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ABSTRACT

A deep understanding of the role of motions in the functional mechanisms of
biomolecules can potentially speed up molecular dynamics (MD) simulations of the interaction
of the same drug target with numerous drug candidates by reusing the simulation of the drug
target. This deep understanding can also enable using dynamics as an additional tool to steer a
drug toward its intended target and avoid side effects. To gain this understanding, we have
modeled the internal motions, the structural hierarchy, and the dynamical hierarchy of
biomolecules by analyzing MD simulations. We find that the diffusion coefficients of the
internal motions of some biomolecules vary over time and have spectra with significant peaks.
We mine and correlate the occurrence of frequent substructures in the major conformations of a
protein and avoid the combinatorial explosion of configurations in the analysis. We model the
contributions of residues to the coupled Markovian dynamics of multiple domains of a protein.
The model discovers residue states that act as indicators of the domain states, and one domain
acts as a switch that controls the dynamics of the other domains. Collectively, our results enable
a hierarchical decomposition of the motion of biomolecules, extract insights of their functional
mechanisms from MD simulations, and provide a foundation for designing architectures of

artificial neural networks that extract dynamical and hierarchical insights from MD simulations.
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Figure 2.1.1 Scatter plot of joint distributions of properties X and Y at various time. (A) X and Y
have a wide sense stationary and nonlinear relationships. (B) X and Y have nonstationary
and linear relationships. Two properties are jointly nonstationary if their relationship, as
reflected by their joint probability distribution, changes over time............cccccceeviveieenee. 36

Figure 2.2.1 (A) For each time t and delay , the correlation structure Rx(t, t) is the covariance
between instantaneous probability distributions X[t] and X[t + t]. Rx(t, t) evaluated over
time t and delay t is represented by the box at top. (B) The filled shapes each represents
the probability distribution X[t] of property x at time t. These probability distributions are
the instantaneous probability distributions. At time t, the average and variance of X[t] are
respectively the instantaneous average and instantaneous variance of property x at time t.
Unnormalized autocorrelation Cx(t) for delay t = 2 is average of Rx(t, 2) over time t.
Each box is linked to X[t] and X][t + 1] represented by filled shapes. (C) Plot of Rx(t, 1)
over t and 1. (D) Correlation structure of any wide sense stationary property is constant
over time t for each 1. The square array of boxes at left represents such a correlation
structure. The colors are constant over time t for each delay t. The single column of
boxes at right represents the unnormalized autocorrelation, which is the average over
time t of the square array at left. ..o 41

Figure 2.2.2 (A) Correlation structure Rx(t, t) of a second order cyclostationary component Xx.
The column at left is the autocorrelation. (B) Rainbow colored lines represent
covariances between X][t] and X[t + 2]. (C) Correlation structure Rv(t, t) of a component

y with oscillatory instantaneous variance. While Rv(t, 0) must be oscillatory over time t,



the rest of the correlation structure can have any values and is represented by a white
question Mark. (D). RY(f, 0)....couiiiiiiiiiieiese e 42
Figure 2.2.3 The yellow curve, red curve, and black dots represent the instantaneous variance,
instantaneous average, and measurements of the property in (A), (B), and (C),
respectively. The measurements of the properties described in (A), (B), and (C) are n[t],
which has a normal distribution of zero average and one variance for each time t and is
statistically independent from n[t2] at any other time to, X[t] = n[t]sin(2xx2t), and y[t] =
n[t]sin(2nx3t), respectively. The cyan curve in (D) represents the Pearson correlations
between X[t] and n[t] measured for varying lengths of time. The magenta curve in (D)
represents the Pearson correlations between x[t] and y[t] measured for varying lengths of
time. Power spectrum of x[t] (E), CSES of x[t] (F), cross-CSES between x[t] and n[t]
(G), and cross-CSES between x[t] and y[t] (H) are also plotted. ...........cccocevveiviviernnne. 47
For a more concrete description of power spectrum CSES and cross-CSES, consider a wide
sense stationary property n (Figure 2.2.3A). For any time t, the instantaneous distribution
N[t] of n is a normal distribution with an average of zero and a variance of one. For any
two different times t; and to, instantaneous distributions N[t1] and N[t.] are uncorrelated
according to Pearson correlation. Consider also two purely second order cyclostationary
properties x and y with measurements x[t] = n[t]sin(2zx2t) (Figure 2.2.3B) and y[t] =
n[t]sin(2x=3t) (Figure 2.2.4C). The Pearson correlations between x[t] and n[t] (cyan
curve in Figure 2.2.3D) and between x[t] and y[t] (magenta curve in Figure 2.2.3D) both
approach zero if x, y, and n are measured for a long enough time. Pearson correlation
suggests x[t], y[t], and n[t] are not correlated, even though they are related and share the

same random factor n[t]. This is because Pearson correlation as a single number cannot



reflect the oscillatory relationship between x[t] and n[t], which have same sign only when
sin(2mx2t) is positive. Pearson correlation instead reflects the time average of the same
and opposite sign cases and approaches zero when x and n are measured for a long time.
Similarly, Pearson correlation is not suitable for reflecting the oscillatory correlation
between x and y and the oscillatory correlations between second order cyclostationary
components of different fFreqUENCIES. ........c.coveie e 47
While the power spectrum can detect harmonic oscillation, the purely second order
cyclostationary x[t] is invisible on the power spectrum (Figure 2.2.3E). Contrary to the
power spectrum in Figure 2.2.5E, the CSES correctly showed the oscillation of
instantaneous variance of x[t] as a single peak at 2 Hz with amplitude 1%/2 (Figure 2.2.3F)
as expected. The cross-CSES is defined to show oscillatory correlation between two
properties. This oscillatory correlation can be caused by correlation between two second
order cyclostationary components of same or different frequencies, or correlation
between a second order cyclostationary component and a stationary component.
Correlation between a second order cyclostationary component with frequency f and a
wide sense stationary component would generate a peak with frequency f/2 on the cross-
CSES. For example, the cross-CSES between x[t] and n[t] has a peak at 1 Hz (Figure
2.2.3G) because x[t] has pure oscillatory instantaneous variance and n[t] is wide sense
stationary. The oscillatory correlation between two second-order cyclostationary
components of the same frequency would generate a peak at the frequency on the cross-
CSES. For example, the cross-CSES between x[t] and x[t] is identical to the CSES of x][t]
(Figure 2.2.3F) and has a single peak at 2 Hz, which is the frequency of the oscillatory

instantaneous variance of x[t]. Oscillatory correlation between two second order



cyclostationary components of different frequencies would generate peaks at the halved
sum and difference frequencies on the cross-CSES. For example, the cross-CSES
between x[t] and y[t] has peaks at (3 — 2)/2 and (3 + 2)/2 Hz (Figure 2.2.3H) and the
frequencies of the oscillatory instantaneous variances of x[t] and y[t] are 2 and 3 Hz,
(= 01T o (A YOS 48
Figure 2.2.6 Mutual information between x'[t] = x[t]/ox and y'[t] = y[t]/cy, where X[t] =
n[t]sin(2nf1t) and y[t] = n[t]sin(2nf2t), n[t] is a white noise with 0 average and 1 standard
deviation, oy and ox are respectively the standard deviation of x[t] and y[t], and the unit
of t is seconds. The grid used for calculating the mutual information is a 1000 x 1000
grid with a cell size 0f 0.008 X 0.008..........ccceeieiiieiiere e 49
Mutual information cannot correctly account for nonstationary relationship as shown in Figure
2.2.7. Regardless of the frequencies f1 and f2, X' can always be predicted from y without
any error. This is because x'[t] is proportional to y'[t]sin(2xfit)/sin(2zf2t) except when
sin(2xf2t) is exactly 0. The number of data points with sin(2zf2t) = 0 is negligible. This
means that the x' and y' should always be perfectly correlated regardless of the
frequencies f; and f2. However, the mutual information is different for different f1; and fs.
The mutual information between x' and y' for f1 # f2 is much lower than that for f; = f.
This shows that mutual information suggests the strength of relationship is much lower
when f1 and f, are not equal, which is not true. The strength of the relationship between x'
and y' should be the same regardless of f1 and f.. This shows that mutual information
cannot correctly account for nonstationary relationships. ............ccccoiviiiiiiiciicce e, 49
Figure 2.3.1 Stick model of alanine tripeptide with names of the main-chain signed dihedral
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Figure 2.3.2 Signed dihedral angle and signed dihedral angular acceleration on Newman
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Figure 2.3.3 Ramachandran plot of alanine tripeptide in three 100 ns simulations under the NVE
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Figure 2.3.4 Smoothed power spectra of the signed dihedral angular accelerations (SDAA) of
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Figure 2.3.5 Smoothed corrected squared envelope spectrum (CSES) of the signed dihedral
angular acceleration (SDAA) of the seven signed dihedral angles defined in Figure 2.3.1.
The CSES of SDAA without smoothing can be found in Figure 2.5.7. The SDAA are
calculated from the three 100 ns simulations of alanine tripeptide in water under the NVE
BNSEIMDIE. ..ot 54
Figure 2.3.6 Fraction of oscillatory instantaneous variance in the signed dihedral angular
acceleration (SDAA\) of the seven signed dihedral angles defined in Figure 2.3.1. The
letter in each subplot denotes the identity of the signed dihedral angles that the subplot
describes. The SDAA are calculated from the three 100 ns simulations of alanine
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The cross-CSES between dihedral angle C and each of dihedral angle B, C, D, E, and F had
peaks in the highlighted range of frequencies (Figure 2.3.8). This means second order
cyclostationary motions of the same range of frequencies caused the oscillatory
correlations between SDAA of these dihedral angles. This shows that the second order
cyclostationary motion could transmit between these dihedral angles. This implies second
order cyclostationary motions can transmit through a molecule and could have
implications for the dynamics of DIOMOIECUIES. ..........cccoevviiiiicii e 58

Figure 2.5.1 Two students A and B who stochastically visit a library on everyday associated with
property S. If student A visits the library on a day t, then Sa(t) = 1; otherwise Sa(t) = -1.
For student B, Sg(t) is similarly defined. (A) Joint probability distribution of Sa(t) and
Sg(t) on each Monday. Size of dot represents probability density. (B) Joint probability
distribution of Sa(t) and Sg(t) on each Wednesday. (C) Joint probability distribution of
Sa(t) and Sg(t) on each day that is neither a Monday nor a Wednesday. (D) Covariance
between Sa(t) and Sg(t) 0N €ACH AY......ccovveiiiiiiiice e 59

Figure 2.5.2 Suppose properties X and Y have two probable relationships A and B. If the
relationship alternate between A and B over time, the relationship is nonstationary.
Suppose we randomly rearrange the data such that all possible rearrangements are equally
probable. Then at all points of time, relationships A or B are equally likely. This means in
the rearranged data the relationship between X and Y doesn't change over time and is
stationary. Consider a correlation measure that does not change upon reordering the data
over time. This measure would have the same value for the original and the rearranged
data. This means the measure cannot distinguish the nonstationary and stationary cases.

This means the measure cannot correctly account for nonstationary relationships. For
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example, this correlation measure may not find any relationship in the original or the
reordered data. Yet, relationships that periodically appear and disappear, such as
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time. The black boxes represent an ensemble of conformations that varies over time. For
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acceleration (SDAA) as defined in Figure 2.3.1 and Figure 2.3.2. The cyan, magenta, and
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yellow dots respectively represent the similarities between the spectrum of the first and
second simulations, between the spectrum of the first and third simulations, and between
the spectrum of the second and third simulations. (A), (B), (C) and (D) are respectively
the pairwise similarity between the power spectrum, smoothed power spectrum, corrected
squared envelope spectrum (CSES), and smoothed CSES of the SDAA of the same
dihedral angle in the three simulation. A similarity greater than 0.99, 0.999, and 0.9999
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simulations have good SIMIAIILY. .........cccooieiiei e 63
Figure 2.5.7 Corrected squared envelope spectrum (CSES) of the signed dihedral angular
accelerations (SDAA) of each of the seven dihedral angles defined in Figure 2.3.1. The
SDAA are calculated from the three 100 ns simulations of alanine tripeptide in water
under the NVE enSemBbIE. ..o 63
Figure 2.5.8 Smoothed power spectrum and smoothed corrected squared envelope spectrum
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three simulations of alanine tripeptide in water under NVE ensemble. ............cccccoveenns 64
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Figure 2.5.9 Fraction of oscillatory instantaneous variance in the signed dihedral angular
acceleration (SDAA) of the seven signed dihedral angles defined in Figure Figure 2.3.1.
The letter in each subplot denotes the identity of the signed dihedral angles that the
subplot describes. The SDAA are calculated from one 100 ns simulation of alanine
tripeptide in vacuum under the NVE ensemble. The fractions of oscillatory instantaneous
variance for the vacuum simulation are about 0-20% different from the corresponding
fractions of oscillatory instantaneous variance for the simulations of alanine tripeptide in
WALET 1N FIGUIE 2.5.9. ..ttt s esae e e 64

Figure 3.2.1 Steps of frequent substructure clustering. (A) Trajectory from a molecular dynamics
simulation. Blue spheres represent Cg atoms. (B) Discretized pairwise distance (DPD)
trajectory between Cp atoms. Red, blue, and green lines represent discretized distances.
Cyan circles represent atoms. (C) Combinatorial search for substructures. Each
substructure represents a local configuration in terms of discretized distances. (D)
Hierarchical clustering. Magenta and purple lines represent two clusters of substructures.
(E) Visualization of a cluster of SUDSIIUCTIUIES. .........cceeieiveiiicee e 74

Figure 3.2.2 Discretization of pairwise distances. (A) Pairwise distances between atoms in each
frame of a molecular dynamics (MD) simulation. (B) Histogram with 2000 bins for
distances between each pair of atoms. Two histograms are shown. (C) Lump the bins of
each histogram in B to 5 final bins with equal counts. (D) The histogram in C represents a
table to convert pairwise distance to discretized pairwise distance (DPD). (E) The plot of
discretized distance between a pair of atoms over time. (F) A trajectory of DPD over
time. Circles represent atoms. The coloring of lines represents values of the discretized

QISTANCE. .o 75
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Figure 3.2.3 Example of discretized pairwise distance graph, substructure, edge, atom pair,
containment, and occurrence. (A) Circles represent atoms. Arrows indicate relationships
of containment. Colors of lines represent values of discretized distances between the
atoms. (B) Example of occurrence of a SUDSLIUCTUIE. .........cccvviieiieiiecie e 76

Figure 3.2.4 Combinatorial search for frequent substructures. (A) Both the plot and the colored
squares represent a discretized distance between each pair of atoms over time. The
colored squares represent a vector of values. (B) Occurrence vectors for three of the five
edges between a pair of atoms. (C) Calculate occurrence vector of a substructure from
occurrence vectors of edges. (D) Search tree of substructures starting at the edge (3, 2).
Each arrow connects a node to its children. Only substructures consisting of blue edges
are shown. The dashed lines represent the lowest edge in a substructure. (E) Pruning the
search tree to remove all substructures with a support threshold that is less than four. (F)
Frequent substructures and their OCCUITENCE VECLONS. .......cccccvevveeiieiie e 77

Figure 3.2.5 Clustering of substructures. (A) Occurrence vectors of each frequent substructure is
a vector in an n-dimensional space. (B) k-means clustering of the points in A. Colors
represent the clusters. The grayscale array is the vector representation of a centroid. (C)
Hierarchical clustering of the centroids in B. Each branching point of the dendrogram
represents merging two clusters to form a new cluster. The cut produces two clusters
represented by purple and cyan lines. (D) Converting a cluster of centroids in C to a final
cluster of substructures. (E) Two final clusters of substructures. ...........cccoovveviviieernenn 78

Figure 3.2.6 Dynamic cluster attributes. (A) Size of a substructure. (B) Dynamic size of a cluster
of substructures. (C) Venn diagrams illustrating dynamic containment of an edge by a

cluster at a simulation frame. (D) Venn diagrams illustrating dynamic containment of an
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atom pair by a cluster at a simulation frame. (E) Weighted average importance of an edge
LCO T ol [T (- USROS US PPV PPN 80
Figure 3.2.7 Calculation of spline density for each cluster L of substructures. (A) Conformation
in the current simulation frame. (B) Aligning the green conformation to the brown
representative structure of the cluster. (C) A spline fitting of the Cg atom of the aligned
conformation. (D) The spline was converted to voxels. Subsequently, a weighted average
of the voxel frames was calculated. For calculating the reference spline density, all
weights were set to 1. For calculating the weighted spline density, the weights were
DynSize(L, t)*, which is the fourth power of the dynamic size of the cluster at simulation
L LA PSSRSO RPN 81
Figure 3.3.1 Naming of various parts of GB3. Turn 3 is between B3 and B4........c..ccccccevvveivennens 83
Figure 3.3.2 Dendrogram from hierarchical clustering of the k-means centroid with Pearson
distance and Ward’s linkage. The k-means centroids are from k-means clustering of the
occurrence vector of each frequent substructure formed by Cg atoms from a molecular
dynamics simulation of the GB3 protein. The heat map is the Pearson correlation between
the k-means centroids. The numeric labels represent six clusters from the hierarchical
(o U (=T T o TSSOSO 84
Figure 3.3.3 Spline densities, cylinders, and representative structures of the clusters of
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cylinder indicates the ratio between the weighted average importance of the five edges
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subfigures corresponds to the modes. The coloring of each residue reflects the atomic
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1 INTRODUCTION

1.1 Overview

Computational simulation has dramatically enhanced the understanding and exploitation
of chemistry in biological systems. A drug is a chemical that treats disease by modifying the
chemistry in life. Making a drug that alters the function of a target in a biological system is a
laborious and time-consuming process that involves synthesizing many drug candidates and
testing their toxicities and abilities to treat the disease. Simulating these tests in computers has
significantly increased the efficiency, enhances the reliability, and reduces the cost of the drug
development process.?

One of the problems with drugs is that they can have side effects. A drug has side effects
when it interferes with the chemistry of unintended parts of the biological system.? For example,
enzymes catalyze various reactions in a biological system. We often organize these enzymes into
families. Many enzymes in the same family catalyze similar reactions and have similar shapes.
While the enzymes in a family catalyze similar reactions, the biological role of these reactions
can be dramatically different.

Consequently, a deeper understanding of the steps that enzymes and drugs take to achieve
their function can reduce the side effects of drugs. These steps are the functional mechanism of
the enzyme or the mechanism of action of the drugs. Since the functional mechanism consists of
multiple steps, the mechanism is inherently dynamic instead of static. Indeed, biological
molecules are not static structures and achieve their biological function through the motions of
the parts of the molecules. Molecular dynamics (MD) simulation is a technique that simulates the
motions of molecules with computers, which can produce a trajectory of shapes that a molecule

can take over time. This technique has contributed to drug development by enabling calculation
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of the energy required for a drug candidate to bind to the drug target, refining the binding pose of
the drug to the drug target, estimating the speed that a drug binds to the drug target, and
simulating the steps in the delivery of a drug to its intended location in the human body.®

In the description of the functional mechanism, we often divide a biological molecule
into building blocks of various sizes, including domains, secondary structures, sites, and
residues. However, we don’t have a corresponding understanding of the motions of biological
molecules. For example, we cannot effectively model how the change of the motions of one part
of a molecule would impact the motions of the whole. Specifically, we cannot predict how a
modification of a drug would impact the motion of the drug target without simulating the
motions of each pair of drug and drug target separately. Although all these simulations contain
the same drug target, we cannot factor out the common dynamics of the drug target and only
simulate the interactions between the drug target and a tremendous number of drugs. This
factoring can significantly increase the quality and speed of discovering drugs with computers. A
deeper understanding of the role of motions in the functional mechanism would also provide an
additional means to avoid side effects by steering a drug toward its intended target.

