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ABSTRACT

This thesis introduces a new subsampling framework that combines data transformation,
additive modeling, and influence diagnostics to make estimation faster and more accurate.
Applying an appropriate transformation to the regression response can improve model as-
sumptions by simplifying complex mean structures to make them more additive in the effects
of the inputs. Building on this idea, we develop a scalable transformation-assisted subsam-
pling framework for large-scale additive modeling. The method combines Box—Cox trans-
formations with influence-guided subsampling, where informative observations are selected
using leverage scores computed from a penalized spline smoother. We refer to this approach
as Transformation-Assisted Leverage Subsampling (TALS). To further enhance computa-
tional efficiency, we introduce a fast sketch-based variant called Transformation-Assisted Ap-
proximate Leverage Subsampling (TAALS). Simulation studies and real-data applications,
including computer experiment benchmarks, demonstrate that TAALS achieves substantial
gains in predictive accuracy, robustness, and computational efficiency compared with some

existing methods.
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CHAPTER 1
INTRODUCTION

Modern society continuously generates vast amounts of data from social media, science, en-
gineering, business, healthcare, and sensor technologies embedded in everyday devices; such
large and complex datasets commonly referred to as Big Data, it offers unprecedented op-
portunities for discovery but also introduce significant computational challenges, as classical
statistical tools often fail to operate efficiently at such scale (Fan et al. 2014; Chen et al.
2014). This has sparked strong interest in scalable methodologies that retain statistical
accuracy while significantly reducing computation time, including randomized algorithms,
subsampling strategies, and approximation methods (Jordan & Mitchell 2015).

Additive models have emerged as a powerful approach for capturing nonlinear relation-
ships in a flexible yet interpretable manner, extending linear regression by allowing each
predictor to contribute through its own smooth function (Hastie & Tibshirani 1990; Wood
2017). These models, especially generalized additive models (GAMs) have proven successful
in domains such as ecology (Lai et al. 2024), environmental science (Amin et al. 2024), bio-
statistics (Mark S. Clements 2005), and socio-economic security analysis (Paul et al. 2018),
making them a foundational tool for advanced modeling developments including those in
this thesis.

In many real-world applications, response variables exhibit skewness or heteroskedastic-
ity that may degrade predictive accuracy. Transformations such as the Box-Cox class (Box

& Cox 1964) stabilize variability and improve modeling fidelity. When coupled with addi-



tive structure, this leads to Transformed Additive Models (TAMs), which simultaneously
capture nonlinear effects while correcting distributional distortions to enhance prediction.
Recent work has shown that transformations can also simplify model complexity rather than
merely correcting distributional assumptions. In particular, Lin & Roshan Joseph (2020)
demonstrated that appropriate transformations can reveal nearly additive structure in com-
plex response surfaces, allowing for accurate prediction with dramatically reduced modeling
complexity. This insight motivates the desire to fit simpler transformed models that achieve
high accuracy even when trained on smaller subsets of data, an important benefit when
working with large-scale datasets.

Despite these advantages, implementing TAMs on Big Data remains computationally
demanding because additive models already require solving large optimization problems in-
volving many basis functions (Wood 2017), and TAMs introduce additional iterative updates
for transformation parameters. As datasets grow toward millions of observations, the design
matrix becomes extremely large, rendering direct optimization slow and memory-intensive
(Mahoney 2011). This challenge motivates subsampling methods that strategically reduce
dataset size while preserving essential information, enabling the benefits of transformation-
based modeling to be retained in large-scale environments.

Leverage scores provide a principled framework for identifying which observations are
most informative to the fitted model, enabling subsampling schemes that retain strong pre-
dictive performance even with substantial sample reduction (Drineas et al. 2012). Yet com-

puting leverage scores exactly is costly, typically requiring expensive matrix decompositions.



To address this, scalable approximation technologies such as the Fast Johnson-Lindenstrauss
Transform (FJLT) have been developed to efficiently estimate leverage scores via randomized
projections while preserving key linear-algebraic structure (Ailon & Chazelle 2009; Drineas
et al. 2012).

Despite the success of leverage-based subsampling in linear and generalized linear mod-
els, its adaptation to TAMs has remained largely unexplored. TAMs introduce nonlinearity
and transformation dependencies that alter leverage structure in nontrivial ways, leaving a
clear methodological gap. The primary focus of this thesis is to bridge this gap by extending
fast leverage score approximations, especially FJLT-driven methods to TAMs, enabling com-
putationally scalable estimation while preserving the modeling advantages demonstrated in
transformation-based work such as Lin & Roshan Joseph (2020).

This thesis proceeds as follows: the next chapter reviews additive modeling frameworks
and describes the development of TAMs along with their computational challenges; the sub-
sequent chapter introduces leverage scores and presents our proposed method for leveraging
approximate scores in TAMs; the fourth chapter reports simulation studies assessing com-
putational speed and statistical performance; the fifth chapter applies the methodology to
real-world data; and the concluding chapter summarizes contributions and outlines future

directions.



CHAPTER 2
BACKGROUND

2.1 Additive Models and Transformations

Additive modeling provides a flexible and interpretable framework for nonlinear regression.
However, many real-world datasets exhibit skewed distributions or heteroskedasticity in the
response, which standard additive models are not designed to handle. This motivates the
integration of response transformations into additive modeling, leading to the development
of Transformed Additive Models (TAMs). In this section, we first review additive models and
their fitting procedures, then discuss how TAMs extend this framework to improve modeling

performance.
2.2 Additive Models and Their Fitting Methods

Additive models extend linear regression by allowing nonlinear effects while maintaining
interpretability. Instead of assuming a straight-line effect for each predictor, an additive
model represents the response as the sum of unknown smooth functions:
p
vi = Bo+ Y filwy) +e, &~ N(0,0%), (2.1)
j=1
where each f;(-) is a smooth component learned from the data (Hastie & Tibshirani 1990).
Estimation typically relies on penalized likelihood approaches, where a roughness penalty is
imposed to prevent overfitting, and backfitting algorithms iteratively update each smooth
function until convergence (Wood 2017).
Generalized Additive Models (GAMs) extend this framework to non-Gaussian responses
using link functions. GAMs have become a standard methodology in numerous application
fields due to their balance of flexibility and interpretability. Nonetheless, classical GAMs

assume that the response follows a specified distribution with homogeneous variance, which is



often violated in practice. When the response is highly skewed or exhibits heteroskedasticity,
estimation becomes inefficient and predictive accuracy deteriorates. This limitation has led
to the introduction of transformations such as logarithm or Box-Cox, to stabilize variance and
improve model fit (Box & Cox 1964). These ideas motivate the development of Transformed

Additive Models (TAMs).
2.3 Transformed Additive Models (TAMs)

Transformed Additive Models incorporate a parametric transformation of the response vari-

able into the additive modeling framework:
p
(yi) = Bo+ Z fi(zij) + &, g ~ N(0,07), (2.2)
j=1

where g¢)(+) is commonly chosen from the Box-Cox family indexed by the transformation
parameter A (Box & Cox 1964). By selecting an appropriate transformation, TAMs si-
multaneously correct distributional irregularities and retain the interpretability of additive
decomposition.

