = 1, ..., n, (4.16)

and then add one more pseudo value Ŵn+1 to Ŵi

Ŵn+1(ρ
[s]
k ) = −an

n

n∑
i=1

Ŵi(ρ
[s]
k ), (4.17)
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where an = max(1, log(n)/2). Thus, we can calculate the AJEL estimator as follows by

implementing the adjustment to the JEL estimator

ρ̂
[s]
Ak

= ρ̂
[s]
Jk

+
1

n+ 1

n+1∑
i=1

Ŵi(ρ̂
[s]
Jk
). (4.18)

The adjusted jackknife empirical likelihood ratio at ρ
[s]
k is defined as

JA(ρ
[s]
k ) = sup

p=(p1,...,pn+1)

{
n+1∏
i=1

(n+ 1)pi : pi ≥ 0;
n+1∑
i=1

pi = 1;
n+1∑
i=1

piŴi(ρ
[s]
k ) = 0

}
. (4.19)

Hence, the adjusted jackknife empirical log-likelihood ratio at ρ
[s]
k is

log JA(ρ
[s]
k ) = −

n+1∑
i=1

log
{
1 + λaŴi(ρ

[s]
k )
}
, (4.20)

where λa is a solution to the following equation:

1

n+ 1

n+1∑
i=1

Ŵi(ρ
[s]
k )

1 + λaŴi(ρ
[s]
k )

= 0.

The -2log of adjusted jackknife empirical likelihood ratio can be obtained by

− 2 log JA(ρ
[s]
k ) = 2

n+1∑
i=1

log{1 + λaŴi}. (4.21)

The Wilks’ theorem also holds for the adjusted jackknife empirical log-likelihood ratio

by following Chen et al. (2022):

Theorem 4.2.2. Suppose that ρ0k is the true value of ρ
[s]
k . Assume that conditions 1-3 hold

in Theorem 4.2.1. We have when n→ ∞,

− 2 log JA(ρ
0
k)

D−→ χ2
1. (4.22)
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Thus, following the theorem, the 100(1− α)% AJEL confidence interval is as follows:

IA
ρ
[s]
k

= {ρ[s]k : −2 log JA(ρ
[s]
k ) ≤ χ2

1−α(1)}, (4.23)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

By using AJEL, the length of AJEL confidence interval is usually longer than JEL, but

the coverage probability of AJEL is better in small sample cases. To combine the methods of

mean and jackknife empirical likelihood, first we let M denote the pseudo vector calculated

from Ŵi, where

M =
{Ŵi + Ŵj

2
: 1 ≤ i ≤ j ≤ n

}
. (4.24)

Through the equation above, the original Ŵi is expanded into a vector of size N =

n(n+ 1)/2. Meanwhile, M maintains the same mean as Ŵi. The expected value of the new

M is close to 0. Similar to the adjusted jackknife estimator, the mean jackknife estimator

can be defined as follows by adding an adjustment term to the jackknife estimator:

ρ̂
[s]
Mk

= ρ̂
[s]
Jk

+
1

N

N∑
i=1

Mi(ρ̂
[s]
Jk
). (4.25)

Now, we can construct the empirical likelihood based on the new vector M . The mean

empirical likelihood ratio, denoted as R̂M(ρ
[s]
k ), is defined as:

R̂M(ρ
[s]
k ) = sup

(p1,...,pn)

{
N∏
i=1

Npi; pi ≥ 0;
N∑
i=1

pi = 1;
N∑
i=1

piMi(ρ
[s]
k ) = 0

}
. (4.26)

By the properties of empirical likelihood, the log-likelihood l̂M(ρ
[s]
k ) can then be calculated

as:

l̂M(ρ
[s]
k ) =

−2 log R̂M(ρ
[s]
k )

n+ 1

=
2

n+ 1

N∑
i=1

log{1 + λMi(ρ
[s]
k )},

(4.27)
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where λ is the solution of the following equation

N−1

N∑
i=1

Mi(ρ
[s]
k )

1 + λMi(ρ
[s]
k )

= 0. (4.28)

To construct the confidence interval of ρ
[s]
k , we obtain Wilk’s theorem as follows by fol-

lowing the arguments from Chen et al. (2022):

Theorem 4.2.3. Suppose that ρ0k is the true value of ρ
[s]
k . Assume that conditions 1-3 from

Theorem 4.2.1 hold. We have when n→ ∞,

l̂M(ρ0k)
D−→ χ2

1. (4.29)

Then, the mean jackknife empirical likelihood confidence interval is defined as follows:

IM
ρ
[s]
k

= {ρ[s]k : l̂M
(
ρ
[s]
k

)
≤ χ2

1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.

4.2.6 Transformed jackknife empirical likelihood (TJEL)

Combining the methods of TEL and JEL, we introduce the method of transformed jack-

knife empirical likelihood (TJEL). Transformed EL was proposed by Jing et al. (2017) to

address the undercoverage issue found using EL for small sample sizes. Recall that the

jackknife pseudo-values for ρ
[s]
k , for s = 1, 2, as defined in (4.10). We define the truncated

quadratic transformation of the jackknife empirical log-likelihood l(ρ
[s]
k ) as

gt(l(ρ
[s]
k ); γ) = l(ρ

[s]
k ) ·max{1− l(ρ

[s]
k )/n, 1− γ}, (4.30)

where γ = 1/2 is suggested by Jing et al. (2018) as the value of γ that maximizes the degree

of expansion of {ρ[s]k : gt(l(ρ
[s]
k ; γ) ≤ c}. The transformed jackknife empirical log-likelihood
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ratio is defined as

lt(ρ
[s]
k ) = gt(l(ρ

[s]
k ); γ = 1/2) = l(ρ

[s]
k ) ·max{1− l(ρ

[s]
k )/n, 1/2}. (4.31)

Theorem 4.2.4. We derive the Wilks’ theorem as follows. Suppose that ρ0k is the true value

of ρ
[s]
k . Under the same assumptions as Theorem 4.2.1, we have when n→ ∞,

lt(ρ
0
k)

D−→ χ2
1. (4.32)

Then, the transformed jackknife empirical likelihood confidence interval is defined as

follows:

I t
ρ
[s]
k

= {ρ[s]k : lt
(
ρ
[s]
k

)
≤ χ2

1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.

4.3 Simulation Study

For the simulation study, we use the EP kernel K(t) = 0.75(1− t2)+. For the bandwidth, we

use h1 = σ̂Un
−1/3, h2 = σ̂X̂[1]n−1/3, and h3 = σ̂X̂[2]n−1/3. We generate 5000 realizations and

the sample size is chosen as n = 18, 30, 50, and 100. In their original paper, Zhang et al.

(2020) only used n = 100, 300, and 500 but as this does not reflect any small sample sizes,

we chose to use n = 18, 30, 50, and 100. The confounding variable U is generated from a

uniform distribution U(0, 1) and the multiplicative distortion function is chosen as ψ(U) =

1 - 0.5cos(2πU).

In Tables 4.1 and 4.2, we consider the variable X ∼ N(−1, 1). In this case, E(X) =

−1 ̸= 0, thus we can use the estimators ρ̂
[s]
k , s = 1, 2. In Table 4.3.1, we show the 95%

confidence intervals for ρ
[1]
k and we compare EL, JEL, AJEL, MJEL, and TJEL confidence

intervals in terms of average lengths (AL) and coverage probabilities (CP). In Table 4.1, we

see that EL had extreme undercoverage problems when the sample is small. JEL, AJEL, and



81

MJEL similarly had undercoverage problems but it was an improvement over EL methods.

TJEL possessed the highest CP of all the confidence intervals that were constructed. All of

the intervals contained 0 since the data generated came from the normal distribution. In

Table 4.2, we compare EL, JEL, AJEL, MJEL, and TJEL confidence intervals for ρ
[2]
k in

terms of average lengths (AL) and coverage probabilities (CP). In Table 4.2, we see that

EL also had extreme undercoverage problems when the sample is small. JEL, AJEL, and

MJEL similarly had undercoverage problems but it was an improvement over EL methods.

TJEL was the most accurate of all the confidence intervals that were constructed. All of

the intervals contained 0 since the data generated came from the normal distribution. The

estimator ρ̂
[2]
k generally had higher coverage probabilities compared to ρ̂

[1]
k . As expected the

average lengths of JEL, AJEL, MJEL, and TJEL were longer compared to EL.

In Tables 4.3 and 4.4, we consider the variable X ∼ N(0, 1). In this case, E(X) = 0 so

estimator ρ̂
[1]
k is not appropriate. In Table 4.3, we show the 95% confidence intervals for ρ̂k

where we do not calibrate the X̃ and instead measure symmetry based on the uncalibrated

values and we compare EL, JEL, AJEL, MJEL, and TJEL confidence intervals in terms AL

and CP. EL did not have the same extreme undercoverage as before but it still performed

poorer than the JEL methods. TJEL has some overcoverage when using ρ2 and ρ3. However,

all JEL methods performed better than EL. In Table 4.4, we compare EL, JEL, AJEL, MJEL,

and TJEL confidence intervals for ρ
[2]
k in terms of AL and CP. In Table 4.4, we see that,

once again, EL possess extreme undercoverage for small sample sizes. JEL, AJEL, MJEL,

and TJEL improve the coverage probabilities for small sample sizes but they also possess

undercoverage. As before, TJEL improved the coverage probabilities better than the other

methods.