To enable such a deeper understanding of the role of motions in the functional
mechanism of biological molecules, | have worked on several projects. The first project explores
the nature of the diffusive motions of peptides in water. The second project extracts the
hierarchical relationships between local shapes in a protein. The third project models the

relationship between the residues of a protein and the coupled dynamics of the protein domains.

1.2 Functional mechanism of Biomolecules
A biomolecule is a molecule with a biological function. The major categories of

biomolecules include proteins, lipids, carbohydrates, and nucleic acids.* The functional
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mechanism of a system of biomolecules is the mechanism of a reaction in the system that
achieves the biological function of the system.®> Many biomolecules are macromolecules,
molecules containing many atoms. Consequently, the description of the functional mechanisms
of biomolecules often involves multiple layers of abstractions. For example, we can divide a
protein into various domains. Each domain can contain multiple sites that are important in some
steps of the functional mechanism, and each site consists of multiple amino acid residues.®
Discovering the functional mechanisms of biomolecules is of central importance in the study of
biomolecules. For example, a detailed understanding of the mechanism enables monitoring and

modifying the function of biological systems.®
1.3 Molecular dynamics simulation

1.3.1 Overview

Molecular dynamics (MD) simulation is a method to use computers to simulate the
trajectory of motions of a system of molecules.” Researchers have routinely used MD
simulations to decipher the mechanism of biomolecules because of the unique advantages of MD
simulations.” Firstly, biomolecules’ mechanisms often contain multiple steps and are therefore
inherently dynamic instead of static.

While MD simulation can simulate a trajectory of motions of every atom over time, many
experimental techniques only provide a static description of a system of molecules. For example,
crystallography, cryo-electronic microscopy, and neutron diffraction only provide static 3D
structures. Secondly, MD simulation has significantly higher spatial and temporal resolutions
than experimental techniques. The functional mechanism often involves transformations at
various levels, including subunits, domains, sites, and residues. Without prior knowledge of the

mechanism, all atoms of the macromolecules are potentially important. Therefore, high spatial
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and temporal resolutions are valuable in figuring out the mechanisms of biomolecules. However,
such resolutions are not easily achievable by experimental techniques. For example, nuclear
magnetic resonance (NMR) can observe the average distance between labeled atoms of a protein.
Labeling all atoms of a protein is expensive® and NMR can observe several major conformations
only if the transition between the several major conformations is relatively slow.'° That means
some of the faster steps in the mechanism are not directly observable by NMR. Therefore, MD
simulation’s ability to provide a highly detailed description of the motions of all atoms is

valuable in understanding the mechanism of biomolecules.

1.3.2 Limitations of MD Simulation

Of course, each technique has its own limitation, and MD simulation is no exception.
Firstly, MD simulation's accuracy is defined by the accuracy of the forcefield, which has steadily
improved over time. While the accuracy of the protein forcefields has enabled many excellent
predictions through MD simulation, the forcefield still doesn't exactly match reality.!! Secondly,
the amount of time simulated in typical MD simulation is still far shorter than the timescale of
biological processes. This is called the sampling problem. While milliseconds MD simulations
have been performed*?, this is still a far cry from the timescale of some biological phenomena,
which can happen over seconds or minutes. Enhanced sampling techniques partially solve the
sampling problem. These techniques can focus the sampling effort on the desirable dynamics or
increase the timescales simulated by MD simulation. One of the consequents of the sampling
problem is that the computational power required for MD simulation of the folding of a typical
protein is infeasible. Therefore, performing an MD simulation of a system requires an initial

structure from crystallography, NMR, cryo-EM, homology modeling, or other means.



25

1.3.3 Steps for Performing an MD simulation

The steps for performing an MD simulation typically consist of the following. Firstly, we
prepare the starting structure of the system by obtaining an initial structure of the biomolecule
and inserting solvent molecules and ions, such as water molecules, sodium ions, or potassium
ions. Subsequently, we choose a forcefield and minimize the energy of the system. Next, we
perform the actual MD simulation by selecting the thermostat and barostat and integrating the
force, as defined by the forcefield, thermostat, and barostat, to obtain a trajectory of motion of

the system. The integration follows the Newtonian equation of motion discretized over time.

1.3.4 Initial structure

For now, the simulation is not powerful enough to simulate the complete folding of a
typical protein unless the protein is tiny. Therefore, MD simulations rely on x-ray
crystallography, NMR, cryo-EM, or homology modeling to obtain an initial conformation of the

protein.

1.3.5 Forcefield
Common forcefields for proteins include Amber, Charm, GROMOS. These forcefields
generally split the potential energy into terms based on different kinds of interactions between
the atoms. For example, the potential energy in the Amber forcefield has the following terms:
V(X) = Vponas + Vangies + Veorsions + Voaw + Veoutomn
where the energy between covalent bonds is a sum of harmonic potential in terms of the

deviation of the bond length from the equilibrium bond length:

Vbonas = Z k; (ri - riO)z

i€bonds
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The energy in the bond angles is sum harmonic potential in terms of the deviation

of the bond angle from the equilibrium bond angle:

Vangles = Z Ci(ei - gi())z

i€angles
The energy in the torsion angle is a sum of Fourier series, which are each a sum of

cosines that models the peaks and valleys in the torsion:

Viorsions = E Wi (wi)
iEtorsions

1
wi(w;) = Z EAi,n[l + cos(nw; +y;)]
n

The van der Waals interaction term is a sum of terms with 6 and 12 powers. The
indexing is over pairs of atoms.
N-1 N A B
_ ij ij
Vaaw = ), D, 74+ 11t
i=1j=i+1 Y Y
The columbic interactions give the following energy:

N-1 N
v _ 2 : z : qiq;
coulomb —
4‘7T€0Tij

i=1 j=it+1

The function that defines the potential energy of every possible conformation of a
class of molecules is a forcefield for the class of molecules. Since all we must do is to
simulate these relatively simple differential equations (instead of doing a full quantum
mechanical calculation and solving the computationally costly slater determinants), the
method is computationally far cheaper than quantum mechanical methods. The columbic

potential is generally evaluated with the particle mesh Ewald method.*3
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1.3.6 Evaluating Non-bonded Interactions with Particle Mesh Ewald Method

The total coulombic potential energy in a set of atoms is precisely the sum of the
potential energy in the coulombic interaction between each of all pairs of atoms. Since each atom
can form a pair with each of the remaining atoms, calculating the total coulombic potential
energy is computationally time-consuming. While the number of pairs of atoms close to each
other is relatively small, the number of pairs of atoms far apart is much larger. One
approximation that avoids the costly summation is to sum only over the pairs of atoms close to
each other, which is relatively small. Specifically, if the distance between two atoms is larger
than the cutoff, we exclude the pair from the sum.

However, this approximation through summation with a cutoff is inaccurate for the
coulombic potential energy. The magnitude of the non-bound interactions decreases slowly as
the distance between the atoms increases. Therefore, the non-bonded interaction between atoms
relatively far apart is still strong. Consequently, the approximation that excludes sum over pairs
of atoms far apart is inaccurate.

According to the following equation, the particle mesh Ewald summation approximates
the total non-bonded potential energy as a sum of two potential energies.

Veotus ZZ P~ )+ ZZ Z - 9(ry)]

l=1]lll] 11]l+1

B
(Equation 1.1)
where [ is a non-zero lattice vector, i and j indices the atoms, 7;; is a vector from the
position of the i atom to the j* atom, 7;; is the distance between the i" and j™ atoms, G;; is a
constant contains the charges of the i" and j" atoms and the other constants in the coulomb law,

and ¢(ri j) is the convergence function that specifies the two summations are over which pairs of

atoms.
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These two potential energies are A. the non-bonded potential energy in the pairs of atoms
that are not far apart and B. the non-bonded potential energy in the remaining pairs of atoms. The
potential energy A is exactly the summation over all pairs of atoms close to each other. Particle
mesh Ewald summation approximates potential energy B by Fourier transforming each term and
summing the transformed terms over the frequency domain. The convergence function ¢>(rij) S
chosen such that A is tractable, B only requires summing over a low number of frequencies, and
the overall approximation is accurate enough.'® The periodicity of the interactions between one
atom and all images of another atom in all periodic cells make the evaluation of this set of
interactions a convolution. This convolution is efficiently computed by the convolution theorem

and fast Fourier transform.*

1.3.7 Minimization

After adding solvent and ions to the system, we would minimize the energy of the
system. This minimization step is often performed by the steepest descent. In the (n + 1)
iteration, the steepest descent algorithm updates the position of the atoms by the following
equation:

-

b
max(|F,|)

N

Th41 =T + hy

(Equation 1.2)
where 7, is the coordinate of all atoms at the n" iteration, F, is the force on the atoms as

defined by the forcefield in (Equation 1.6), max(|17"n|) is the maximal component of F"n, h,, is the

maximal displacement.
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1.3.8 Initial velocity
After preparing and minimizing the system, we would set the initial velocities of the
atoms using the maxwell-Boltzman distribution at the beginning of the MD simulation. The

probability density of the maxwell-Boltzmann distribution is as follows:

(v) = m; m;v?
PYVO = 1ok, P\ ™ 20,1

(Equation 1.3)
where v; is the i component of the velocities of all atoms, m; is the mass of the atom, kg

is the Boltzmann constant, and T is the target temperature of the simulation. This distribution of

velocities ensures that we are simulating a system at the target temperature.

1.3.9 Newtonian Equation of Motion

The simplicity of the physical model in MD simulation is one reason for the
computational efficiency of the simulation. The simulation is based entirely on Newtonian
physics. Every atom has an acceleration, velocity, and position. The relationship between these
three followings the usual Newtonian physics, as described by the Newtonian equation of motion
for objects with constant mass:

d%(t)

a '@
dv(t) .
at a(t)

(Equation 1.4)
If the temperature of the simulated system is at absolute zero (OK), the force acting on

each atom depends only on the current position of the atoms. Given the initial positions and
velocities of all atoms and a function that defines the potential energy for all possible

conformation, the differential equations describe the future motions of all atoms.
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1.3.10 From forcefield to force
F(%(t)) = ma(t)

(Equation 1.5)
The definition of potential energy defines the relationship between the potential energy

function (V (x)), which is the forcefield, and the force:
—VV (%) = F(%)

(Equation 1.6)
In other words, the negative of the gradient with respect to the coordinates of the atoms is

the force acting on the atom. Specifically, the negative of the partial derivative of the total
potential energy with respect to displacement of each atom along each axis is the force acting

along the axis on the atom.

1.3.11 Integration over timesteps

Since computers don't have infinite precision, we can't integrate the equations to infinite
time resolution. Therefore, it is necessary to discretize time to limit the time resolution. In the
integration of differential equations, which include typical MD simulations, we split the time into
multiple discrete points, called timesteps. There are various schemes to convert the equations
over continuous-time to discrete-time. We strive to maintain energy, numerical stability, and
time reversibility. Here are the methods to integrate the equation of motion. The numerical
stability is advantageous because this would allow us to use bigger timesteps, which means we
can use the same amount of real time to simulate a longer simulation time. Otherwise, it would
blow up. Conservation of energy is crucial because it would avoid the accumulation of numerical
errors, and the algorithm would have a minimal number of evaluations of the force. Due to the
complexity of the forcefield, calculating the force is the most time-consuming step in the

integration. One of the schemes with these desirable properties is the velocity Verlet algorithm.
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The velocity Verlet algorithm updates the position and velocities of the atoms according to the
following equation®®:

. . . 1.
x(t + At) = x(t) + v(t)At + Ea(t)Atz

a(t) +a(t + At
(t) 2( )At

v(t + At) = v(t) +

(Equation 1.7)
where t is the current time, At is the timestep of the simulation, x is the positions of all

atoms, v is the velocities of all atoms, and a is the acceleration of all atoms.

1.3.12 Adding a thermostat to the Newtonian Dynamics

We assume the simulated part of reality can exchange heat but cannot exchange atoms
with the rest of the world. The rest of the world acts as a heat bath that provides heat to the part
of reality that we simulate. We have various schemes to simulate this exchange of heat, called
thermostats. For example, the Langevin thermostat adds a random force to all atoms. Before we
add a thermostat to the simulation, the MD simulation is a numerical integration of the following
differential equation.

ma = —VV(x)

After adding a Langevin thermostat, we have the following stochastic differential

equation that describes all possible paths that the system can go through.
ma = -VV(x) —ymv + \/WR(t)

Here, the R(t) at any given point of time t has a Gaussian distribution. R(t;) and R(t,) are
uncorrelated if t; # t,. The dampening term and the strength of the gaussian process ensure the

equations reproduce Boltzmann distribution when the system is at equilibrium.
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1.3.13 Barostat
The goal of the barostat is to maintain the pressure of the simulation and ensure the
simulation correctly reproduces thermodynamic ensembles.
In the isotropic version of the Berendsen barostat,*® the pressure of the simulation
approaches the target pressure by 1% order kinetics:
d_P _ Preg — P

dt Tp

where P,.. is the target pressure, P is the pressure within the simulation, and z,, is the
pressure coupling time constant. For every np timesteps, the algorithm scales the positions of
all atoms by:

TLPC t

u=1 ﬁ(Pref P)

where £ is an estimation of the isothermal compressibility of the system. Notice that the
Berendsen barostat does not yield the exact NPT ensemble.’

The Parinello-Rahman barostat allows the simulation box to scale and deform.8 This
barostat theoretically would give the correct NPT ensemble. The box vectors have the following
equation of motion:

d’B .
2z = VWTIBTH(P = Prof)

where B is a 3 x 3 matrix with the box vectors as the columns, V is the volume of the box, W is a
matrix parameter that determines the strength of the coupling, P is the current stress tensor that
represents pressure at the boundary of the box, and P,... represents the stress tensor for the
external pressure over the box.

The equations of motion for each atom are:
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where 7; is the coordinate for the i atom and ﬁi is the force acting on the i atom.

1.4 Markov State Model

Since MD simulations produce trajectories with numerous frames, methods for analyzing
the trajectories are necessary for extracting biological insights from the simulation. Markov state
model is a method for analyzing MD simulations.

Markov state model (MSM) assumes the system follows the Markovian assumption and
the system is always in one of the N possible states. The Markovian assumption is valid if the
system's distribution of possible future states depends only on the system's current state. In other
words, the history of past states of the system doesn't influence the future state of the system.

The model describes the dynamics of the system through state and transition. At any
point in time, the system has a probability of being in each of the possible states. Given the
system's current state, the model describes the conditional probability to transit to each possible
future state. The conditional probability of transition from each possible current state to each
possible future state is constant over time. The time in the model can be either discrete or
continuous. Since the MSM used for analyzing MD simulation are often discrete over time, 1 will
describe the MSM for discrete-time here.

The N x N transition matrix T consists of all transition probabilities, the conditional
probabilities of transitions between the states.

T;j =p(S[n+ 1] =j|S[n] = 1)
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where Tj; is the element at the i row and j column of matrix T and S[n] is the state at
the n™" timestep of the MSM. Similarly, the probabilities for the system to be in each of the states
are often organized into a vector 1 x N state probability vector x[t] with the following
elements®®:

x[t]; = p(S[t] =0
The following equation describes the evolution of the states of the MSM over time. °
x[t + At] = x[t]T

where At is the lag time of the MSM.

The Markov state model has a stationary probability, representing the system's
probabilities of being in each state once the system reaches equilibrium. Once the system reaches
equilibrium, the system will stay at equilibrium, and the state probability vector does not change.
That means the stationary probabilities remain the same when the transition matrix transforms
them. Therefore, the stationary probabilities are the elements of the left eigenvector 1 of the
transition matrix with an eigenvalue of one. Hence, we have the following.°

AT =14-1

Besides the Markovian assumption of MSM, MSM for analyzing equilibrium MD
simulation often has two additional assumptions. The model assumes that the system is ergodic,
meaning any state can transit through any number of intermediate states to reach other states.
The model also assumes detailed balance, which means the transition between the states is

reversible, as specified by the following equation.®

niTij = n;Tji
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2 OSCILLATORY DIFFUSION AND SECOND ORDER CYCLOSTATIONARITY IN
ALANINE TRIPEPTIDE FROM MOLECULAR DYNAMICS SIMULATION
This chapter is adapted with permission from J. Chem. Theory Comput. 2016, 12, 1, 372-382.

Copyright 2015 American Chemical Society. https://pubs.acs.org/doi/10.1021/acs.jctc.5b00876

2.1 Introduction

Molecular dynamics (MD) simulation distinctly offers a description of motions of
biomolecules at atomic resolution. This description could potentially explain allosteric
mechanism in subcellular processes that is not offered by crystallography, functional assays,
nuclear magnetic resonance, or other methods at comparable resolution. However, this advantage
is realized only if the mechanism is extracted as humanly understandable insight, assuming the
force field is accurate enough. Without statistical methods, it is almost impossible to analyze MD
simulations efficiently, completely, or objectively because MD simulations generate a large
volume of data. Moreover, we should seek to extract as much insight as possible from the
simulations, since MD simulations also take a considerable amount of time to carry out. These
considerations show importance of robust statistical methods in the analysis of MD simulations.

There are several methods that can be used to extract mechanisms from MD simulations.
Some methods extract the overall mechanism without analyzing detailed causes of the
mechanism. For example, a Markov state model of MD simulations attempts to extract transition
probabilities between conformations.?° This overall description alone would not trace the flow of
information through different parts of the biomolecule. Understanding how information flows
through different parts of a biomolecule can potentially help to design drugs that can modify this
flow. Extracting this flow of information would require a multiscale description from atomic

interactions to the overall mechanism.
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For bottom-up methods, the first step is usually to construct correlation maps, which
reflect correlations between all pairs of atoms or residues. The measure of correlation is often
dynamic cross correlation?! or a common estimation of mutual information?? of certain
properties. Principal component analysis and network analysis of the correlation map can
subsequently detect atoms or residues that dynamically function as a group and the interactions
between these groups.?® Alternatively, quasi-normal-mode analysis can be used on the mass-
weighted correlation map to estimate the frequency of motions and configurational entropy.?42°
Measures of information transfer can also be used.?? For example, transfer entropy estimates the
strength and direction of information transfer as conditional mutual information,?> 253! and a

description of the mechanism can similarly be built bottom-up.

Figure 2.1.1 Scatter plot of joint distributions of properties X and Y at various time. (A)
X and Y have a wide sense stationary and nonlinear relationships. (B) X and Y have
nonstationary and linear relationships. Two properties are jointly nonstationary if their
relationship, as reflected by their joint probability distribution, changes over time.

The foundations of these bottom-up methods are the measures of correlation. An ideal
measure of correlation should characterize the total strength of all forms of relationships between
properties. This strength of the relationship between two properties is reflected by the ability to
predict one property from the other property. Correctly accounting for nonlinear and

nonstationary relationships are two recognizable challenges in designing an ideal measure

(Figure 2.1.1).% Compared to this ideal measure, the measures of correlation commonly used for
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analysis of MD simulations can be inadequate because they assume wide sense stationarity.
When the relationship between two properties changes over time, mutual information, Pearson
correlation, and dynamic cross correlation can only reflect the time-averaged relationship.

