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ABSTRACT

In this dissertation, we theoretically explore the ultrafast nonlinear process in nanoflakes

of 2D materials placed in the field of a femtosecond-long optical pulse. The duration of a

pulse is of the order of a few femtoseconds and its amplitude is in the range of 0.1-1.5 V/A. To

be more specific, we study ultrafast electron dynamics in transitional metal dichalcogenides

(TMDCs) quantum dots. Different sizes of quantum dots (QD) of a hexagonal shape are

considered. Taking into account that the valence and conduction bands of TMDC materials

are mainly formed by d orbitals of the corresponding metal atoms, we consider a three-band

tight binding model of TMDC, where the spin-orbit coupling is also included into the model.

The energy spectra were calculated for different sizes of TMDC QDs and, for all cases,

the anticipated in-gap edge states were observed. With increasing the QD size, the band

gap decreases and asymptotically approaches the band gap of the corresponding TMDCs

monolayer. In the thesis, two nonlinear characteristics of electron dynamics in TMDC QDs

are considered. The first one is the absorption of an optical pulse by TMDC QDs. Such

an absorption is determined by the residual electron population of the excited QD states,

i.e., population after the pulse. As a function of the field amplitude, the absorption first

increases at low amplitudes, shows a peak at an intermediate amplitude, and then converges

to a constant value at high amplitudes. The second characteristic of nonlinear electron

dynamics is the high harmonic generation, which is determined by the time dependence of the

generated electron dipole moment during the pulse. The generation of high optical harmonics

was studied for different TMDC materials, different QD sizes, and different characteristics of

the optical pulse. One of the characteristics of the corresponding radiation spectrum is the

cutoff frequency, which is the highest-order harmonics that can be generated for the pulse

of a given intensity. As a function of the QD size, the cutoff frequency shows the maximum

value at intermediate QD sizes, which is realized for TMDC QD consisting of around 61



metal atoms. Such nonmonotonic dependence of the radiation spectra on the parameters

of TMDC QD shows that the strongest nonlinear optical response of TMDC QDs occurs at

QD of a finite size.

INDEX WORDS: 2D Martial, transitional metal dichalcogenides, d orbitals, quantum dots,
tight binding model, Hamiltonian, spin-orbit coupling, band gap, in-gap edge states, dipole
moment, high harmonic generation, cutoff frequency.
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CHAPTER 1

Introduction:

Modern light generation technology offers extortionary capabilities for sculpting light pulses,

with full control over individual electric field oscillations within each laser cycle (1; 2; 3).

Progress in laser technology made it possible to generate ultrashort pulses with fields compa-

rable to the internal fields in solids and with the duration of just a few femtoseconds(1fs =

10−15) (4; 5; 6; 7; 8; 9). Interaction of light and matter at femtosecond time scale is approx-

imately an adiabatic process because transmitted energy as heat is minimal, allowing one to

study and explore field-driven electron dynamics with higher precision. In the following, we

start with basic physics of light-matter interactions (10).

1.1 Interaction of matter and pulse:

Classically, light-matter interaction is the interaction of an oscillating electromagnetic field

with charged particles in the matter, most often bound electrons. This process is observed

through changes to the light induced by the matter, such as absorption or emission of light, or

by light-induced changes to the matter, such as ionization and photochemistry. By studying

such processes as a function of the control variables for the light fields(amplitude, frequency,

polarization, phase, ect) we can deduce the properties of the samples. Quantum mechanically

we consider the interaction of light-matter as a perturbation induced by the electric and

magnetic fields of the light that couple quantum states of the charged particle in matter.

To derive the Hamiltonian of a charged particle interacting with the field of a pulse in

the term of vector potential we start with the Lorenze force on a particle with charge q:
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F = q(E + v ×B). (1.1)

Here E and B are electric and magnetic fields, respectively and v is the velocity of a

charged particle. Rewriting the above expression for one direction, for example, the x-

direction, in Cartesian coordinate system, we obtain the following expression

Fx = q(Ex + vyBz − vzBy) (1.2)

In Lagrangian mechanics, this force can be expressed in terms of the total potential

energy U as follows

Fx = −∂U

∂x
+

d ∂U
∂vx

dt
. (1.3)

Inserting equation 1.2 into equation 1.3 we get the following identity

U = qφ− qv⃗.A⃗. (1.4)

Here φ is the corresponding electric potential and A⃗ is the corresponding magnetic field

vector potential.

On the other hand, the Lagrangian is expressed in the terms of the kinetic and potential

energy of the particle, i.e.,

L = T − U,

L =
1

2
mv⃗2 + qv⃗.A⃗− qφ (1.5)
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Then the Hamiltonian of the particle becomes

H = p⃗.v⃗ − L = p⃗.v⃗ − 1

2
mv⃗2 − qv⃗.A⃗− qφ. (1.6)

Taking into account that

p =
∂U

∂v⃗
= mv⃗ + qA⃗, (1.7)

We obtain

H =
1

m
p⃗.(p⃗− qA⃗)− 1

2m
(p⃗− qA⃗)2 − q

m
(p⃗− qA⃗).A+ qφ,

or

H =
1

2m
[p⃗− qA⃗(r⃗, t)]2 + qφ(r⃗, t). (1.8)

This expression is the classical Hamiltonian for a particle in the field of the pulse. For a

collection of charged particles the Hamiltonian can be expressed as follows

H =
∑
i

(
1

2mi

(p⃗i − qiA⃗(r⃗i))
2 + Vo(r⃗i)),

H = Ho −
∑
i

(
qi
2mi

(p⃗i.A⃗+ A⃗.p⃗i) +
∑
i

qi
2mi

|A⃗|2. (1.9)
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In quantum description, the Hamiltonian of a matter interacting with the light can be

written in the following form: H = HM+HL+HML. A quantum treatment of the light would

describe the light in terms of quantized states, i.e., photons corresponding to different modes

of electromagnetic radiation. For a many-body system, time-dependent functional theory

(DFT) is considered, where the field-driven electron dynamics is quantum mechanically

described by the time dependent Kohn-Sham equations in the velocity gauge (11):

iℏ
∂Ψi(r⃗, t)

∂t
= [

1

2m
(p⃗+

e

c
A⃗tot)