Recent research has shown that transformations can fundamentally simplify model struc-
ture. In particular, Lin & Roshan Joseph (2020) demonstrated that applying the right
transformation can reveal near-additive relationships in complex systems, greatly reducing
modeling complexity while maintaining strong predictive performance. This suggests that
a well-chosen transformation allows accurate learning from effectively smaller sample sizes,
which is especially valuable in large-scale applications.

A typical fitting strategy for TAMs is based on selecting the transformation parameter
A that yields the best predictive performance. In practice, one searches over a candidate
set of A values and, for each candidate, fits an additive model on the transformed response.
The optimal X is then selected using cross-validation or likelihood-based criteria to maximize

prediction accuracy. This iterative search ensures that both transformation and smoothing



components are jointly optimized, leading to improved robustness and generalization.
Because TAMs incorporate both nonlinear smoothing and transformation selection, their

computation becomes more intensive than standard GAMs. This creates scalability chal-

lenges in Big Data settings, motivating the subsampling-based acceleration strategies devel-

oped later in this thesis.



CHAPTER 3
PROPOSED METHOD

3.1 Transformed Additive Models with Leverage-Based Subsampling

This section presents a scalable framework for fitting flexible regression models to large
datasets by integrating three components: (i) leverage-based subsampling to prioritize infor-
mative observations, (ii) response transformation (e.g., Box-Cox) to stabilize variance and
reduce model complexity, and (iii) Transformed Additive Models (TAMs) to capture nonlin-
ear effects while preserving interpretability. Our aim is to retain full-data predictive accuracy
at a fraction of the computational cost by combining transformation-guided modeling with
influence-aware data reduction (Box & Cox 1964; Hastie & Tibshirani 1990; Wood 2017;
Drineas et al. 2012; Ailon & Chazelle 2009; Lin & Roshan Joseph 2020).

3.1.1 Motivation Example

Fitting complex Generalized Additive Models (GAMs) becomes computationally demanding
as the sample size N grows, yet many real responses are skewed or heteroskedastic, degrading
untransformed fits. In our empirical analysis ,Figure 3.1, applying a Box-Cox transformation
to the response led to lower RMSE/MAE using a small subsample (n = 100) rather than
using a much larger untransformed sample (n = 1600). This illustrates two key insights: (1)
transformation can stabilize variance and reveal simpler structure that an additive model
can exploit, and (2) once transformation simplifies the effective complexity, a carefully cho-
sen subsample can suffice for accurate fitting. Consequently, we propose to (i) select an
informative subsample, (ii) transform the subsampled response, and (iii) fit a TAM, thereby

reducing cost while maintaining accuracy.
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Figure 3.1 Effect of response transformation on predictive performance (illustrative).

3.2 Leverage-Based Subsampling for Transformed Additive Models

Let D = {(y;,x;)}, with x; € RP. In an additive model, smooth components are repre-
sented with spline bases and estimated via penalized least squares (Hastie & Tibshirani 1990;
Wood 2017). With design matrix A € RV*?, coefficient vector B € R?, and block-diagonal

penalty S > 0,
B=argmin |ly - AB3+B'S8,  H = A(ATA+8)AT,
where H is the penalized hat matrix. The (penalized) leverage score of observation i is
(i = Hy = a] (ATA+95)a;,

with a; the i-th row of A. Larger /; indicates stronger geometric influence on the fit.
For diagnostics and influence-aware sampling we also use residuals r; = y; — ¢; (or on the

transformed scale, below) and an optional Cook’s-distance-type measure

D; = ﬁL7 52 = M’
a2 (1—14¢;)? N —tr(H)

where tr(H) is the effective degrees of freedom (edf).



To stabilize variance and potentially simplify structure, we adopt the Box—Cox family

W =1)/A A#£0,
9y =
log(y>v A= 07

and fit the TAM
p
o) = Bo+ Y filzy)+e, e~ N0,
j=1

Remark on Transformation Domain: The classical Box—Cox transformation requires the
response variable y to be strictly positive, since g(y) is not defined for zero or negative
values. When the response includes non-positive observations, a two-parameter (shifted)

Box—Cox transformation can be used:

(y+c)—1

A#0
)\ ) % Y

Irely) =
log(y + ¢), A =0,
where ¢ > — min(y) ensures y + ¢ > 0. This extension allows Box—Cox type transformations
to be applied to datasets containing zero or negative responses.

Selecting A by cross-validation (CV) or profile likelihood aligns the transformation with
predictive goals (Box & Cox 1964). Notably, Lin & Roshan Joseph (2020) show that appro-
priate transformations can reveal near-additive structure, reducing model complexity and
enabling accurate prediction with fewer data. This perspective is consistent with recent
advances in principled model selection: for example, (Hung et al. 2023) demonstrate in
the context of simulation studies that carefully designed criteria can identify the most in-
formative models or simulators under constrained resources. Their framework illustrates
how optimal selection whether of transformations, smoothing parameters, or simulators can
substantially improve predictive efficiency by focusing estimation effort on components that

matter most. Together, these works highlight that data-driven selection procedures play a
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central role in balancing flexibility, interpretability, and computational efficiency in modern

statistical modeling.

Procedure (Leverage-Based Subsampling for TAM).

1. Design/basis: Build A from spline bases for the additive components on the full training

pool.

2. Pilot fit & scores: To balance efficiency stability, we employ the Shrinked leverage, this
combines leverage-base and uniform sampling into a single robust probability measure.

Form sampling scores

1
si=al;i+(1—a)—, 0<a<l, r; = subsample size for sample i
T

and probabilities p; = s;/ >, sp. (If exact ¢; is expensive, use fast approximations
from Subsection 3.3), & the shrinkage factor a regulate the trade-off between bias and

variance.

3. Subsample: Draw n < N indices with replacement according to p;, apply Horvitz—

Thompson weights w; = (ri pi)_l/Q.

4. Choose A: On the weighted subsample, search a grid of A values; for each A, transform
z = ga(y) and fit a weighted penalized additive model. Select A by CV or profile
likelihood.