Here is an example that illustrates the effect of nonstationarity on Pearson correlation,
commonly used in linear regression (Figure 2.5.1). Consider two students A and B who
stochastically visit a library everyday associated with property S. If student A visits the library on
a day t, then Sa(t) = 2; otherwise Sa(t) = -2. For student B, Sg(t) is similarly defined. On
Mondays, students A and B either both visit the library or both do not visit the library. This
means that the covariance between Sa(t) and Sg(t) on Mondays is always 4. On Wednesdays,
either A or B visits the library but not both. This means that the covariance between Sa(t) and
Sg(t) on every Wednesday is always -4. For any day that is neither a Monday nor a Wednesday,
Sa(t) and Sg(t) are uncorrelated and have a covariance of 0. If we apply covariance to the two
trajectories Sa(t) and Sg(t) over a long time, the overall covariance is zero. While the overall
covariance is zero, Sa(t) and Sg(t) are clearly related, especially on Mondays and Wednesdays.
Covariance failed to detect the relationship between Sa(t) and Sg(t) because they are not jointly
wide sense stationary. This means the relationship between Sa(t) and Sg(t) change over time t. In
this case, the relationship between Sa(t) and Sg(t) oscillates with a period of one week.
Correlations that oscillate over time will be called an oscillatory correlation. This example also
shows that Pearson correlation cannot detect oscillatory correlation. This is because Pearson
correlation is the normalized covariance.

Dynamic cross-correlation similarly cannot correctly characterize relationships that
change or oscillate over time. This is because dynamic cross-correlation on one dimension is

Pearson correlation. Pearson correlation is widely known for its inability to correctly account for
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nonlinear relationships. Mutual information can account for nonlinear relationships in
correlation. However, mutual information also cannot correctly account for nonstationary
relationships.®® Mutual information is a form of Kullback-Leiber divergence,? 3 which cannot
correctly account for nonstationarity.3%

In general, if a measure of correlation does not change upon reordering the trajectory, it
cannot correctly characterize nonstationary relationships (Figure 2.5.2). This means that a
correlation analysis over the distribution of all conformations in a trajectory cannot account for
nonstationary relationships. This is because rearranging the order of the frames of the trajectory
would not change the result of the analysis. Mutual information, dynamic cross-correlation, and
distance correlation coefficient®® do not change over reordering of frames in a trajectory. They
all cannot correctly account for nonstationary relationships.

Given that current correlation analysis for MD simulations cannot correctly account for
nonstationary relationships, can such relationships exist in internal motion of a molecule at
thermal equilibrium with the solvent? NMR experiments show that the side chain and main chain
motions of protein at thermal equilibrium with water occur on different time scales.®” These
motions on different time scales are correlated. The faster local atomic fluctuations can facilitate
the slower collective motions. Motions with faster time scales have a higher percentage of high
frequency motions. For example, in a more viscous liquid, the correlation time is longer, and
the motions of molecules have a higher percentage of low frequency components. This means
that protein motions of different frequencies are correlated because protein motions of different
time scales are correlated. Two-dimensional infrared spectroscopy also shows that motions of
different frequencies are correlated in a peptide.*® Mathematically, correlation between

components of distinct frequencies is a nonstationary correlation.*’ This is because stationary
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relationships do not change over time, have no periodicity, and do not favor specific frequencies.
This means that stationary relationships cannot contribute to correlation between motions of
different frequencies. A mathematical proof can be found in the Supplementary Information. The
above observations have the following implication. First, oscillatory correlation represents a
correlation between motions of specific and different time scales. This correlation includes
correlation between main chain motions and side chain rotations and correlation between slower
collective motion and faster local motions. Secondly, oscillatory correlation can occur at thermal
equilibrium because correlation between motions on different timescales exists at thermal
equilibrium. Third, current correlation analysis of MD simulations cannot correctly account for
correlation between motions on different timescales because these analyses cannot correctly
account for nonstationary correlations.

To characterize nonstationary relationships in molecular motion, we can assume the
motions of atoms are jointly cyclostationary instead of jointly stationary. Joint second-order
cyclostationarity*! means the relationship between two properties, as reflected by the
instantaneous covariance, oscillates over time (Figure 2.5.3). This instantaneous covariance is
defined over an ensemble of conformations that varies over time (Figure 2.5.3). This time-
varying ensemble is reasonable because existence of normal mode and vibrational spectrum
show the ensemble of conformations change over time. An oscillating hook spring is an example
of a system with a time-varying ensemble. This is because the collection of possible
conformations of an oscillating hook spring changes over time. We can characterize this
oscillatory relationship by estimating the spectrum of the instantaneous covariance. Peaks in this
spectrum reflect the oscillation of the instantaneous covariance. We can also define an oscillatory

instantaneous variance of a property as the oscillatory instantaneous covariance between a



40

property and the same property. This oscillatory instantaneous variance has the following
connection with models of diffusion.

A diffusion model can be used in analyzing internal motions of a molecule. For example,
Smoluchowski equation and Ornstein-Ulenbeck processes can be used to model the rotation of a
peptide bond.*? Both of these equations describe diffusion that has a wide sense stationary
position, velocity, force, and acceleration.*® Diffusion coefficient,* mean squared displacement
over time,* autocorrelation,'? > and memory function*® can be used to estimate parameters for
this model. Yet, all these characterizations cannot reveal or characterize nonstationarity in
motion. This is because these characterizations all use time averaging or ensemble averaging.
Time averaging discards time-varying properties like oscillation of instantaneous diffusion
coefficient. Ensemble averaging removes oscillation if each group of chemically identical
molecules in the ensemble does not favor a particular phase of the oscillation of the parameters.
Modelling molecular motion by Smoluchowski equation, Ornstein-Ulenbeck processes, or other
models of stationary diffusion cannot account for nonstationarity. A time-varying diffusion
coefficient can be used to extend these models for modeling nonstationary motions. An
acceleration with oscillatory instantaneous variance means an instantaneous diffusion coefficient
that oscillates over time. This means, on average, that the speed of the diffusion oscillates
between fast and slow. This form of diffusion will be called an oscillatory diffusion. This chapter
will focus on characterizing the oscillatory instantaneous variance, which is a form of second-

order cyclostationarity, in the motion of alanine tripeptide.

2.2 Theoretical Considerations
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Figure 2.2.1 (A) For each time t and delay z, the correlation structure Rx(t, 7) is the
covariance between instantaneous probability distributions X[t] and X[t + z]. Rx(t, z) evaluated
over time t and delay t is represented by the box at top. (B) The filled shapes each represents the
probability distribution X[t] of property x at time t. These probability distributions are the
instantaneous probability distributions. At time t, the average and variance of X[t] are
respectively the instantaneous average and instantaneous variance of property x at time t.
Unnormalized autocorrelation Cx(z) for delay z = 2 is average of Rx(t, 2) over time t. Each box is
linked to X[t] and X[t + 7] represented by filled shapes. (C) Plot of Rx(t, ) over t and z. (D)
Correlation structure of any wide sense stationary property is constant over time t for each z. The
square array of boxes at left represents such a correlation structure. The colors are constant over
time t for each delay z. The single column of boxes at right represents the unnormalized
autocorrelation, which is the average over time t of the square array at left.

A property x is wide sense stationary if it satisfies two requirements. Firstly, its

instantaneous average fi,[t] must be constant over time t (Figure 2.2.1).%% Secondly, its
correlation structure must be constant over time t for each delay t (Figure 2.2.1).%® This implies
the instantaneous average and correlation structure both have no dependence on time t. This
means that Harmonic oscillation is not wide sense stationary, according to this definition of wide
sense stationarity. The position of a harmonic oscillator changes over time. This means the
instantaneous average is not constant over time. Notice also that the degree of damping of a
motion is not directly related to wide sense stationarity. A heavily damped motion can be wide
sense stationary or nonstationary. A discussion of damping, wide sense stationarity, and possible

forms of nonstationarity in molecule motion can be found in the Supplementary Information.
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Figure 2.2.2 (A) Correlation structure Rx(t, z) of a second order cyclostationary
component X. The column at left is the autocorrelation. (B) Rainbow colored lines represent
covariances between X[t] and X[t + 2]. (C) Correlation structure Ry(t, 7) of a component y with
oscillatory instantaneous variance. While Ry(t, 0) must be oscillatory over time t, the rest of the
correlation structure can have any values and is represented by a white question mark. (D). Ry(t,
0).

A component x of a property is second order cyclostationary if its correlation structure
for each delay 7 is either periodic or constant over time t (Figure 2.2.2A and Figure 2.2.2B).4749
This is exemplified by Figure 2.2.2A. Each row of the correlation structure in Figure 2.2.2A
corresponds to one time delay z. Each row is either constant or periodic over time t. A row that is
constant over time t has a single color. A row that is oscillatory over time t is represented with
alternating colors. The component x is purely second order cyclostationary if it satisfies two
additional requirements.® Firstly, it should have a constantly zero instantaneous average over
time. Secondly, it should contain no wide sense stationary component. A subset of purely second
order cyclostationary components is components with pure oscillatory instantaneous variance. A
component y with oscillatory instantaneous variance with frequency f must have a correlation
structure Rv(t, z) that oscillates over time t with frequency f for delay = = 0 (Figure 2.2.2C). This

is because the part of the correlation structure with zero delays 7 is the instantaneous variance

(Figure 2.2.2D). For non-zero delays 7z > 0, this correlation structure Ry(t, T) can have any values
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(Figure 2.2.2C). The component y has pure oscillatory instantaneous variance if it contains no
wide sense stationary component and no harmonic component.

Instead of investigating all forms of second order cyclostationarity, we investigate pure
oscillatory instantaneous variance in internal motions of a biomolecule and do not consider
correlations with non-zero delays. A test for pure oscillatory instantaneous variance in
acceleration of internal motions would serve two purposes. Firstly, this would reflect the extent
of a component of motion that is not accounted for by current correlation analysis of MD
simulations. Secondly, this test would show whether oscillatory diffusion can exist in internal
motion of biomolecules. Such a test has not been applied to biomolecular MD simulations, to the
best of our knowledge. For each property x measured for a total time T, the test we employ
consists of subtracting the overall average ux from the measurements x[t] and then calculating
two spectra. The first spectrum is the power spectrum S, [w] (Equation 2.1),%* which is used to
detect harmonic components. Peaks on this spectrum represent a harmonic oscillation with
amplitude A and frequency f as a peak with magnitude A%/2 and frequency f. All purely second
order cyclostationary components are invisible on this power spectrum. The second spectrum is a
squared envelope spectrum (SES)*" %2 with the peak at zero frequency removed. Squared
envelope spectrum is a power spectrum of the squared deviation of the property from its overall
average. The removed peak at zero frequency represents the overall variance c% of the data,
which reflects contributions from all components. For ease of comparison with the first
spectrum, the frequency is halved. The magnitude is also doubled and the square root taken to
form a corrected squared envelope spectrum (CSES) (Equation 2.2). The CSES represents each
harmonic component of a property with amplitude A and frequency f as a peak with magnitude

A?/2 and frequency f. Each component with oscillation in the instantaneous variance of the
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property with amplitude A%/2 and frequency 2f would also generate a peak with magnitude A%/2
and frequency f. The remaining components of the property contain no harmonic component and
no component with oscillatory instantaneous variance. These remaining components would
contribute to a constant baseline across all frequencies on this spectrum. The total magnitude at a
frequency is the sum of magnitudes of these three contributions. A comparison of these two
spectra would show the contribution of components with pure oscillatory instantaneous variance

at each frequency.
2
Sxlw] =2 |%FTx[t] (w)| for ®>0, where

FTy (@) = Lo (x[t] — ) 727!, and

T
1
o =7 ) x[t]
t=0

(Equation 2.1)

CSES[a)] =./2- SES[Z(U] for (1)>O, where
1 2

SES[(‘)] =2 |FFTx2(w)| ,

FTx2 ((1)) = ZZ;O[(x[t] — ‘ux)z — O—)?]e—Znicot’

e = 300 x[e], and oF = 23T oCele] — )2

(Equation 2.2)

A test for correlation involving second order cyclostationary motions would show if this
form of motion could transmit through a molecule. In general, correlation structures involving
second order cyclostationary components are oscillatory over time t and may be also oscillatory
over delay, 7.** We employed a test for the oscillation over time t of the part of the cross

correlation structure with the zero delay z. This oscillation would be called an oscillatory
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correlation. Consider two properties x and y measured over total time T. The measurements for
properties x and y are x[t] and y][t], respectively. The instantaneous distributions of x and y at
time t are X[t] and Y[t], respectively. The cross correlation structure is the covariances between
instantaneous distributions of X[t] and Y[z + z] for all pairs of time t and time ¢ + 7. To test for the
oscillatory correlation, we can first estimate an instantaneous product. For each point of time t,
this estimation is the product of the measurements x[t] and y[t], each subtracted by its average
over all time t. The power spectrum of this estimation would reflect the oscillatory correlation
between the two properties when the harmonic components in the two properties are negligible.
This spectrum would be called a cross-SES. We can define a cross-CSES (Equation 2.3) with
corrections identical to the corrections used in CSES. When the harmonic components are all
negligible, peaks on the cross-CSES reflect correlations involving purely second order
cyclostationary components. This is because of the following. When the harmonic components
are negligible, the instantaneous average of each property is constant over time and is equal to
the average of the property over all time. In this case, the instantaneous product estimates the
instantaneous covariance between the instantaneous distributions X[t] and Y[t] of the two
properties at each time, t. Correlations between wide sense stationary components have no
dependence on time t and cannot generate a peak on the cross-CSES. Correlations between the
harmonic components are negligible. The remaining forms of correlations that can generate a
peak on the cross-CSES are correlations involving purely second order cyclostationary
components. Correlation between two pure oscillatory instantaneous variances of the same
frequency f would generate a peak at frequency f on the cross-CSES. Correlation between a pure
oscillatory instantaneous variance of one frequency and the wide sense stationary component, or

a pure oscillatory instantaneous variance of another frequency, would generate peaks at other
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frequencies. Notice that while all peaks on the cross-CSES represent a correlation involving a
purely second order cyclostationary component, the cross-CSES however do not reveal all forms
of correlations involving second order cyclostationary components. This is because oscillation of
the cross correlation structure over time t for a non-zero separation time z is not taken into
accounted. Consider a property h that is purely second order cyclostationary but has no
oscillatory instantaneous variance. The cross-CSES between property h and itself is the CSES of
property h. The CSES of property h has no peak despite property h should relate to itself. This is

because the instantaneous variance of property h has no oscillation over time t.

Cross-CSES[w] = /2 - Cross-SES[2w]
for ®>0 where
1 2
Cross-SES[w] = 2 |;FTxy(a))| :
FTxy(w) = ZtT=0(x[t] — Hy) (y[t] - .uy)e_znimta
1 1
b =2 2Lox [t], and py, = =30y [t]

(Equation 2.3)
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Figure 2.2.3 The yellow curve, red curve, and black dots represent the instantaneous
variance, instantaneous average, and measurements of the property in (A), (B), and (C),

respectively. The measurements of the properties described in (A), (B), and (C) are n[t], which

has a normal distribution of zero average and one variance for each time t and is statistically
independent from n[t2] at any other time tz, x[t] = n[t]sin(2n%2t), and y[t] = n[t]sin(2xx3t),
respectively. The cyan curve in (D) represents the Pearson correlations between x[t] and n[t]
measured for varying lengths of time. The magenta curve in (D) represents the Pearson
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correlations between x[t] and y[t] measured for varying lengths of time. Power spectrum of x[t]

(E), CSES of x[t] (F), cross-CSES between x[t] and n[t] (G), and cross-CSES between x[t] and

y[t] (H) are also plotted.

For a more concrete description of power spectrum CSES and cross-CSES, consider a

wide sense stationary property n (Figure 2.2.3A). For any time t, the instantaneous distribution

N[t] of n is a normal distribution with an average of zero and a variance of one. For any two

different times t; and t2, instantaneous distributions N[t:] and N[t2] are uncorrelated according to

Pearson correlation. Consider also two purely second order cyclostationary properties x and y
with measurements x[t] = n[t]sin(2zxx2t) (Figure 2.2.3B) and y[t] = n[t]sin(2*3t) (Figure
2.2.4C). The Pearson correlations between x[t] and n[t] (cyan curve in Figure 2.2.3D) and

between x[t] and y[t] (magenta curve in Figure 2.2.3D) both approach zero if x, y, and n are
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measured for a long enough time. Pearson correlation suggests x[t], y[t], and n[t] are not
correlated, even though they are related and share the same random factor n[t]. This is because
Pearson correlation as a single number cannot reflect the oscillatory relationship between x[t]
and n[t], which have same sign only when sin(2tx2t) is positive. Pearson correlation instead
reflects the time average of the same and opposite sign cases and approaches zero when x and n
are measured for a long time. Similarly, Pearson correlation is not suitable for reflecting the
oscillatory correlation between x and y and the oscillatory correlations between second order
cyclostationary components of different frequencies.

While the power spectrum can detect harmonic oscillation, the purely second order
cyclostationary x[t] is invisible on the power spectrum (Figure 2.2.3E). Contrary to the power
spectrum in Figure 2.2.5E, the CSES correctly showed the oscillation of instantaneous variance
of x[t] as a single peak at 2 Hz with amplitude 1%/2 (Figure 2.2.3F) as expected. The cross-CSES
is defined to show oscillatory correlation between two properties. This oscillatory correlation can
be caused by correlation between two second order cyclostationary components of same or
different frequencies, or correlation between a second order cyclostationary component and a
stationary component. Correlation between a second order cyclostationary component with
frequency f and a wide sense stationary component would generate a peak with frequency /2 on
the cross-CSES. For example, the cross-CSES between x[t] and n[t] has a peak at 1 Hz (Figure
2.2.3G) because x[t] has pure oscillatory instantaneous variance and n[t] is wide sense stationary.
The oscillatory correlation between two second-order cyclostationary components of the same
frequency would generate a peak at the frequency on the cross-CSES. For example, the cross-
CSES between x[t] and x[t] is identical to the CSES of x[t] (Figure 2.2.3F) and has a single peak

at 2 Hz, which is the frequency of the oscillatory instantaneous variance of x[t]. Oscillatory
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correlation between two second order cyclostationary components of different frequencies would
generate peaks at the halved sum and difference frequencies on the cross-CSES. For example,
the cross-CSES between x[t] and y[t] has peaks at (3 — 2)/2 and (3 + 2)/2 Hz (Figure 2.2.3H) and
the frequencies of the oscillatory instantaneous variances of x[t] and y[t] are 2 and 3 Hz,

respectively.
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Figure 2.2.6 Mutual information between x'[t] = x[t]/ox and y'[t] = y[t]/cy, Where X[t] =
n[t]sin(2nf1t) and y[t] = n[t]sin(2nf2t), n[t] is a white noise with 0 average and 1 standard
deviation, oy and ox are respectively the standard deviation of x[t] and y[t], and the unit of t is
seconds. The grid used for calculating the mutual information is a 1000 x 1000 grid with a cell
size of 0.008 x 0.008.

Mutual information cannot correctly account for nonstationary relationship as shown in
Figure 2.2.7. Regardless of the frequencies f; and f2, X' can always be predicted from y without
any error. This is because x'[t] is proportional to y'[t]sin(2zxfit)/sin(2zf2t) except when sin(2zfat) is
exactly 0. The number of data points with sin(2zf.t) = 0 is negligible. This means that the x' and
y' should always be perfectly correlated regardless of the frequencies f, and f.. However, the

mutual information is different for different f; and f.. The mutual information between x" and y'

for f1 # f2 is much lower than that for f; = f,. This shows that mutual information suggests the
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strength of relationship is much lower when f1 and f, are not equal, which is not true. The
strength of the relationship between x' and y' should be the same regardless of f, and f.. This
shows that mutual information cannot correctly account for nonstationary relationships.

