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Noetherian Filtrations and Finite Intersection Algebras
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ABSTRACT

This paper presents the theory of Noetherian filtrations, an important concept in com-
mutative algebra. The paper describes many aspects of the theory of these objects,
presenting basic results, examples and applications. In the study of Noetherian filtra-
tions, a few other important concepts are introduced such as Rees algebras, essential
powers filtrations, and filtrations on modules. Basic results on these are presented as
well. This thesis discusses at length how Noetherian filtrations relate to important
constructions in commutative algebra, such as graded rings and modules, dimension
theory and associated primes. In addition, the paper presents an original proof of
the finiteness of the intersection algebra of principal ideals in a UFD. It concludes by

discussing possible applications of this result to other areas of commutative algebra.
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Chapter 1

Introduction: Graded Rings and
Modules

Noetherian filtrations are a class of mathematical objects which have certain nice
properties. In this paper we will develop the theory of filtrations, and prove the
Noetherianity of a certain class of filtrations.

All rings are assumed to be commutative with identity. We will begin the first
chapter by introducing graded rings. Then we will review several notions from intro-
ductory commutative algebra, beginning with defining Noetherian rings and modules
and presenting some related results. The rest of the first chapter contains additional
definitions and results concerning graded Noetherian rings.

Once these fundamentals have been established, Chapter 2 defines the objects in
which this thesis is primarily concerned: filtrations, Rees algebras, and associated
graded rings. We again include a number of examples. Further, we compute the
dimension of Rees algebras of an ideal in a Noetherian ring.

Chapter 3 summarizes many important results concerning a special class of filtra-

tions, called Noetherian filtrations. These are studied in depth here. In the process,



we define essential powers filtrations and discuss their relationship to Noetherian fil-
trations. Examples are given. The chapter concludes with a number of important
equivalent conditions that characterize Noetherian filtrations.

Finally, Chapter 4 presents the concept of finite intersection algebra of two ideals.
We present an original proof of the finiteness of intersection algebra of two primary

ideals in a UFD. The chapter concludes with some other related results.

We will start by giving a review of some basic facts from commutative algebra
that will be needed later in this paper. In this thesis, all rings are assumed to be

commutative with identity.

Definition 1.1. A semigroup G is a set together with a binary operation 4+ which
is closed under addition, associative, and has an identity. A semigroup is called

cancellative if for any a,b,c € G, and a + b = a + ¢, then b = c.

Definition 1.2. A graded ring over a cancellative semigroup G is a ring R that
can be written as a direct sum of abelian groups R = €, . R; with the additional
constraint that R;R; C R;i;. An element r € R is called homogeneous if there is
some ¢ such that » € R;. Then ¢ is called the degree of r. A homogeneous ideal is an

ideal generated by homogeneous elements.

It should be noted that while a ring can be graded over any cancellative semi-
group, generally in this paper they are graded over N or Z. Also, in this thesis, we

will assume that N contains 0.

Definition 1.3. If [ is an ideal of R, then the graded ideal I* is defined to be the ideal
generated by all of the homogeneous elements in /. An ideal is called homogeneous if

I = I*. Other equivalent definitions of a homogeneous ideal will be explored below.



Example 1.4. The simplest example of a graded ring is the polynomial ring R = k[z].
Then R=Ry® R D DR, D ---, where R; is the collection of the terms of degree
i. This is clearly a direct sum decomposition, since R; N €P i By = () for all 7, and

RiRj C Ri—i—j since l‘i(L’j = ZL‘i—H.

Example 1.5. For another example, take R = k[z,y| and use the N-grading induced
by the total order, i.e. for any monomial 2%y’ € R, the degree of that monomial is
i+ 7. Thus an example of a homogeneous ideal would be (z'y?, 3 + y3, zy® + 22y?),

where the first term is in Rg, the second in R3, and the third in Ry.

Example 1.6. The same ring can have a different grading and produce different
homogeneous elements. If we instead use the multidegree order, R = k[z, y] is graded
over N x N. The degree of any element x'y’ is (i, ), and therefore (2%y*, xy, z) is a
homogeneous ideal with the first element of degree (3,4), the second of degree (1,1)
and the third of degree (1,0).

Proposition 1.7. Let R be a G-graded ring, where GG is a cancellative semigroup.

Then 1 is in Ry.