5. Fit TAM: With z = g;(y), fit the weighted penalized problem
B = argmin [W'2(z — AsB) |5 + 85 B,
where Ag are the sampled rows and W = diag(w?).

6. Predict/back-transform: Predict Z on test data and apply g;l of equation 6.2 to obtain

y; evaluate RMSE/MAE. Optionally, increase n until performance stabilizes.
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3.3 Fast Approximation of Leverage-Based Subsampling for TAMs

Computing exact leverages /; requires solving with (AT A + S) and costs O(Nd?), which is
prohibitive for large N. We therefore adopt randomized sketches to approximate influence
geometry at cost O(Ndlog d) while preserving accuracy (Drineas et al. 2012; Ailon & Chazelle
2009).

Let II; be a structured projection (e.g., subsampled randomized Hadamard with random
signs) and set A = II; A. Compute a thin QR/SVD A = QR. With a second (sparse) JL
map [,

Q= AR, € RY 2, [ = Q.3

which approximates ¢; within (1 4 ¢) with high probability for modest r5; these gz replace ¢;
in the sampling scores s;.

Approximating edf and variance.

The edf satisfies

tr(H) = to(ATA(ATA+95)7).

Using RTR ~ AT A from the sketch gives

Iz — 2113

df =to(RTR(R'R+ S)7Y), &°= =2,
N —df

Alternatively, Hutchinson probing yields an unbiased estimate:
—~ 1 &
df = — E vy Huy, vy, ~ ii.d. Rademacher/Normal.
m
k=1

Both paths avoid forming H explicitly and reuse small d x d factors from the sketch.

Procedure (Fast Approximate Leverage TAM).

1. Sketch: Form A = IT; A and compute R via thin QR/SVD.
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2. Approximate leverages: Build Q = AR'II, and set ; = ||, |12

3. Subsample: Use s; = af; + (1 —a) L 0 < a <1, and sample with p; = s;/ > s;

’f’i’

weight by w; = (r; p;)~V/2.

4. Select A and fit: Grid-search A on the subsample; fit the weighted penalized additive

model to z = gx(y); choose X by CV/profile likelihood and refit.

5. edf/variance (optional): Estimate df via RTR (or df via probing) to compute 72; use

for diagnostics or stopping.

6. Predict/back-transform: Obtain Z and y = g;l(é); evaluate RMSE/MAE; increase n

if necessary.

Remark.

The FJLT pipeline reduces leverage computation from O(Nd?) to roughly O(Ndlogd) while
delivering (1 + ¢) relative accuracy with high probability. In practice, this makes leverage-
based TAM fitting feasible for very large N without sacrificing predictive performance
(Drineas et al. 2012; Ailon & Chazelle 2009; Lin & Roshan Joseph 2020).
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CHAPTER 4

SIMULATION STUDY

The simulation study in this chapter evaluates the effectiveness of the transformation-assisted
leverage-based subsampling framework proposed in Chapter 3 for scalable additive model-
ing. We assess predictive accuracy, computational efficiency, and robustness to increas-
ing model complexity under two synthetic data-generating settings: a transformed additive
model (TAM), representing separable smooth structures, and a transformed non-additive
model (TNAM), which introduces interaction effects to assess performance under structural
misspecification. Three competing subsampling strategies are compared: (i) approximate
leverage sampling based on Fast Johnson-Lindenstrauss Transform (FJLT) approximations
(Ailon & Chazelle 2009; Ma et al. 2015), (ii) exact leverage sampling computed from the full
design matrix, and (iii) uniform random sampling. In the leverage-based methods, selection
probabilities are proportional to leverage scores, prioritizing highly influential observations,
whereas random sampling assigns equal selection probability to all data points.

For each scenario, a dataset of size N = 10,000 is generated, split into 80% training and
20% testing, and subsampled using a range of subsample sizes (e.g., n = 100-8000). On each
subsample, a Box-Cox transformation is estimated and applied to the response, followed by
fitting a generalized additive model (GAM) with mgev::gam() and predicting on the test
set. Predictive performance is quantified using root mean squared error (RMSE) and mean
absolute error (MAE), while computational scalability is assessed through total computation
time, including leverage-score computation, subsampling, GAM fitting, and prediction. All
experiments are repeated 100 times to account for sampling variability and are implemented

in R on a fixed hardware environment to ensure fair timing comparisons.
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4.1 Example 1: Transformed Additive Model (TAM)

In this first simulation experiment, the goal is to evaluate the performance of the proposed
framework under an additive model structure. We compare the approximate leverage-based
subsampling method with the exact leverage-based, and random(no Box-Cox transformation
is applied) subsampling approaches after applying the Box-Cox transformation to stabilize
the response distribution and improve modeling fidelity.

The data were generated from the following additive structure:
y = exp(sin(27x;) + log(ze + 1) + 25 + \/T4) + €, (4.1)

where 1 ~ Unif(0,1), o ~ Unif(0,3), z3 ~ Unif(—2,2), x4 ~ Unif(1,5), and the noise
term € ~ N(0,0.22). The response variable was transformed using the Box—Cox transforma-
tion to improve normality and reduce heteroscedasticity before model fitting.

The full dataset consisted of N = 10000 observations, and subsample sizes of n =
100, 200, 300, . .., 8000 were considered. For each n, three models were fitted: one using ap-
proximate leverage scores obtained via the Fast Johnson-Lindenstrauss Transform (FJLT),
one using exact leverage scores computed from the fitted GAM, and one using random(no
Box-Cox transformation is applied) subsampling with equal selection probability. Each set-
ting was replicated 100 times, and the results were averaged to ensure stable estimates of per-
formance metrics including the smoothing parameter (), root mean square error (RMSE),
mean absolute error (MAE), and computation time.

In the Box-Cox transformation, the parameter A is estimated to identify the transfor-
mation that best stabilizes variance and makes the data more normally distributed. It was
estimated by maximizing the profile log-likelihood function, as implemented in the boxcox()
function from the R MASS packagec for better predictions.

This design allows for a systematic comparison between methods across increasing sub-
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sample sizes, providing insight into how approximate leverage-based sampling performs rel-
ative to exact and random sampling under an additive model structure with response trans-
formation.

Table 4.2 summarizes the average Root Mean Square Error (RMSE), average Mean Ab-
solute Error (MAE), and average computation time for each subsampling methods . Under
the additive model setting, all three subsampling strategies produced comparable predictive
accuracy across varying subsample sizes. The approximate leverage sampling method consis-
tently achieved prediction errors (RMSE and MAE) nearly identical to those obtained from
exact leverage sampling as shown in Figures 4.1, 4.2 confirming its reliability as a compu-
tationally efficient alternative. In the other hand, the random sampling method exhibited
slightly higher variability and larger errors, particularly at smaller subsample sizes.