The spectrum of a stochastic process is also stochastic. A power spectrum of a single
sample of a white noise process does not have uniform magnitude across frequencies. The
expected power spectrum is the average of the power spectrum of an infinite number of
trajectories of the white noise process. This expected power spectrum can be estimated by
smoothing the power spectrum of a single sample of the stochastic process (Figure 2.5.4A). The
distortions caused by this estimation are small when the peaks in the expected spectrum are
significantly wider than the length of the smoothing window. This smoothed spectrum is called a
smoothed periodogram.>® The spectrum of a property of a molecular dynamics simulation
depends on the sampling frequency of the property. Cutting down the rate of saving the
trajectory by half is cutting down the sampling frequency of the property by half. If the actual
frequency of oscillation of a property is greater than half of the sampling frequency, aliasing will
occur. The half of the sampling frequency is the Nyquist frequency. Aliasing means the peaks
beyond the Nyquist frequency will be folded and become a peak with frequency lower than the
Nyquist frequency (Figure 2.5.4B). An example of aliasing is illustrated in Figure 2.5.4C and
Figure 2.5.4D. Power spectrum, CSES, and cross-CSES are all affected by aliasing. Aliasing
affect these spectra in the same way as illustrated in Figure 2.5.4C and Figure 2.5.4D. This is

because Fourier transform is affected by aliasing.>*
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2.3 Results and Discussion

Dihedral Angle Name Definition

from bond a through bto ¢
from bond b through ¢ to d
from bond ¢ through d to e
from bond d through e to f
from bond e through fto g
from bond f through g to h
from bond g through h to |

MmO O®>

Figure 2.3.1 Stick model of alanine tripeptide with names of the main-chain signed
dihedral angles.

Signed Dihedral Angle Signed Dihedral
from bond a through b to c Angular Acceleration
F"GSIIWE Negatwe

Dnubl& Ao denotes
direction of acceleraton

Figure 2.3.2 Signed dihedral angle and signed dihedral angular acceleration on Newman
projection.

To test for components of oscillatory instantaneous variance and correlation involving
second-order cyclostationary components in a biological model system, signed dihedral angular
acceleration (SDAA) of main chain signed dihedral angles of alanine tripeptide (Figure 2.3.1)

were used. The second time derivative of the signed dihedral angle 6 of Blondel and Karplus®

(Figure 2.3.2 and (Equation 2.4)) is the SDAA (Figure 2.3.2 and (Equation 2.5)), where

F,F F, Fy, F, m;, m j» my, and m; are net forces on and masses of atom i, j, k, and | as defined in

-

Figure 2.3.1 and the vectors d, b, ¢ are as defined in Figure 2.3.1. In the derivation of SDAA, all

first time derivatives were set to zero because the potential energy, force, moment of inertia, and
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acceleration have no dependence on velocity. The use of SDAA avoided the inaccuracy of on-
step velocity of leapfrog integrator®® and divisions by zero in the definition of the unsigned
dihedral angle at 0° and 180°.%° Leapfrog integrator was used because it provides better
conservation of energy and causes lower resonance artifacts, compared to the velocity Verlet

integrator.*
0 = atan2(y, x), where i = a X b, =bxé

6]

<

<!

y=uUXv-b,and x =

(Equation 2.4)

6" = % where

-5")|b| + (& - B)b" - b/|b|,

=

I
~
<
<
+
l

a'xb+axb", v =b"xc+bxc",

<
Il

" = F;/m; — F;/m;, b" = F fmy — F;/m;,
and &' = F,/m; — F./my,

(Equation 2.5)
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Figure 2.3.3 Ramachandran plot of alanine tripeptide in three 100 ns simulations under
the NVE ensemble. The color represents the estimated probability density. The subscript of the
Greek letters represents the identity of the dihedral angles as defined in Figure 2.3.1.
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Figure 2.3.4 Smoothed power spectra of the signed dihedral angular accelerations
(SDAA) of each of the seven dihedral angles defined in Figure 2.3.1. The power spectrum of
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SDAA without smoothing can be found in Figure 2.5.5. The SDAA are calculated from the three
100 ns simulations of alanine tripeptide in water under the NVE ensemble.

Three simulations of 100 ns under the NVE ensemble were performed. The sampling of
the conformations of the peptide is reflected by the Ramachandran plot in Figure 2.3.4. For each
of the seven signed dihedral angles, the smoothed power spectra of SDAA (Figure 2.3.4)
calculated from the three simulations agree with each other (Figure 2.5.6 and Figure 2.5.1). The
power spectrum before smoothing can be found in Figure 2.5.5. Smoothing was used to estimate
the expected magnitude at each frequency of the spectrum. This is because spectrum of a

stochastic process has stochastic magnitude.
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Figure 2.3.5 Smoothed corrected squared envelope spectrum (CSES) of the signed
dihedral angular acceleration (SDAA) of the seven signed dihedral angles defined in Figure
2.3.1. The CSES of SDAA without smoothing can be found in Figure 2.5.7. The SDAA are
calculated from the three 100 ns simulations of alanine tripeptide in water under the NVE
ensemble.

Peaks on the power spectrum of SDAA (Figure 2.3.4) reflect the intensity of harmonic

oscillation in SDAA. Peaks on the CSES of SDAA (Figure 2.3.5) reflect the combined intensity
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of components with pure oscillatory instantaneous variance and components with harmonic
oscillation in SDAA at each frequency. The harmonic components in the SDAA were
insignificant because the peaks on the power spectrum of SDAA (Figure 2.3.4) are far lower than
the peaks on the CSES of SDAA (Figure 2.3.5). This shows that rotations of the dihedral angles
were heavily over-damped. This implies that the peaks on the CSES of SDAA purely reflect
components with pure oscillatory instantaneous variance. The baseline of CSES of SDAA of
signed dihedral angles A, D, and G are lower than baseline of CSES of SDAA of other main
chain signed dihedral angles (Figure 2.3.5). This reflects that signed dihedral angles A, D, and G

are around peptide bonds and have lower freedom of rotation.
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Figure 2.3.6 Fraction of oscillatory instantaneous variance in the signed dihedral angular
acceleration (SDAA) of the seven signed dihedral angles defined in Figure 2.3.1. The letter in
each subplot denotes the identity of the signed dihedral angles that the subplot describes. The
SDAA are calculated from the three 100 ns simulations of alanine tripeptide in water under the
NVE ensemble.
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For each of the seven main chain signed dihedral angles defined in Figure 2.3.1, the
CSES of SDAA calculated from the three simulations have good agreement with each other
(Figure 2.5.6). This means that an average of the three CSES of each signed dihedral angle
would provide a less noisy description of the SDAA. The CSES of SDAA (Figure 2.3.5) have
baselines that represent the variance of wide sense stationary component and peaks that represent
components with pure oscillatory instantaneous variances because the harmonic components are
negligible (Figure 2.3.4). To calculate the fraction of oscillatory instantaneous variance at each
frequency, the lowest point of each smoothed CSES was extracted, after smoothing the CSES
with a running average with a window that was 1/10 of the frequency range of the CSES and
then finding the lowest point. The magnitude of this lowest point, say I, reflects the variance of
the part of the SDAA that has no oscillatory instantaneous variance, distributed evenly over all
frequencies. The fraction of oscillatory instantaneous variance in all motion at frequency w was

calculated as:

K(w) = CSES(w) 1 x 100%
/ CSES(w)

(Equation 2.6)

This fraction of instantaneous variance oscillation is shown in Figure 2.3.6. Most peaks in
the fractions of oscillatory instantaneous of the seven signed-dihedral angles have 20% to 40%
magnitudes (Figure 2.3.6). This shows that pure oscillatory instantaneous variance and
oscillatory diffusion are significant. The strength of second order cyclostationarity in SDAA is
likely higher than the strength of oscillatory instantaneous variance detected by the CSES of
SDAA because some forms of second order cyclostationarity can have no oscillation over time in

instantaneous variance. This significant oscillatory instantaneous variance also suggests that

significant correlation would not be accounted for in current methods because second order
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cyclostationarity was found to be significant. The fraction of oscillatory instantaneous variance,
smoothed power spectrum, and smoothed CSES for SDAA of MD simulation of alanine
tripeptide in vacuum can be found in Figure 2.5.8 and Figure 2.5.9. The magnitude of harmonic
components in vacuum simulation is about one to two times the magnitude of harmonic
components in explicit water. The magnitude of CSES of SDAA in the vacuum is comparable to
that in water. The fractions of oscillatory instantaneous variance in vacuum are about 0-20%

different from the corresponding fractions of oscillatory instantaneous variance in water (Figure
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Figure 2.3.7 Smoothed corrected cross squared envelope spectrum (cross-CSES) between
the seven signed dihedral angular accelerations (SDAA) as defined in Figure 2.3.1. The SDAA
are calculated from the three 100 ns simulations of alanine tripeptide in explicit water under the
NVE ensemble.
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The cross-CSES between dihedral angle C and each of dihedral angle B, C, D, E, and F
had peaks in the highlighted range of frequencies (Figure 2.3.8). This means second order
cyclostationary motions of the same range of frequencies caused the oscillatory correlations
between SDAA of these dihedral angles. This shows that the second order cyclostationary
motion could transmit between these dihedral angles. This implies second order cyclostationary
motions can transmit through a molecule and could have implications for the dynamics of

biomolecules.

2.4 Conclusion

Measures of correlations are the foundation of many bottom-up analysis methods for
molecular dynamics (MD) simulations.?*-?> The common measures of correlation used in
analysis of MD simulations include dynamic cross correlation,?! Pearson correlation,® and a
common estimation of mutual information.??> These measures of correlation can be inadequate
because they do not correctly account for correlations involving nonstationary components.33 8
Internal motions of biomolecules have nonstationary components because motions of different
frequencies are correlated in biomolecules,* as shown by 2D-IR experiments.® This
nonstationary component of motion includes purely second order cyclostationary components,**
47,52 which include components with pure oscillatory instantaneous variance. Oscillatory
instantaneous variance in acceleration has a physical interpretation of an oscillatory diffusion.
Significant components with pure oscillatory instantaneous variance were found in the heavily
over-damped signed dihedral angular acceleration (SDAA) of main-chain dihedral angles of
alanine tripeptide from MD simulations. The fraction of oscillatory instantaneous variance in the
SDAA was found to be about 40% at some frequencies by a comparison of the power spectrum

of SDAA and corrected squared envelope spectrum (CSES) of SDAA. This form of oscillation
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was found to transmit between dihedral angles of alanine tripeptide, as shown by the cross-CSES
of the simulations. More sophisticated cyclostationary analysis of MD simulations may provide
additional insights into dynamical motions of biomolecules. This is because this characterization
can better account for nonstationary motions and correlations between motions of different time

scales than current correlation analysis of MD simulations.

2.5 Supplementary Information
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Figure 2.5.1 Two students A and B who stochastically visit a library on everyday
associated with property S. If student A visits the library on a day t, then Sa(t) = 1; otherwise
Sa(t) = -1. For student B, Sg(t) is similarly defined. (A) Joint probability distribution of Sa(t) and
Sg(t) on each Monday. Size of dot represents probability density. (B) Joint probability
distribution of Sa(t) and Sg(t) on each Wednesday. (C) Joint probability distribution of Sa(t) and
Sg(t) on each day that is neither a Monday nor a Wednesday. (D) Covariance between Sa(t) and
Sg(t) on each day.
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Figure 2.5.2 Suppose properties X and Y have two probable relationships A and B. If the
relationship alternate between A and B over time, the relationship is nonstationary. Suppose we
randomly rearrange the data such that all possible rearrangements are equally probable. Then at
all points of time, relationships A or B are equally likely. This means in the rearranged data the
relationship between X and Y doesn't change over time and is stationary. Consider a correlation
measure that does not change upon reordering the data over time. This measure would have the
same value for the original and the rearranged data. This means the measure cannot distinguish
the nonstationary and stationary cases. This means the measure cannot correctly account for
nonstationary relationships. For example, this correlation measure may not find any relationship
in the original or the reordered data. Yet, relationships that periodically appear and disappear,
such as relationships A and B in the original data, can still exist.
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Figure 2.5.3 (A) Each black box contains possible conformations of a molecule at a
specific time. The black boxes represent an ensemble of conformations that varies over time. For
each of the black box we can calculate covariance between two properties. The blue curve
represents this covariance, which varies over time. (B) The spectrum of the instantaneous
covariance depicted in (A).
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Figure 2.5.4 (A) Spectrum of a white noise signal is represented by black dots. The red
curve represents the smoothed power spectrum of the white noise with a moving average of 1000
points over frequency. (B) Schematic diagram for frequency folding upon halving the sampling
rate. (C) Red curve is the smoothed spectrum of a synthesized signal. The color of the filled
rectangles represent the different peaks. The black dashed line indicates the center of the
frequency axis. (D) The sampling rate of the signal in C is halved by discarding half of the data
points in the signal in C. The green curve is the smoothed spectrum of this new signal. The filled
rectangle represents how the peaks in C with corresponding filled color contribute to peaks in
this spectrum.
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Figure 2.5.5 Power spectra of the signed dihedral angular accelerations (SDAA) of each
of the seven dihedral angles defined in Figure 2.3.1. The SDAA are calculated from the three
100 ns simulations of alanine tripeptide in water under the NVE ensemble.
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Figure 2.5.6 Pairwise similarity of spectrum as measured by a measure based on
Schwartz inequality.>® The labels of the horizontal axis is the identity of the signed dihedral
angular acceleration (SDAA) as defined in Figure 2.3.1 and Figure 2.3.2. The cyan, magenta,
and yellow dots respectively represent the similarities between the spectrum of the first and
second simulations, between the spectrum of the first and third simulations, and between the
spectrum of the second and third simulations. (A), (B), (C) and (D) are respectively the pairwise
similarity between the power spectrum, smoothed power spectrum, corrected squared envelope
spectrum (CSES), and smoothed CSES of the SDAA of the same dihedral angle in the three
simulation. A similarity greater than 0.99, 0.999, and 0.9999 respectively represent an
acceptable, good, and excellent fit.>® The similarity between the spectrum greatly increases upon
smoothing. This shows the expected power spectrum estimated by smoothing and calculated
from the three simulations are acceptably similar to each other. The expected CSES estimated by
smoothing and calculated from the three simulations have good similarity.
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Figure 2.5.7 Corrected squared envelope spectrum (CSES) of the signed dihedral angular
accelerations (SDAA) of each of the seven dihedral angles defined in Figure 2.3.1. The SDAA
are calculated from the three 100 ns simulations of alanine tripeptide in water under the NVE
ensemble.
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Figure 2.5.8 Smoothed power spectrum and smoothed corrected squared envelope
spectrum (CSES) of the signed dihedral angular accelerations (SDAA) of each of the seven
dihedral angles defined in Figure 2.3.1. The SDAA are calculated from one 100 ns simulation of
alanine tripeptide in vacuum under the NVE ensemble. The magnitude of harmonic components
in the vacuum simulation is about one to two times of the magnitude of harmonic components in
the three simulation of alanine tripeptide in water. The magnitude of CSES of SDAA in the
vacuum simulation is comparable to that in the three simulations of alanine tripeptide in water
under NVE ensemble.
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Figure 2.5.9 Fraction of oscillatory instantaneous variance in the signed dihedral angular
acceleration (SDAA) of the seven signed dihedral angles defined in Figure Figure 2.3.1. The
letter in each subplot denotes the identity of the signed dihedral angles that the subplot describes.
The SDAA are calculated from one 100 ns simulation of alanine tripeptide in vacuum under the
NVE ensemble. The fractions of oscillatory instantaneous variance for the vacuum simulation
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are about 0-20% different from the corresponding fractions of oscillatory instantaneous variance
for the simulations of alanine tripeptide in water in Figure 2.5.9.

2.6  Simulation of Alanine Tripeptide in Vacuum under NVE Ensemble

The 100 ns simulation of alanine tripeptide were performed as follow. The frame at 135.5
ns of the 511 ns NPT equilibration simulation of alanine tripeptide in water was extracted. Water
was removed from the frame. The geometry of alanine tripeptide in the frame was used to start
an NVE simulation with initial velocity drawn from a Maxwell-Boltzmann distribution of 300K.
No barostat, no thermostat, no constraint of any bond, or no periodic boundary condition were
used.

Infinite cutoff for short range coulombic and short-range Van der Waals forces were
used. The simulation also had translation and rotation around center of mass removed, group

cutoff scheme, and time steps of 0.5 fs. Trajectory frames were saved every 100 time steps.

2.7 Mathematical Proof of Correlation between Components of Different Frequencies
Implies Nonstationary Relationship.
Consider stochastic motion of an object with x-coordinate X(t) at time t. X(t) has the
following two properties:
1. X(t) and itself are jointly wide sense stationary
2. Average of X(t) over a long time is zero
According to the definition of wide sense stationarity (Figure 2), the first property
implies E{X(t)} is constant over time. E{X(t)} is the instantaneous average of x(t) at time t
where E{.} denotes expectation.

Notice that we can rearrange integration and expectation in the following way:

1

E fX(t)dt =E{lim
n—-oo
0

n 1

(Ot} 3 e (D)= ocona

n
i=0 =0 0
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This is because E{X; + X,} = E{X,} + E{X,} and E{cX,} = cE{X,} for any constant ¢
and any two random variables X; and X,. X(t) is a random variable for each time t.

The second property of X(t) means:

0= Tlij{,‘o%f_TTX(t)dt

We have the following because E{X (t)} is constant over time.

0= E{0} = E {}im - [ x(®)dt} = lim = [T F(x(0)}dt = E(x ()}

The complex-valued Fourier transform of X(t) is the following:

X(w) = Jim = [1 X(©)e2mtde = FT{X (1)}

We have the following because E{X(t)} = 0 for all time t.

E{X¥(0)} = E { lim - f_TTX(t)e_iZ”“’tdt} = lim = [T E{X(6)}e " tdt = 0 + 0

because for each t, X (t) is a random variable, e ~2™®* s constant, and E{cX;} = cE{X,}.

The covariance between two frequency components of x at frequencies w + ¢ and w is:
E{[X(w + &) — E{X (0 + O}[X(w) — X ()]}

where the asterisk denotes complex conjugate.

The above expression is equal to the following:

E{X*(w+ &)X(w)} because as E{X(w)} =0 = E{X(w + &)}

= E{(1im — f_TTx(t)e-iZ”<w+f>tdt)* (1im = 7 x(t)e~2mdt)}

T—oo 2T T—oo 2T

=E {(Tlijg%fjrx(t)e_iz”wte_iz”&dt)* (%H?O%I_T"Tx(t)e—ﬂnwtdt)}

= E{(FT{x(0)e™?™1) FT{x()}}

=F {FT{Slim % S (x(s)e2785) x (s + t)ds}} by the cross correlation theorem

=FE {FT{Sli_)rg%ffsx(s)*eiznfsx(s + t)ds}}
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as complex conjugate is distributive over multiplication
. 1 (S i
=E {FT{;L@ozf_Sx(s)elz”fsx(s + t)ds}}
as x(t) is real-valued and complex conjugate of a real number is the real number.

1S ;
= FT{SlLrggf_S E{x(s)e®?™Sx(s + t)}ds}
— 1S 21E

= FT{;I—{?O < J o E{x(s)x(s + t)}e'*™ds}

As x(t) is wide sense stationary, E{x(s)x(s + t)} = C(t)

is a non-stochastic function that depends on t but not on s.