2 + Vion(r⃗) +

∫
e2

|r⃗ − r⃗|
n(r⃗

′
, t) + Vxc(r⃗, t)]Ψi(r⃗, t), (1.10)

Where n(r⃗, t) =
∑

i |Ψi(r⃗, t)|2 is the density, and Vxc(r, t) is the exchange-correlation poten-

tial. The total vector potential Atot is given by Atot = Aext + Aind where Aext is the vector

potential of the applied field, and Aind is the induced vector potential due to induced polar-

ization of a solid. In the time-dependent Kohn-Sham equations, the pulse-matter interaction

can be also introduced in the length gauge within the dipole approximation(12), i.e.,

iℏ
∂Ψi(r⃗, t)

∂t
= [−1

2

∂2

∂2r
+ Vion +

∫
e2

r⃗ − r⃗
n(r⃗

′
, t) + Vxc(r⃗, t) + F⃗ (t).r⃗]Ψi(r⃗, t), (1.11)

Where F (t) is the field of the laser pulse. This approach has been applied to a crystalline

silicon subjected to a strong laser pulse with the intensity of 1010 − 1015W/cm2 and the

duration around 21fs(13). However, DFT requires large simulation and long processing

time which is not economically good approach(14).

In semiclassical approach, the rate equation is used to describe the noncoherent electron

dynamics (15). In this approach, the carrier relaxation and generation times are taken into

account. Also, the electric field of the pulse generates an electron-hole plasma through
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multiphoton and electron avalanche ionizations. In this model, the ionization processes are

included in the rate equation as follows

∂ne

∂t
=

nv − ne

nv

(ωPI + neωII)−
ne

τr
, (1.12)

where ne is the electron density, nv is the initial electron density in the valence bands, ωPI

is photoionization rate in the units of cm−3s−1, ωII is avalanche ionization rate in s−1, and

τr is the time constant.

1.2 2D materials

Two dimensional (2D) materials or single-layer materials refer to crystalline solids consisting

of a single layer of atoms(16). The single-layer materials could be derived form a single

element like graphene or compounds of two or more elements. Graphene is the first such 2D

material that was discovered in 2004. Graphene can be mechanically exfoliated from bulk

graphite and opened the door to investigation of a large variety of other 2D materials(17;

18). Among them, transition metal dichalcogenides (TMDCs) represent a class of promising

materials that are the candidates for overcoming some of the disadvantages of graphene

for future applications, such as ultrathin, flexible photonic and optoelectronic devices that

require optically transparent semiconductors(19). Figure 1.1 illustrates a TMDC monolayer,

which has a hexagonal layer of metal atoms (M) sandwiched between two hexagonal layers

of chalcogen atoms (X). These monolayers can bond with each other and form a multilayer

TMDCs(20).

TMDC monolayers can be regarded as a semiconductor analog of graphene. They have
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Figure 1.1 The crystal structure of TMDCs monolayer showing a layer of transition metal
atoms (blue) sandwiched between two layers of dichalcogenide atoms (yellow).

honeycomb crystal structure but they are not centrosymmetric, because the M and X are

different types of atoms, consequently inversion symmetry is broken. Due to broken inversion

symmetry, the Berry curvature, is not singular as in graphene and has finite values with

opposite signs at two valleys, K and K ′. Another difference between TMDC materials and

graphene is a strong intrinsic spin-orbit interaction in TMDC monolayers(21).

One of the TMDC materials isMoS2. The Bloch states ofMoS2 monolayer near the band

edges mostly consist of Mo d orbitals, dz2 , dxy , and dx2−y2 . Figure 1.2 clearly shows that

the contributions from the s orbitals are negligible, and those from the p orbitals are very

small near the band edges. Thus, dz2 , dxy, and dx2−y2 orbitals are dominant components for

the conduction and valence bands. The trigonal prismatic coordination (Fig 1.2 (b)) splits

the Mo d orbitals into three categories: A′
1 = dz2 , E

′ = dxy + dx2−y2 , and E”dxz + dyz, where

A′
1, E

′ and E” are the Mullein notations for irreducible representations (IRs) of point group
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Figure 1.2 (color online) Orbital projected band structures for monolayer MoS2 from FP
calculations. (a) contribution from Mo d orbitals: blue dots for dxy and dx2−y2 , red open
circles for dz2 , and green open diamonds for dxz and dyz. (b) Total p orbitals, which are
dominated by S atoms. (c) Total S orbitals.

D3h. The reflection symmetry in the xy plane allows hybridization of orbitals in A′
1 and E’

categories only, leaving E” decoupled from the A′
1 and E ′ states, see Figure 1.2 (a). The

above analysis is also true for all MX2 TMDCs monolayers. Therefore it is reasonable to

construct a three-band tight binding model of a MX2 monolayer by considering d-d hopping

only by using the minimal set of M − dz2 , dxy , and dx2−y2 orbitals as the basis(11).

1.3 Electronic properties:

Individual layers of MoS2 have different properties compared to bulk. As figure 1.3 shows,

if the interlayer interaction is removed, electrons confined to a single plane result in the

formation of a direct bandgap and its size increases to 1.89 eV (22). The bandgap can be

tuned by introducing strain into the structure. Experimental results showed a 300 meV
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increase in the bandgap for each %1 biaxial compressive strain applied to trilayer MoS2.

Photoluminescence spectra of MoS2 monolayers show two excitonic peaks: one at ∼ 1.92eV

(the A exciton), and the other one is at ∼ 2.08eV (the B exciton). These are attributed

to the valence band splitting at the K-point (in the Brillouin zone), and allow two optically

active transitions (23). The binding energy of the excitons is > 500meV , which shows that

they are stable at high temperatures.

Injecting excess electrons into MoS2 (by either electrical (24) or chemical (25) doping)

can cause the formation of tritons (charged excitons), which consist of two electrons and one

hole. They appear as peaks in the absorption and PL spectra that are red-shifted by 4̃0 meV

with respect to the A exciton peak. While the binding energy of tritons is much lower than

that of the excitons (at approximately 20 meV), they have a non-negligible contribution to

the optical properties of MoS2 films at room temperature.