In Tables 4.5 and 4.6, we consider the variable X ∼ χ2
5 − 5. In this case, E(X) = 0

so estimator ρ̂
[1]
k is not appropriate. In Table 4.5, we show the 95% confidence intervals for

ρ̂k where we do not calibrate the X̃ and instead measure symmetry based on the uncali-

brated values and we compare EL, JEL, AJEL, MJEL, and TJEL confidence intervals in
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terms of their AL and CP. EL did not have the same extreme undercoverage as before but it

still performed poorer than the JEL methods. However, all JEL methods performed better

than EL. Importantly, since χ2
5 − 5 is an asymmetric distribution, we would expect all the

confidence intervals to contain only negative values. However, from the table we see that

for the small sample size (n=18), many of the calculated intervals fail to find any measure

of asymmetry since they include zero. In Table 4.6, we compare EL, JEL, AJEL, MJEL,

and TJEL confidence intervals for ρ
[2]
k in terms if AL and CP. In Table 4.6, we see that,

once again, EL possess extreme undercoverage for small sample sizes. JEL, AJEL, MJEL,

and TJEL improve the coverage probabilities for small sample sizes but they also possess

undercoverage. As before, TJEL imporoved the coverage probabilities more than the other

methods.
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Table 4.1: X ∼ N(−1, 1) using ρ̂
[1]
k

ρ0.5 ρ1 ρ2 ρ3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

EL n = 18 -0.426 0.431 0.857 0.439 -0.528 0.410 0.938 0.301 -0.534 0.399 0.932 0.445 -0.525 0.384 0.909 0.462
n = 30 -0.440 0.340 0.780 0.447 -0.452 0.326 0.778 0.356 -0.441 0.291 0.732 0.483 -0.439 0.263 0.702 0.501
n = 50 -0.403 0.251 0.654 0.596 -0.384 0.242 0.626 0.661 -0.346 0.227 0.573 0.653 -0.336 0.197 0.534 0.738
n = 100 -0.298 0.186 0.484 0.918 -0.282 0.174 0.455 0.958 -0.244 0.162 0.406 0.842 -0.229 0.134 0.363 0.828

JEL n = 18 -1.546 1.019 2.565 0.620 -1.347 0.983 2.330 0.591 -1.264 1.005 2.270 0.581 -1.265 1.065 2.330 0.545
n = 30 -1.145 0.880 2.025 0.623 -1.069 0.891 1.960 0.616 -1.031 0.925 1.960 0.597 -1.022 0.931 1.953 0.564
n = 50 -0.822 0.671 1.493 0.639 -0.844 0.651 1.495 0.739 -0.767 0.815 1.580 0.699 -0.928 0.716 1.644 0.784
n = 100 -0.521 0.414 0.935 0.938 -0.515 0.449 0.965 0.947 -0.561 0.506 1.070 0.887 -0.583 0.560 1.143 0.852

AJEL n = 18 -1.531 1.230 2.760 0.690 -1.441 1.141 2.582 0.674 -1.402 1.170 2.570 0.676 -1.370 1.130 2.500 0.680
n = 30 -1.159 0.946 2.110 0.678 -1.072 0.974 2.046 0.745 -1.280 0.827 2.110 0.704 -1.081 1.065 2.150 0.712
n = 50 -0.794 0.794 1.590 0.788 -0.831 0.731 1.562 0.804 -0.865 0.812 1.680 0.785 -0.848 0.854 1.700 0.763
n = 100 -0.467 0.513 0.980 0.947 -0.542 0.456 0.997 0.949 -0.597 0.514 1.110 0.897 -0.676 0.546 1.220 0.872

MJEL n = 18 -1.694 1.116 2.809 0.693 -1.596 1.062 2.658 0.672 -1.351 1.317 2.668 0.681 -1.288 1.289 2.577 0.658
n = 30 -1.328 0.906 2.233 0.771 -1.346 0.862 2.208 0.799 -1.434 0.796 2.230 0.724 -1.260 0.956 2.216 0.718
n = 50 -0.970 0.648 1.618 0.834 -0.917 0.723 1.640 0.868 -0.749 0.888 1.637 0.797 -0.730 0.964 1.694 0.759
n = 100 -0.556 0.427 0.983 0.942 -0.501 0.491 0.992 0.947 -0.534 0.565 1.099 0.906 -0.624 0.581 1.205 0.884

TJEL n = 18 -1.625 1.458 3.080 0.887 -1.454 1.300 2.750 0.903 -1.481 1.268 2.750 0.855 -1.482 1.341 2.820 0.807
n = 30 -1.248 1.036 2.280 0.922 -1.193 1.010 2.200 0.938 -1.209 0.935 2.140 0.873 -1.111 1.113 2.220 0.838
n = 50 -0.965 0.685 1.650 0.935 -0.900 0.790 1.690 0.947 -0.998 0.751 1.750 0.907 -0.963 0.766 1.730 0.886
n = 100 -0.529 0.504 1.030 0.950 -0.548 0.540 1.090 0.952 -0.589 0.569 1.160 0.931 -0.602 0.636 1.240 0.907
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Table 4.2: X ∼ N(−1, 1) using ρ̂
[2]
k

ρ0.5 ρ1 ρ2 ρ3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

EL n = 18 -0.475 0.252 0.727 0.489 -0.633 0.257 0.890 0.408 -0.649 0.245 0.894 0.465 -0.598 0.269 0.867 0.374
n = 30 -0.510 0.234 0.744 0.543 -0.544 0.214 0.758 0.456 -0.513 0.199 0.712 0.527 -0.498 0.176 0.674 0.492
n = 50 -0.458 0.184 0.641 0.632 -0.447 0.177 0.624 0.673 -0.419 0.149 0.568 0.648 -0.389 0.142 0.531 0.633
n = 100 -0.329 0.161 0.490 0.944 -0.319 0.149 0.469 0.947 -0.304 0.104 0.408 0.832 -0.290 0.089 0.379 0.841

JEL n = 18 -1.360 0.999 2.359 0.753 -1.053 1.033 2.086 0.722 -1.078 1.042 2.120 0.706 -1.070 1.041 2.111 0.623
n = 30 -0.854 0.783 1.637 0.758 -0.807 0.789 1.596 0.802 -0.841 0.814 1.655 0.762 -0.791 0.855 1.646 0.699
n = 50 -0.619 0.562 1.181 0.817 -0.597 0.582 1.179 0.834 -0.619 0.602 1.222 0.784 -0.638 0.643 1.281 0.754
n = 100 -0.372 0.363 0.735 0.952 -0.389 0.369 0.757 0.945 -0.404 0.412 0.816 0.882 -0.431 0.421 0.851 0.850

AJEL n = 18 -1.420 1.059 2.479 0.766 -1.300 1.035 2.336 0.808 -1.287 1.048 2.335 0.748 -1.349 0.974 2.323 0.726
n = 30 -0.967 0.840 1.807 0.772 -0.907 0.876 1.782 0.863 -0.992 0.890 1.882 0.799 -1.058 0.918 1.976 0.784
n = 50 -0.748 0.618 1.366 0.851 -0.699 0.667 1.366 0.901 -0.765 0.689 1.454 0.847 -0.829 0.691 1.520 0.800
n = 100 -0.464 0.439 0.903 0.943 -0.456 0.457 0.913 0.948 -0.553 0.453 1.006 0.901 -0.592 0.489 1.081 0.898

MJEL n = 18 -1.448 1.055 2.503 0.774 -1.255 1.117 2.372 0.797 -1.200 1.123 2.323 0.684 -1.263 1.020 2.283 0.652
n = 30 -0.994 0.867 1.861 0.798 -0.967 0.858 1.826 0.859 -0.952 0.874 1.826 0.758 -0.965 0.891 1.856 0.700
n = 50 -0.762 0.633 1.395 0.846 -0.705 0.685 1.390 0.918 -0.772 0.688 1.460 0.831 -0.781 0.728 1.509 0.785
n = 100 -0.477 0.431 0.909 0.952 -0.486 0.442 0.928 0.951 -0.526 0.492 1.018 0.897 -0.571 0.535 1.106 0.892

TJEL n = 18 -1.440 1.115 2.555 0.780 -1.437 0.985 2.420 0.811 -1.306 1.038 2.340 0.799 -1.324 1.148 2.470 0.702
n = 30 -0.970 0.866 1.836 0.827 -0.892 0.924 1.820 0.887 -0.970 0.966 1.940 0.843 -1.080 0.826 1.910 0.747
n = 50 -0.724 0.665 1.389 0.884 -0.687 0.677 1.360 0.938 -0.799 0.655 1.450 0.876 -0.807 0.765 1.570 0.806
n = 100 -0.483 0.447 0.930 0.951 -0.486 0.444 0.930 0.955 -0.546 0.495 1.040 0.921 -0.541 0.575 1.120 0.852
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Table 4.3: X ∼ N(0, 1) using uncalibrated data

ρ0.5 ρ1 ρ2 ρ3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

EL n = 18 -0.400 0.473 0.873 0.745 -0.478 0.470 0.949 0.767 -0.478 0.463 0.942 0.741 -0.476 0.448 0.924 0.711
n = 30 -0.403 0.393 0.796 0.793 -0.395 0.394 0.789 0.812 -0.392 0.375 0.768 0.779 -0.374 0.362 0.736 0.755
n = 50 -0.328 0.323 0.651 0.886 -0.331 0.309 0.640 0.888 -0.312 0.301 0.613 0.843 -0.285 0.303 0.587 0.812
n = 100 -0.255 0.241 0.497 0.940 -0.250 0.229 0.479 0.941 -0.218 0.233 0.451 0.901 -0.215 0.223 0.438 0.863

JEL n = 18 -0.934 0.643 1.577 0.875 -0.813 0.674 1.490 0.890 -0.725 0.739 1.464 0.862 -0.748 0.724 1.472 0.794
n = 30 -0.627 0.490 1.117 0.919 -0.563 0.537 1.100 0.923 -0.579 0.561 1.140 0.896 -0.592 0.555 1.147 0.810
n = 50 -0.436 0.384 0.821 0.936 -0.418 0.412 0.830 0.920 -0.450 0.437 0.887 0.886 -0.443 0.466 0.908 0.830
n = 100 -0.269 0.275 0.544 0.950 -0.288 0.297 0.584 0.943 -0.317 0.307 0.624 0.928 -0.326 0.340 0.666 0.877

AJEL n = 18 -1.061 0.699 1.760 0.916 -0.933 0.735 1.667 0.942 -0.806 0.793 1.600 0.930 -0.799 0.801 1.600 0.862
n = 30 -0.645 0.556 1.201 0.936 -0.621 0.572 1.193 0.946 -0.604 0.624 1.228 0.936 -0.665 0.607 1.273 0.874
n = 50 -0.457 0.412 0.869 0.940 -0.436 0.439 0.875 0.951 -0.466 0.426 0.893 0.944 -0.448 0.449 0.897 0.888
n = 100 -0.285 0.276 0.561 0.948 -0.301 0.282 0.583 0.956 -0.311 0.311 0.621 0.951 -0.332 0.311 0.643 0.902