Proof. Since 1 € R, 1 = ZieG xr; with z; € R;. We claim o = 1, and thus 1 €
Ry. Let y be homogeneous in R. Then y =y -1 = ). _,yx;. We equate degrees
on both sides. Note that all of the terms of the sum are of distinct degrees, for
if deg(yx;) = deg(yzx;), then deg(y)+ deg(x;) = deg(y)+ deg(z;), and since G is

cancellative, deg(z;) = deg(z;). So, as deg(zp) = 0, then y - xy = y. O

Example 1.8. (Yongwei Yao) An interesting example arises if G is not cancellative.
Let G = {0,b}, where b # 0 is such that b+ b = b. Note that this is a semigroup, as
it is closed under associative addition. Let R = 0 Z with the natural multiplication

on Z, where 0 is Ry and is of degree 0, and Z is R, and with the elements of Z having
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degree b.We claim this fits the requirements for a graded ring: Ry - R, C Ry, since for
any z € Z,0- 2 =0€ Z = Ry, and R, - Ry C R, as Z is closed under addition. But

here, 1 is clearly in R, and not in Rj.

Proposition 1.9. Let I be an ideal of a G-graded ring R. Let I* be the ideal
generated by the homogeneous elements of I, and I** be the ideal generated by the

homogeneous components of I. Then the following are equivalent:
l.Iffeland f=fi+ fo+---+ f, with f; € Ry, and g; # g; , then f; € I;
2. [ =1,
3. I is generated by homogeneous elements;
4. I =1T1%;

Proof. 1 = 2 : First, note that I* C I C I"* always. So let f € I"* be a generator of
I, So f is a homogeneous component of an element of I by definition of [**, and
so by hypothesis f € I. Thus all of the generators of I** are in I, and thus I*™* C I,
therefore they are equal.

2 = 3 : Since [** is generated by homogeneous elements and I = [**, [ is generated
by homogeneous elements.

3 = 4 : We know already that I* C I, so now let f € I be a in the set of
homogeneous generators for I. By hypothesis, f is homogeneous, and thus f € I'* by
the definition of I*. Since the generators of I are in [*, I C I* and thus I = I*.

4=1:Let fel with f=f+ fo+ -+ f,, and f; be homogeneous of degree
gi- Now f € I*, so f =) r;h; where r; € R and the h; are homogeneous elements of
l;. Now each of the r; is a sum of homogeneous elements, so multiply out the terms
of f and identify the degrees. Then fi = > rjh; where the r] are homogeneous, and

thus fp € I*,s0 fr,e [ =1,



]

Before we can proceed, we need a general discussion of Noetherianity of rings and
modules and a few other items from commutative algebra. The following summary is
presented without proof, and a thorough treatment can be found in an introductory

text such as [4], [9] or [5].

Definition 1.10. A ring R is said to be Noetherian if it satisfies the ascending chain
condition (A.C.C.) on ideals, i.e. for any increasing chain I; C Iy C I3 C --- of ideals
of R there exists an integer k such that I,, = I for all n > k. A left R-module M is

Noetherian if it satisfies the A.C.C. on submodules.

Definition 1.11. In a dual way, we can define an Artinian ring R as one that satisfies
the descending chain condition, or D.C.C. That is for any decreasing chain of ideals
Iy O I, O I3 D --- there exists an integer k such that I,, = I for all n > k. A left

R-module M is Artinian if it satisfies the D.C.C. on submodules.
Proposition 1.12. The following are equivalent:

1. R is a Noetherian ring (module);

2. Every ideal (submodule) of R (M) is finitely generated;

3. Every nonempty family of ideals (submodules) of R (M) has a maximal element

(under inclusion);

Proposition 1.13. Any homomorphic image of a Noetherian ring is Noetherian. In

particular, if R is Noetherian with I an ideal of R, then R/I is Noetherian.

Theorem 1.14. (Hilbert Basis Theorem) If R is a commutative Noetherian ring with

identity, then so is R[xy,...,xy).



Definition 1.15. Let R be a ring. The supremum of the lengths of chains of prime

ideals of R is called the dimension of R, denoted dimR.

Definition 1.16. Let P be a prime ideal of a ring R. Then the height of P, denoted

ht(P), is the supremum of lengths of chains of prime ideals Py C --- C P, = P.