Figure 1.3 Band structure diagram of (left) bulk and (right) monolayer MoS2 showing the
crossover from indirect to direct bandgap accompanied by a widening of the bandgap[22].
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1.4 Valleytronics:

MoS2 monolayer and other 2D TMDCs may offer a route to technologies beyond electronics,

where the valley degrees of freedom (other than charge) can be utilized for information

storage and processing (26). The electronic band structure of MoS2 monolayer displays the

energy maxima in the valence band and the minima in the conduction band at both the K

and K’ (often called -K) points of the Brillouin zone. These two discrete ‘valleys’ have the

same energy gap but are distant in the momentum space.

The optical transitions in these two valleys require angular momentum changes by +1 for

the K-point, and -1 for the K’ point (27). Hence, excitons can be excited in the correspondig

valley with a circularly polarised light: excitons in the K valley can be excited with a right-

handed (σ+) polarized pusle, while excitons in the K’ valley can be excited with a left-handed

(σ−) polarised light.

Conversely, light emitted due to exciton recombination in the K valley is σ+ polarised,

and light emitted due to exciton recombination in the K’ valley is σ− polarised. Since

these valleys can be independently excited, they represent a degree of freedom called ’valley

pseudospin’ (28) that could be used in ‘valleytronic’ devices.

Furthermore, the spin-orbit interaction splits the energy states in the valence band at

the K and K’ points and carriers have opposite signs of spin for each of the valleys (29). For

example, in K valley an A-exciton consists of a spin-up electron and a spin-down hole, and

B-exciton has a spin-down electron and spin-up hole. For A and B excitons in the K’ valley,

their constituent charge carriers have the opposite spins. This property means that the valley
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pseudospin and the charge carrier spin are coupled (spin-valley coupling). Therefore spin

and valley properties of charge carriers can be selected optically(30).

When an in-plane electric field is applied, excitons may become disassociated (31), while

the carriers retain their valley and spin characteristics. Electrons (and holes) in opposing

valleys will travel in opposite directions perpendicular to the field. This is called the ’valley

Hall effect’, and could form the basis of future technologies, where more information can be

encoded onto electrons because of the extra degree of freedom.

Excitons inMoS2 monolayers have a valley lifetime (the time they remain in their original

valley before scattering out) of a few picoseconds. In comparison, the valley lifetime of

electrons is > 100 nanoseconds, and holes may have an even longer lifetime (32). The valley

lifetime introduces limitations on the time available to complete logic operations using the

valley pseudospin.
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Figure 1.4 a) σ+ = circularly polarized light incident on a MoS2 monolayer excites charge
carriers in the K- valley (orange spheres). Light with the frequency equal to the A-exciton
binding energy (red arrow) excites spin-up electrons and spin-down holes. Conversely, light
corresponding to the B-exciton (blue arrow) excites spin-down electrons and spin-up holes.
An in-plane electric field causes electrons to accumulate on one edge of the layer, and holes
on the other one. b) σ− light excites charge carriers in the K’-valley (green) with the spins
opposite to those in the K-valley, with the charges also accumulating on the opposite edges.
c) Linearly polarized light with the energy equal to the binding energy of the A-exciton
excites charges in both valleys, with carriers carrying the same spins collecting on the same
layer edge.
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CHAPTER 2

Methods and equations:

In this dissertation we study interaction of 2D materials with an ultrashort pulse. We start

with the Hamiltonian of the 2D material, H0, which is derived by the tight-binding method

for a transitional metal dichalcogenide (TMDCs) monolayer. The Hamiltonian also take

into account that the transitional metal elements in these materials have a strong spin orbit

coupling (SOC). A laser pulse with the amplitude around 0.1 − 1.5V/A and the duration

of 2 − 4fs is applied to a nanoflake of such a material, i.e., quantum dot (QD) of TMDC

monolayer. The complete dynamics is described by time dependent Schrodinger equation

(TDSE) which has the following form

H(t) = HTNN +HSOC + eF (t).r

iℏ
dΨ

dt
= H(t)Ψ(t), (2.1)

where HTNN is the tight biding Hamiltonian, which takes into account the coupling between

the nearest neighbor atoms only, HSOC is the spin orbit coupling term, and eF (t).r is the

pulse-QD interaction term. We first construct a Hamiltonian that include the first two terms

and then we add the interaction with the incident pulse.

As we stated in chapter 1, the earlier theoretical studies and the first-principle investiga-

tion have shown that the Bloch states in MoS2 monolayers, near the band edges, consist of

Mo d orbitals: dz2 , dxy, and dx2−y2 orbitals, while the contribution of the S and p orbitals,

which form the bonds between Mo and S atoms, is small(33; 34; 35; 36; 37? ). Thus, for
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calculating the valence and conduction band states within the tight-binding method, a good

approximation is to consider only the nearest-neighbor hopping between the three d orbitals.

Since dxy and dx2−y2 orbitals are asymmetric in the plane of Mo atoms, the hopping am-

plitude between the Mo atoms depends on their relative positions. Since all three orbitals

contribute to the formation of the corresponding energy spectra, the hopping between two

atoms is described by a 3x3 matrix, whose elements are the hopping integrals. For simplic-

ity, we denote the orbitals as |ϕj>, where j = 1, 2, 3 with ϕ1 = |dz2>, ϕ2 = |dxy>, and

ϕ3 = |dx2−y2>, then the hopping integrals between the atoms whose relative position is given

by the vector Rn are obtained as

Ejj′ (R) =< ϕj(R)|H|ϕj′ (r−Rn) >, (2.2)

Where n = 1 − 6. However, instead of calculating the hopping integrals for each pair of

atoms, we calculate the hopping integrals for one relative orientation of the pair and then

calculate the hopping integrals for other orientations from the following expression

Ej(gmRn) = D(gm)Ej(Rn)D(gm)
†, (2.3)