MJEL n = 18 -1.058 0.756 1.814 0.910 -0.942 0.725 1.667 0.924 -0.822 0.776 1.598 0.922 -0.799 0.775 1.574 0.866
n = 30 -0.691 0.564 1.255 0.962 -0.633 0.580 1.213 0.948 -0.596 0.566 1.161 0.945 -0.640 0.612 1.252 0.873
n = 50 -0.458 0.426 0.884 0.956 -0.452 0.434 0.886 0.952 -0.432 0.461 0.894 0.958 -0.437 0.483 0.920 0.900
n = 100 -0.290 0.268 0.558 0.958 -0.287 0.294 0.581 0.949 -0.305 0.312 0.617 0.952 -0.335 0.321 0.656 0.912

TJEL n = 18 -1.096 0.817 1.913 0.892 -0.998 0.777 1.775 0.938 -1.094 0.829 1.923 0.914 -0.909 0.819 1.728 0.813
n = 30 -0.674 0.551 1.224 0.934 -0.626 0.593 1.219 0.940 -0.649 0.555 1.205 0.944 -0.652 0.621 1.273 0.836
n = 50 -0.485 0.384 0.869 0.942 -0.444 0.424 0.868 0.944 -0.455 0.411 0.865 0.950 -0.478 0.481 0.959 0.868
n = 100 -0.278 0.278 0.556 0.948 -0.282 0.290 0.572 0.960 -0.278 0.284 0.563 0.966 -0.337 0.328 0.665 0.902
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Table 4.4: X ∼ N(0, 1) using ρ̂
[2]
k

ρ0.5 ρ1 ρ2 ρ3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

EL n = 18 -0.026 0.440 0.466 0.433 -0.384 0.474 0.858 0.416 -0.463 0.390 0.853 0.339 -0.444 0.386 0.830 0.498
n = 30 -0.267 0.407 0.675 0.514 -0.391 0.361 0.752 0.486 -0.325 0.382 0.707 0.466 -0.370 0.308 0.677 0.526
n = 50 -0.325 0.324 0.649 0.701 -0.343 0.292 0.635 0.691 -0.297 0.289 0.586 0.701 -0.252 0.292 0.544 0.583
n = 100 -0.249 0.259 0.507 0.941 -0.255 0.227 0.482 0.932 -0.234 0.198 0.432 0.896 -0.202 0.193 0.395 0.831

JEL n = 18 -1.247 1.035 2.280 0.758 -1.601 1.043 2.104 0.734 -1.117 0.943 2.060 0.712 -1.020 1.018 2.038 0.670
n = 30 -0.861 0.814 1.670 0.762 -0.849 0.772 0.621 0.804 -0.781 0.907 1.689 0.756 -0.808 0.864 1.671 0.710
n = 50 -0.613 0.563 1.180 0.814 -0.588 0.594 1.182 0.838 -0.595 0.630 1.225 0.796 -0.627 0.641 1.268 0.778
n = 100 -0.382 0.348 0.730 0.937 -0.376 0.389 0.765 0.949 -0.393 0.408 0.802 0.944 -0.420 0.459 0.879 0.867

AJEL n = 18 -1.536 1.434 2.970 0.782 -1.481 1.240 2.721 0.766 -1.386 1.354 2.740 0.762 -1.362 1.357 2.720 0.708
n = 30 -1.092 0.979 2.071 0.794 -1.097 0.965 2.062 0.834 -1.072 1.053 2.125 0.776 -1.109 1.152 2.260 0.742
n = 50 -0.773 0.731 1.504 0.821 -0.776 0.785 1.561 0.865 -0.792 0.790 1.582 0.837 -0.798 0.915 1.710 0.847
n = 100 -0.482 0.495 0.997 0.948 -0.490 0.511 1.001 0.955 -0.508 0.569 1.077 0.916 -0.555 0.552 1.110 0.891

MJEL n = 18 -1.556 1.424 2.980 0.776 -1.317 1.384 2.701 0.732 -1.404 1.269 2.673 0.766 -1.410 1.281 2.691 0.748
n = 30 -1.159 0.999 2.158 0.807 -1.121 1.003 2.124 0.805 -1.042 1.069 2.111 0.772 -1.114 1.134 2.248 0.761
n = 50 -0.818 0.764 1.582 0.838 -0.753 0.811 1.564 0.866 -0.863 0.771 1.634 0.859 -0.846 0.868 1.714 0.856
n = 100 -0.502 0.485 0.987 0.953 -0.530 0.485 1.015 0.943 -0.534 0.535 1.069 0.935 -0.519 0.586 1.105 0.887

TJEL n = 18 -1.726 1.579 3.310 0.794 -1.542 1.585 3.130 0.783 -1.529 1.451 2.980 0.766 -1.561 1.479 3.040 0.738
n = 30 -1.194 1.133 2.330 0.837 -1.131 1.130 2.260 0.861 -1.015 1.221 2.240 0.793 -1.124 1.186 2.310 0.754
n = 50 -0.874 0.754 1.630 0.895 -0.814 0.784 1.600 0.904 -0.834 0.899 1.730 0.871 -0.909 0.908 1.820 0.872
n = 100 -0.464 0.561 1.020 0.937 -0.519 0.524 1.040 0.944 -0.572 0.552 1.120 0.939 -0.609 0.579 1.190 0.919
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Table 4.5: X ∼ χ2
5 − 5 using uncalibrated data

ρ0.5 ρ1 ρ2 ρ3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

EL n = 18 -0.685 0.216 0.901 0.765 -0.485 0.118 0.603 0.483 -0.482 0.197 0.679 0.417 -0.504 0.188 0.692 0.415
n = 30 -0.488 -0.005 0.483 0.812 -0.416 -0.009 0.407 0.539 -0.396 0.056 0.452 0.492 -0.391 0.102 0.493 0.429
n = 50 -0.337 -0.018 0.319 0.884 -0.338 -0.079 0.259 0.563 -0.329 -0.007 0.322 0.579 -0.289 0.004 0.293 0.495
n = 100 -0.263 -0.137 0.126 0.927 -0.250 -0.148 0.102 0.947 -0.239 -0.134 0.105 0.930 -0.229 -0.086 0.143 0.851

JEL n = 18 -1.196 0.375 1.571 0.848 -1.063 0.361 1.424 0.858 -0.992 0.405 1.397 0.874 -0.944 0.471 1.415 0.743
n = 30 -0.988 -0.096 0.892 0.898 -0.818 -0.079 0.739 0.896 -0.773 -0.100 0.673 0.876 -0.766 -0.029 0.737 0.826
n = 50 -0.706 -0.055 0.651 0.938 -0.669 -0.115 0.554 0.927 -0.645 -0.167 0.478 0.888 -0.634 -0.118 0.516 0.847
n = 100 -0.571 -0.147 0.424 0.951 -0.552 -0.207 0.345 0.955 -0.524 -0.222 0.302 0.916 -0.517 -0.273 0.244 0.899

AJEL n = 18 -1.301 0.414 1.715 0.842 -1.134 0.431 1.565 0.874 -1.032 0.566 1.598 0.888 -0.990 0.569 1.559 0.774
n = 30 -0.992 -0.070 0.922 0.927 -1.021 -0.088 0.933 0.905 -0.815 -0.092 0.723 0.892 -0.884 -0.038 0.846 0.844
n = 50 -0.846 -0.170 0.676 0.946 -0.686 -0.109 0.577 0.933 -0.758 -0.124 0.634 0.918 -0.705 -0.109 0.596 0.872
n = 100 -0.685 -0.186 0.499 0.953 -0.553 -0.164 0.389 0.951 -0.537 -0.198 0.339 0.926 -0.540 -0.208 0.332 0.880

MJEL n = 18 -1.310 0.435 1.745 0.851 -1.153 0.450 1.603 0.867 -1.037 0.556 1.593 0.872 -1.051 0.521 1.572 0.748
n = 30 -0.946 -0.089 0.857 0.918 -0.880 -0.078 0.802 0.889 -0.802 -0.101 0.701 0.902 -0.773 -0.027 0.746 0.837
n = 50 -0.724 -0.164 0.560 0.944 -0.677 -0.128 0.549 0.947 -0.694 -0.138 0.556 0.933 -0.663 -0.098 0.565 0.881
n = 100 -0.574 -0.186 0.388 0.951 -0.560 -0.197 0.363 0.949 -0.539 -0.206 0.333 0.946 -0.516 -0.192 0.324 0.903

TJEL n = 18 -1.321 0.552 1.873 0.873 -1.191 0.510 1.701 0.899 -1.106 0.587 1.693 0.876 -1.054 0.634 1.688 0.737
n = 30 -0.952 -0.037 0.915 0.907 -0.870 -0.046 0.824 0.936 -0.849 -0.008 0.841 0.897 -0.834 -0.008 0.826 0.834
n = 50 -0.734 -0.063 0.671 0.935 -0.683 -0.088 0.595 0.947 -0.660 -0.063 0.597 0.929 -0.672 -0.081 0.591 0.891
n = 100 -0.580 -0.132 0.448 0.949 -0.549 -0.199 0.350 0.955 -0.534 -0.176 0.358 0.942 -0.517 -0.133 0.384 0.909



88

Table 4.6: X ∼ χ2
5 − 5 using ρ̂

[2]
k

ρ0.5 ρ1 ρ2 ρ3
n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP

EL n = 18 -0.287 0.008 0.296 0.339 -0.610 0.039 0.649 0.400 -0.784 0.015 0.799 0.493 -0.714 0.100 0.814 0.402
n = 30 -0.635 -0.027 0.608 0.440 -0.686 -0.039 0.647 0.479 -0.707 -0.065 0.642 0.502 -0.671 -0.044 0.626 0.433
n = 50 -0.667 -0.137 0.530 0.639 -0.687 -0.155 0.532 0.714 -0.662 -0.160 0.501 0.609 -0.657 -0.189 0.468 0.484
n = 100 -0.672 -0.278 0.394 0.913 -0.676 -0.305 0.371 0.926 -0.646 -0.302 0.344 0.948 -0.634 -0.312 0.322 0.860