Regarding computational performance, the approximate leverage approach demonstrated
substantial time savings relative to exact leverage computation, especially as the sample size
increased as shown in figure 4.3. These results validate the effectiveness of the proposed
transformation-assisted approximate leverage framework in preserving predictive accuracy

while significantly improving computational scalability in large-scale GAM estimation.

Table 4.1 Estimated Box—Cox Transformation Parameters () for Additive Model (with

Transformation)

Method Amean  Asd

TAM-Exact 0.00 0.00
TAM-Approximate 0.00 0.00

Note: All estimated Box-Cox transformation parameters (\) were approximately zero across all sample
sizes, indicating that the logarithmic transformation in equation 1 for A = 0 consistently provided the best

variance stabilization for this dataset.
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Table 4.2 Comparison of Additive Models (Random Sample), TAM-Exact, and TAM-

Approximate for the Additive Model for 100 replications.
2*Size| TAM-Approximate TAM-Exact GAM-Random
| MSPE  MAE Time || MSPE MAE Time | MSPE  MAE  Time
500  [79.4534 25.6479 0.190479.5133 25.6677 0.8175]|224.5912 116.5094 0.7854

1000 |77.9014 25.2209 0.3053 || 77.8337 25.1984 0.9326 ||222.2766 113.7355 0.8553
2000 |77.1089 25.0346 0.6475|77.0632 25.0215 1.2710([220.9973 112.5569 1.1530
4000 |76.5511 24.9126 1.0110(]76.4699 24.9120 1.6000 | 220.3417 112.5046 1.3535
8000 |76.2754 24.8198 1.3897|76.3216 24.8462 2.0052|[219.9106 112.2374 1.5622

RMSE vs Subsample Size
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Figure 4.1 Transformed Additive Model: RMSE versus subsample size for approximate

(blue), exact (red), and random (green) leverage subsampling
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MAE vs Subsample Size

X

125

X WXWWWWW@«MW@W«W

100
L Method
< < Approximate
= 75 -+ Exact

~¢ Random
50
25 TR RS e e e B R S R BE TR A B A BRI T B e
0 2000 4000 6000 8000

Subsample Size

Figure 4.2 Transformed Additive Model: MAE versus subsample size for approximate (blue),

exact (red), and random (green) leverage subsampling
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Computation Time vs Subsample Size
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Figure 4.3 Transformed Additive Model: Computation time versus subsample size for ap-

proximate (blue), exact (red), and random (green) leverage subsampling

The results of this additive simulation illustrate that the approximate leverage-based
subsampling performs similar to the exact leverage approach in predictive accuracy, despite
relying on a randomized projection. The use of transformation stabilized the variance and
further improved model smoothness, especially for smaller subsample sizes for approximate
and exact sampling. Importantly, the approximate method achieved this with roughly much

less than the computational time required by the exact, and random approach. This demon-
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strates that the proposed approximation is a practical and scalable approach for fitting large

additive GAMs.

4.2 Example 2: Transformed Non-Additive Model (TNAM)

The second simulation investigates a non-additive model structure to evaluate the robustness
of the proposed framework in the presence of nonlinear interactions between predictors.
This example tests whether the observed advantages of approximate leverage persist in more
complex relationships.

The data-generating process was defined as:
y = exp(sin(2rx,) + x1 log(zy + 1) + 23/74) + ¢, (4.2)

where the predictor variables x1, x9, 3, and x4, and noise term ¢, follow the same distri-
butions as in the additive case. The inclusion of the multiplicative term zlog(zs 4+ 1) and
x3,/Z4 introduce a non-additive interaction that increases model complexity.

As before, the Box—Cox transformation was applied to the response variable before fitting.
Random(no transformation applied), exact, and approximate leverage-based subsampling
were conducted across a range of subsample sizes (n = 100,200, ...,8000), and RMSE,
MAE, and computation time were recorded.

Table 4.4 and Figures 4.4-4.6 summarize the empirical performance of the three subsam-
pling strategies under the transformed non-additive model (TNAM). Across all subsample
sizes, both the approximate and exact leverage-based methods achieved comparable pre-
dictive accuracy with mean RMSE and MAE. However, the random subsampling approach
exhibited substantially higher prediction errors with RMSE and MAE compare to the other
two sampling.

The effect of subsample size was consistent across methods as n increased, RMSE and

MAE decreased, indicating improved model stability and smoother function estimation.
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However, computational time scaled differently among the three methods. The approxi-
mate leverage approach required much less time than the exact leverage computation across
all n, demonstrating the computational advantage of the FJLT-based approximation. The
random method, while computationally efficient, suffered from large variability and poor
predictive accuracy, underscoring the importance of informed subsampling probabilities and

Transformation.

Table 4.3 Estimated Box—Cox Transformation Parameters (\) for Non Additive Model (with

Transformation)

Method )\mean )\Sd

TAM-Exact 0.00 0.00
TAM-Approximate 0.00 0.00

Note: All estimated Box—Cox transformation parameters (A) were approximately zero across all sample
sizes, indicating that the logarithmic transformation (A = 0) consistently provided the best variance

stabilization for this dataset.

Table 4.4 Comparison of Additive Models (Random Sample), TAM-Exact, and TAM-
Approximate for the Non-Additive Models for 100 replications

2*Size| GAM-Approximate TAM-Exact TAM-Random
| MSPE MAE Time || MSPE MAE Time || MSPE MAE Time
500  1259.4446 45.3822 0.6608|[255.5505 45.1242 1.1502(|712.1365 290.8918 1.0982

1000 |248.6165 43.7770 0.74831241.3734 42.9473 1.2496||689.0789 277.4177 1.1759
2000 ]242.1962 42.7632 0.8529241.0229 42.7301 1.5898 |/679.0655 270.0574 1.4848
4000 |240.5083 42.5226 1.24141(237.6468 42.3243 1.9051 [|679.6889 262.5867 1.7048
8000 239.9628 42.4530 1.7369|(239.5095 42.1573 2.3579(]696.3018 243.4729 2.0260
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RMSE vs Subsample Size
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Figure 4.4 Transformed Non Additive Model: RMSE versus subsample size for approximate

(blue), exact (red), and random (green) leverage subsampling
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MAE vs Subsample Size
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Figure 4.5 Transformed Non Additive Model: MAE versus subsample size for approximate

(blue), exact (red), and random (green) leverage subsampling
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Computation Time vs Subsample Size
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Figure 4.6 Transformed Non Additive Model: Computation time versus subsample size for

approximate (blue), exact (red), and random (green) leverage subsampling

The results from the non-additive simulation confirm the robustness of the proposed
framework under complex, interacting structures. Both leverage-based methods; approxi-
mate and exact-performed substantially better than the random subsampling approach in
terms of predictive accuracy and model stability. The approximate leverage method, in
particular, efficiently captured the underlying data structure and produced results compa-

rable to or better than the exact method, while requiring considerably less computation
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time. When combined with transformation, it further reduced prediction errors and en-
hanced smoothness, demonstrating strong scalability and reliability for large, nonlinear, and

high-dimensional models.