Where Ej(gmRn) = [Ej1(gmRn)Ej2(gmRn)Ej3(gmRn)]
T and D(ĝm) is a matrix representing

symmetry operation ĝm which transforms Rn to Rm. Only a subset of symmetry operations

of D3h symmetry group, Ê, Ĉ3, Ĉ
2
3 , σ

∧
v , σ

∧′
v , σ∧”

v needs to be used in order to transform R-

vector from one orientation to the other ones. Here Ê is the identity operation, Ĉ3 is the

rotation operator by the angle of 2π
3
around the z-axis, and σ∧

v is the reflection operator at a

plane perpendicular to the x-y plane, By fitting the results of the tight-binding calculations
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to those from the first-principle calculations (38), values of the following hopping integral

are obtained

E11(R1) = t0 = −0.184 eV E12(R1) = t1 = 0.401 eV

E13(R1) = t2 = 0.507 eV E12 = (R22) = t11 = 0.218 eV

E23(R1) = t12 = 0.338 eV E12 = (R33) = t22 = 0.057 eV.(2.4) Also, the on-site energy of

dz2 is equal to ϵ0 = 1.046 eV and both dxy and dx2−y2 on-site energies are equal to ϵ2 = 1.046

eV. Using the values from Eqs. (2.3) and (2.4), the off-diagonal matrix elements are obtained

as follows
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Finally, the diagonal submatrices, which take into account the on-site energies, an exter-

nal scalar potential, and the spin-orbit coupling (SOC), have the form:

ε0 + V (x, y) 0 0
0 ε2 + V (x, y) ±2i
0 ∓2i ε2 + V (x, y),


Where the off-diagonal terms take into account the SOC, while the upper sign is for sign-up

and the lower sign is for spin-down components. Thus, the Hamiltonian used for calculating

the eigenstates of the system is of the following form

 hD · · · h(Rn)
...

. . .
...

h(Rn) · · · hD,


Where each element (block) represents interactions of one atom with other atoms in Mo

layer, i.e., off-diagonal terms represent the coupling of the nearest neighbor atoms, and

the diagonal terms represent the on-site energies and the SOC interaction. Although the

model is applied for MoS2, it is also applicable to all transition metal dichalcogenides (e.g.,

WS2,MoSe2,WSe2, etc.) monolayers. The only difference is in the values of the corre-

sponding parameters (lattice constant, on-site energies, and hopping energies). The total

tight-binding Hamiltonian includes HTNN and HSOC . Now we can add the eF (t).r term.

This term characterizes the interaction of TMDC QDs with ultrashort optical pulses. The

duration of the pulse is in a few femtoseconds time range. Assuming that the relaxation

in QDs are longer than the duration of the pulse, we describe the electron dynamics in

the field of the pulse within the coherent approach, which is described by a single particle
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time-dependent Schrödinger equation (TDSE):

iℏ
dΨi(t)

dt
= H(t)Ψi H(t) = H0 − eF(t).r, (2.5)

Where F(t) is the pulse’s electric field, e is an electron charge, r is the position vector, and

wavefunction Ψi(t) is a single particle electron wavefunction with initial condition Ψi(t =

−∞) = ϕi. Here ϕj and Ej = 1, .., 3NMo (for a given spin component) are eigenfunction and

corresponding energies of the tight-binding Hamiltonian, H0. For an optical pulse, we use

the following profile of the electric field

F (t) = F0cos(ωt)e
−( t

τ
)2 . (2.6)

Here τ is the pulse duration, ω = 2.3 rad
fs

is the frequency of the pulse, and F0 is field

amplitude, which is related to the power of the pulse P = c(F0)
2/4π, where c is the speed

of light. We express the solutions of equation (2.5) in the basis of eigenfunctions of the

field-free Hamiltonian, H0, as follows

Ψi(t) =
∑
i

βi,j(t)Φjexp(−
i

ℏ
Ejt). (2.7)

Then the expansion coefficients βi,j satisfy the following system of differential equations

(j = 1, · · · , 3NMo):

iℏ
dβi,j(t)

dt
=

∑
j′

F(t).Dj,j′βi,j′ (t)exp[
i

ℏ
(Ej′ − Ej)t] (2.8)

With initial condition βi,i = 1 and βi,j ̸=i = 0 . Here Dj,j′ are the dipole matrix elements:

Dj,j′ =< Φj|er|Φj′ > . (2.9)
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CHAPTER 3

Absorption in Transitional Metal Dichalcogenides

3.1 Introduction:

TMDC monolayers have controllable nonlinear optical properties (39), that can be changed

in two ways. First approach is introducing defects and impurities (40). Such impurities

can introduce in-gap states (also known as edge states) and modify the band gap of TMDC

monolayers. The nonlinear properties of two-dimensional materials can be also enhanced by

considering composites of such materials, for example, MoS2 graphene nanocomposites(41).

Such systems have strong absorption and nonlinear response. Combination of a few layers

of TMDC (MoS2) allows to combine saturable absorption and large nonlinear third-order

susceptibility of such systems(42). Formation of many-body complexes, such as excitons

and biexcitons, in TMDC monolayers and multilayer systems strongly affects their nonlinear

optical response (43). Another way to control the optical properties of TMDC monolayers is

to lower their dimensionality even more and consider quantum dots (QDs) based on TMDC

monolayers. The quantum dots (44; 45) represent an ultimate reduction in the dimension-

ality of nanoscopic devices. The electrons are confined in all spatial directions and occupy

spectrally-sharp energy levels like those found in atoms. The optical properties of QDs are

determined by their sizes and shapes. Quantum dots can also support the edge states. In

this dissertation we theoretically and computationally investigate interaction of different size

of MoS2 QDs with ultrashort pulse. In the rest of the chapter we will explore the absorption

properties and high harmonic generation in TMDC QDs.
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3.2 Method:

Population of the excited QD states after the pulse is determined by expansion coefficients

βi,j(t = ∞). Then the energy absorbed by the QD can be calculated from the following

expression

Wabs =
∑
s=↑↓

∑
iϵV B

3Ne∑
j=1

|βi,j(t = ∞)|2(Ej − Ei) (3.1)

Where the first sum is over two components spin, up (↑) and down (↓), and the sum

over i is the sum over all occupied initial states of the QD. The absorbance of the QD is

determined by the following expression

α =
Wabs

A0ϵ0c
∫ −∞
∞ |F(t)|2 dt

Where A0 is the area of QD and ϵ0 is the dielectric permittivity of the surrounding

medium. The absorbance, defined by α, is calculated as part of the energy of the pulse

directly incident on the QD, i.e., within the area A0 of the QD, that is absorbed by the QD.