JEL n = 18 -1.570 0.659 2.229 0.738 -1.488 0.512 1.999 0.718 -1.434 0.478 1.912 0.678 -1.326 0.587 1.912 0.626
n = 30 -1.239 -0.006 1.233 0.792 -1.166 -0.067 1.099 0.748 -1.205 0.251 1.456 0.746 -1.144 0.316 1.460 0.634
n = 50 -0.991 -0.205 0.786 0.882 -0.953 -0.271 0.682 0.896 -0.936 -0.089 0.847 0.834 -0.951 -0.115 0.837 0.697
n = 100 -0.740 -0.124 0.616 0.947 -0.752 -0.131 0.621 0.944 -0.741 -0.069 0.672 0.910 -0.763 -0.209 0.554 0.908

AJEL n = 18 -1.919 0.800 2.719 0.798 -1.689 0.835 2.523 0.786 -1.630 0.855 2.485 0.738 -1.637 0.752 2.389 0.616
n = 30 -1.449 -0.157 1.292 0.832 -1.403 -0.101 1.302 0.817 -1.387 -0.085 1.302 0.794 -1.330 -0.020 1.310 0.682
n = 50 -1.146 -0.127 1.019 0.917 -1.171 -0.186 0.985 0.907 -1.146 -0.132 1.014 0.833 -1.126 -0.101 1.025 0.698
n = 100 -0.956 -0.198 0.758 0.952 -0.958 -0.227 0.731 0.948 -0.935 -0.291 0.644 0.887 -0.954 -0.194 0.760 0.927

MJEL n = 18 -1.196 0.772 1.968 0.787 -1.734 0.703 2.437 0.791 -1.551 0.764 2.315 0.724 -1.715 0.600 2.315 0.627
n = 30 -1.464 -0.141 1.323 0.829 -1.434 -0.068 1.366 0.833 -1.331 -0.007 1.324 0.788 -1.397 -0.022 1.376 0.693
n = 50 -1.196 -0.135 1.061 0.904 -1.140 -0.107 1.033 0.926 -1.178 -0.099 1.079 0.804 -1.138 -0.088 1.050 0.736
n = 100 -0.945 -0.237 0.708 0.946 -0.924 -0.227 0.697 0.951 -0.938 -0.187 0.751 0.869 -0.944 -0.195 0.749 0.932

TJEL n = 18 -2.008 0.694 2.702 0.793 -1.918 0.537 2.455 0.800 -1.749 0.705 2.454 0.786 -1.738 0.802 2.540 0.764
n = 30 -1.482 -0.067 1.415 0.839 -1.353 -0.087 1.266 0.838 -1.401 -0.053 1.348 0.857 -1.373 -0.009 1.364 0.833
n = 50 -1.153 -0.133 1.020 0.911 -1.133 -0.099 1.034 0.927 -1.136 -0.101 1.035 0.908 -1.122 -0.077 1.045 0.881
n = 100 -0.959 -0.196 0.763 0.949 -0.943 -0.186 0.757 0.953 -0.975 -0.174 0.801 0.942 -0.949 -0.143 0.806 0.936
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Replicating the EL methods from Zhang et al. (2020), we can see that the average

lengths of all four jackknife methods are longer than those of EL. The average length of the

AJEL confidence intervals were generally the longest. All four jackknife methods improve

the estimators of ρ2 and ρ3 as their coverage probabilities increase towards the nominal level

over the EL method. Based on the simulations, ρ0.5 and ρ1 are overall better estimators

to measure the symmetry. Further research will be needed to study the small sample size

issue when analyzing the symmetry of an asymmetric distribution. All five of the methods

encountered this issue. Therefore, it will be important to study this moving forward.

4.4 Real Application

4.4.1 Real application 1

In this section, we analyze the Boston housing price data introduced in Harrison and

Rubinfeld (1978) and analyzed by Zhang et al. (2014) using EL methods. The Boston

housing data contains 506 census tracts of Boston from the 1970 census with 14 variables.

The variables are defined below:

1. crim - per capita crime rate by town

2. zn - proportion of residential land zoned for lots over 25,000 sq.ft

3. indus - proportion of non-retail business acres per town

4. chas - Charles River dummy variable

5. nox - nitric oxides concentrations (parts per 10 million)

6. rm - average number of rooms per dwelling

7. age - proportion of owner-occupied units built prior to 1940

8. dis - weighted distances to five Boston employment centers
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9. rad - index of accessibility to radial highways

10. tax - full-value property-tax rate per USD 10,000

11. ptratio - Pupil-teacher ratio by town

12. b - proportion of African Americans by town

13. lstat - percentage of lower status of the population

14. medv - median value of owner-occupied homes in USD per 1,000.

Each of the first 13 variables may affect the price of a house. In this analysis, we are

interested in determining the symmetry of the distributions of crime rate (CR) and median

value of the home (HP). There are two potential confounding variables - lstat and ptratio.]

We will repeat the EL methods for estimating ρ
[s]
k but also perform the JEL methods to

construct 95% confidence intervals to measure symmetry and make a comparison. Since the

data for HP and CR contain only positive values, we do not need to measure the symmetry

using both ρ̂
[1]
k and ρ̂

[2]
k . In Figure 4.1, we can see that the estimated distorting functions

ψ̂(U) for CR and HP using lstat as the confounding variable are not constant which indicates

that lstat does have a multiplicative effect on both variables. In Figure 4.2, we can see that

the estimated distorting functions ψ̂(U) for CR and HP using ptratio as the confounding

variable are not constant, which indicates that ptratio does have a multiplicative effect on

both variables.

In Figures 4.3 - 4.6, we display the histograms of CR and HP datasets along with a

histogram of their calibrated values. From the histograms, we see that the calibrated CR is

asymmetric for both confounding variables while the histograms for the calibrated HP are

slightly more symmetric but it appears to be a bit skewed-left.

The results are displayed in Tables 4.1 - 4.4. The inferences on the symmetry of CR

using lstat and ptratio as confounding variables agrees with our visual interpretation from

the histrogams. Since the distributions of the calibrated CR values is heavily asymmetric, we



91

Figure 4.1: The estimated curve of distorting functions of housing price (HP) and crime rate (CR)
against the confounding variable lstat along with 95% pointwise confidence intervals.

Figure 4.2: The estimated curve of distorting functions of housing price (HP) and crime rate (CR)
against the confounding variable ptratio along with 95% pointwise confidence intervals.

would expect the 95% confident intervals to be entirely negative which is confirmed in Tables

4.1 and 4.2. The inferences for HP using lstat and ptratio are more interesting as some of

the intervals give conflicting inferences. In both cases, the 95% confident intervals for ρ
[2]
k for

k = 0.5, 1 are entirely negative so it can be inferred that the distribution of the calibrated

HP values is asymmetric. However, the 95% confident intervals for ρ
[2]
k for k = 2, 3 contain

0. Thus, using these estimators, we would conclude that the distribution of the calibrated

HP values can be considered symmetric. However, this may not be accurate based on the

left-tail of the histograms. Based on the simulation results displayed above, it makes more

sense to trust the 95% confidence intervals using k = 0.5, 1.
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Figure 4.3: Histogram of CR (left) and histogram of calibrated CR values (right) using lstat as
the confounding variable

Figure 4.4: Histogram of HP (left) and histogram of calibrated HP values (right) using ptratio as
the confounding variable

4.4.2 Real application 2

In this section, we analyze the Algerian Forest Fires Data set. Forest fire are a critical

concern over the world, each year millions of hectares are destroyed all around the word.

Algeria is one of the countries affected by this phenomenon, mainly in summer. Forest fires
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Figure 4.5: Histogram of CR (left) and histogram of calibrated CR values (right) using ptratio as
the confounding variable

Table 4.7: 95% EL and JEL confidence intervals for crime rate using ρ̂
[2]
k using lstat as the

confounding variable

ρ0.5 ρ1 ρ2 ρ3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.8659 -0.8842 -0.8509 -0.8622 -0.8827 -0.8607 -0.8520 -0.8642 -0.8495 -0.8420 -0.8576 -0.8356
JEL -0.8916 -0.9149 -0.8693 -0.8814 -0.9005 -0.8629 -0.8620 -0.8779 -0.8469 -0.8450 -0.8615 -0.8289
AJEL -0.8800 -0.9150 -0.8692 -0.8699 -0.9007 -0.8628 -0.8510 -0.8780 -0.8468 -0.8340 -0.8616 -0.8288
MJEL -0.8916 -0.9149 -0.8693 -0.8814 -0.9006 -0.8628 -0.8620 -0.8779 -0.8468 -0.8450 -0.8616 -0.8288
TJEL -0.8916 -0.9149 -0.8692 -0.8814 -0.9006 -0.8628 -0.8622 -0.8779 -0.8468 -0.8451 -0.8616 -0.8288

Table 4.8: 95% EL and JEL confidence intervals for crime rate using ρ̂
[2]
k using ptratio as the

confounding variable

ρ0.5 ρ1 ρ2 ρ3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.8473 -0.8691 -0.8252 -0.8455 -0.8613 -0.8240 -0.8428 -0.8691 0.8271 -0.8399 -0.8614 -0.8242
JEL -0.8711 -0.8995 -0.8426 -0.8668 -0.8914 -0.8413 -0.8655 -0.8864 -0.8430 -0.8636 -0.8831 -0.8430
AJEL -0.8599 -0.8997 -0.8424 -0.8556 -0.8915 -0.8411 -0.8544 -0.8866 -0.8428 -0.8525 -0.8832 -0.8429
MJEL -0.8711 -0.8996 -0.8424 -0.8668 -0.8915 -0.8408 -0.8655 -0.8865 -0.8422 -0.8636 -0.8832 -0.8427
TJEL -0.8711 -0.8996 -0.84246 -0.8668 -0.8915 -0.8412 -0.8655 -0.8865 -0.8429 -0.8636 -0.8832 -0.8430

detection and prediction become very important concerns for avoiding the damage caused by

this disaster. The exploration of new methods for fire detection and prediction as alternatives
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Table 4.9: 95% EL and JEL confidence intervals for housing price using ρ̂
[2]
k using lstat as

the confounding variable

ρ0.5 ρ1 ρ2 ρ3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.1541 -0.2327 -0.0793 -0.1233 -0.2004 -0.0057 -0.0614 -0.1631 0.0586 -0.0237 -0.0105 0.1033
JEL -0.1466 -0.2413 -0.0526 -0.1105 -0.2154 -0.0041 -0.0514 -0.1743 0.0749 -0.0206 -0.1633 0.1255
AJEL -0.1447 -0.2418 -0.0520 -0.1090 -0.2161 -0.0034 -0.0508 -0.1750 0.0757 -0.0203 -0.1642 0.1264
MJEL -0.1466 -0.2415 -0.0523 -0.1105 -0.2157 -0.0038 -0.0514 -0.1746 0.0753 -0.0206 -0.1637 0.1259
TJEL -0.1466 -0.2416 -0.0522 -0.1105 -0.2158 -0.0037 -0.0514 -0.1747 0.0754 -0.0206 -0.1639 0.1260