= FT{lim — 7 C(t)e?™3ds)

= FT{C(t) x lim — 7 et?™5ds)

=FT{C(t) x0}ifE+0

The average of the complex exponential over s is zero if the frequency ¢ is nonzero.

=0ifé+#0

The above shows that if x(t) is jointly wide sense stationary with itself, covariance
between any two of its frequency component at different frequencies is zero.

This means that when the covariance between any two frequency components of y(t) of
different frequencies is nonzero, the following is true. y(t) and itself are not jointly wide sense
stationary. This means that y(t) is nonstationary. This assumes y(t) has zero average over long
time.

Similarly, if the covariance between a frequency component of g(t) at one frequency and
a frequency component of h(t) at a different frequency is nonzero, g(t) and h(t) are jointly wide

sense nonstationary. This assumes g(t) and h(t) have zero averages over long time.
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Granger’s description of Cramér’s spectral representation of stationary random processes
also contain the above conclusions in page 424-425.%° The review by Gardner and others stated:
“wide-sense stationary processes have autocorrelation functions that are independent of time,
depending on only the lag parameter, and all distinct spectral components are uncorrelated.”%?

This means if two distinct spectral components of a random process are correlated, the random

process is nonstationary.

2.8 Damping, Wide Sense Stationarity, and Forms of Nonstationarity in Molecular
Motion

While harmonic oscillation is a form of nonstationarity, it is not necessarily the main
form of nonstationarity in internal motions of biomolecules. Internal motions of biomolecules,
especially low frequencies motions, are often overdamped and diffusive.®2-5 Overdamping
means that these motions are nearly aperiodic, and friction dominates these motions.®? The
friction is provided by water and other parts of the biomolecules. These motions therefore have
constant instantaneous averages because they are aperiodic. The rates of these motions are
reflected by their diffusion coefficients. The instantaneous diffusion coefficient is proportional to
the instantaneous slope of the mean squared displacement versus time.®* The friction against
these motions can be wide sense stationary or nonstationary. Both Brownian diffusion*® and
harmonically confined Brownian diffusion*® have wide sense stationary friction and acceleration.
The above considerations show that overdamping does not necessarily mean these motions are
wide sense stationary, because their correlation structures may not be constant over time t for
each of all time delays, .

The nonstationary component in the overdamped diffusive internal motions of a

biomolecule at thermal equilibrium with water has some additional restrictions. Firstly, this
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nonstationary component is not a harmonic oscillation. This is because the motions are aperiodic
as they are overdamped. Secondly, the separations between atoms of the biomolecule are limited
by interactions between the atoms, such as covalent bonds. This implies that the biomolecule is
unlikely to have a property with a linear trend of constant rise or fall. For example, a constant
drop of total energy suggests that a simulation is not at equilibrium.®® Finally, this nonstationary
component may be chaotic with nearly no periodicity in many statistical measures® or second

order cyclostationary.
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3 COMBINATORIAL COARSE-GRAINING OF MOLECULAR DYNAMICS
SIMULATIONS FOR DETECTING RELATIONSHIPS BETWEEN LOCAL
CONFIGURATIONS AND OVERALL CONFORMATIONS
This chapter is adapted with permission from J. Chem. Theory Comput. 2018, 14, 11, 6026—
6034. Copyright 2018 American Chemical Society.

https://pubs.acs.org/doi/10.1021/acs.jctc.8000333

3.1 Introduction

Molecular dynamics (MD) has become a well-established technique to study the
dynamics of biomolecules, complementing experiments to provide more detailed atomistic
explanation of sub-cellular processes.®” Over the years, tremendous effort has been put in
improving the molecular mechanics force fields.®®"* Also, many new algorithms have been
proposed to extend the time scale of the simulations.”?> Generating simulation data of
biomolecules is now becoming routine with graphical processing units,”>"* high performance
computers, or specialized computers.”"® However, representing this massive amount of data to
make sense of the information, that is, finding the needle in the haystack, is an additional barrier
to fully understanding the relationship between dynamics and function. For example, the analysis
is never efficient, objective, or thorough without using appropriate statistical approaches and
making the appropriate connection to experiments.

The relationship between different regions of a biological macromolecule is key to
understanding their function. For example, allostery is a causal relationship between an allosteric
site and an active site that are distal from each other.”” The function of biomolecules is often
explained through the interactions between their domains, secondary structures, and smaller

components at various spatial scales. Changes of two local configurations, such as three-
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dimensional (3D) arrangements of amino acid side chains, secondary structures, or domains, of a
protein could correlate to each other even if the changes are far apart or occur at distinct spatial
scales. The dynamical relationship between different local configurations of the protein could
provide valuable insights into the nature of the communication between different allosteric sites,
for example. More specific examples include the spatial arrangement of the subunits of
hemoglobin dictates the cooperative binding of oxygen,’® the change of the packing of the alpha
helices within subunit ¢ of ATP synthase can affect the translocation of proton,”® and the opening
and closing of the gates formed by side chains®-®! can contribute to the mechanism of enzymes.
Therefore, being able to detect and summarize the frequently occurring local configurations
(substructures) of proteins at different resolutions and the relationships between groups of co-
occurring substructures would provide valuable insights into protein function.

However, current methods used to analyze MD simulations could neither automatically
discover frequent 3D local configurations nor analyze their relationships.82-%” Clustering of
conformations®®8° categorizes conformations by differences over the overall shape, such as an
open and a closed state of a protein, and disregards variations over finer details, such as local
configurations. Contact and correlations are time-averaged measurements and cannot describe
the time-varying conformation and local configurations in a MD simulation. Therefore,
diagonalization of a correlation matrix or clustering of pairwise correlations® or contacts®
cannot categorize the local configurations.

We propose an approach to automatically discover and concisely summarize frequently
occurring 3D local configurations (or substructures) in MD simulations of molecular systems.
The approach is referred to as Frequent Substructure Clustering (FSC). FSC automatically

summarizes the hierarchy of frequent 3D local configurations across all spatial scales, and the
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relationship between the occurrences of the substructures could be described using correlation
analysis, for example. FSC could detect correlation between 3D local configurations of different
parts of a protein even if they are distal from each other. For example, if site 1 had shape A
whenever site 2 had shape B, then shape A and B would be merged to form a new shape,
regardless of the distance between sites 1 and 2. The arrangements of the side chains, secondary
structures, and domains could therefore be summarized hierarchically in a multi-scale fashion by
sequentially merging the shapes.

Moreover, the hierarchical summary from FSC also leads to a more dynamic and precise
definition of structural components of a molecular system. The traditional definition of domains
is often biased by a static view of biomolecules and persists throughout the analysis of MD
simulations even though the conformation and shape change over time. For example, the
definition of domains may be based on experimental crystal structures or sequences of amino
acids.®? Alternatively, clustering the time-averaged strength of interactions between atoms in a
MD simulation leads to clusters representing dynamic domains.®*-** These definitions are optimal
for some but not all conformations because the conformations and network of relationships
change dynamically over time in MD simulations. Frequent Substructure Clustering can identify
frequently occurring local 3D shapes that do not necessarily persist over the entire simulation.
The local shapes at a large spatial scale within the hierarchical summary are an automatic
definition of domains that are optimal for explaining all major conformations at that spatial scale.

In many cases the mechanism of a protein could first be described through interactions
between its domains, and the details of the side chain configurations could be taken into
consideration only if necessary. Providing such a multi-scale description allows for determining

the relationship, for example correlation, between two configurations of a protein at distinct
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scales. This multi-scale description is advantageous because the change of a local configuration
at a relatively small part of a protein, such as an active site, could have a large effect on the
function of the whole protein. Additionally, a multi-scale description of multiple conformations
is usually terser than a single-scale description because a multi-scale description avoids repeating
the description of the features shared by the conformations and describe the details only if they
are found to be important. Discovering the frequent local configurations (substructures) of a
system at various resolutions and summarizing the relationships between them provides a multi-
scale description of the system. The advantage of developing more rigorous clustering methods
and providing multi-scale descriptions of biomolecular systems could augment the use of other
methods, such as Markov State Model,® to study the function of sub-cellular processes and

highlight the role of local configurations in biomolecular systems.
3.2 Computational Methods

3.2.1 Frequent Substructure Clustering

We propose Frequent Substructure Clustering (FSC) to concisely summarize 3D local
configurations across all spatial resolutions in an MD simulation as summarized in Figure 3.2.1.
The method breaks each conformation during an MD simulation (Figure 3.2.1A) into
overlapping small local configurations represented by substructures (Figure 3.2.1B and Figure
3.2.1C). Each substructure is a set of discretized pairwise distances (see below) between selected
atoms. Subsequently, the method clusters the substructures using hierarchical clustering (Figure
3.2.1D). Every step of the hierarchical clustering merges two clusters of substructures that co-
occur most often to form a larger cluster. Unlike other methods, FSC preserves the 3D shapes of
the local configurations because each step of FSC preserves the discretized distances and the

pairwise distances between all the atoms of a molecule can define the shape of a molecule.
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Figure 3.2.1 Steps of frequent substructure clustering. (A) Trajectory from a molecular
dynamics simulation. Blue spheres represent Cg atoms. (B) Discretized pairwise distance (DPD)
trajectory between Cp atoms. Red, blue, and green lines represent discretized distances. Cyan
circles represent atoms. (C) Combinatorial search for substructures. Each substructure represents
a local configuration in terms of discretized distances. (D) Hierarchical clustering. Magenta and
purple lines represent two clusters of substructures. (E) Visualization of a cluster of
substructures.

3.2.2 Discretization of Pairwise Distances

The positions of the Cg atoms were extracted from each frame of the MD simulation. For
each pair of Cp atoms, the distances between the pair were discretized into five bins with equal
counts (Figure 2). The dynamic range of the histogram was from the minimal distance to the
maximal distance. Notice that for each pair of atoms, the conversion was different because the

histograms in Figure 2C are different.
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Figure 3.2.2 Discretization of pairwise distances. (A) Pairwise distances between atoms
in each frame of a molecular dynamics (MD) simulation. (B) Histogram with 2000 bins for
distances between each pair of atoms. Two histograms are shown. (C) Lump the bins of each
histogram in B to 5 final bins with equal counts. (D) The histogram in C represents a table to
convert pairwise distance to discretized pairwise distance (DPD). (E) The plot of discretized
distance between a pair of atoms over time. (F) A trajectory of DPD over time. Circles represent
atoms. The coloring of lines represents values of the discretized distance.
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3.2.3 Definition and Occurrence of Substructures

The definition and occurrence of substructures in the simulation trajectory are
summarized in Figure 3.2.3. The simulation trajectory was transformed into a Discretized
Pairwise Distance (DPD) trajectory (Figure 3.2.2), with each frame representing a DPD graph
(Figure 3.2.2F and Figure 3.2.3A). Each snapshot of the trajectory represents a graph that is
made of atoms as the nodes and the discretized distances between pair of atoms as the edges.
Frequent substructures are sub-graphs of specific values of discretized pairwise distances with

specific atom pairs that occur frequently throughout the simulation or DPD trajectory (Figure
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3.2.3B). A frequent substructure is identified if it occurs in more than 20% of the trajectory and

is not a subset of anther substructure.
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Figure 3.2.3 Example of discretized pairwise distance graph, substructure, edge, atom
pair, containment, and occurrence. (A) Circles represent atoms. Arrows indicate relationships of
containment. Colors of lines represent values of discretized distances between the atoms. (B)
Example of occurrence of a substructure.

3.2.4 Combinatorial Search for Frequent Substructures

The distances between pairs of atoms were discretized and converted to occurrence (over
the trajectory) vectors of 5 edges corresponding to 5 bins of discretization (Figure 3.2.2). The n
element of the occurrence vector of an edge is 1 if the edge occurs in the n' frame of the MD
simulation (Figure 3.2.4). Otherwise, the n'" element is 0. The support of an edge is the number
of MD frames containing the edge, which is the sum of elements of the occurrence vector
(Figures 4A and 4B). The occurrence vector of a substructure is the element-wise product of
occurrence vectors of all edges in the substructure (Figure 3.2.4C).

The CloseGraph®® algorithm (Figure S7) was adapted to search for all frequent
substructures. The algorithm performed a depth-first search over the search tree for each starting
edge. In the search tree, each node contains a substructure and occurrence vector of the
substructure. Each child of a node contains an extension of the substructure in the parent. Each
extension adds a new edge lower than all existing edges according to a canonical ordering

(Figure 3.5.4) of edges (Figure 3.2.4D). Initially, the search tree is pruned to remove all
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substructures with a support that is less than a defined threshold of 20% (Figure 3.2.4E); that is, a
substructure should occur in at least 20% of the simulation frames to be considered and the
substructure should not be a subset of another frequent substructure. The substructure search was

performed on C; atoms of GB3 with a 20% support threshold and five final bins of discretized

distance as discussed above to limit the number of substructures and to account for the memory
requirements of the clustering steps. The occurrence vectors of all frequent substructures found
were saved as a sparse matrix.
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Figure 3.2.4 Combinatorial search for frequent substructures. (A) Both the plot and the
colored squares represent a discretized distance between each pair of atoms over time. The
colored squares represent a vector of values. (B) Occurrence vectors for three of the five edges
between a pair of atoms. (C) Calculate occurrence vector of a substructure from occurrence
vectors of edges. (D) Search tree of substructures starting at the edge (3, 2). Each arrow connects
a node to its children. Only substructures consisting of blue edges are shown. The dashed lines
represent the lowest edge in a substructure. (E) Pruning the search tree to remove all

substructures with a support threshold that is less than four. (F) Frequent substructures and their
occurrence vectors.

3.2.5 Hierarchical Clustering of Frequent Substructures

The k-means clustering (Figure 3.5.6) of 51,022 occurrence vectors of frequent
substructures produced 500 rough clusters (Figure 3.2.5B). The k-means clustering used k-
means++ initialization to enhance quality of the clustering (Figure 3.5.4). The k-means clustering

was used to reduce the data to be clustered using hierarchical clustering by about 100-fold
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because hierarchical clustering requires more time and memory than k-means clustering.®®*’ The
centroids from k-means clustering were then clustered using hierarchical clustering with Pearson
distance and Ward’s linkage.®®*° Pearson distance is 1 minus Pearson correlation. The
dendrogram from the hierarchical clustering was cut to form six intermediate clusters (Figure
3.2.5C). The supplementary information contains the description of the hierarchical clustering.
Each of the six intermediate clusters from hierarchical clustering contained multiple
centroids from k-means clustering. Each k-means centroid in the intermediate clusters was
replaced by occurrence vectors in the corresponding k-means cluster. This replacement converted
the intermediate clusters of centroids to the final clusters of occurrence vectors of substructures
(Figure 3.2.5D). Since each occurrence vector corresponded to a substructure, these final clusters
were also clusters of substructures (Figure 3.2.5E). Clusters in the following description of FSC

refer to these final clusters.
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Figure 3.2.5 Clustering of substructures. (A) Occurrence vectors of each frequent
substructure is a vector in an n-dimensional space. (B) k-means clustering of the points in A.
Colors represent the clusters. The grayscale array is the vector representation of a centroid. (C)
Hierarchical clustering of the centroids in B. Each branching point of the dendrogram represents
merging two clusters to form a new cluster. The cut produces two clusters represented by purple
and cyan lines. (D) Converting a cluster of centroids in C to a final cluster of substructures. (E)
Two final clusters of substructures.
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3.2.6 Calculating Dynamic Cluster Attributes

Visualizing a cluster of substructures requires merging the substructures into a single
representation. The relationship between a cluster and substructure is static because a cluster
always contains the same substructures. However, the membership of a cluster can also be
interpreted as changing dynamically. In this interpretation, a cluster dynamically contains a
substructure if the substructure occurs in the current simulation frame and the cluster statically
contains the substructure. This interpretation leads to the following definitions for visualizing a
cluster.

Firstly, dynamic size reflects the degree of presence of a cluster in a simulation frame. It
is defined as the sum of sizes of all substructures that both belong to the cluster and occur in the
simulation frame (Figure 3.2.6B). Size of a substructure is the number of edges contained in the
substructure (Figure 3.2.6A). Secondly, dynamic containment of an edge by a cluster reflects
whether the cluster dynamically contains a substructure that contains the edge. This is 1 if the
cluster statically has at least one substructure that occurs both in the simulation frame and
contains the edge. Otherwise, this is 0 (Figure 3.2.6C). Similarly, dynamic containment of an
atom pair by a cluster reflects whether the cluster dynamically contains a substructure that
contains an edge between the atom pair (Figure 3.2.6D). Finally, the weighted average
importance of an edge to a cluster reflects the importance of an edge to a cluster. It is a weighted
average of dynamic containment with dynamic size as weights over all simulation frames (Figure

3.2.6E). The weighted average importance of an atom pair to a cluster is similarly defined.
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Figure 3.2.6 Dynamic cluster attributes. (A) Size of a substructure. (B) Dynamic size of a
cluster of substructures. (C) Venn diagrams illustrating dynamic containment of an edge by a
cluster at a simulation frame. (D) Venn diagrams illustrating dynamic containment of an atom
pair by a cluster at a simulation frame. (E) Weighted average importance of an edge to a cluster.

3.2.7 Visualization of the Clusters of Substructures

The representative structure of a cluster was defined as the conformation in the
simulation frame with the highest dynamic size for the cluster. To visualize the specification of
local spatial relationships in each cluster, the weighted average importance of each pair of Cg
atoms to the cluster were drawn as cylinders overlaid on the representative structure. The
coloring of the cylinder connecting each pair of atoms reflects the ratio between the weighted
average importance of the five edges containing the atom pair. To avoid generating an overly
complicated diagram, cylinders connecting Cp atoms that were farther than 10 A apart on the
representative structure were not drawn. One overall histogram was calculated for all values of
the weighted average importance of each atom pair to each cluster. If the weighted average
importance of an atom pair to the cluster is within 20" percentile in the histogram, the cylinder
connecting the atom pair was also not drawn.

To visualize the general shape of the overall conformations containing substructures from
a cluster, we define reference spline density and weighted spline density (Figure 3.2.7). For each

cluster, the weighted spline density represents a weighted average of conformations aligned to
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the representative structure with the degree of presence of the cluster as weight. The reference
spline density represents an unweighted average of conformations aligned to the representative
structure. The difference between the reference and weighted spline density reflected a shift of
the distribution of the overall conformation upon biasing the local configurations toward
substructures in the cluster. The difference between the weighted and reference spline densities
instead of the weighted spline density was interpreted to reduce the effect of the representative

structure, which was different for each of the six clusters.
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Figure 3.2.7 Calculation of spline density for each cluster L of substructures. (A)
Conformation in the current simulation frame. (B) Aligning the green conformation to the brown
representative structure of the cluster. (C) A spline fitting of the Cg atom of the aligned
conformation. (D) The spline was converted to voxels. Subsequently, a weighted average of the
voxel frames was calculated. For calculating the reference spline density, all weights were set to
1. For calculating the weighted spline density, the weights were DynSize(L, t)*, which is the
fourth power of the dynamic size of the cluster at simulation frame t.
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3.2.8 Software Implementations

All plotting and analysis steps were performed with Python 3 programs written that used
the Matplotlib,*® Numpy,'®* Scipy,®* and MDAnalysis®? libraries, and VMD except for the
following. The k-means clustering and k-means++ initialization were performed by C++ program

written using OpenMP, % Open MP1,1% and a sparse representation of occurrence vector.