4.3 Summary of Simulation Findings

Across the non-additive simulation, the results consistently highlight the effectiveness of the
three subsampling approaches. The approximate leverage method achieved predictive ac-
curacy comparable to or better than the exact leverage approach, while markedly reducing
computation time. Random subsampling, in contrast, generally exhibited higher prediction
errors across repeated runs. Incorporating the Box-Cox transformation further improved
model smoothness and reduced predictive errors, particularly for smaller subsample sizes.
The simulation demonstrates that the approximate leverage method, combined with transfor-
mation, efficiently captures complex, interacting relationships in the data while maintaining
computational efficiency. Overall, these findings reinforce that the transformation-based ap-
proximate leverage subsampling is accurate, stable, and scalable for fitting nonlinear and
high-dimensional nonparametric models. In the next chapter, we extend this evaluation to

real-world data to further validate the proposed methodology.
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CHAPTER 5

REAL DATA ANALYSIS

5.1 Introduction

To complement the simulation analysis presented in Chapter 4, we applied the proposed
subsampling method to a real-world dataset. This study compares the performance of three
subsampling methods: Approximate leverage sampling, Exact leverage sampling, and Ran-
dom sampling. With and without transformation on the response variable, we examine the
predictive accuracy and computational efficiency of these approaches in a real regression
setting.

Following the same procedure as in the simulation study, subsamples of varying sizes
were drawn for fitting Generalized Additive Models (GAMs). The exact leverage scores were
computed directly from the fitted design matrix, while the approximate leverage scores were
estimated using the Fast Johnson-Lindenstrauss Transform (FJLT). The random sampling
method was used as a baseline for comparison.

For each method, predictive performance was evaluated using Root Mean Square Error
(RMSE) and Mean Absolute Error (MAE) on independent test sets. Computational effi-
ciency was assessed through runtime (in seconds). We also examined the effect of applying
a Box-Cox transformation to the response variable, as it was shown in the simulations to

improve model accuracy and stability.

5.1.1 Example 1: Borehole function

We used the Borehole function, a well-known benchmark model in computer experiments, to
evaluate the performance of leverage-based subsampling techniques in a nonlinear problem.
It has the ability to simulates the water flow rate through a borehole that connects two
aquifers. The Borehole function is especially useful for nonlinear regression research because

of its modest dimensionality (eight inputs) and complex nonlinear response surface. The
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response variable (water flow rate, Q) is given by:
2Ty (Hy — H))
in(r/ru) (1 + i + %)

where x = (1,7, T, Hy, T}, H;, L, K,,) is the vector of input variables of the aquifer system is

Q=

(5.1)

defined below: The configuration of the scenario of the water flow is illustrated in Figure 5.1.
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Figure 5.1 Illustration for the water flow through the borehole.

rw: radius of borehole (m), this controls the width of the borehole, smaller values limit
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flow, whereas larger radii increase flow capacity.

r: radius of influence (m),this is the distance from the borehole at which pumping has
an impact on groundwater levels. It reflects the spatial extent of hydraulic influence.

T,: transmissivity of upper aquifer (m?/yr), this value measures the ease with which
water flows through the upper aquifer, higher transmissivity indicates more flow potential.

H,: potentiometric head of upper aquifer (m), the hydraulic pressure level in the upper
aquifer , a higher head pushes more water into the borehole.

T;: transmissivity of lower aquifer (m?/yr), similar to T}, but for the lower aquifer. It has
an impact on the function’s denominator, which in turn has an impact on flow resistance.

H;: potentiometric head of lower aquifer (m), Hydraulic pressure in the lower aquifer;
the difference H, — H; is a primary driver of water flow.

L: length of borehole (m), the vertical distance through which water flows, longer bore-
holes often have greater resistance.

K,: hydraulic conductivity of borehole (m/yr). This is a characteristic of the borehole
material that dictates how readily water can pass through it.

In line with earlier research ((Morris et al. 1993)), the input distributions are selected to
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represent realistic variability:

7w ~ N(0.10,0.0162%),
r ~ Lognormal(u = 7.71, 0 = 1.0056),
T,, ~ Uniform[63070, 115600],
H, ~ Uniform[990, 1110],
T, ~ Uniform[63.1, 116],
H,; ~ Uniform[700, 820],
L ~ Uniform[1120, 1680],

K, ~ Uniform[9855, 12045].

This eight-dimensional function is frequently employed in the literature on computer exper-
iments because it does the following: It shows significant nonlinear and nonadditive corre-
lations between inputs and output, it includes continuous distributions that simulate real-
world input variability (normal, lognormal, uniform), and it offers a difficult yet intelligible
test scenario which is perfect for evaluating the scalability and correctness of nonparametric
regression approaches.

Many engineering and scientific systems are studied using computer simulators, which
produce outputs without measurement error (deterministic). Deterministic functions reveal
the true underlying response surface, making them ideal for testing transformation-based
additive modeling. The Borehole function is a classical benchmark for evaluating nonlinear
regression methods because: it is highly nonlinear; it contains complex interactions; and it
is noise-free, so all model error comes from the modeling method, thus using a deterministic
function allows us to evaluate how well transformation uncovers additivity, how effectively

leverage-based subsampling captures influential regions, and how accurate they are when
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the “true signal” is known. This provides a clean test bed: model errors directly reflect the
method, not random noise which enables us to compare exact vs. approximate vs random
leverage score subsampling inside the GAM framework. We make certain that our data
analysis address real-world issues in big regression modeling by using a realistic, nonlinear
benchmark.

We utilize the Borehole function in our study as a regulated yet intricate testbed, which
enables us to compare exact vs. approximate vs random leverage score subsampling inside
the GAM framework. We make certain that our data analysis address real-world issues in

big regression modeling by using a realistic, nonlinear benchmark.