Table 4.10: 95% EL and JEL confidence intervals for housing price using ρ̂
[2]
k using ptratio

as the confounding variable

ρ0.5 ρ1 ρ2 ρ3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL -0.1560 -0.2418 -0.0714 -0.1183 -0.1973 -0.0095 -0.0491 -0.1476 0.0552 -0.0094 -0.1352 0.1280
JEL -0.1543 -0.2507 -0.0584 -0.1105 -0.2185 -0.0011 -0.0418 -0.1683 0.0880 -0.0071 -0.1540 0.1427
AJEL -0.1523 -0.2513 -0.0578 -0.1091 -0.2192 -0.0004 -0.0413 -0.1691 0.0888 -0.0071 -0.1549 0.1437
MJEL -0.1543 -0.2510 -0.0581 -0.1105 -0.2188 -0.0007 -0.0418 -0.1686 0.0884 -0.0071 -0.1544 0.1432
TJEL -0.1543 -0.2511 -0.0580 -0.1105 -0.2189 -0.0006 -0.0418 -0.1687 0.0885 -0.0071 -0.1545 0.1433

to the old ones becomes an emergency. This dataset includes 244 instances that regroup a

data of two regions of Algeria, namely the Bejaia region located in the northeast of Algeria

and the Sidi Bel-abbes region located in the northwest of Algeria. The period is from June

2012 to September 2012. The variables are defined as follows:

1. Date - per capita crime rate by town

2. Temp - temperature at noon in Celsius degrees

3. RH - relative humidity

4. Ws - wind speed

5. Rain - total amount of rainfall per day in mm

6. FFMS - fine fuel moisture code

7. DMC - Duff moisture code

8. DC - drought code

9. ISI - initial spread index
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10. BUI - build-up index

11. FWI - fire weather index

12. classes - region.

We wish to make inference on the symmetry of RH and Temp using Rain as confounding

variable. According to Figure 4.6, the estimated distorting functions for RH and temper-

ature are not constant, which indicates that the confounding variable for rain does have a

multiplicative effect on both variables. Since the data for RH and Temp contain only positive

values, we do not need to measure the symmetry using both ρ̂
[1]
k and ρ̂

[2]
k . For inference on

the symmetry for these two variables, we will only use ρ̂
[2]
k .

Figure 4.6: The estimated curve of distorting functions for relative humidity (RH) and temperature
(Temp) against the confounding variable rain along with 95% pointwise confidence intervals.

The histograms for the data for RH and temperature as well as the calibrated RH and

calibrated temperature are displayed below. Looking at the distribution of calibrated RH in

Figure 4.7, we see that the calibrated RH values appear to be symmetric so it will not be

surprising to see the 95% confidence intervals for ρ̂
[2]
k to include 0. In Figure 4.8, the distri-

bution for the calibrated temperature values possesses some asymmetry as the distribution

appears to be skewed-right to a degree. Thus, our confidence intervals should be positive. In

Table 4.5, we display the 95% confidence intervals for ρ̂[2]k for the dataset RH. The results
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indicate that the distribution of RH values is likely to be symmetric since all the intervals

contain 0. Table 4.6 displays the 95% confidence intervals for ρ̂
[2]
k for the dataset temper-

ature. As we saw in the previous real application, the inferences for the symmetry of the

temperature dataset is not as clear. For k = 0.5, 1 we see that the intervals are entirely pos-

itive which indicates that the distribution of temperature is asymmetric but when k = 2, 3,

the intervals all contain 0 which indicates that the distribution of temperature is symmetric.

Visually looking at the distributions, we see that the distribution is clearly skewed to the

left. As seen in the simulation studies, the estimators ρ2 and ρ3 are not as accurate. Thus,

the inferences using k = 0.5, 1 are more reliable. Thus, we can infer that the distribution for

temperature is asymmetric.

Figure 4.7: Histogram of RH (left) and histogram of calibrated RH values (right) using rain as
the confounding variable

4.5 Conclusions

In this chapter, we propose JEL methods for estimating the symmetry for data with mul-

tiplicative distortion measurement errors. Since asymmetry is so important in mathematics
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Figure 4.8: Histogram of temperature (left) and histogram of calibrated temperature values (right)
using rain as the confounding variable

Table 4.11: 95% EL and JEL confidence intervals for RH using ρ̂
[2]
k using rain as the con-

founding variable

ρ0.5 ρ1 ρ2 ρ3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL 0.0784 -0.0040 0.1078 0.0558 -0.0241 0.1086 0.0455 -0.0530 0.1141 0.0415 -0.0839 0.1277
JEL 0.0594 -0.0096 0.1287 0.0430 -0.0361 0.1239 0.0325 -0.0662 0.1356 0.0244 -0.0939 0.1481
AJEL 0.0569 -0.0111 0.1302 0.0412 -0.0378 0.1256 0.0311 -0.0683 0.1377 0.0234 -0.0964 0.1507
MJEL 0.0594 -0.0104 0.1296 0.0430 -0.0370 0.1250 0.0325 -0.0673 0.1370 0.0244 -0.0953 0.1499
TJEL 0.0594 -0.0108 0.1299 0.0430 -0.0374 0.1253 0.0325 -0.0678 0.1373 0.0244 -0.0959 0.1503

Table 4.12: 95% EL and JEL confidence intervals for temperature using ρ̂
[2]
k using rain as

the confounding variable

ρ0.5 ρ1 ρ2 ρ3
Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper Estimate Lower Upper

EL 0.1693 0.0987 0.2100 0.1222 0.0688 0.1682 0.0882 -0.0010 0.1411 0.0692 -0.0499 0.1307
JEL 0.1720 0.1033 0.2240 0.1289 0.0633 0.1877 0.0857 -0.0040 0.1673 0.0494 -0.0624 0.1509
AJEL 0.1648 0.1019 0.2250 0.1236 0.0619 0.1889 0.0821 -0.0059 0.1690 0.0473 -0.0647 0.1530
MJEL 0.1720 0.0942 0.2250 0.1289 0.0621 0.1883 0.0857 -0.0054 0.1682 0.0494 -0.0642 0.1520
TJEL 0.1720 0.1019 0.2250 0.1289 0.0621 0.1887 0.0857 -0.0056 0.1686 0.0494 -0.0644 0.1525

and statistics, making accurate inference on distributions possesses these errors is extremely

important. We proposed JEL methods to make inference on these situations and showed

that it possesses better small sample coverage for 95% confidence intervals as opposed to

the traditional EL methods. In addition, the confidence intervals produced using JEL meth-
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ods were longer than the EL confidence intervals. Both JEL and EL had alarmingly poor

undercoverage issues when the sample sizes were smaller but JEL improved the coverage

compared to the EL methods. Further research needs to study why this happens and how

we can improve the coverage issues.
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CHAPTER 5

JACKKNIFE EMPIRICAL LIKELIHOOD METHODS FOR THE

CORRELATION COEFFICIENT WITH ADDITIVE DISTORTION

MEASUREMENT ERRORS USING EXPONENTIAL CALIBRATION

5.1 Background

It is well known that measurement errors in statistics are common and impossible to ignore.

Confounding variables are a major concern when discussing measurement errors as they

are known to distort measurements in either a multiplicative or an additive way. When

studying the correlation coefficient between two variables, a confounding variable may exist

in an additive way to the variables being studied, and it could either underestimate or

overestimate the true correlation coefficient between the variables of interest. The additive

model is first discussed in Sentürk and Müller (2005) and they define additive distortion

measurement errors as


X̃ = X + ϕ(U),

Ỹ = Y + ψ(U),

(5.1)

where (X̃, Ỹ ) are the observed variables while (X, Y ) are the corresponding unobservable true

values of interest. ψ(U) and ϕ(U) are unknown functions of an observed confounding variable

U with identifiability condition E[ψ(U)] = E[ϕ(U)] = 0. We assume that U is independent of

(X,Y). Different models of ϕ(·) and ψ(·) have been studied under the scenario of multiplicative

distortion measurement errors. Sentürk and Müller (2009) investigated linear and generalized

linear models. Zhang et al. (2014) studied multiplicative regression models with distortion

measurement errors and proposed three estimators for the correlation coefficient between
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X and Y . Chen et al. (2022) proposed JEL methods for inference on the correlation

coefficient with additive distortion measurement errors. Zhang (2019) studied partial linear

models with generalized distortion measurement errors. Liang and Thurston (2008) proposed

correction-for-attenuation for additive partial linear models with measurement errors. Feng

et al. (2018) established a residual based least-squares estimator for linear regression models

under restricted and unrestricted conditions. Zhang et al. (2017) also studied the estimation

of correlation coefficient of (Y,X) with additive distortion measurement errors by proposing

two estimators. Zhang and Feng (2017) proposed a transformation based profile least-squares

estimation method to obtain an efficient estimator. In addition, Zhang et al. (2021) proposed

exponential calibration for estimating the correlation coefficient, ρM = Cov(X,Y )√
V ar(X)V ar(Y )

, of

(X, Y ), in the additive distortion setting. In their paper, they proposed empirical likelihood

methods for constructing confidence intervals for ρM . However, in their paper, they only

studied large sample size simulations which are unrealistic in practical data analysis. In the

small sample setting, EL methods produce confidence intervals that possess undercoverage

problems for the estimator ρ̂M . Our goal is to calculate the value of ρ̂M as proposed by

Zhang et al. (2021). We propose jackknife empirical likelihood methods to address this issue

of undercoverage for the confidence intervals.