Because the absorbance is defined as the part of the energy of the whole laser pulse with the

spot area A0 that is absorbed by the QD, all values for alpha calculated below should be

multiplied by A0

Apulse
.
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3.3 Results and Discussion:

Figure 3.1 Hexagonal MoS2 quantum dot. It consists of Mo (filled red dots) and S (open
dots) atoms. The quantum dot shown in the figure has the size of Ne = 19. The dashed
line illustrates the hexagonal shape of the quantum dot.
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We introduce TMDC quantum dot(QD) as nanopaches of TMDC monolayers of hexag-

onal shape. The QDs has honeycomb crystal structure, which consists of two sublattices,

A and B. The figure 3.1 shows the shape of QD for 19 Mo atom. The size of the QDs is

determined by the number of Mo atoms in it. In MoS2 QDs at each Mo-site there are two S

atoms so the number of S atom is twice as the number of Mo atoms. The electron states in

such QDs is described within three-band tight bonding model, where coupling happen only

between nearest-neighbor of Mo atoms. We considered different sizes of the QDs, 19, 61, and

91. All of them has the same hexagonal shape. The Hamiltonian of TMDC electron system,

in the absence of pulse, is the three band tight bonding Hamiltonain, H0. For each Mo atom

only the three orbital dxy , dz2 , and dx2−y2 are considered because these orbitals has the

most contribution in Fermi level of TMDCs. Such a models for TMDCs gives one valence

band and two conduction bands. The number of electrons in the QD is equal to twice the

number of Mo atoms, which we also define as size of the QD, NMo. Spin-orbit interaction is

also considered by three band tight binding model.



21

Figure 3.2 Energy spectra of MoS2 QD of sizes Ne = 19, 61, 91. The inset shows the size of
the band gap vs Ne. As QD size increase the band gap decreases.

The energy spectrum of TMDC QDs are shown in the figure 3.2 for different sizes NMo =

19−1801. As the size of QDs increases the band gap decreases from 2.3 eV for QD NMo = 19

to 1.95 eV for Ne =1801. This is consistent with other experimental and theoretical results

as size of the QDs increases its properties should get close to MoS2 monolayer properties,

the band gap for MoS2 monolayer is 1.8 eV.
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Figure 3.3 Energy spectra of MoS2 QD of sizes NMo = 19, 61, 91. The inset shows the size
of the band gap vs NMo. As QD size increase the band gap decreases.

Figure 3.3 shows the energy spectrum more clear for small QD sizes, NMo = 19, 61,

91. For all sizes we see the in-gap states which also called edge states. These edge states

close bulk band gap and act as absorption channel in undoped MoS2 and increase the overall

absorption. For MoS2 monolayer, the bandgap is around 1.8 eV. The inset shows the inverse

relation between band gap size versus size of QD at small sizes.
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Figure 3.4 shows the electric field of an optical pulse vs time(femtosecond) for one oscillation.

Figure 3.4 indicating the electric field profile of the pulse versus time for ω = 2.3rad/fs,

F0 = 0.5V/A. The energy of an optical pulse is determined by two factors: first one is the

frequency of the pulse, i.e. ℏω, and the second one is determined by the amplitude of the

pulse, F0, which introduces an energy scale of the order of a0F0. Here a0 ∼ 3.16Å is lattice

constant in MoS2 monolayers.
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At small amplitude absorbance is highly sensitive to frequency(or wavelength λ) of the

pulse. This property is illustrated in figure 3.5 where the absorbance forNMo = 19 and 61 QD

is shown as a function of F0 for three different values of λ. For the field amplitude less than

∼ 0.75V/Å absorbance has strong dependence on the wavelength, λ, where absorbance varies

from 2% (at λ = 820 nm) to 25% (at λ = 400 nm). At large field amplitude, F0 > 0.75V/A,

the absorbance almost does not depend on λ. This shows the property that at large F0 the

main energy scale of the pulse is determined by electric field of the pulse, which mixes almost

all states of the QD and results in that absorbance is independent of λ.

At small field amplitude, the absorbance mainly decreases with the field amplitude, i.e.

shows saturable behavior, see figure 3.5 for the wavelength 400 nm and 600 nm. These

wavelengths correspond to the frequencies of 3eV and 2.0eV , which are above or close to the

bandgap of MoS2 monolayer. When the wavelength becomes large, i.e. the corresponding

frequency of the pulse is less than the bulk bandgap, the absorbance increases with the field

amplitude, F0, the data for λ = 820 nm (energy is 1.5eV) shown in figure 3.6. When the

frequency of the pulse is less the bulk bandgap, the edge states provide the main contribution

to the absorbance of TMDC QDs at small pulse amplitudes. With increasing the field

amplitude, F0 the absorbance becomes less sensitive to the frequency of the pulse.
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Figure 3.5 Absorbance as a function of the pulse amplitude. The duration of the pulse is
τ = 2fs. The results are shown for three different wavelengths: λ = 400nm, 600nm, and
820nm. The size of MoS2 QD is NMo = 19.
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In figure 3.6 the absorbance is shown as a function of the wavelength of the pulse for

the amplitude of F0 = 0.5V/A. The absorbance varies from 2% to 5% with nonmonotonic

dependence on λ. The maximum absorbance is at small λ, i.e., large frequency, which is

correlated with the resonant conditions between the bulk states of the QD. We analyze in

more details the case of a large wavelength, λ = 820nm, i.e. small frequency of 1.5eV. For

such small frequency, the edge states plays a more important role.

Figure 3.6 Absorbance as function of wavelength of the optical pulse. The amplitude of the
pulse is F0 = 0.5V/Å and its duration is τ = 2fs. The sizes of MoS2 QD are NMo = 19.
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The absorbance as a function of the field amplitude for TMDC QDs of different sizes

and for different duration of pulse, τ is shown on figure 3.7. As size of QD, increases the

absorbance decreases. For example, for NMo = 19 the maximum absorbance is around

3%, while for NMo = 91, the maximum absorbance is around 2.2%. This is because with

increasing NMo, the relative number of the edge states compared to the bulk states decreases.

As τ increases the pulse becomes more localized in the frequency domain. Consequently

the excitation of the high energy levels of the QD become suppressed and, as a result, the

absorbance decreases with τ . This behavior is shown in the figure 3.7, as τ increase from 2

fs to 4 fs, the absorbance decreases by almost 1%. Such sensitivity to τ is more pronounced

at large field amplitudes. The absorbance as a function of field amplitude shows a non-

monotonic dependence with a maximum at the amplitude of F0 ∼ 0.5V/Å, see figure 3.7.