3.2.9 Molecular Dynamics Simulation

The crystal structure of GB3 (PDB id: 1P7F)'% was solvated in a rhombic dodecahedron
box of TIP3P" water that extended at least 1.0 nm from the surface of the protein. The energy
of this system was minimized by the steepest descent algorithm until the maximum force fell
below 100 kJ-mol-nm™ with an initial step size of 0.01 nm. Subsequently, a 100 ps heating to
300 K under the NVT ensemble, an equilibration of 10 ns under the NPT ensemble with a
Berendsen barostat'® with 1.0 ps time constant and 1.0 bar reference pressure, an equilibration
of 100 ns under the NPT ensemble, and a 760 ns production simulation were performed. Unless
otherwise specified, all simulation steps were performed with Gromacs 5.2 with the
Amber99SB-ILDN force field,' a Parrinello-Rahman barostat*® with 2 ps time constant set at 1
bar, a modified Berendsen thermostat''® at 300 K with a 0.1 ps time constant, and a velocity
Verlet integrator'!! with 2 fs time steps. The long-range electrostatic was treated by the particle
mesh Ewald method!*? with cubic interpolation and 0.16 nm grid for fast Fourier transform. The
cutoffs for electrostatics and van der Waals interactions were both 1.0 nm. All bonds of the

structure were constrained with fourth order LINCS? with one iteration.

3.3 Results and Discussions
We introduce Frequent Substructure Clustering (FSC) to automatically discover and

summarize frequently occurring 3D local configurations (local shapes) across all spatial scales
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for MD simulations of molecular systems. In general, FSC requires more computing power than
Principal Component Analysis (PCA), clustering of conformations®-#, and clustering of
pairwise correlations® (REF) or contact®® (REF) because the number of pairwise distances
between atoms is less than the number of 3D local configurations, which are defined as
combinations of pairwise distances. However, current analysis methods of MD simulations do

not automatically discover or summarize 3D shapes of local configurations.

Figure 3.3.1 Naming of various parts of GB3. Turn 3 is between 3 and B4.
Analyzing the molecular dynamics simulation of the GB3 protein (Figure 3.3.1), we

show that FSC can find the correlation between shapes at locations that are far apart. The
capability of correlating shapes at distal locations is important for understanding allosteric
mechanisms. The spline densities of the clusters are different at the same region, showing that
FSC can differentiate major local shapes of the same region. For example, the shapes of turn 1
are different across the clusters (Figure 3.3.3). Additionally, the cylinders in cluster 5 specify a

short distance between turn 2 and the a-helix (Figure 3.3.3). The cylinders in cluster 5 also
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specify a K13-E15 region that bends more than the same region in the reference spline densities
(Figure 3.3.3). Therefore, a short distance between turn 2 correlates with a K13-E15 region that
bends more, which is a feature distal to turn 2. Since FSC cluster substructures by co-occurrence,
shape of any substructure in a cluster would correlate with shape of another substructure in the

cluster, the general shape of the whole cluster, or any part of the general shape of the cluster.
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Figure 3.3.2 Dendrogram from hierarchical clustering of the k-means centroid with
Pearson distance and Ward’s linkage. The k-means centroids are from k-means clustering of the
occurrence vector of each frequent substructure formed by Cg atoms from a molecular dynamics
simulation of the GB3 protein. The heat map is the Pearson correlation between the k-means
centroids. The numeric labels represent six clusters from the hierarchical clustering.
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Figure 3.3.3 Spline densities, cylinders, and representative structures of the clusters of
substructures. Red and blue surfaces are iso-surfaces of weighted (red) and reference (blue)
spline densities of each cluster with 0.01 iso-value. The numeric labels indicate the indices of the
clusters. The cross-section area of each cylinder is proportional to the weighted average
importance of the atom pair to the cluster. The coloring of each cylinder indicates the ratio
between the weighted average importance of the five edges containing the atom pair to the
cluster. The five edges correspond to five bins of discretized distance. Red, yellow, green, blue,
magenta corresponds to the bins of discretized distances between each atom pair from short to
long. Insignificant cylinders are filtered out as described in the Method Section.

Also, the FSC method found two opposing sets of major 3D local configurations of GB3.
Each set described a general shape of a large part of GB3. The dendrogram shows the clusters
can be divided into two groups (Figure 3.3.2). Group A consists of clusters 0, 1, 2, and group B
consists of clusters 3, 4, 5. The correlation matrix shows that clusters in the same group tend to
co-occur, while clusters in the two different groups tend to not co-occur (Figure 3.3.2). Clusters
in each group localizes at the left, center, and right region of GB3 (Figure 3.3.3). Therefore, local
configurations described by clusters in each group together described the shape of a large part of
GB3. This shows that the general shape of GB3 can be described in terms of the local shapes
represented by the clusters. This result shows that the optimal division of the GB3 protein into
3D components is not static and not obvious from the overall conformation. The two groups

represent two ways to divide the GB3 protein into domains. For some conformations, one way is

more appropriate than the other way. The boundary, size, and shape of these domains are
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different between the two groups. The result also shows the rigidity of a region may change as
the conformation of the protein changes because FSC clusters substructure by co-occurrence.
When a region of a protein consistently has a rigid shape, all substructures describing any part of
the shape would belong to the same cluster. On the other hand, if the arrangement of two rigid
regions constantly changes, the substructures describing part of the shapes of the two regions
would form two clusters. In this case, no cylinder would connect the two regions because the
spatial relationship between the two regions is flexible.

The relationship, such as the correlation, between local and global configurations could
also be identified by FSC. The weighted spline density of a cluster describes general shape of the
whole GB3 when its local configurations are biased toward the local configurations in the
cluster. The weighted spline density is compared against the reference spline density to reduce
the effect of the representative structure, which is different for each cluster. Compared to the
reference, the weighted spline densities of cluster 0 has turns 1 bends more away from the alpha
helix and turn 3 bends more toward the beta sheets (Figure 3.3.3). However, the local
configurations in cluster 0 describe turn 1 but not turn 3, as shown by the cylinders (Figure
3.3.3). Therefore, the comparison shows that the shape of the local configuration near turn 1 in
cluster 0 correlates with conformations in which turn 3 bends more toward the beta sheet.
Similarly, the shape of the local configuration near turn 2 in cluster 5 correlates with
conformations in which turn 3 bends more away from the beta sheet, as shown by clusters 3 and
5 (Figure 3.3.3). Correlation between the different components of a protein at different spatial
scales is important in understanding protein function. For example, the active site and allosteric
site are small relative to the rest of the protein. Therefore, the causal relationship between the

two sites may potentially involve propagating signals across multiple spatial scales. That is, the
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binding of a ligand to an active site could perturb the local arrangement of the protein residues
that could lead to distal functional relevant conformational changes.''* The results suggest that
the correlation analysis of the substructures from FSC can provide 3D relationships between
different spatial scales of a protein. The spatial scales could include side chains, secondary
structures, and domains in a protein. While this result correlates the occurrences of conformation
and the clusters, correlations between local configurations across other spatial scales can be
similarly analyzed because the hierarchical clustering in FSC provides a summary of local
configurations across all spatial scales.

In general, FSC provides a multi-resolution summary of 3D local configurations. For
example, the spatial resolutions of the six clusters are different. Each cluster is a representation
of local shapes of the protein. Cluster 4 has a larger uncertainty in local shape and a lower spatial
resolution, since most of the cylinders in cluster 4 have three to four colors (Figure 3.3.3). Unlike
cluster 4, most of the cylinders in cluster 1 only have one to two colors (Figure 3.3.3). Therefore,
cluster 1 has a higher spatial resolution than cluster 4. The difference in resolutions of the
clusters is limited by the number of bins during discretization of the pairwise distances.

Multi-resolution is a great strategy for concisely representing a system at a high
resolution. For example, a multi-resolution force field may represent a molecular system as a
sum of coarser interactions and finer details. Since the finer details are more local, this
representation may limit the scope and number of non-local interactions in the force field.
However, Coarse-grained (CG) force fields for simulating biological macromolecules are
generally single-resolution instead of adaptive multi-resolution. Coarse-grained force-fields often
describe molecular systems at a lower resolution with beads that represents multiple atoms.

Force-matching,'5-11¢ reverse Monte Carlo,'” and iterative Boltzmann inversion*® can create a
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CG force-field from an all-atom (AA) force field. Alternatively, a CG forcefield could be created
with manually defined beads and parametrization against AA simulations.'*® The spatial
resolution of the CG force field is the size of the beads. Other possibility is to allow each bead to
have multiple states that map to several configurations of the atoms represented by the beads.*?
Application of adaptive resolution scheme seems currently limited to solvent and switching
between two resolutions.'?* Since FSC discovers frequent local configurations across all spatial
scales from MD simulations, the occurrence of these local configurations may serve as a basis
for describing a coarse-grained force field with adaptive multi-resolution for macromolecules.
3.4 Conclusion

Analysis of three-dimensional (3D) local configurations and the relationships between
them have implications for understanding the function of biological systems. However, current
methods for analyzing molecular dynamics (MD) simulations do not effectively extract,
categorize, and analyze 3D local configurations. We presented frequent substructure clustering
(FSC), which is a method to automatically discover and summarize 3D local configurations
across all spatial scales in MD simulations. The summary consists of hierarchical clustering of
overlapping 3D local configurations in terms of discretized pairwise distances. Analyzing the
MD simulation of the Cg atoms of the GB3 protein, FSC found two opposing groups of three
clusters of frequent 3D local configurations. FSC described the correlations between local and
global shapes, including shapes of regions that are far apart from each other. The results suggest

that analyzing MD simulations through 3D local configurations may be worthy of further

investigation.
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3.5 Supplementary Information

3.5.1 Prefix Tree

Level 0

Level 1

Level 2

Level 3

Figure 3.5.1 A prefix-tree. Each circle represents a node. Black letter in each circle
represents the actual value of the node. The red letters represent the word represented by each
node. The red node is the root of the tree. Each green node is a leaf node. “e” is parent of “x”,
which is child of “e.” The blue shaded area indicates a subtree of the whole tree. This subtree is a
tree consisted of the node “e” and all its descendants.

A tree is a hierarchical organization of nodes. In a tree, node A at a level may connect to
node B at next level. In this case node A is parent of node B, and node B is a child of node A.
Each node in a tree can only have one parent. Each node in a tree can have 0 or multiple
children. Two nodes are siblings if they have the same parent. The node with no parent is root of
a tree. A node with no child is a leaf node. The level of a node is the number of steps from the
node to the root. Within a tree, a subtree consists of a node and all its descendants. A search tree
is a tree of objects to be searched.

In a prefix tree, each node C represents the word formed by concatenating characters of

the nodes along a path from the root to node C.
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3.5.2 Depth First Traversal of a Tree

Figure 3.5.2 Depth first traversal of a binary tree. Each circle is a node. The red node is
the root of the tree. Each green node is a leaf node. The red numbers indicate the order of visiting
the nodes in a left-to-right depth first traversal of the tree.

Traversing a tree is to visit each node of a tree for exactly once. Depth first traversal of a
tree visits the nodes by depth first (Figure 3.5.2). Depth first search is a depth first traversal of a

search tree.

3.5.3 Graph

3

Figure 3.5.3 Graph and subgraph. Each circle represents a node while each line represents
an edge. White numbers are labeling of nodes. Black numbers are labeling of edges. The
highlighted part is a subgraph of the whole graph, which is a supergraph of the highlighted part.

A graph G is a set V of nodes and a set E of edges between the nodes. Both vertex and
edge can have labels. Edges of an undirected graph has no direction. A subgraph S of graph G is
aset V’ of nodes and a set E’ of edges between the nodes in V’, where V’ is a subset of V and E’

is a subset of E. If S is a subgraph of G, G is a supergraph of S.
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3.5.4 Closed Frequent Subgraph

A database D contains a set of graphs. The support of a graph S in the database D is the
number of graphs in D that are supergraphs of S. A graph S is a frequent subgraph of database D
if its support is above a support threshold «.

The subgraphs of a database follows the apriori property*??, which states if graph A is
subgraph of B, support of A in database D is greater than or equal to support of B in database D.

A closed frequent subgraph C of database D is a frequent subgraph of D and C is not a
subgraph of any frequent subgraph of database D.

The set of all closed frequent subgraphs of database D is far smaller than the set of all
frequent subgraphs of database D. Since each frequent subgraph is a subgraph of a closed
frequent subgraph, the set of all closed frequent subgraph is a very concise representation of the

set of all frequent subgraphs.

3.5.5 DFS code of a graph

A?-3-9-0-9
66 6 6 6

B .2, 1)>(5,2,0>4,3,1)
>(4,2,0)>(3,2,1)

ce ¢
1 1
0-0-0

(5,2, 1)-(4, 3,1)-(4, 2,0)

Figure 3.5.4 DFS code of a graph. (A) Each black circle represents a node. Each line
represents an edge. White numbers represent labeling of nodes. Black numbers represent labeling
of edges. The edges are sorted first by the larger label of node in each edge, then by the smaller
label of node, and finally by the label of edge. (B) tuple representation of edges. (C) DFS code of
a graph.

Consider a graph G where both nodes and edge are labeled by numbers. Each edge e

connecting nodes n; and n2 can be represented by a tuple (a, b, ¢) where a and b are labels of n;
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and nz, a> b, and c is the label of e. We can define a comparison of two edges over the tuple
representation. For edge e1 = (a1, by, ¢1) and edge e> = (az, b, ¢2), if a1 > az, then e1 > ex. If ag = a2
and by > by, then ey > ey, If a1 = a2, b1 = b2 and c1 > ¢z, then e1 > e2. When a list of edges of the
graph G is sorted from large to small according to the comparison, the list is the DFS code of
G.95

The lexicographical order®® of two DFS code is like alphabetical ordering of two words.
A DFS code A is a word if we treat each edge in A as a letter. For example, (5, 4, 2) > (5, 4, 2)-
(4,3,3)>(3,4,0)-(2,1, 4).

The DFS code used in the original CloseGraph® algorithm uses a tuple of 5 numbers to
represent an edge. Since the elemental type of atoms do not change, we used a tuple of 3

numbers to represent an edge.

3.5.6 Close Graph
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Figure 3.5.5 Prefix tree of DFS code of all graphs of a hypothetical database D. (A) DFS
code of all graphs in the database. (B) Representing each edge by filled circle or by tuple. (C)
Prefix tree of the DFS codes in A. Red number indicates hypothetical support of the graph S with
a DFS code represented by the node. (D) Pruning of the search tree with a support threshold of 5.
The gray nodes are removed. All nodes with a support less than 5 and their descendants are
removed.

We can use a prefix tree of DFS codes of all graphs in the database as a search tree

(Figure 3.5.5C). The apriori property means all supergraphs of an infrequent subgraph are
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infrequent subgraph. Therefore, we can prune the search tree by getting rid of any node
representing an infrequent subgraph, along with all descendants of the node (Figure 3.5.5D).
The CloseGraph®® algorithm is a depth first search of the pruned search tree. The leaf

nodes of the search tree represent closed frequent subgraphs.

3.5.7 Description of K-means clustering

@ centroid 0
@ centroid 1
® centroid 2
o

centroid 3

Figure 3.5.6 A k-means clustering of data points to 4 clusters. The initial centroids are
chosen by k-means++ initialization. All data points belonging to the cluster are colored to the
same color as the centroid of the cluster.

K-means clustering is a method to divide data points into k clusters by minimizing the
sum of squared errors (SSE). 2 For each cluster, the SSE is the sum of squared Euclidean
distance from each data point in the cluster to the average of all data points of the cluster. SSE
represents the compactness of a cluster. The data points can be thought of as sand particles
forming wells in a sand table. Initially, we throw k marbles to the sand table. Each marble
represents the current estimation of the centroids of the k clusters. At the end, the marbles roll to
the bottom of the wells. Assigning each data point to the closest marble would divide the data
points into k clusters.

For minimizing SSE, we can use Lloyd’s algorithm. Firstly, for each data point (sand

particle), we assign the data point to the closest estimation of centroid (position of the marble)
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according to Euclidean distance. This would form k groups of data points. Then we calculate the
average of each group of data points and treat that as the new estimation of centroid (new
position of the marble). These two steps are repeated until the centroids do not change
significantly.

The distance measure for k-means clustering must be Euclidean distance because
Euclidean distance can guarantee convergence of the Lloyd’s algorithm.'?* The SSE is guarantee
to consistently reduce in each steps of the algorithm until this reaches a local minimum. Many
similarity measures, such as Pearson correlation, do not have this guarantee.'?®

Description of K-means++ initialization

@ centroid 0
@ centroid 1
® centroid 2
o

centroid 3

Figure 3.5.7 A sub-optimal k-means clustering of data points to 4 clusters. The initial
centroids are randomly and independently chosen from the data points. All data points have
equal chance to be chosen as the initial centroid. All data points belonging to the cluster are
colored to the same color as the centroid of the cluster.

Suppose initially the sand particles form 5 wells, and we randomly throw 5 marbles.
Unluckily, two marbles are thrown into the same well. The sand particles of the well with two
marbles would be divided between the two marbles (Figure 3.5.7). This can happen because k-
means only guarantee to find centroids that locally instead of globally minimize the SSE. K-

means++ initialization tries to avoid this situation by sequentially choosing the initial centroids
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from the data points. Each choice of an initial centroid is biased to favor data points that are far

away from existing centroids.'?®

3.5.8 Description of Hierarchical Clustering and Ward’s linkage

A hierarchical clustering of data points would group the data points into a hierarchy of
clusters with increasing size. Each data point is initially treated as a cluster. Agglomerative
clustering is a subset of hierarchical clustering. In each step of agglomerative clustering, the two
least dissimilar clusters are merged.

The measurement for similarity depends on a linkage function and a metric.

Ward’s linkage would join the two clusters that has the least increase of variance upon
joining. Scipy’s implementation of hierarchical clustering maintains a dissimilarity matrix
between the current clusters at each step.'?” The (u, v)" entry of the new dissimilarity matrix

after joining clusters s and t into cluster u is'?":

v|l+|s v+ |t
IlTIId(v,s)2+| ITII

|v|

d(u,v)? = - ds, t)?

d(v,t)? —

where v is each of all current clusters that are not s or t, || denotes cardinality of a
cluster,and T = |v| + |s]| + |¢].

Ward’s linkage was chosen because it tends to produce clusters of equal size.*

Speed Comparison between K-means and Hierarchical Clustering

Hierarchical clustering is usually much slower than k-means clustering. Time complexity
for hierarchical clustering with the nearest neighbor chain algorithm is O(N?).% The time
complexity for k-means clustering is O(Ndki) where N is the number of d-dimensional data

points and i is the number of iteration k-means required to converge.?® The actual d of each data

point is much lower than the number of simulation frame because the occurrences of the
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substructures were represented as sparse vectors, and the occurrences of each substructure are

few and far between over time.

3.5.9 Two Stage Clustering

We performed a two-stages clustering because hierarchical clustering uses much more
memory and require more time than k-means clustering especially when the number of
substructures N is large. However, we still want to perform a hierarchical clustering because this
allows generating an arbitrary number of representations, instead of just six representations.

To approximate a direct hierarchical clustering over occurrence vectors of the
substructures, we use a two stages clustering. The numerous occurrence vector of the
substructure was first roughly clustered to a relatively small number of clusters by k-means
clustering. Subsequently, the centroids from the k-means clustering is clustered by hierarchical
clustering with Ward’s linkage and correlation distance. The 1st stage of rough clustering is not

particularly important if it divides the data points into many small clusters.

3.5.10 Rationale for Choosing Pearson Distance in Hierarchical Clustering

Pearson distance is 1 minus Pearson correlation, which is:

d(x[e], y[t]) =1 -

where x[t] and y[t] are time series, x is average of x[t], and s, is standard deviation of
X[t].