Owen (1988, 1990) introduced empirical likelihood (EL), which is a nonparametric

method for small samples with a better performance over traditional NA confidence in-

tervals. Rahman and Zhao (2021) proposed empirical likelihood to construct confidence

intervals for the sensitivity to the early stages of disease. Wang et al. (2017) developed

smoothed empirical likelihood for the Youdon index. Lam and Zhou (2017) proposed empir-

ical likelihood for quantifying the uncertainty in sample average approximation. Zhang et al.

(2019) used empirical likelihood inference for non-randomized pretest-posttest studies with

missing data. Berger (2018) proposed empirical likelihood for inference with complex survey

designs. A common occurrence in data analysis is the prevalence of small sample sizes. In

these situations, the coverage probability and the confidence regions using empirical likeli-
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hood can be inaccurate. To fix this, Liang et al. (2019) proposed mean empirical likelihood

(MEL) by constructing a pseudo dataset through the pairwise means of the observed values.

When dealing with the nonlinear statistics, the calculation of empirical likelihood can be

redundant and computationally intensive. Thus, jackknife empirical likelihood (JEL) was

introduced by Jing et al. (2009) to simplify the application of empirical likelihood to compli-

cated statistics. In recent years, there have been many publications involving JEL methods.

Wang et al. (2021) proposed JEL to construct confidence intervals for the heterogeneity

of effect sizes across component studies. Luo and Qin (2017) developeed jackknife empiri-

cal likelihood method for constructing confidence intervals of Lorenz ordinates. Zhao et al.

(2020) proposed JEL inference for the Pietra ratio, a measure of statistical heterogeneity in

positive random variables. Satter and Zhao (2021) developed a JEL approach for the mean

difference of a zero inflated population. Following Satter and Zhao (2021), Tian et al. (2022)

developed JEL for the mean of a zero-and-one inflated population. The method of adjusted

jackknife empirical likelihood (AJEL) was proposed by Zhao et al. (2015) and Chen and

Ning (2016). According to Zhao et al. (2015), AJEL preserves the properties of JEL, but

provides slightly longer confidence intervals with better coverage probability.

In this chapter, we apply jackknife empirical likelihood methods to make inference on

ρM proposed by Zhang et al. (2021) using exponential calibration. The confidence intervals

based on mean and jackknife empirical likelihood are proposed. Furthermore, the confidence

intervals from the adjusted jackknife empirical likelihood and transformed jackknife empirical

likelihood are constructed. Our simulation studies use sample sizes ranging from 18 to 100

to show the performance of our proposed methods from small to large sample size cases.

We compare our JEL results with those from Zhang et al. (2021) and show that the JEL

confidence intervals possess better coverage probability over the EL methods.

The organization of the chapter is as follows. In Section 5.2, we first review the derivation

of ρ̂M and construction of empirical likelihood proposed by Zhang et al. (2021). In Section

5.3, we propose jackknife empirical likelihood, mean jackknife empirical likelihood, adjusted
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jackknife empirical likelihood, and transformed jackknife empirical likelihood for ρM . In

Section 5.4, a simulation study is conducted using the bivariate normal distribution to assess

the performance of EL and JEL methods in determining the correlation coefficient between

(X, Y ). In Section 5.5, we make a conclusion.

5.2 Main Results

5.2.1 Review

In this section, we review the estimator ρ̂M introduced by Zhang et al. (2021) to estimate

the correlation coefficient between the unobservable X and Y using exponential calibration.

We use similar notations to Zhang et al. (2021). Under the additive distortion measurement

error setting, recall that


X̃ = X + ϕ(U),

Ỹ = Y + ψ(U),

(5.2)

where (X̃, Ỹ ) are the observed variables, while (X, Y ) are the corresponding unobservable

true values of interest. ψ(U) and ϕ(U) are unknown functions of an observed confounding

variable U with identifiability condition E[ψ(U)] = E[ϕ(U)] = 0. We assume that U is

independent of (X, Y ). We first calibrate the unobserved X and Y by using the observed

i .i .d . sample {X̃i, Ỹi}ni=1. Zhang et al. (2021) take the exponential operation and obtain

that


exp(Ỹ ) = exp(Y ) expψ(U),

exp(X̃) = exp(X) expϕ(U).

(5.3)

These equations are similar to the multiplicative measurement errors and the identifia-

bility condition are now assumed to be
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E[expϕ(U)] = E[expψ(U)] = 1. (5.4)

We now summarize the calibration procedure as shown in Zhang et al. (2020). The

Nadaraya-Watson estimators are used to estimate mexp(Ỹ )(u) = E[exp(Ỹ )|U = u] and

mexp(X̃)(u) = E[exp(X̃)|U = u]. One can define them as follows

m̂exp(Ỹ )(u) =
n−1

∑n
j=1Kh(Uj − u) exp(Ỹj)

n−1
∑n

j=1Kh(Uj − u)
,

m̂exp(X̃)(u) =
n−1

∑n
j=1Kh(Uj − u) exp(X̃j)

n−1
∑n

j=1Kh(Uj − u)
,

(5.5)

with kernel function Kh(·) = h−1K(·/h), where h = σ̂Un
−1/3 and σ̂U is the sample standard

deviation of U . Furthermore, one can define

Ê[exp(Ỹ )] =
1

n

n∑
i=1

exp(Ỹ ), (5.6)

Ê[exp(X̃)] =
1

n

n∑
i=1

exp(X̃). (5.7)

Then,

ψ̂M(u) = log{m̂exp(Ỹ )(u)} − log{Ê[exp(Ỹ )]}, (5.8)

ϕ̂M(u) = log{m̂exp(X̃)(u)} − log{Ê[exp(X̃)]}. (5.9)

Using these equations, Zhang et al. (2021) derived the calibrated variables for {Yi, Xi}ni=1

as follows

ŶMi = Ỹi − ψ̂M(u) = Ỹi − log{m̂exp(Ỹi)
(u)}+ log{Ê[exp(Ỹi)]}, (5.10)

X̂Mi = X̃i − ϕ̂M(u) = X̃i − log{m̂exp(X̃i)
(u)}+ log{Ê[exp(X̃i)]}. (5.11)

A direct estimation of ρM , the correlation coefficient between X and Y , is proposed by

Zhang et al. (2021) using the calibrated variables {ŶMi, X̂Mi}ni=1 and is defined as
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ρ̂M =
ĈovM(Y,X)√

V̂ arM(X)V̂ arM(Y )

, (5.12)

where

ĈovM(Y,X) =
1

n

n∑
i=1

ŶMiX̂Mi − X̂M ·ŶM ,

V̂ arM(X) =
1

n

n∑
i=1

X̂2
Mi − (X̂M)2,

V̂ arM(Y ) =
1

n

n∑
i=1

Ŷ 2
Mi − (ŶM)2,

ŶM =
1

n

n∑
i=1

ŶMi,

X̂M =
1

n

n∑
i=1

X̂Mi.

5.2.2 Empirical likelihdood (EL)

The correlation coefficient ρM satisfies the following result

E

[
1

2

(
Y − Ȳ

σY
− ρM

X − X̄

σX

)
X − X̄

σX

]
+ E

[
1

2

(
X − X̄

σX
− ρM

Y − Ȳ

σY

)
Y − Ȳ

σY

]
= 0. (5.13)

The empirical log-likelihood ratio function at ρM is then defined by Zhang et al. (2021)

as:

l̂n(ρM) = −2 sup

{
n∑

i=1

log(npi); pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

piς̂Mn,i(ρM) = 0

}
,
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where

ς̂Mn,i(ρM) =
1

2

(
ŶM − Ŷ M

σŶM

− ρM
X̂M − X̂M

σX̂M

)
X̂M − X̂M

σX̂M

+
1

2

(
X̂M − X̂M

σX̂M

− ρM
ŶM − Ŷ M

σŶM

)
ŶM − Ŷ M

σŶM

,

σX̂M
=

√√√√ 1

n− 1

n∑
i=1

(
X̂Mi − X̂M

)2
,

σŶM
=

√√√√ 1

n− 1

n∑
i=1

(
ŶMi − ŶM

)2
.

Using the method of Lagrange multipliers, l̂n(ρM) can be obtained as:

l̂n(ρM) = 2
n∑

i=1

log{1 + λς̂n,i(ρM)},

where λ is a solution of the following equation

1

n

n∑
i=1

ς̂n,i(ρM)

1 + λς̂n,i(ρM)
= 0.

According to Zhang et al. (2021), the EL confidence interval can be then constructed as

IρM = {ρM : l̂n(ρM) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of the χ2

1 distribution.

5.2.3 Jackknife empirical likelihood (JEL)

In this section, we develop JEL methods for ρM . Let ρ̂i denote the correlation coefficient

estimator of ρM calculated with the ith observation deleted, where i = 1, ..., n. Let V̂i denote
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the jackknife pseudo-value, which is obtained by

V̂i = nρ̂M − (n− 1)ρ̂i; i = 1, ..., n. (5.14)

The jackknife estimator ρ̂JM is defined as

ρ̂JM = n−1

n∑
i=1

V̂i. (5.15)

The jackknife empirical likelihood ratio at ρM can be then defined as

J(ρM) = sup
p=(p1,...,pn)

{
n∏

i=1

npi; pi ≥ 0;
n∑

i=1

pi = 1;
n∑

i=1

pi(V̂i − ρM) = 0

}
. (5.16)

We can now calculate the -2log of the jackknife empirical likelihood ratio as

− 2 log J(ρM) = 2
n∑

i=1

log{1 + λ(V̂i − ρM)}, (5.17)

where λ is the solution of the following equation

1

n

n∑
i=1

V̂i − ρM

1 + λ(V̂i − ρM)
= 0. (5.18)

Four conditions are needed to obtain the asymptotic results as in Zhang et al. (2021).

1. The density function fU(U) of the confounding variable U is bounded away from 0 and

satisfies the Lipschitz condition of order 1 on U , where U is a compact support set of

U .

2. Both ψ(U) and ϕ(U) have three bounded and continuous derivatives on U .

3. The kernel function K(·) is a symmetric bounded density function and has bounded

derivatives. In addition, K(·) satisfies a Lipschitz condition on R.