The position of the maximum has weak dependence on the size of the QD. The origin of the

maximum is because of finite number of the QD states and correspondingly to saturation of

population of the high energy levels of the QD. To explore this, in figure 3.7 we calculated

the residual population of the QD levels, the population of the QD levels after the pulse.

The results are shown for two sizes of NMo = 19, and 61.
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Figure 3.7 Absorbance as a function of the field amplitude, F0. The wavelength of the pulse
is 820 nm. The absorbance is shown for the three duration of the pulse: τ = 2fs, 3fs, and
4fs. The size of MoS2 QD is (a) NMo = 19, (b) NMo = 61, and (c) NMo = 91.
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At small field amplitude, F0 = 0.1V/Å, the edge states with the energies less than 2eV

are mainly populated, see figure 3.8 (a) and (d). Before the pulse only the valence bands

are populated and as field amplitude increases more states become populated and around

F0 ∼ 0.5V/Å, all conduction bands states QD, becomes equally populated. That is the

field amplitude at which the absorbance reaches its maximum. As we can see in figure 3.8,

with further increasing of F0, the population of high energy levels increases, but they are

still almost equally populated, see figure 3.8 (c), (g). So the absorbance decreases at large

amplitude of the optical pulse.
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Figure 3.8 Residual population, i.e., population after the pulse, of the QD levels. The
wavelength of the pulse is 820 nm and its duration is τ = 2fs. The pulse amplitude is (a)
and (d) F0 = 0.1V/Å; (b) and (f) F0 = 0.5V/Å; (c) and (g) F0 = 1.5V/Å. The size of the
QD is (a), (b), (c) NMo = 19; (d), (f), (g) NMo = 61.
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There is a correlation between the nonmonotonic dependence of the QD absorbance and

the pulse amplitude and the population of the high energy levels(conduction bands) of the

QDs and is determined by finite number of levels in QDs. Such dependency has been also

reported for graphene QDs (11) and is universal property of the finite size QDs. To explain

this universal property we calculate absorbance of QDs of different TMDCmaterials: MoTe2,

WTe2, MoSe2, WSe2, MoS2 , WS2. We took the parameters for calculation from (22).

Figure 3.9 shows the results. The absorbance at low field amplitude, less than F0 < 0.5V/Å,

is strongly depends on the type of materials of the QD. It is correlated to the bulk band

gap of the corresponding TMDC: the smaller the band gap the larger the absorbance. For

example, MoTe2 has the smallest band gap around 2.0 eV and the largest absorbance, while

WS2 has the largest band gap, ∼ 3 eV, and the smallest absorbance. The inset of figure 3.9

shows the corresponding bandgaps of different TMDC materials. The absorbance of the QDs

show universal behavior and at large fields reaches the value of ∼ 2%. This value depends

on the parameters of the pulse, such as its duration, but not on the type of material of the

QD. At large pulse amplitude almost all QD levels are equally populated, which is consistent

with results in figure 3.8.
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Figure 3.9 absorbance as function of the field amplitude, F0. The wavelength of the pulse
is 820 nm and the durations of the pulse is τ = 2fs. The size of the QD is NMo = 61.
The TMDC materials are labeled next to the corresponding lines. The inset shows the bulk
bandgaps of the corresponding materials.



33

3.4 Conclusion:

As the size ofMoS2 QDs increases their band gap decreases and get close to monolayer band-

gap size. All QDs shows in-gap edge states that opens a new channel and increase the overall

absorption. When field amplitude increases the absorption would decrease sharply at low

field amplitude and then converge to certain amount for different wavelength. Absorbance

versus wavelength shows a very sensitive and nonmonotonic behavior. At low wavelength

it shows a maximum which is correlated to resonance between bulk states of QD and then

it decreases as wavelength increases. At high wavelength, lower pulse energy, the edge

state plays major role. As size increases the from 19 to 91 the maximum absorbance would

decrease from %3 to %2.2 due to number of edge states relative to bulk states would decrease

as size increases. At lows field amplitudes only states lower than 2 eV is populated and at mid

amplitude, 0.5 V/A all states valence bands and conduction bands becomes equally populated

and with further increasing pulse amplitude the population in conduction bands increases

but its rate is less than in rate increase in pulse energy with increasing amplitude. This

explains the maximum absorbance at mid field amplitudes. We calculated the absorbance

for different type of TMDC materials and there was a correlation between size of the band-

gap and absorbance level. For MoTe2 that has the smallest band gap, around 2.0 eV,

has the largest absorbance, while WS2 has the largest band gap, ∼ 3eV , and the smallest

absorbance. The absorbance of the QDs shows a universal behavior and at large fields such

that it converges to certain value, %2, and this value does not depend on type of QD and

only depend on pulse characteristic such as duration. The result in figure 3.8 that shows all
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energy level approximately equally populated confirm this universal behavior.



35

CHAPTER 4

High Harmonic Generation:

4.1 Introduction:

High harmonic generation (HHG) is a non-linear process during which a target (gas, plasma,

solid or liquid sample) is illuminated by an intense laser pulse. Under such conditions, the

sample emits the high harmonics of the generation beam. Due to the coherent nature of the

process, high harmonics generation is a prerequire of femtosecond and attosecond physics.

The first high harmonic generation was observed in 1977 in the interaction of intense CO2

laser pulses with plasma generated from solid targets. HHG in gases, was first observed by

Mc Pherson and colleagues in 1987, and later by Ferrya et. al. in 1988. High harmonic

generation strongly depends on the driving laser field and as a result, the harmonics have

similar temporal and spatial coherence properties. High harmonics are generated with the

pulse durations shorter than that of the driving laser. This is due to the non-linearity of the

generation process, phase-matching conditions, and additional ionization. Often harmonics

are emitted co-linearly with the driving laser and can have a very tight angular confinement,

sometimes with less divergence than that of the fundamental field and near Gaussian bean

profiles.