5.1.2 Example 2: Concrete Compressive Strength

For this study, the Concrete Compressive Strength Dataset from the UCI Machine Learning
Repository was chosen (Yeh 1998) as our second example. Regression analysis often uses this
dataset because of its complexity and relevance to engineering applications. The compressive

strength of concrete, which is measured in MPa, megapascals, is the dependent variable;

3

it is affected by a mix of independent variables including: Cement(kg in a m® mixture),

3 3

Blast Furnace Slag (kg in a m® mixture),Fly Ash (kg in a m?® mixture), Water(kg in a

3

m? mixture), Superplasticizer(kg in a m?

3

mixture), Coarse Aggregate(kg in a m® mixture),

3 3

Fine Aggregate(kg in a m” mixture), and Age(day) in a m” mixture. There are N =
1,030 observations and 8 predictors in the dataset. This makes this dataset appropriate for
assessing the resilience and scalability of the suggested method.

The predictors in the dataset represent the composition and curing time of concrete
samples:

Cement (kg/m3):This is a primary binder material, strongly influencing compressive

strength.

Blast Furnace Slag (kg/m?): This is a supplementary cementitious material.
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Fly Ash (kg/m?): This is an industrial byproduct used to improve durability and reduce
cost.

Water (kg/m?): This affects hydration and workability; excessive water generally reduces
strength.

Superplasticizer (kg/m?): This is a chemical additive that increases workability without
adding water.

Coarse Aggregate (kg/m?3): This Provides structural bulk.

Fine Aggregate (kg/m?) : This Complements coarse aggregate for a denser mix.

Age (days): Is the curing period which significantly affects strength development.

The response variable is Concrete Compressive Strength (MPa), the key engineering

measure of performance. The dataset has no missing value.
5.2 Results and Discussion

5.2.1 Example 1: Borehole function

From the table 5.1 | 5.3 and figures 5.2 - 5.7 of Borehole real data analysis, the results
consistently show that the approximate leverage-based subsampling achieves nearly identical
predictive performance to the exact leverage method while being computationally much
faster across all sub-sample sizes as noticed in figures 5.2 - 5.7. Without transformation,
all methods yielded stable RMSE and MAE values that decreased gradually with increasing
subsample size, and the approximate scores closely tracked both the random and the exact
method as shown in figure 5.2 and 5.3.

When the Box-Cox transformation was applied, all methods exhibited improved predic-
tive accuracy. In particular, both RMSE and MAE were substantially reduced compared to
the untransformed case, with the approximate leverage scores maintaining accuracy nearly

indistinguishable from the exact scores as shown in figure 5.5 and 5.6. The estimated transfor-
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mation parameter \ stabilized around 0.3 for both method as shown in table 5.2 | reinforcing
the effectiveness of the transformation in reducing heteroscedasticity and improving model
fit.

In figures 5.2-5.7, tables 5.1 and 5.3 further indicate that as the subsample size increased,
predictive errors steadily declined for all methods, but computation time rose moderately.
The approximate leverage method consistently provided the best trade-off between efficiency
and accuracy, capturing the main data structure while reducing runtime by half of the
computation compare to the other two methods.

Overall, these findings demonstrate that the proposed approximate leverage approach,
especially when combined with transformation, offers a robust, scalable, and computationally
efficient solution for large-scale GAM fitting on complex real-world datasets.

Table 5.1 Comparison of Additive Models: Random Sample, Exact, and Approximate sam-
pling without transformation (Borehole function) for 100 replications.

2*Size| GAM-Approximate GAM-Exact GAM-Random
|RMSE MAE Time ||[RMSE MAE Time ||[RMSE MAE Time
500 5.4197 3.6255 0.3308 (] 5.3955 3.6238 1.7221 5.4233 3.6070 1.7449

1000 {5.3373 3.5650 0.4844 |/ 5.3211 3.5465 1.8845] 5.3449 3.5559 1.8882
2000 |5.2997 3.5353 1.103115.2936 3.5320 2.4928 1 5.3033 3.5212 2.4588
4000 [5.2791 3.5182 1.4996 5.2801 3.5161 2.9104 || 5.2823 3.5110 2.8452
8000 [5.2715 3.5103 1.9689]|5.2741 3.5054 3.34441 5.2742 3.5051 3.2903

Table 5.2 Estimated Box-Cox Transformation Parameters (\) for Borehole Data (with Trans-

formation)

2*Size| TAM-Exact TAM-Approximate

‘ )\mean )\sd ‘ ‘ Amean >\sd

500  |0.330 0.046110.298 0.0141
1000 {0.306 0.0239 || 0.300 0.0000
2000 {0.300 0.0000 {|0.300 0.0000
4000 ]0.300 0.00001/0.300 0.0000
8000 |0.300 0.0000 || 0.300 0.0000
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Table 5.3 Comparison of Transformed Additive Models: Random Sample, Exact, and Ap-
proximate with transformation (Borehole function) for 100 replications

2*Size| TAM-Approximate TAM-Exact GAM-Random
IMSPE MAE Time |MSPE MAE Time || MSPE MAE Time
500 1.9722 1.2907 0.647612.1113 1.3796 3.44331|5.4233 3.6070 4.1202

1000 [1.9502 1.2766 1.0030(1.9769 1.2911 4.0090 || 5.3449 3.5559 4.8838
2000 ]1.9368 1.2676 2.3128](1.9301 1.2671 4.8511| 5.3033 3.5212 5.4439
4000 |1.9298 1.2647 3.484911.9234 1.2648 6.3342|5.2823 3.5110 8.2986
8000 |1.9226 1.2607 4.5312/1.9202 1.2635 8.4018]|5.2742 3.5051 7.6440

RMSE vs Subsample Size
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Figure 5.2 Borehole function without Transformation: Additive Model:- RMSE versus sub-

sample size for approximate (blue), exact (red), and random (green) leverage subsampling
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MAE vs Subsample Size
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Figure 5.3 Borehole function without Transformation: Additive Model:- MAE versus sub-

sample size for approximate (blue), exact (red), and random (green) leverage subsampling



34

Computation Time vs Subsample Size
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Figure 5.4 Borehole function without Transformation: Additive Model:- Computation time

versus subsample size for approximate (blue), exact (red), and random (green) leverage

subsampling
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RMSE vs Subsample Size
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Figure 5.5 Borehole function with Transformation: Transformed Additive Model:- RMSE
versus subsample size for approximate (blue), exact (red), and random (green) leverage

subsampling
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MAE vs Subsample Size
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Figure 5.6 Borehole function with Transformation: Transformed Additive Model:- MAE
versus subsample size for approximate (blue), exact (red), and random (green) leverage

subsampling
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Computation Time vs Subsample Size
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Figure 5.7 Borehole function with Transformation: Transformed Additive Model:- Compu-
tation time versus subsample size for approximate (blue), exact (red), and random (green)

leverage subsampling
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5.2.2 Example 2: Concrete Compressive Strength

Table 5.4 shows the results for the Concrete dataset without transformation. The findings
show that the approximate leverage sampling method performs almost as well as the exact
leverage method in terms of predictive accuracy, but it takes much less computation time.
As the subsample size increases, both RMSE and MAE decrease for all methods, showing
better model performance with more data. The approximate method follows the exact
method very closely, while the random sampling method performs much worse, especially
for smaller sample sizes.