4. as n→ ∞, the bandwidth h satisfy

(i) h→ 0, nh4 → 0, nh2

log2 n
→ ∞.
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We can derive Wilks’ theorem as follows similar to Chen et al. (2022):

Theorem 5.2.1. Assume that conditions 1-4 hold. Let ρ0M be the true value of ρM . When

n −→ ∞, we have

−2 log J(ρ0M)
D−→ χ2

1.

Following the theorem, the JEL confidence interval for ρM is obtained by

IJρM = {ρM : −2 log J(ρJM ) ≤ χ2
1−α(1)}, (5.19)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

5.2.4 Adjusted and mean jackknife empirical likelihood (AJEL, MJEL)

Many simulation studies have shown that under-coverage issues still exist when the sam-

ple size is smaller than 25. Thus, we use adjusted jackknife empirical likelihood to improve

the performance of JEL. In order to construct an adjusted jackknife empirical likelihood

ratio for ρM , first we define Ŵi as

Ŵi(ρM) = V̂i − ρM , i = 1, ..., n, (5.20)

and then add one more pseudo value Ŵn+1 to Ŵi

Ŵn+1(ρM) = −an
n

n∑
i=1

Ŵi(ρM), (5.21)
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where an = max(1, log(n)/2). Thus, we can calculate the AJEL estimator as follows by

implementing the adjustment to the JEL estimator

ρ̂AM
= ρ̂JM +

1

n+ 1

n+1∑
i=1

Ŵi(ρ̂JM ). (5.22)

The adjusted jackknife empirical likelihood ratio at ρM is defined as

JA(ρM) = sup
p=(p1,...,pn+1)

{
n+1∏
i=1

(n+ 1)pi : pi ≥ 0;
n+1∑
i=1

pi = 1;
n+1∑
i=1

piŴi(ρM) = 0

}
. (5.23)

Hence, the adjusted jackknife empirical log-likelihood ratio at ρM is

log JA(ρM) = −
n+1∑
i=1

log
{
1 + λaŴi(ρM)

}
, (5.24)

where λa is a solution to the following equation:

1

n+ 1

n+1∑
i=1

Ŵi(ρM)

1 + λaŴi(ρM)
= 0.

The -2log of adjusted jackknife empirical likelihood ratio can be obtained by

− 2 log JA(ρM) = 2
n+1∑
i=1

log{1 + λaŴi}. (5.25)

The Wilks’ theorem also holds for the adjusted jackknife empirical log-likelihood ratio

by following Chen et al. (2022):

Theorem 5.2.2. Suppose that ρ0M is the true value of ρM . Assume that conditions 1-4 hold

in Theorem 5.2.1. We have when n→ ∞,

− 2 log JA(ρ
0
M)

D−→ χ2
1. (5.26)

Thus, following the above theorem, the 100(1 − α)% AJEL confidence interval is as
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follows:

IAρM = {ρM : −2 log JA(ρM) ≤ χ2
1−α(1)}, (5.27)

where χ2
1−α(1) is the 1− α quantile of χ2

1.

By using AJEL, the length of AJEL confidence interval is usually longer than JEL, but

the coverage probability of AJEL is better in small sample cases. To combine the methods of

mean and jackknife empirical likelihood, first we let M denote the pseudo vector calculated

from Ŵi, where

M =
{Ŵi + Ŵj

2
: 1 ≤ i ≤ j ≤ n

}
. (5.28)

Through the equation above, the original Ŵi is expanded into a vector of size N =

n(n+ 1)/2. Meanwhile, M maintains the same mean as Ŵi. The expected value of the new

M is close to 0. Similar to the adjusted jackknife estimator, the mean jackknife estimator

can be defined as follows by adding an adjustment term to the jackknife estimator:

ρ̂MM
= ρ̂JM +

1

N

N∑
i=1

Mi(ρ̂JM ). (5.29)

Now, we can construct the empirical likelihood based on the new vector M . The mean

empirical likelihood ratio, denoted as R̂M(ρM), is defined as:

R̂M(ρM) = sup
(p1,...,pn)

{
N∏
i=1

Npi; pi ≥ 0;
N∑
i=1

pi = 1;
N∑
i=1

piMi(ρM) = 0

}
. (5.30)

By the properties of empirical likelihood, the log-likelihood l̂M(ρM) can then be calculated

as:

l̂M(ρM) =
−2 log R̂M(ρM)

n+ 1

=
2

n+ 1

N∑
i=1

log{1 + λMi(ρM)},
(5.31)
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where λ is the solution of the following equation

N−1

N∑
i=1

Mi(ρM)

1 + λMi(ρM)
= 0. (5.32)

To construct the confidence interval of ρM , we obtain Wilk’s theorem as follows by

following the arguments from Chen et al. (2022):

Theorem 5.2.3. Suppose that ρ0M is the true value of ρM . Assume that conditions 1-4 from

Theorem 5.2.1 hold. We have when n→ ∞,

l̂M(ρ0M)
D−→ χ2

1. (5.33)

Then, the mean jackknife empirical likelihood confidence interval is defined as follows:

IMρM = {ρM : l̂M (ρM) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.

5.2.5 Transformed jackknife empirical likelihood (TJEL)

Combining the methods of TEL and JEL, we introduce the method of transformed jack-

knife empirical likelihood (TJEL). Transformed EL was proposed by Jing et al. (2017) to

address the undercoverage issue found using EL for small sample sizes. Recall the jackknife

pseudo-values for ρM as defined in (5.22). We define the truncated quadratic transformation

of the jackknife empirical log-likelihood l(ρM) as

gt(l(ρM); γ) = l(ρM) ·max{1− l(ρM)/n, 1− γ}, (5.34)

where γ = 1/2 is suggested by Jing et al. (2017) as the value of γ that maximizes the degree

of expansion of {ρM : gt(l(ρM ; γ) ≤ c}. The transformed jackknife empirical log-likelihood
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ratio is defined as

lt(ρM) = gt(l(ρM); γ = 1/2) = l(ρM) ·max{1− l(ρM)/n, 1/2}. (5.35)

Theorem 5.2.4. We derive the Wilks’ theorem as follows. Suppose that ρ0M is the true value

of ρM . Under the same assumptions as Theorem 5.2.1, we have when n→ ∞,

lt(ρ
0
M)

D−→ χ2
1. (5.36)

Then, the transformed jackknife empirical likelihood confidence interval is defined as

follows:

I tρM = {ρM : lt (ρM) ≤ χ2
1−α(1)},

where χ2
1−α(1) is the 1− α quantile of χ2

1.

5.3 Simulation Study

For the simulation study, the confounding variable U is generated from Uniform(-1,1) and

our true unobserved data (X, Y ) is generated from a bivariate normal distribution with mean

vector µ = (0, 0) and σ2
X = σ2

Y = 1. The correlation coefficient ρ(X, Y ) is set to be -0.9, -0.5,

0, 0.5, and 0.9. We define the distorting functions:

ψ(U) = 0.2U + log(0.4/(exp(0.2)− exp(−0.2))),

ϕ(U) = log(2U2 + 1/3).

In the simulations, we use the Epanechnikov kernel K(t) = 0.75(1 − t2)+ as done in

Zhang et al. (2021). The bandwidth is chosen as suggested by Silverman (1986) such that

h = σ̂Un
−1/3, where σ̂U is the sample standard deviation of U . Each simulation was repeated

5,000 times. The sample sizes n = 18, 30, 50, and 100 are chosen to show how the proposed
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methods work for small to large sample sizes. Zhang et al. (2021) used n = 100, 300, 500,

and 1,000. This is unrealistic in most practical settings. Therefore, we choose to use smaller

samples to highlight the applicability of these methods to most datasets. EL, JEL, AJEL,

MJEL, and TJEL methods are compared in terms of coverage probability (CP) and average

lengths (AL) of 95% confidence intervals. Our goal is to show that JEL methods outperform

the EL methods. The confidence interval results are found in Table 5.1.
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Table 5.1: Comparison of all methods using ρ̂M

EL JEL AJEL MJEL TJEL
ρM(X, Y ) n Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP Lower Upper AL CP
-0.9 18 -0.893 -0.595 0.298 0.501 -1.072 -0.662 0.409 0.922 -1.097 -0.636 0.460 0.944 -1.101 -0.628 0.472 0.928 -1.122 -0.612 0.510 0.950

30 -0.896 -0.678 0.218 0.522 -1.024 -0.727 0.297 0.926 -1.038 -0.721 0.317 0.954 -1.045 -0.717 0.328 0.941 -1.040 -0.719 0.321 0.956
50 -0.900 -0.744 0.156 0.537 -0.994 -0.785 0.210 0.943 -0.999 -0.777 0.222 0.954 -1.005 -0.769 0.235 0.951 -0.996 -0.773 0.223 0.950
100 -0.902 -0.802 0.100 0.573 -0.962 -0.825 0.136 0.951 -0.964 -0.824 0.139 0.965 -0.968 -0.823 0.145 0.957 -0.962 -0.823 0.139 0.961

-0.5 18 -0.699 -0.078 0.621 0.881 -0.983 -0.003 0.980 0.920 -1.051 0.047 1.098 0.940 -1.075 0.059 1.134 0.911 -1.096 0.107 1.203 0.937
30 -0.671 -0.153 0.519 0.894 -0.839 -0.148 0.691 0.932 -0.864 -0.117 0.747 0.944 -0.882 -0.099 0.784 0.944 -0.874 -0.112 0.762 0.945
50 -0.646 -0.235 0.411 0.920 -0.743 -0.246 0.497 0.936 -0.746 -0.223 0.523 0.957 -0.767 -0.219 0.548 0.958 -0.758 -0.238 0.520 0.948
100 -0.661 -0.316 0.295 0.942 -0.658 -0.329 0.329 0.951 -0.665 -0.330 0.335 0.959 -0.666 -0.318 0.348 0.954 -0.661 -0.325 0.336 0.949