Pearson distance instead of Euclidean distance was used because Pearson distance can be
converted to Pearson correlation to reflect if the data points correlate with each other. The rough
clustering by k-means may not generate clusters that are similar in frequency to occur or contain

similar number of substructures. For example, the substructures in one rough cluster A may tend
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to occur at the same time more often than the substructures in another rough cluster B. This
means the centroid of A has a centroid with a higher time average and a lower standard deviation
than the centroid of B. This can happen because the substructures contain different numbers of
atoms. A substructure that requires more atoms to be in a particular geometry would be less
likely to occur. To normalize these differences between the k-means clusters, the hierarchical
clustering used Pearson distance instead of Euclidean distance. This would allow merging two
rough clusters A and B of substructures when the (dynamic sizes) of A and B have magnitude

that are quite different but tend to increase or decrease at the same time.

3.5.11 Choice of Parameters

Each pairwise distance between the atoms was discretized to five instead of more bins
because of limitation of computational power and memory. The program for discovering the
frequent substructure runs quickly. But the k-means clustering program is much slower. Only
beta carbons instead of every atom of the protein are analyzed because of the same limitation in
computational power and memory. The more atoms, the more combination of atoms, the more
frequent substructures, and the more time and memory the k-means clustering program takes.
Currently, the k-means program we wrote requires distributing all input data across memory in a
cluster of computers before performing k-means++ initialization'?® and k-means clustering*?°.
Using a streaming k-means algorithm**° would reduce the memory requirement and would be

more suitable for bigger data.
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4 A MULTI-STEP, MULTI-COMPONENT, MULTI-SCALE, AND RATIONAL
APPROACH TO EXPLAINING MECHANISMS FROM MOLECULAR DYNAMICS

SIMULATIONS

4.1 Introduction

Mechanism of a biological molecule is inherently dynamic, multi-scale, and multi-
component. For example, allostery describes a small motion at one part of a protein that can lead
to a significant change of the interaction between multiple domains at a much larger scale in
hemoglobin.*3! Mechanism of protein aggregation can be described by kinetics of interactions
between various residues, sites, domains, and multiple proteins, which are entities at different
spatial scales.3213% Molecular dynamics (MD) simulation has become a powerful technique that
has been routinely used to study the mechanism of biomolecules in subcellular processes. One of
the reasons is that with enough computing power to sample the relevant conformational states, an
appropriately accurate force-field, and correct simulation method, MD simulations can describe
the motions of every atom of proteins. Therefore, we can potentially extract a dynamic, multi-
scale, and multi-component mechanism of the residues, sites, domains, and proteins from the
simulation. However, since MD simulation provides a large amount of data'3*, analysis
techniques are necessary to extract such a description of the mechanism from the simulation.

Markov state model (MSM)*3 of conformations is a powerful method to summarize the
dynamics of the whole protein. The model assumes the protein is always in one of the several
states and describes the probabilities of transitioning from a particular state at the current
timestep to every other possible state at a future timestep. The model further assumes the
dynamics follows the Markovian assumption, which means that the probability that the protein is

in a future state depends only on which state the protein is currently in.'3 The separation
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between the current and future timesteps is the lag time.*3 For example, suppose a protein has an
opened state and a closed state. A MSM of conformations would describe which set of
conformations in the simulation belongs to which state. The model would also describe the
probability to transit from the current state to the state at 100 ns later, if the lag time is 100 ns. If
the current state is the opened state, the model describes the probability to transition to the closed
state in 100 ns later.

However, while an MSM of conformations can summarize the dynamics of the whole
protein, this model is not suitable for describing the dynamics of the detailed parts of the protein.
Knowledge about the dynamics of substructures of the proteins is valuable because some small
parts of the protein can have a previously unknown and important role in the mechanism, such as
the three amino acid residues that form the catalytic triad in chymotrypsin.**” Without knowing
or assuming which set of residues is important in the mechanism, we may build an MSM of
conformations with one state for each combination of major configurations of the amino acid
residues to find this set of important residues. Yet, such an MSM is impractical because of a
combinatorial explosion of the required number of states. For example, for a peptide with 16
residues and each residue with 2 major configurations, the required number of states to describe
the major configurations of the whole protein is 21 = 65536. That means building an MSM of
conformations that has a high enough resolution to describe the dynamics of all residues would
require 65536 states, which is intractable. Moreover, the model could describe the combinations
of states of all residues, instead of the states of individual residues. Therefore, reducing the
number of states is necessary for developing a Markovian model that describes the detailed

dynamics of all parts of the protein.
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To reduce the number of states required to describe a multi-component dynamics, we can
use the coupled MSM model.**® In addition to the Markovian assumption, the coupled MSM
model assumes that the overall system is always in one of several overall states. The overall
system consists of several parts and each overall state of the system corresponds to a set of states
for all parts of the system. The model describes the overall state, the states of each part, and the
probabilities to transit from the current overall state to all possible future overall states. For
example, suppose a protein has 3 domains. Each domain is always in one of two states: A state or
B state. Then, each overall state is a combination of the states of the 3 domains. For example, the
3" overall state corresponds to A state of the 1%t domain, A state at the 2"¢ domain, and B state at
the 3™ domain. The model would also describe the probability to transit from the 3™ overall state
at the current timestep to the 4" overall state at the future timestep. After fitting this model, we
can simplify the coupled MSM by extracting a smaller coupled MSM for a subset of domains
given the state of another domain or allosteric site. For example, two domains might have highly
correlated states and behave as a single domain only when the third domain is in the on state.
The model does not assume the dynamics of the domains are always independent. Domain A and
B may conditionally have strong interaction only when domain C is in the off state. This is
contrary to the approach used in independent Markov decomposition.**°

To further reduce the required number of states to describe the dynamics of the residues
and connect the dynamics of the domains with the dynamics of the residues, we developed a
hidden coupled Markov model. In a hidden Markov model,*° the dynamics of the hidden states
of the system is the same as a Markov state model, except the hidden states are not directly
observable. For each hidden state, the visible data follows a distinct probability distribution. The

conditional probability distributions of the visible data given each of all hidden states are called
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the output distributions. For example, suppose the weather is not directly observable but the
percentage of people who bring an umbrella is observable. The weather has two states: rainy and
sunny. Transition between rainy and sunny weather follows a Markov state model. When the
weather is rainy, 90% of people use umbrellas. When the weather is sunny, 5% of people use
umbrellas. The probability distribution of people that use umbrellas given a sunny weather is one
of the two output distributions.

The relationship between the hidden state and the visible data is a dimension reduction.
With prior knowledge of the relationship between the state and the visible data, the dimension
reduction and the fitting of the Markov state model of the hidden states can be split into two
steps. For example, the MD simulation can go through dimension reduction steps that consist of
principal component analysis, calculation of dihedral angles, and K-means clustering®®. After
the dimension reduction, we get a trajectory of states and can fit an MSM as a separated step.
Since the dimension reduction steps summarizes the conformations, the resulting MSM is a
MSM of conformations. This MSM of conformation can be considered as a hidden Markov
model because the state of the protein is not directly observable in the simulation. However, with
prior knowledge of the relationship between the hidden state and the visible data, we can use an
MSM and a known dimension reduction step to achieve the same result as in a hidden Markov
model.

A hidden Markov model is more valuable when the relationship between the state and the
visible data is unknown. For example, in VAMPnet!#, all output distributions are represented by
one artificial neural network (ANN). Same is true for independent Markov decomposition,**°
which is a decomposition of the transition probabilities of the VAMPnet. Since the ANN models

a complex relationship between the hidden state and the visible data, we are unlikely to know the
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relationship between the hidden state and the visible data before fitting the hidden Markov
model. Moreover, the artificial neural network (ANN) in VAMPnet is a fully connected

multilayer perceptron'#? that consists of nonlinear transformation!*®

with numerous parameters,
and the weights in the ANN that represents the output distributions have no clear
interpretation.'** Therefore, VAMPnet does not directly describe a relationship between the
residues and the hidden states that is interpretable, which is a disadvantage in the analysis of MD
simulations.

In our model, the dynamics of the states of the domains are hidden. The overall state of
the whole molecule consists of the states of all domains of the molecule. The number of overall
states is the number of combinations of the domain states. When each of D domain can have two
possible domain states, the number of overall states is 2°. The transition of this overall state over
time follows a MSM. This MSM is the hidden part of the overall model, which is a hidden
Markov model. The number of the domains D is a meta-parameter that must be chosen before
fitting the model.

We will arbitrarily assume that each protein consists of multiple domains, each domain
has two possible domain states called A and B, and each residue has two clusters of
configurations called up and down. The A, B, up, and down states do not imply any biological
function of the domains or residues. When the system consists of D domains and each domain
has 2 domain states, the number of overall states is the number of combinations of the states of
all domains, which is 2°. We believe abstracting each domain and residue into two states is
adequate for designing a unified model that is interpretable and relate the states of the residues
with the dynamics of the domain. Notice that our model doesn’t inherently limit the number of

domain states or the number of residue states to two.
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The visible part of our hidden coupled MSM consists of one Dirichlet distribution for the
whole protein and one dynamic graphical model for each domain state of each domain. The
Dirichlet distribution determines which residues belong to which domain. Consequently, fitting
the model automatically determines the which residue belong to which domain without relying
on any prior knowledge. The dynamic graphical model describes the energies of the
configuration of the states of all residues of each domain. Each domain state corresponds to a
model of disposition of each residue toward the up or down states and the energies of pairwise
interaction between the residues.

The dynamic graphical model is an Ising model or Potts model with half of the spins as
the current state of the residues and the other half of the spins as the future state of the
residues.* The Potts model is same as an Ising model, except each spin has more than two
possible states.#5147 Like the other Ising models, the dynamic graphical model assumes each
residue has a spin with either 2 or more possible values. Each configuration of spins has an
energy, which is the sum of self-energy and pairwise interaction energy of the spins. The
probability distribution of all possible configurations of spins follows the Boltzmann distribution.
We choose the dynamic graphical model because it offers a clear interpretation for the
relationship between the hidden dynamics of the domains and the visible states of the residues.

For a system with N sites, the dynamic graphical model is an Ising model or Potts model
with 2N sites. The model describes the conditional probability distribution of the possible future
configuration of spins of a system, given the current configuration of spins of the system. Each
site can have 2 or more possible spins, depending on if we are using Ising or Potts model. Half of
the sites represents the current state of the system. The remaining half of the sites represents the

future state of the system. The time separation between the current and future states is again the
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lag time. There is no interaction between the sites that represents the state of the system at each
point of time. For example, all sites that represents the future state of the system do not interact
with each other. Each site that is part of the current state of the system has interaction with all
sites that are part of the future state of the system.

We preprocess the trajectory from MD simulation for the dynamic graphical models
within the overall model by the following method. We cluster the configuration of each residue
into two clusters. And arbitrarily assign the two clusters as spin up or spin down. The
correspondence between the cluster and the spin is not part of the model. Instead, the model only
describes the relative energies of the two clusters, as modeled by the Ising model. We also
arbitrarily divide the configurations of each side chain into two clusters. Dividing the
configuration into more clusters and make the model to have more than two kinds of spins for
each residue is certainly possible. However, for the purpose of designing a unified model that is
interpretable and relate the states of the residues with the dynamics of the domain, we think that
abstracting the configurations into two clusters is adequate.

Overall, we propose a unified statistical model that can simultaneously account for the
three aspects of mechanism by extending the MSM. The model describes transition of the states
of all domains by a coupled hidden Markov model. Fitting the model would automatically assign
each residue to one of the domains. The state of each domain is defined by the state of the
network of interactions between the residues of the domain. Specifically, each state of each
domain is modelled by a dynamic graphical model. The whole model describes contribution of
interactions between residues to the dynamics of domain interactions. We test the model by
fitting a millisecond MD simulation of Bovine pancreatic trypsin inhibitor (BPTI) obtained from

D. E. Shaw Research to the model.*3*
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4.2 Method

The original millisecond trajectory of a MD simulation of BPTI was obtained from D. E.
Shaw Research.'® The original trajectory was transformed to a trajectory of states of all residues
by clustering the geometries of each residue in all frames of the simulation to two states by K-
means clustering.'?® For each residue, the distance used in the K-means clustering is Euclidean
distance between corresponding pairwise Euclidean distances between the atoms of the residue
in two frames of the simulation. Since some side chains have rotational symmetry, we test all
combinations of rotations that does not affect the geometry to find the minimal distance between
the geometries in the two frames.

Subsequently, 512 models were initialized with random parameters. For each model, our
program proposed a new model by randomly selecting one of the residues and randomly assign
the residue to another domain. Subsequently, the program performs 10 steps of stochastic
gradient descent (SGD)'*® with a learning rate of 1.0 and over a rough log-likelihood for the
proposed models. The proposed models are randomly accepted as the new model when the old
likelihood plus a shift and proposed likelihood satisfies the metropolis criteria. The magnitude of
the shift was adaptively adjusted to allow 5% of the models to accept the new proposal. After 3
repetitions of the metropolis and SGD steps, the program selects the model with the highest
likelihood. The program then calculates a more accurate likelihood for the selected model. If the
accurate likelihood of the selected model is better than the old best likelihood, the selected model
becomes the current best model. Afterwards, the program repeats the above steps except for the
initialization of parameters.

Finally, the program sets the assignment of residues to domains of all models to the

assignment of residues to domains of the best model. The set of probabilities that a residue
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belongs to each of all domains is modelled by a Dirichlet distribution and fitted with metropolis
algorithm.'*° Afterwards, the program fit the Ising model'*® layer with iteratively weighted least
square implemented in the scipy library. Then, the program performed the same repetition of
steps except for the initialization of parameters.

The rough log-likelihood was calculated from the ten segments of 100 frames. Each
segment of each model was randomly and independently selected from the trajectory of states of
all residues. The more accurate log-likelihood was calculated from 10 segments of 10,000
frames. The lag time was 100 ns. We set the number of domains to three because the correlation
map between states of the residues show three blocks along the diagonal. The program was
written with python, mdtraj*>°, and tensorflow®! and was executed on GPU.

The probability distribution of the positions of all carbon atoms in the simulation was
estimated by the following method. For each residue, we calculate one weighted 3D histogram of
the positions of all carbon atoms in the residue over all simulation frames. For the probability
distribution weighted for each overall state, the weight is the probability of the frame being in the
overall state. For the unweighted probability distribution, the weight is 1. For each overall state,
the magnitude of the differences per residue between the distribution of the conformations is the
sum over all space of the absolute difference between the probability distribution weighted for

the overall state and the unweighted probability distribution.
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4.3 Results and Discussion

M (A AL \

T

Figure 4.3.1 Correlation matrix between states of the residues of BPTI in the MD
simulation. Indices of the columns and rows are residue indices. The rows and columns are
rearranged by hierarchical clustering by the seaborn library.

The correlation map contains three blocks along the diagonal (Figure 4.3.1). This shows

that the residues can be roughly divided into three groups. Within each group the residues are

closely related to each other.

0
180

Figure 4.3.2 Two views of the three domains in the model.
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Figure 4.3.3 Two views of the absolute difference between the field strength parameters
of the two states of all domains. Red is high and green is low. The stick representation shows the
disulfide bonds.
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Figure 4.3.4 Magnitude of the differences per residue between the distribution of the
conformations in the frames with higher than 90% probability of being in an overall state and the
distribution of the conformations in all the frames. All frames were aligned to the crystal
structure of BPTI before calculating the differences. The numbering of the subfigures
corresponds to the modes. The coloring of each residue reflects the atomic average of the
absolute difference between the probability distributions of the positions of the carbon atoms in
the selected frames and in all frames. Red is high and white is low. For each overall state, the
diagram doesn’t color the residues with a difference less than the median of all differences for all
residues.

The three domains in the best model are spatially contiguous and the three domains do

not mix spatially (Figure 4.3.2). This shows that the coupled Markov model layer describes
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domain dynamics and the Ising model layer describes residues interactions and there is no
mixing of responsibilities. If the coupled Markov layer used the coupling to describe some of the
residue interactions, the three domains would mix because the interactions between the residues
is local. Localized features differentiate the two states of the domains (Figure 4.3.3). This shows
that the state of each domain is defined by some key regions. Therefore, the domain dynamics
correlates to stronger change in these regions. Developing ligands that target these regions may
change the domain dynamics.

The major differences in geometry are over the green and blue domains defined in Figure
4.3.2, which include the disulfide bonds, threonine 32, and the loop region near the C14-C38
disulfide bond. Overall states 5 — 8 have a deeper red color than overall state 1 — 4 (Figure 4.3.4).
That means when the state of the red domain is B, the distribution of the conformation of the
protein has bigger deviation from the distribution of the conformation of the protein over all
simulation frames. Comparing with Figure 4.3.3, Figure 4.3.4 has more residues marked as
different. This is expected because Figure 4.3.3 shows the difference in the energetics of the
residues between the two states of each of all domains while Figure 4.3.4 reflects the difference
in geometry. The change of the energetics of one residue can still affect the geometry of a set of
neighboring residues when the energies of all possible arrangements of the residues in this set
remain the same. Therefore, Figure 4.3.3 shows fewer residues having a significant difference in
energetics between the A and B domain states. The energetics in Figure 4.3.3 is a more succinct
description of the source of the geometric differences in Figure 4.3.4. Figure 4.3.4 shows the
distribution of configurations of threonine 32 (T32) in the protein in each overall state is
significantly different from the distribution of the configuration of T32 over the whole

simulation. Contrary to Figure 4.3.4, Figure 4.3.3 shows threonine 32 does not have a significant
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difference of energies in the two states of the domains identified. In fact, substituting threonine

32 by an alanine would only slightly change the configuration of the nearby Y21 and F4 side

chains and without any further effect on the crystal structure.

152

Table 4.3.1 Transition matrix of the coupled hidden Markov model. The self-transition

probability is the probability to transit from a mode to the same mode.

Overal] | Pomain States Now | Domain States at 100 ns Later P(Overall Self-
State Red | Green | Blue | P(Red is B) | P(Green is B) | P(Blue is B) Transition)

1 A A A 8.69% 75.22% 9.15% 20.56%

2 A A B 6.32% 13.24% 98.46% 80.02%

3 A B A 2.13% 93.57% 3.26% 88.59%

4 A B B 32.29% 96.04% 93.89% 61.06%

5 B A A 62.40% 88.60% 14.00% 6.12%

6 B A B 94.64% 86.93% 99.33% 12.29%

7 B B A 44.65% 82.72% 17.19% 30.58%

8 B B B 92.71% 85.68% 99.41% 78.96%

The coupled transition matrix shows the states of the domains are quite dynamic and the

protein have multiple stable overall states. Since a more stable overall state has a higher self-

transition probability, overall states 2, 3, and 8 are quite stable. Overall state 4 seems to be a

meta-stable transition state between overall states 3, 2 and 8. Overall state 4 is meta-stable

because overall state 4 has a self-transition probability of 61.06%. Overall state 8 has 7.29%



111

chance to transit to overall state 4. Overall state 4 has 3.96% chance to transit to overall state 2

and 6.1% chance to transit to overall state 3 (Table 4.3.1).

Blue: State B Blue: State A

Figure 4.3.5 Conditional transition probabilities between states of the red and green
domains, given the state of the blue domain. Red and green color in a circle represents that the
red or green domains are in the B state. Black color in a circle represents that the red or green
domains are in the A state. Thickness of the arrow and red number represent transition
probability. Transition probabilities less than 5% are omitted.