When the Box-Cox transformation is applied (Table 5.6), the overall prediction accuracy
improves. The transformation helps stabilize the response and makes the model smoother.
Both the exact and approximate methods benefit from this, producing lower RMSE and
MAE values. The approximate method still gives almost the same or slightly better results
as the exact method, but with faster computation.

The plots (Figures 5.8-5.13) also support these results: RMSE and MAE go down as
the subsample size increases, and the transformation improves accuracy even more. The
approximate leverage approach captures nearly the same pattern as the exact leverage scores
but is much faster to compute. Random sampling remains the least effective among the three
methods.

Overall, these results show that the approximate leverage subsampling with transforma-
tion gives a good balance between accuracy and speed. It performs well across different
sample sizes and is reliable even with real-world data, confirming what was seen earlier in

the simulation studies
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Table 5.4 Comparison of Additive Models: Random Sample, Exact, and Approximate Sam-

pling without Transformation (Concrete Compressive Strength dataset) for 100 replications
2*Size| GAM-Approximate GAM-Exact GAM-Random
IMSPE MAE Time ||[MSPE MAE Time ||[MSPE MAE Time

150  |7.5704 5.7775 0.0384 | 7.6611 5.8410 0.0633 || 7.9178 5.8879 0.0614
300 | 7.2296 5.5239 0.0397| 7.1995 5.5197 0.0636 || 7.6267 5.6805 0.0617
450 17.0312 5.4031 0.0421 ] 7.0358 5.4110 0.0650 || 7.4876 5.5981 0.0642
600  6.9497 5.3503 0.0430|[6.9767 5.3716 0.0685 || 7.4402 5.5437 0.0659

Table 5.5 Estimated Box-Cox Transformation Parameters (\) for Concrete Compressive

Strength dataset (with Transformation)
2*Size | TAM-Approximate TAM-Exact

‘ )\mean )\sd ‘ ‘ )\mean )\sd

150  [0.750  0.1040 0.756 0.0925
300 10.741 0.0588 0.758 0.0589
450  10.730  0.0461 0.758 0.0495
600 |0.725  0.0435 0.742 0.0496

Table 5.6 Comparison of Transformed Additive Models: Random Sample, Exact, and Ap-

proximate with Transformation (Concrete Compressive Strength dataset) for 100 replications
2*Size| TAM-Approximate TAM-Exact GAM-Random
IMSPE MAE Time || MSPE MAE Time ||[MSPE MAE Time
500 [1.9629 1.2875 0.335012.1113 1.3797 1.7130]|5.4233 3.6070 1.7331

1000 [1.9495 1.2760 0.5022|/1.9769 1.2911 1.8935 (] 5.3449 3.5559 1.8792
2000 [1.9352 1.2688 1.1421|]1.9301 1.2671 2.5425|5.3033 3.5212 2.4311
4000 |1.9288 1.2638 1.712111.9234 1.2648 3.0891|5.2823 3.5110 2.8306
8000 |1.9217 1.2603 2.35401| 1.9202 1.2635 3.7517| 5.2742 3.5051 3.2872
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Figure 5.8 Concrete compressive strength dataset without Transformation: Additive Model:-
RMSE versus subsample size for approximate (blue), exact (red), and random (green) lever-

age subsampling
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MAE vs Subsample Size
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Figure 5.9 Concrete compressive strength dataset without Transformation: Additive Model:-
MAE versus subsample size for approximate (blue), exact (red), and random (green) leverage

subsampling
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RMSE vs Subsample Size
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Figure 5.11 Concrete compressive strength dataset with Transformation: Additive Model:-
RMSE versus subsample size for approximate (blue), exact (red), and random (green) lever-

age subsampling
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Figure 5.12 Concrete compressive strength dataset with Transformation: Additive Model:-
MAE versus subsample size for approximate (blue), exact (red), and random (green) leverage

subsampling
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Computation Time vs Subsample Size
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Figure 5.13 Concrete compressive strength dataset with Transformation: Additive Model:-
Computation time versus subsample size for approximate (blue), exact (red), and random

(green) leverage subsampling

5.3 Summary

The conclusions drawn from the simulation studies are strongly supported by the results of
the real data analysis. Accuracy: Both with and without transformation, the approximate
leverage sampling method achieved predictive performance almost indistinguishable from
that of the exact leverage approach. Across all experiments, the approximate method closely

tracked the exact leverage while maintaining consistent accuracy over different subsample



46

sizes. Transformation Effect: The application of the Box-Cox transformation continued to
show clear benefits, particularly for smaller to moderate subsamples, by stabilizing the vari-
ance and substantially reducing prediction error. This confirms the role of transformation
in improving model fit and enhancing the overall predictive stability of the framework. Effi-
ciency: In all cases, the approximate leverage computation remained considerably faster than
both the exact, and random approach, with the time advantage becoming more pronounced
as the data size increased. This highlights the scalability and practicality of the proposed
algorithm for handling large datasets efficiently.

In this chapter, we demonstrated the performance of the proposed transformation-assisted
approximate leverage subsampling framework using two real-world datasets: the Borehole
function and the Concrete Compressive Strength dataset. The results show that the pro-
posed method provides an excellent balance between computational efficiency and predictive
accuracy. When combined with response transformation, leverage-based subsampling proves
to be a reliable and effective strategy for real-world nonparametric regression problems.

The next chapter provides concluding remarks and discusses possible directions for future

research to further extend and refine the proposed methodology.
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CHAPTER 6

SUMMARY AND FUTURE WORK

6.1 Summary

This thesis focused on improving the efficiency of nonparametric regression models through
the use of transformations and fast subsampling method. Our main goal was to develop and
test a practical approach that combines the Box-Cox transformation on response variable,
penalized spline regression and approximate leverage score subsampling to select the most
informative data points for estimation. Integrating these three techniques the study aimed to
make transformed additive models (TAMs) and non-additive models more computationally
efficient while maintaining their predictive accuracy especially when applied to large datasets.