To observe the high harmonics in solids, which are generated by a short optical pulse,

the intensity of the pulse should be relatively large, with the corresponding amplitude that

is comparable to internal electric fields in solids. Such strong and short pulses were intensely

used to control the transport and optical properties of solids. Such control is determined by
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ultrafast nonlinear electron dynamics in the filed of pulse. The nonlinear electron dynamics

and correspondingly the generation of high harmonics can be tuned by changing the band

gap of the material, the level of the internal disorder, and also by changing the dimensionality

of a solid going from 3D, to 2D, then to 1D, and finally to zero-dimensional systems. Below

we consider the nonlinear optical properties of TMDCs QDs with the hexagonal shape.

We characterize the nonlinear optical response of such QDs in terms of nonlinear radiation

spectra.

4.2 Method:

By solving the time dependent Schredinger equation, We calculated the charge distribution

during the pulse at each atomic position using the population coefficients for the QD levels.

As explained in previous chapters, each Mo atom contributes three d orbital, i.e., three

energy levels. Then the charge density at each atomic position is the sum of the electron

populations of the three energy levels of that atom. For calculating the dipole moment of

a QD, we take the center of the QD as [0,0] reference position and calculate the position of

each atom with respect to the center. Then the x and y components of the diple moments

are given by the following expressions

Px(t) = Q1|β1(t)|2R1x +Q2|β2(t)|2R2x +Q3|β3(t)|2R3x + ...

Py(t) = Q1|β1(t)|2R1y +Q2|β2(t)|2R2y +Q3|β3(t)|2R3y + ...(4.1)
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Where Px and Py are the x and y components of the dipole moment of the quantum dot,

Rix and Riy are the x and y coordinates of the position vector of the ith atom, and Qi is the

charge of the corresponding atom. With the known dipole moment as a function of time,

the radiation spectra of a TMDC QD is calculated as follows

I =
Zω4

12πv2
|Pω|2, (4.2)

where Pω is the frequency Fourier transform of the dipole moment.



38

4.3 Results and Discussion:

Figure 1. (b) shows the dipole moment of MoS2 QD when a linearly polarized pulse with the

polarization along the x-direction is applied. The generated dipole moment has a nonzero

value after the pulse, which is due to nonreversible electron dynamics during the pulse. Also,

since the x-axis is not the axis of symmetry of the system, both the x- and y-components of

the dipole moment are generated.

Figure 4.1 (a) electric field of the incident pulse as the function of time. The pulse is linearly
polarized in the x-direction. (b) The generated dipole moment of a TMDC QD. Here both
the x and y components of the dipole moment are generated. The electron dynamics in the
field of the pulse is nonreversible, which is visible as a non-zero residual dipole moment.
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Figrue 4.2 shows the radiation spectra for the pulse linearly polarized along the x-

direction. As the field amplitude increases both the intensity and number of generated

high-order harmonics increase. When the field amplitude increases the energy of the pulse

increases and consequently more QD energy levels would be involved in the process of gen-

eration of high-order harmonics.

Figure 4.2 Radiation spectra of a TMDC QD as a function of frequency. The pulse is linearly
polarized along the x-direction. The amplitude of the pulse is shown next to each line.
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Figure 4.3 shows the radiation spectra in semi-logarithmic scale for the incident pulse

with different amplitudes in the range of 0.3-1 V/A. The results are shown for different

durations of the pulse and different QD sizes. Here, in Fig. 4.3 (a), (b), and (c), the

duration of the pulse is τ = 2, 3, and 4 fs and the hexagonal TMDC QD consists of 19 Mo

atoms, i.e., NMo = 19. In Fig. 4.3(d), (e) and (f), the duration of the pulse is τ = 2, 3,

and 4 fs, respectively, and the number of Mo atoms in the QD is 61, NMo = 61. In Fig.

4.3(g), (h) and (I), the number of Mo atoms is 91, NMo = 91. The results clearly show that

with increasing the field amplitude the number of generated high harmonics increases. In all

cases, the high-order harmonics have well-pronounced peaks.



41

Figure 4.3 Radiation spectra of MoS2 QD in the field of a linearly polarized pulse. The
pulse is polarized along the x-direction. The duration of the pulse and size of a QD, i.e.,
the number of Mo atoms in QD are the following: (a)-(c) NMo = 19 and the duration of the
pulse is τ = 2 fs (a) 3 fs (b), and 4 fs (c); (d)-(f) NMo = 61 and the duration of the pulse
is for τ = 2 fs (d) 3 fs (e) and 4 fs (f); (g)-(I) NMo = 91 and the duratino of the pulse is
τ = 2 fs (g) 3 fs (h), and 4 fs (I). The amplitude of the pulse is marked in each panel. The
frequency of the pulse is 2.3 rad/fs.
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Figure 4.4 The intensities of high-order harmonics (the 6th, 8th, and 10th harmonics) as
a fucntion of the field amplitude. The pulse is linearly polarized in the x-direction. The
hexagonal MoS2 QD consists of 61 Mo atoms. The duration of the pulse is 2 fs and its
frequency is 2.3 rad/fs.

One of the charateristics of radiation spectra of a TMDC QD, is the intensity of high-

order harmonics. In Fig. 4.4, the intensity of the 6th, 8th, and 10th harmonics are shown as

a function of the field amplitude of the pulse. The intensities of the corresponding harmon-

ics monotonically increases with the field amplitude showing a saturated behavior at large

amplitudes.
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Another important characteristics of the generated spectra is the cutoff frequency, i.e.,

the largest harmonics that is generated. The cutoff frequency is shown in Fig. 4.5 as a

function of the field amplitude for differnt QD sizes and different durations of the pulse.

The number of generated high harmonics increases with increasing the field amplitude. The

dependence on the field amplitude is almost linear with the fastest dependence at the low

amplitudes. When the duration of pulse, τ , increases from 2 fs to 3 fs, the number of

generated high harmonics sharply increases, but when τ changes from 3 fs to 4 fs the cutoff

freqeucny remains almost the same for most of F0 values



44

Figure 4.5 Cutoff frequency as a function of the field amplitude. The QD size, i.e., the
number of Mo atoms, is NMo = 19 (a), 61 (b), and 91 (c). The duration of the pulse is
marked at each panel. The frequency of the pulse is 2.3 rad/fs.
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The generated radiation spectra also depend on the frequency of the pulse. Such depen-

dence is illustrated in Fig. 4.6, where the cutoff frequency versus field amplitude is shown for

different values of ω. The cutoff frequency monotonically increases with the field amplitude,

F0, for all values of the pulse frequency, ω. Also the cutoff frequency increases as ω increases.