0 18 -0.367 0.389 0.756 0.850 -0.641 0.650 1.291 0.881 -0.721 0.712 1.433 0.935 -0.756 0.751 1.507 0.917 -0.789 0.792 1.581 0.936
30 -0.321 0.314 0.634 0.902 -0.465 0.454 0.919 0.925 -0.495 0.496 0.992 0.953 -0.521 0.531 1.052 0.948 -0.505 0.507 1.013 0.954
50 -0.262 0.258 0.520 0.935 -0.333 0.335 0.668 0.941 -0.343 0.356 0.699 0.957 -0.361 0.370 0.731 0.947 -0.356 0.350 0.707 0.948
100 -0.190 0.191 0.381 0.944 -0.221 0.219 0.440 0.943 -0.222 0.230 0.452 0.962 -0.230 0.236 0.465 0.959 -0.220 0.229 0.449 0.953

0.5 18 0.091 0.718 0.626 0.848 0.006 1.060 1.054 0.891 -0.065 1.105 1.170 0.931 -0.080 1.144 1.224 0.919 -0.109 1.186 1.299 0.941
30 0.177 0.692 0.515 0.895 0.131 0.876 0.746 0.930 0.110 0.902 0.793 0.954 0.088 0.923 0.834 0.943 0.104 0.914 0.810 0.944
50 0.255 0.662 0.407 0.911 0.241 0.768 0.527 0.934 0.221 0.771 0.550 0.960 0.220 0.793 0.573 0.953 0.223 0.775 0.553 0.945
100 0.327 0.621 0.295 0.935 0.332 0.674 0.342 0.955 0.325 0.676 0.351 0.961 0.320 0.682 0.363 0.954 0.326 0.675 0.349 0.951

0.9 18 0.743 0.948 0.205 0.859 0.748 1.076 0.328 0.894 0.727 1.094 0.368 0.938 0.731 1.101 0.377 0.918 0.714 1.120 0.406 0.933
30 0.789 0.943 0.154 0.887 0.799 1.010 0.212 0.929 0.793 1.017 0.223 0.945 0.782 1.027 0.244 0.944 0.784 1.024 0.239 0.940
50 0.820 0.935 0.115 0.912 0.828 0.973 0.145 0.939 0.824 0.977 0.153 0.949 0.821 0.982 0.161 0.955 0.825 0.979 0.153 0.950
100 0.848 0.928 0.079 0.925 0.853 0.944 0.091 0.959 0.853 0.947 0.094 0.955 0.853 0.949 0.096 0.958 0.853 0.946 0.094 0.954
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Replicating the EL methods from Zhang et al. (2021) under this first distorting scheme,

we can see that the JEL confidence intervals outperform those of the EL confidence intervals

in terms of coverage probability and have longer average lengths. Interestingly, EL-based

confidence intervals had undercoverage issues for ρM = −0.9. The four JEL methods produce

confidence intervals with higher coverage probability for both small and large sample sizes.

AJEL had the greatest occurence of overcoverage as many of the calculated intervals had a

coverage probability over the nominal value of 0.95 for both moderate to large sample sizes.

Unfortunately, since the confidence intervals produced by AJEL, MJEL, and TJEL tend to

have larger average lengths when compared to EL and JEL, they failed to produce reliable

inferences when n=18 when ρM=-0.5 and when ρM=0.5. The confidence intervals produced

using these three methods produce intervals that contain zero. As a result, when dealing

with sample sizes that are less than 30, it would be beneficial to use JEL as opposed to EL

to make inference for this estimator. However, when the sample size is larger than 30, AJEL,

MJEL, and TJEL would be better.

5.4 Conclusions

In this chapter, we proposed four methods for the correlation coefficient between two unob-

served variables that are additvely distorted using exponential calibration. By the nature of

JEL, MJEL and AJEL, all confidence intervals are longer than those of empirical likelihood

CI’s by Zhang et al. (2021). To finish this project fully, we will simulate data using more

distorting functions to further show the strengths of the JEL methods over the existing EL

methods. In addition, we will perform a real data analysis to highlight the applicability of

these methods to real data.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORKS

6.1 Conclusions

This dissertation research project falls within the scope of developing new and appealing

statistical methods to solve problems, in particular when exploring the symmetry of various

statistical distributions and when investigating the correlation between distorted data. EL

(Owen 1988, 1990, 2001) is a reliable nonparametric method with the advantages of the tra-

ditional likelihood method and nonparametric methods’ flexibility. The main focus of this

dissertation is to extend the EL method to make it work in situations where it usually fails.

Among our numerous contributions, we propose the JEL, a fast way to minimize the cost in

estimating the symmetry, the AJEL a combination of JEL and AEL and further improves

the small sample coverage. The MJEL extends the JEL approach to help increase the CP

in confidence intervals. We develop the MAJEL and AMJEL, which combines MJEL and

AJEL, to address another way of handling small sample performance issues. Finally, we

propose TJEL as a way of increasing the extremely poor performance of EL for estimating

the symmetry in datasets where multiplicative measurement distortion errors are present.

Throughout the dissertation, we demonstrate that the proposed methods have some ad-

vantages over the existing methods, including better coverage probability, less computation,

etc. They also have practical values, as shown by real data applications. Even though these

methods were meant for a particular parameter of interest, we intend to generalize them to

a broader range of statistical parameters.
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6.2 Future works

For the proposed JEL in Chapter 2, it will be very interesting to study a broader range of

distributions such as multivariate distributions, conditional distributions, etc. Further, in

Chapter 3, it will be interesting to investigate other types of distortion measurement errors.

In Chapter 4, we propose inference on assessing the symmetry for data with multiplicative

measurement distortion errors. In Chapter 5, we propose inference on estimating the corre-

lation coefficient between two unobserved variables that have been additively distorted using

exponential calibration. We will finish all the simulation results and apply the methods to

real data. Chen et al. (2022) provide rigorous proofs of the theoretical results in the cor-

relation coefficient with the additive measurement errors. In the future, most importantly,

extensive proofs will need to be completed before publication by following the arguments of

the proofs in Chen et al. (2022). In addition, it will be interesting to extend this method to

other types of distortion measurement errors.

For the future work, we will be investigating JEL methods for assessing the symmetry for

other types of estimators, such as Pearson’s skewness measure, Groeneveld Meeden’s measure

for skewness, and Galton’s measure of skewness under the additive distortion measurement

error scenario as opposed to the NA and EL methods proposed by Zhang et al. (2019). In

addition, we have finished the JEL methods with exponential calibration for the correlation

coefficient with additive distortion measurement errors as opposed to the methods proposed

by Zhang and Xu (2021) using simulation studies. We plan to use real data to compare JEL

methods with EL methods in the near future. Lastly, motivated by Zhang (2019), we will

consider applying JEL methods to more general distorting schemes that are not a result of

multiplicative and additive distortion errors.

In practice, there exists prior information for a parameter of interest. Inspired by Cheng

and Zhao (2019), Jiang and Zhao (2022), and Cheng and Zhao (2022), we plan to apply

Bayesian jackknife empirical likelihood to the methods described in this dissertation. We
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will also consider more general big data settings in our work. We will consider higher-

dimensional problems and machine learning techniques combined with Bayesian JEL.

In addition to these future works, it is of importance to note other concurrent projects

that I have published in the field of mathematical biology and computational mathemat-

ics. In these projects, I employed functional data analysis to model and forecast the time-

dependent reproduction number and transmission rate of COVID-19 using compartmental

models in epidemiology. In addition, I make use of EL and JEL methods to quantify uncer-

tainty in the sequence of doubling times of a disease using the Modified Richard’s equation.

The citations for these papers can be found in the references. Please see Smirnova et al.

(2022a, 2022b) for full details.

The area of Biostatistics is inexhaustible, and through this dissertation, we intend to

make the contribution to solving current and future challenges.
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CHAPTER A

PROOFS OF CHAPTER 3

Proof. We present a proof for the estimator ρ(X, Y ) = ρ(eỸ U ,eX̃U )/∆, for some constant ∆.

We must assume that the confounding variable U is independent of both the unobservable

X and Y . We first compute the residuals of the nonparametric regression by calculating

eX̃U = X̃ − E[X̃|U ],

eỸ U = Ỹ − E[Ỹ |U ].

By the independence of U with X and Y , we can see that

E[X̃|U ] = ψ(U)E[X|U ] = ψ(U)E[X],

E[Ỹ |U ] = ϕ(U)E[Y |U ] = ϕ(U)E[Y ].

Thus, the residuals can be calculated as

eX̃U = X̃ − E[X̃|U ]

= ψ(U)X − ψ(U)E[X]

= ψ(U)[X − E[X]],

eỸ U = Ỹ − E[Ỹ |U ]

= ϕ(U)Y − ϕ(U)E[Y ]

= ϕ(U)[Y − E[Y ]],
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Now, we can calculate the correlation coefficient ρ(eỸ U ,eX̃U ).

ρ(eỸ U ,eX̃U ) =
(eX̃U , eỸ U)√
(eỸ U)(eỸ U)

=
E[eX̃UeỸ U ]− E[eX̃U ]E[eỸ U ]√

(eỸ U)(eỸ U)
.

Since U is independent of both X and Y ,

ρ(eỸ U ,eX̃U ) =
E[ψ(U)ϕ(U)]E[[X − E[X]]E[Y − E[Y ]]− E[ψ(U)]E[ϕ(U)]E[X − E[X]]E[Y − E[Y ]]√

(ψ(U)[X − E[X]])(ϕ(U)[Y − E[Y ]])

=
E[ψ(U)ϕ(U)]E [[X − E[X]][Y − E[Y ]]]√

E[ψ2(U)]E[[X − E[X]]2] · E[ϕ2(U)]E[[Y − E[Y ]]2]

=
E[ψ(U)ϕ(U)√
E[ψ2U ]E[ϕ2(u)]

· E[XY ]− E[X]E[Y ]√
E[[X − E[X]]2]E[[Y − E[Y ]]2]

.

Now, let

∆ =
E[ψ(U)ϕ(U)]√
E[ψ2U ]E[ϕ2(u)]

.

As a result,

ρ(eỸ U ,eX̃U ) = ∆ · E[XY ]− E[X]E[Y ]√
(X)(Y )

.

= ∆ · ρ(X, Y ).

Thus,

ρ(X, Y ) =
ρ(eỸ U ,eX̃U )

∆
.
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