We began this research by motivating the need for efficient nonparametric regression
methods in big data environments. Standard additive models often require intensive com-
putations when fitted to large samples mainly due to the cost of evaluating leverage scores
that identify influential observations. To address this issue, an approximate leverage scores
derived from the FJLT was introduced as a faster alternative to the exact leverage scores
used in traditional model fitting. In addition, we applied a Box-Cox transformation on the
response variable to stabilize the variance and improve the overall model fit especially in
cases where the data exhibited non-constant variability.

The methodological pipeline begins with a pilot fit of a transformed additive model to
obtain influence diagnostics including penalized leverage scores. These diagnostics guide the
construction of an approximate leverage distribution using structured random projections
based on FJLT. From this a weighted subsample is drawn that favors observations with high
influence or leverage ensuring that the reduced dataset retains the most critical information.
The final model is then fitted as a weighted penalized additive model on the transformed
scale. In addition, a sketching-based estimator was used to approximate the effective degrees

of freedom and residual variance on the transformed scale, eliminating the need to compute
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or store the large N x N hat matrix typical in standard implementations. Together these
components form a practical and computationally efficient modeling pipeline that integrates
transformation, pilot diagnostics, and penalized fitting.

The simulation experiments were designed to evaluate the performance of our proposed
method under both additive and non-additive settings. We conducted two main experi-
ments : the transformed additive model (TAM) and the transformed non-additive model
(TNAM). In each case, the results from the random, approximate, and exact leverage-based
subsampling methods were compared across various subsample sizes. The comparison was
based on root mean square error (RMSE), mean absolute error (MAE), and computation
time. Our findings showed that the approximate leverage approach produced prediction er-
rors that were almost identical to those obtained using exact leverage scores. In some cases
the approximate method even produced slightly lower RMSE and MAE values. Most im-
portantly the computation time was significantly reduced under the approximate approach
particularly for large sample sizes which highlights its potential advantage in large-scale
data analysis. In the transformed additive model experiment our results revealed that the
approximate leverage method achieved stable and accurate predictions with a considerable
reduction in computation time. The Box-Cox transformation further improved the smooth-
ness of the fitted functions and helped the model handle heteroscedasticity more effectively.
Similarly in the transformed non-additive model the approximate method maintained high
predictive performance and its computational advantage became more evident as the sample
size increased compare to exact, and random sampling. The consistency of the results of
the additive and non-additive models confirmed that the approximate leverage score method
works well across different model structures. Our simulation studies demonstrated that the
combination of transformation and fast subsampling can provide a good balance between
efficiency and accuracy.

To validate the simulation findings the method was also applied to real data examples,
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including the Borehole function and the Concrete Compressive Strength dataset. The results
were consistent with those of the simulations showing that approximate leverage subsampling
can produce nearly identical predictions to exact subsampling while cutting down compu-
tation time substantially. Theoretical guarantees and computational results from the FJLT
literature, which reduce the computational complexity of leverage computation from O(Nd?)
to approximately O(Ndlogd), underpin the efficiency gains observed in this study. These
real data results reinforce the conclusion that our proposed method is practical and effective

for real world applications involving large datasets.
6.2 Future Work

This study also recognizes several limitations despite its strengths. The Box-Cox transforma-
tion requires strictly positive response values, which may restrict its applicability to datasets
containing zeros or negative outcomes. Future work could follow transformation strategies
similar to those used in high-dimensional or structured modeling contexts (Suh et al. 2024),
where flexible formulations help accommodate broader data types. Although the approxi-
mate leverage method performed well, its accuracy may still depend on the random projec-
tion used in the FJLT, potentially introducing variability across runs. A small bias may also
arise when back-transforming predictions to the original scale, especially in nonlinear mod-
els. Looking forward, there are several promising directions for extending and improving this
work. One possible area is to develop a sharper theoretical characterization of the approx-
imation process, particularly in quantifying how approximate leverage scores affect model
estimation, uncertainty quantification, and predictive accuracy. Similar to recent progress in
scalable mixed-effects modeling (Dehkharghani & Lin 2025) and interpretable deep additive
frameworks, a deeper theory could clarify how smoothing, transformation, and subsampling
interact in high-dimensional or algorithmically constrained settings. Another avenue is to

formally quantify the degree of additivity in the proposed method. Understanding additivity
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has proven increasingly important in modern modeling pipelines for example, in interaction-
aware deep regression models and developing an analogous metric for this framework would
greatly enhance interpretability and practical diagnostic value. Bias correction for back-
transformed predictions is another meaningful direction, as it could reduce systematic errors
and improve reliability in real applications. Future studies may also explore alternative trans-
formations such as the Yeo-Johnson transformation, which can accommodate non-positive
responses, and consider extensions to generalized additive models for binary or count data.
From a practical perspective, constructing an R or Python software package would make
the methodology more broadly accessible and support applications across domains including
large-scale statistical modeling (Dehkharghani & Lin 2025), supply chain decision systems
(Tseng et al. 2025), and high-dimensional regression (Suh et al. 2024). In conclusion, this
thesis has presented an efficient and scalable approach to nonparametric regression that inte-
grates transformation, penalized smoothing, and approximate leverage-based subsampling.
The method achieves substantial reductions in computation time without sacrificing pre-
dictive accuracy. Simulation and real-data studies demonstrate that approximate leverage
scores offer a reliable replacement for exact scores or random sampling, making the approach
highly suitable for large-scale applications. With further theoretical refinement, computa-
tional optimization, and broader testing, the proposed framework has strong potential to

become a powerful and practical tool for modern statistical modeling in the era of big data.
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A Box-Cox transform: inverse and A — 0 continuity

The Box—Cox transformation for y > 0 and A € R is

4 ;1, A£0,
Ti(y) = (1)

log(y), A=0.

For A # 0 define t = T)(y). Solve for y in terms of ¢:

— P =X+1

Taking the A-th root,

Thus the inverse transform is
TNt =M+ DYA XN#0, and Ty (1) =€
Continuity as A — 0.
We show (At + 1)Y/* — et
1/ 1
M+ 1)V = exp(X log(1 + At)).
Use the Taylor expansion log(1 + u) = u — 3u® + O(u?®) with u = At:

(M = SN2+ O(N?)) =t — I + O(N).

> =

1
X log(1+ At) =
Taking A — 0 gives ilog(l + At) — ¢, so
lim (Xt + 1)Y* = exp(t),
A—=0

which matches the A = 0 case. [J
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