This is because there are more oscillation with higher ω which leads to higher number of

high harmonics. The cutoff frequency monotonically increases with the frequency of the

pulse, but such a dependence is not linear, and in the units of the frequency of the pulse, the

number of high harmonics decreases with ω. Namely, for example, for the field amplitude

of 1 V/Å, the largest frequency that can be generated for ω = 1 rad/fs is around 25 rad/fs,

which correspond to the maximum harmonic order of arund 25, while for the frequency of

the pulse of 4.18 rad/fs, the frequency of the largest harmonics is around 40 rad/fs, which

corresponds to the maximum harmonic order of around 10.
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Figure 4.6 Cuttoff frequency versus the field amplitude for different values of the frequency
of the pulse, ω. The QD size is 19, i.e., the QD consists of 19 Mo atoms. The pulse duration
is 2 fs.
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Important characteristics of the radiation spectra is how the cutoff frequecy depends on

the QD size. Such a dependence is shown in Fig. 4.7, where the cutoff frequecy is shown

for three QD sizes. We see that the QD with the size of 61, i.e., consisting of 61 Mo atoms,

has the highest cuttof frequency, which suggests that the most efficient generation of high-

order harmonics is realized at the intermediate QD sizes around 61. This is because as

the QD size increases the number of levels increases so the number of high harmonics or

cutoff frequency should also increase with the size, but with increasing the number of energy

levels the energy difference between the levels decreases and energy spectrum shows more

continuous behaviour suppressing the nonlinear effects, which compensate or has stronger

effect than the effect of the larger number of levels.
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Figure 4.7 Cutoff frequency versus a QD size. The amplitude of the pulse is F0 = 0.5V/A ,
its freqeuncy is ω = 2.3 rad/fs, and its duration is τ = 2 fs.
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The dependence of the radiation spectrum on the QD size is also illustrated in Fig. 4.8,

where the intensity of the 5th harmonic is shown for different QD sizes. The intensity of the

corresponding harmonic is the largest for the QD consisting of 61 Mo atoms, which is visible

for all field amplitudes. Realization of the intensity maximum at intermediate QD size can

be explained by the same reasoning as presented above. Namely, that with increasing the QD

size the number of single-particle levels increases, which effectively increases the intensity

of the generated harmonics, while the interlevel energy difference decreases, which makes

energy specturm more continuous and suppresses the generation of high harmonics. The

second factor would compensate the effect of the first one.
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Figure 4.8 Intensity of the 5th harmonic versus the pulse field amplitude for different QD
sizes. Here ω = 2.3 rad/fs and τ = 3fs. The QD sizes, which are characterized in terms of
the number of Mo atoms, are m
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4.4 Conclusion:

When an optical pulse linearly polarized in the x-direction is applied to TMDC QDs, the

nonlinear dipole moment, both in the x- and y-directions, is generated. Such nonlinear time-

dependent dipole moment generates the radiation, the spectrum of which is characterized by

the emission of high-order harmonics. The number of the generated high-order harmonics

increases with increasing the field amplitude. The maximum number of high harmonics, that

are generated, is realized at an intermediate QD size, corresponding to around 61 Mo atoms.

These results suggest that as QD size increases, although the number of energy levels that

are involved in the generation of radiation spectrum increases, the difference between the

energy levels also decreases meaning that the QD spectrum becomes more continuous which

suppresses the nonlinear effects. The maximum nonlinear response is realized at the QD size

of 61 atoms when the later factor overcomes the effect of the first one.
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CHAPTER 5

Summary:

We considered nonlinear response of TMDC quantum dots to an external ultrashort and

strong optical pulse. The QDs were desrcibed within the three band tight-binding model

assuming the coupling between dz2 , dxy, dx2−y2 orbitals of Mo atoms only. MoS2 QDs have in-

gap edge states that are localized near the edges of the corresponding QDs. With increasing

the QD size the band gap decreases asimptotically to 1.8 eV, which is the band gap of MoS2

monolayers. Such behavior is consistent with experimental and other theoretical works and

confirms the applicability of our model.

One of the effects of the edge states is an increase in the pulse absorption by TMDC QDs.

At a low pulse amplitude, absorption is high and decreases sharply as amplitude increases

and forms a plateau at a higher field amplitude. We calculated the absorption for QDs

of different TMDC materials and observed that the absorption at low field amplitudes is

inversely proportional to the band gap of the corresponding TMDC material.

When an optical pulse with polarization in the X-direction is applied we see a nonre-

versible dynamics, which is characterized by finite residual electron population of the ex-

cited QD states and a non-zero residual dipole moment, i.e., dipole moment after the pulse.

The nonlinear electron dynamics in the field of the pulse also results in the generation of

high harmonics, which were calculated for the pulse polarized along the x-direction. As field

amplitude increases the number of generated high harmonics and their intensities increase.

The cutoff frequency, i.e., the largest order harmonic that can be generated, also increases
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as the field amplitude increases, which was observed for different pulse durations and QD

sizes. Since for the TMDC monolayers the inversion symmetry is broken, the second-order

harmonics can be generated, which is known as frequency doubling. The second harmonic

generation can be used for the doubling of the laser frequencies.

The radiation spectra of TMDC QDs can be controlled by tuning the properties of in-

gap edge states by introducing, for example, impurities and defects into TMDCs monolayer,

which can be a future research direction. Also, the response of TMDC QDs should be

sensitive to the polarization of an incident pulse. Thus, the intensity of high-order harmonics

can be controlled by changing not only the pulse amplitude but also the pulse ellipticity. The

corresponding high harmonics can also have ellipticity, which is different from the ellipticity

of the incident pulse. The control of both ellipticity and the intensity of the generated high-

order harmonics by changing the parameters, i.e., polarization and amplitude, of an incident

pulse can be the direction of future research. It is also worth exploring the effect of the

inter-layer coupling on both the absorption and the high harmonics generation by studying

multi-layer TMDCs or arrays of quantum dots.
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