Regardless of the current domain states of the red and green domains, the future domain
state of the blue domain tends to be the same as the current domain state of the blue domain
(Table 4.3.1). Therefore, the transition of the domain state of the blue domain is approximately
independent from the current states of the red and green domains. Consequently, it is reasonable
to consider the conditional transition probabilities of the domain states of the red and green
domains given the domain state of the blue domain. The domain dynamics of the red and green
domains change dramatically as the domain state of the blue domain changes from B to A
(Figure 4.3.5). For example, as the domain state of the blue domain changes from B to A, the
self-transition probability of the node that represents the domains states of the red and green
domains both being B decreases from 81% to 22% (Figure 4.3.5). That means the stability
decreases significantly. When BPTI binds to trypsin, the loop around the C14-C38 disulfide
bond in the blue domain is at the interface between BPTI and trypsin.t® Since the current
domain state of the blue domain is approximately independent from the future domain state of

the other domains and the domain dynamics of the red and green domains change dramatically as

the domain state of the blue domain changes, the blue domain is a switch that correlates to the
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dynamics of the red and green domain. The blue domain is a switch despite the geometrical
features that distinguishes each overall state from all overall states are over both the green and

blue domains (Figure 4.3.4).

4.4 Conclusion

In conclusion, the coupled transition matrix of the model showed that the blue domain is
a switch. While the domain states of the other domain mostly don’t affect the domain state of
blue domain, the domain state of the blue domain significantly affects the interactions between
the red and green domains. The model reveals contribution of residue interactions to dynamics of
domain interactions. Domain state of each domain is defined by important localized interactions
between residues instead of all the interactions within the domain. Developing drugs that target
these key interactions may change the domain dynamics. We have presented a multi-step, multi-
component, and multi-scale model that can explain the contribution of residue interactions to

coupled domain dynamics over time.

4.5 Supplementary Information

Table 4.5.1 Table of Symbols

Symbol Meaning
(a); The i™" element of the vector a.
T The length of the trajectory of observation.
L The number of hidden states.
O; Random variable for the observation at time t.
0; The value of the observation at time t.
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P(0y.4 = 03.4) The probability that the random variables for the
observation attime t = 2, 3,4 equal to the actual value of the
observation att = 2,3, 4. In other words, the symbol means
P(0; = 03,05 = 03,04 = 04).

P(0,.4) Abbreviation for P(0,., = 0,.4).
H, Random variable for the hidden state at time t.
n A row vector encoding the initial probability distribution
of the hidden state at time t = 1. Specifically, (1), =
P(H; = m).
Xt A row vector encoding the probability distribution of the
hidden state at time t. Specifically, (x),, = P(H, = m).
Z A row vector encoding the probability distribution of the
observation at time ¢t. Specifically, (z), = P(0; = k).
Am A L x L matrix. The element at the 1" row and m™ column
of the transition matrix A. A;,,, = P(H, = m|H,_, = [) for all time
t.
Bk The emission probabilities. B,,, = P(0; = k|H; = m)
D, A L x L diagonal matrix. The diagonal elements are the
probabilities for the model to generate the current observation for
each of the possible hidden states. (®;)m =
P(O; = o¢|H, =m)
0 Random variables for all parameters of the model
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0 Values of all parameters of the model
In[P(0y.4 = 0,.4]10 = 0)] Log-likelihood for the current values of the parameters
In[P(0,.4]10)] Abbreviation of the log-likelihood expression

We will assume all probabilities are conditional over the current values of all parameters
of the model. We may omit the condition of ® = 6 in the following discussion of the
probabilities.

The following equations describe the evolution of the probability distribution of the
hidden state over time in a hidden Markov model.

{ft—ﬂ‘l =X

ftB = Et
(Equation 4.1)

The probabilities of all possibilities sum to one. Therefore, we have:

( L L
> (m= ) Pl =m) =
m=1 m=1
L L
m=1 m=1
K K
k k=1 k=1

(Equation 4.2)
We can treat the actual trajectory of observation as a sample of all possible trajectories of

observations that the model can generate. The likelihood for the current values of all parameters
0 is the probability that the model generates the trajectory of observations, which is:
P(Oy.r = 01710 = 8) = P(01.7|0) = P(O1.7)
(Equation 4.3)

The forward-backward algorithm®* is a method for calculating the log-likelihood and the

trajectory of the probability distributions of hidden states over time, given the values of the
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parameters, the observation, and the emission probabilities. The algorithm defines the forward
probabilities of a hidden Markov model as:

(&t)m = P(Ht =m, Ol:t = Ol:tle = e) = P(Ht =m, 01:t|®) = P(Ht =m, Ol:t)

(Equation 4.4)
Then we can calculate the likelihood and forward probabilities by the following
equations:
T
PO =it || [@e]|T
=1
(Equation 4.5)
nd, fort =1
. t—1
at = -
] H(QDTA) d, fort>1
=1
(Equation 4.6)

The probability for the model to generate a trajectory of observation that exactly matches
the actual trajectory of observation decreases as the length of the trajectory increases. Therefore,
the forward probabilities would become vanishing small as t increases. Consequently, the
definition of the forward probabilities is not numerically stable.

We can rewrite the log-likelihood of the model as:

P(OI:T) = P(01)P(02|01)P(03|01:2)P(O4|01:3) "'P(0T|01:(T—1)) = l_ICT

=1

(Equation 4.7)
where

B P(0,) fort=1
“=1P(0,|00eery) forT>1

(Equation 4.8)
Then the log-likelihood is:



(Equation 4.9)

n[P(01.r)] =

IIM%

Define the numerically stable forward probabilities as:

(@), =

(Equation 4.10)
Then we have:

(Equation 4.11)

where

(Equation 4.12)

Notice that

A

= P(H: =

m|0,.,) = P(H, = m, 0, t) (@)m
o P(01.) e
N a
Ay = ———
' t=1Cr
nod
i fort =1
€1
nIEZi(P,A)] P
uI1ESTC)) LI
=11
nd, fort =1
t—1
il 1_[(‘5114) &, fort>1

\

=1
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a1 = Z (at) i P(H, =m|0y,) =1

(Equation 4.13)

Then we have:
L S D, N\ (D @ @
- S0, S () 2
m €1 C2 Ct—1 Ced,

(Equation 4.14)

Therefore,
L

L L ® L

a N 1 N N - =

cp=c¢1=¢- Z (al)m =C z [UC_ = z [MP1]m = Z(Ch)m =a;1'
m=1 m=1 m 54

m=1

Fort > 1,

Ct=Ct'1=Ct'z(at) Z[n( 1) (2 )"(it__fA>%m

Consequently,

c _{ a1’ fort =1
‘ a,_ AP, 1" fort>1

(Equation 4.15)
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Given the trajectory of observation, transition and initial probabilities, and the emission

probabilities, we can calculate the numerically stable forward probabilities and normalization

factors by the forward-backward algorithm.>

Fort =1,

l. &1 <« ﬁq)l
2. C1 < d\llT
~ 1 o

3. &1 — —Qa
C1

Fort > 1,
1. b, — @, A®,
2. Ct <« BtTT
= 17
3. Olt <« th
Define the backward probabilities as

3 = P(O(t+1):T|Ht = l) forl<t<T-1
(Bt)m { 1 fort =T

(Equation 4.16)

We have the following

T
L 1_[(¢TA) T forl<t<T-1
= T=t+1

17 fort=T

(Equation 4.17)

Notice that the probability for the model to generate a trajectory of observation that
exactly matches the actual trajectory of observation is vanishingly small for a moderately long
trajectory. Therefore, these backward probabilities would become vanishingly small for a
moderately large t.

Define the numerically stable backward probabilities as
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P(O(t+1):T|Ht = l)

(ﬁt)l - P(O(t+1):T|01:t)
1 fort =T

for1<t<T-1

(Equation 4.18)

Forl1<t<T-1,wehave:

é P(O(t+1)T|Ht ) Bt Al[Tr=41(P; A) [ﬁ

o P(O(t+1):T|01:t) Hg=t+1cr B | | A
Consequently,
T
G = (®,4)[1" for1<t<T-1
¢ T=t+1
1 fort=T
(Equation 4.19)

The Markovian assumption assumes the probability distributions of the future states
depend only on the current state. Therefore, when the current state is known, the past state has no
effect on the probability distribution of the future states. In hidden Markov models, the
probability of the observation at any time depends only on the hidden state at the time.
Consequently, when the current hidden state is known, past and current observations have no
effect on the probability distribution of the future observations. Therefore, we have

P(O(t+1) TlHt m, 04, t) P(O(t+1) TlHt )

With the above simplification, we can show that the state probabilities given the

trajectory of observations are the product of the numerically stable forward and backward

probabilities.

P(H, =m,0y.r) P(Ht =m, 01, 0(t+1):T)
P(Ol:T) P(Ol:T)

P(Ht m|0y.7) =
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_ P(H,=m, Ol:t)P(O(t+1):T|Ht =m, 01:T)
P(Ol:T)

_ P(H, =m, 01:t)P(0(t+1):T|Ht = m)
P(Ol:T)

_ P(H, =m,04.) ) P(O(t+1):T|Ht = m)

P(01) P(O(e+1y7]|01:c)
P(O —~|H, =
— p(H, = ml0y) - Dl = m)
P(O(t+1):T|01:t)
= (ét)m (Et)m

(Equation 4.20)
Stochastic gradient descent can optimize the parameters of a hidden Markov model if we
can calculate the gradient of the log-likelihood.

According to (Equation 4.5), the likelihood is:

ﬁ(cbrA)
7=1

According to (Equation 4.7), the likelihood is:

P(Ol:T) = 77 TT

T

PO = |«

=1
From (Equation 4.5) and (Equation 4.7), the gradient of the log-likelihood with respect to

a parameter of the model ¢ is:

T

[ [

=1

TT

98 P(Onp) 08 Ilgc

0 In[P(0;.7)] 1 _aP(OLT) _ 1 d|.
% n

(Equation 4.21)
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The following assumes the transition matrix A is not dependent on the other parameters
of the model.

According to matrix calculus, we have:

( T ) = b = I LS Landm=m
0Aim/ 1 = mm 0 otherwise

(Equation 4.22)

where &;; is the Kronecker delta.

Therefore, we have:

, L _(q ifm=m
(xaAlm> Z(x)l <0Alm)l, ' ()1(0A1m> = (DiSmm {0 otherwise

(Equation 4.23)
and
L
¢ = (F2 )5 = Y i Dt = N0
xaAlmy_xaAlmy ml:lxlmm’ym'_xlym
(Equation 4.24)

From the product rule in matrix calculus, we have:

a(d,A) A 0D, 9A
=, + A=d,——
04, 04, | 0A;m 04,

(Equation 4.25)
By equations (Equation 4.21), derivative of the log-likelihood with respect to an element

in the transition matrix is:

0 ln[P(Ol:T)] 1 d
aAlm ’.1; 1C‘L' aAlm

1 - a l_[::l((DTA) 3T
T "n 1
=1 Cr aAlm
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According to the product rule of matrix calculus, the above expression is equal to the

following.

10 - (@A) -,

d(d,A)

(©z4) - (Pr_1A)(PrA)

I

=mr
=1 d(®r_14)

+  (P,4)(P4) - 94, (PrA)

d(PrA)
0Aim

+ (@A) (D,4) -+ (Pr_14)

According to (Equation 4.25), the above expression is equal to the following.

d0A
Py 7 (P,4) -+ (Pr-14)(PrA)
0Aim
JdA
+  (P4), (®34) -+ (P, 4)(PrA)
1 aAlm
N TT

T

=1Ct

0A
+  (P,4)(PA4) - (Pr_A)DPr_y W (@A)

0A
+ (P,4)(DLA) - (‘DT—1A)‘DTW
m

According to (Equation 4.23) and (Equation 4.24) the above expression is equal to the

following.

[19:1,[(®24) - (@71 A) (@7 ATT]
. +  [(D14) 0] [(@34) -+ (@r_1 A) (@ T]

LI )
T 4 [(@14)(@24) - (Pr_pA)r_y] [@rATT]

+ [7(P,4)(DLA) - ((DT—lA)(DT]lﬁT]m
According to (Equation 4.12) and (Equation 4.25), the above expression is equal to the

following.
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[71®4] [(.4) (E’T—lA)(EISTA)TT]m
+  [1($,4)3,] [(D34) -+ (Pr-14)(®rA)T']

+ [7(®.4)(24) - (Br_A)Br_y] [BrAT]
+ [7(®.4)(24) - (Pr_14)D7] [17] |
[7®.] [®; x A(D34) - (Br_14)(DrA)TT]

+  [7(314) 3], [Bs x A(D44) - (cTnT_lA)(EISTA)TT]m

+ [ﬁ(a)lA)(a)zA) b (EJT_ZA)EIV)T_l]l[EIV)T X ATT]m
\"‘ [71($:14)(P,4) (CT’T—lA)a’T]l[TT]m
According to (Equation 4.11), AT =1"= ﬁS’T. Therefore, according to (Equation 4.12)
and (Equation 4.19), the above expression is equal to the following.
(al)z (CDZﬁ:Z)m
+ (“2)1 (‘D3/33)m

+ (éT—l)l [E)TﬁT]m

+ (&T)l
Therefore,
T-1
0 In[P(01.7)] 3 2 ~ 2
W = (aT)l + ;(ar)l [q)r+1ﬁr+1]m
(Equation 4.26)

The following assumes the transition matrix A is not dependent on the state-dependent

0A

is the zero matrix.
0Ppmt

emission probabilities ¢,, .. In other words,

According to the product rule of matrix calculus, we have:

9(PA) A oD, oD, oD,

= A= A= A
dln ¢,, “oln g, + dln o, , 0+ dln ¢, aln o,y
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(Equation 4.27)
By renaming variable y = In x, we have:

dx  de™x  QgeY

= = = y:
dlnx Odlnx Jdy ¢ x

Consequently, we have:

0P, _ 0me
(a In d)m,t)ll ’ B 6mm'6ml’ Jdln d)m,t - 6mm’6ml'¢m,t

L

- 0P, GCDt B

L
L[ 0@ . . 00 .
* (a In ¢tm,t> yT - (x dIn (,‘l)t,‘,l’t) yT = le:l S mm! (x)md)m,t(}’)m = (x)md)m,t(Y)m

(Equation 4.28)

By (Equation 4.21) and (Equation 4.28), we have:

9 1n[P(0;.1)] 1 9 L
n . .
1:T — - . 77 1_[((1)‘[14) 1T
a ln ¢m,t H1-=1 Cr a ln ¢m,t =1
_ 1 7(D,A) - (Pp_1A) 0(®:4) (D41 A) -+ (D AT
£=1 c, UAG ST t-14) 390 bme t+1 T

1 -
= ——— [N(®14) - (Pt 1 D] P e[ (Pr414) -+ (P A)1]
=1 Cr m

Since @, is a diagonal matrix, the above expression is equal to:

1 -
" [1(®14) -+ (Pt 1 APl (P11 4) - (P AT]

T=1"7

By equations (Equation 4.11), (Equation 4.12), (Equation 4.19), and (Equation 4.20), the

above expression is equal to:

[1(®14) -+ (-14) D] [(B414) - (&’TA)TT]m
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= (&t)m (ﬁt)m
= P(H, = m|Oy.r)
Consequently,

dIn[P(0;. - N
%ﬂij)] = (“t)m (.Bt)m = P(H, = m|0y.r)

(Equation 4.29)
Each residue has a Dirichlet distribution that models which domain contains the residue.

This Dirichlet distribution has the following probability density function.

x|

D
p(0) = vl
=1

l

where D is the number of domains. K is the normalization constant.
v is the membership vector. When v; = 1, the residue fully belongs to the it domain.
When v; = 0, the residue fully does not belong to the i domain. Dirichlet distribution

constraints v by the following equations.

We chose a A to make v have a high chance of having one element equal to 1 and the
remaining elements equal to 0. In practice, we picked 1 = 0.9.
We implement the constraints of the membership vector through two transformations®®°.
The first transformation f is froma 1 x (D — 1) vector z in the unit cube to the 1 x D
vector v in the probability simplex.
f@)=v

where
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Uj

7 = —m
j—-1
1-%,_1v,

]

The first transformation transforms a point in the probability simplex to the unit cube.

Notice that the transformation transforms the 1 x D vectorvtoa 1 x (D — 1) vector Z.
Uj

7 = —m—-
j-1
1-%, 1V,

J

The model would fit the transformed membership vector. At the end of the fitting, we

recover the membership vector with the inverse transform.
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5 CONCLUSION

| have worked on three projects about three significant challenges in understanding the role
of motion in the functional mechanism of biomolecules through analyzing MD simulations. The
three challenges are modeling the diffusive internal motion of biomolecules, taming the
combinatorial explosion of the number of local shapes, and simplifying the hierarchy of motions.
The first project finds the diffusive internal motions of a biomolecule have diffusion coefficients
that vary periodically over time. The second project extracts the local shapes that frequently
occur and find the correlation between the local shapes and the overall conformation. The third
project models the contribution of each residue to the coupled dynamics of the domains of a
protein. The results identify residues that correlate to the state of the domains, and one domain is
a switch that controls the dynamics of the other domains.

The functions of biological molecules depend on both the motions and structures of the
biological molecules. Therefore, a deep understanding of motion has profound consequences for
the understanding and application of biomolecules. We would understand the motion of
biomolecules directly as motions instead of a structure with unclear drives for motion. Deep
knowledge of the motions of biomolecules would enable factoring the motions. The factoring
can significantly speed up the MD simulations of many different drugs bound to the same target
by factoring out the motions of the same drug target. Such a systematic understanding of motion
would also provide a model that predicts if a tiny modification of a drug can cause a significant
change in the behavior of the target. Without this prediction, potentially, we have to perform a
full MD simulation for each tiny modification of the drug.

Motion can potentially become another tool for reducing side effects by ensuring the drug

would only affect its intended target. For example, structurally similar biomolecules are often the
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source of drugs' unintended interactions and side effects. However, two structurally similar
biomolecules may have very different motions. Therefore, developing drugs that target both the
motion and structure may reduce side effects.

A reductionist understanding of motion can benefit both the design of experiments and
computational modeling. Since the function of a biomolecule depends on both its structure and
motion, the understanding of motion can benefit the creation of artificial proteins with novel
functions. The synthesis of molecules depends on the rearrangement of atoms and bonds. A deep
understanding of the motions of molecules can also benefit synthetic chemistry and other
branches of chemistry.

A possible future direction would be to factor the motion of biomolecules into the
motions of the parts with neural network architectures based on the ideas in the three projects.
The factoring would describe how the change of the motion of one part affects the motions of the
other parts. Artificial neural networks can potentially complement theories in attaining a deep
understanding of motion. In MD simulations, Newtonian dynamics describe the detailed motions
of every atom. Although Newtonian dynamics is useful for performing the simulations, this
detailed description is not an intuitive model of the overall behavior. A more abstract model of
the general behavior in terms of the motion of the parts is valuable. However, biomolecules are
often nonlinear. Since theories often have difficulty describing nonlinear systems in general, a
hybrid approach to model the overall motion of biomolecule may be more promising. For
example, the coupling between the motions of the parts is often complex and nonlinear. Artificial
neural networks can model a suitable nonlinear transformation of the couplings that turn the
nonlinear relationships into linear relationships that are far more intuitive and interpretable for

humans. If a partial understanding of the intuitive part of motions is sufficient, we can use theory
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to explain only the intuitive and decomposable part of motions. Of course, the artificial neural
network is not a solution for all problems. Unless carefully designed, an artificial neural network

might be a black box without offering any margin of error, an explicit guarantee of reliability, or

explanation.
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