Definition 1.17. Let L/K be a field extension. The transcendence degree of the
extension is the largest cardinality of an algebraically independent subset of L over

K.

Definition 1.18. Let R be a ring. If R has a unique maximal ideal m, then we say

that R is a local ring, denoted (R, m).

Definition 1.19. Let R be a ring and S a subset of R with identity that is closed
under multiplication. Then the localization of R at S, denoted S™'R or Rg, is defined
to be {Z|r € R,s € S}, with the additional requirement that r/s = r'/s" if and only

if there exists some u € S such that u(s'r — sr’) = 0.

Definition 1.20. Let R and S be as above and let M be an R-module. Then the

localization of M at S, denoted S~'M, is defined to be M ®p Rs.

In the above two definitions, if S is the complement of a prime ideal P in R, then
the localization of the ring or module at S is called Rp or Mp respectively. In this

case, S is automatically a multiplicative set.
Proposition 1.21. Let (R, m) be a Noetherian ring. Then dim(R) is finite.

Proposition 1.22. Let R be Noetherian. Then R is Artinian if and only if dim(R)=0.
Further, if R is local with maximal ideal m, then there exists an n € N such that

m” = 0.



Definition 1.23. Let R be a ring. The collection of prime ideals of R is called the
spectrum of R and denoted Spec(R). The collection of minimal primes of R is denoted

Min(R).

Definition 1.24. Let M be an R-module with P € Spec(R). We say that P is
an associated prime if P is the annihilator of an element of M. The collection of

associated primes is denoted Ass(M).

Definition 1.25. The support of a module M, denoted Supp(M), is the set of prime

ideals P € Spec(R) such that Mp # 0.

Definition 1.26. Let [ be an ideal in R. Then the radical of an ideal, denoted
Rad(I) or /I, is defined to be Rad(I) = {r € R|r™ € I for some n € N}. Note that
for any I, I C Rad([).

Definition 1.27. Let R be a ring and P a prime ideal. Then the nth symbolic power
of P, denoted P™, is P"Rp N R.

The following three results are presented by Bruns and Herzog in [2] on pages

29-30. We will follow their treatment closely.

Theorem 1.28. Let R be an N-graded Ry-algebra, and x,...,x, homogeneous ele-

ments of positive degree. Then the following are equivalent:
1. xq,...,%, generate the ideal m = @7, R;;
2. x1,...,T, generate R as an Ry-algebra.

In particular, R is Noetherian if and only if Ry is Noetherian and R is a finitely

generated Ry — algebra.



Proof. 2 = 1: By hypothesis, for any r € R, there exists f(7T1,...,T,) € Ro[T4,...,T,]
such that r = f(x1,...,2,). Let € m be a homogeneous element. Then we claim
that r = f(xy,...,2,) = ZI:(Z.L_”M)(?"I:B? o-xim) C (x1,...,%,). Since r is homo-
geneous, so [ is homogeneous of the same degree. So we can match up the degrees.
Since r € m, degr > 1, and so each term of f has an x; in it for some i. Hence
r=>ri-x; € (x1,...,2,). Clearly, (z1,...,2,) Cm,som=(xq,...,2,).

1 = 2: Let y € R be homogeneous of degree d. We do induction on d. We want
to show that y = y121 + - - - + ypx, with y; € Ry. If degy = 0, we are done, as y € Ry
already.

Now assume that the homogeneous elements of R of degree less than d are gen-
erated as an Rg-algebra by xzi,...,x,. By hypothesis, we know y € @221 R, =
m = (z1,...,2,). Soy = y121 + -+ + Ypx,, with y; € R;. So y is homogeneous,
and the z; are homogeneous, but the y; may not be. Multiply out and combine
like terms. Then we have y = yjzy + -+ + y,x,, where the y, are homogeneous
of degree deg(y)—deg(x;), which is less than d. So by induction, there exists an
fi € RolTh,...,T,), with ¥} = fi(z1,...,2,). Now, non-homogeneous elements are
sums of homogeneous elements, so the statement follows.

For the last statement, if R is Noetherian, then Ry = R/D,., Ri = R/m, which
implies that Ry is Noetherian. Also, if R is Noetherian, m is finitely generated by say
(x1,...,2,), and by this Theorem, R is Ry finitely generated by (z1, ..., x,). For the
other direction, if Ry is Noetherian, then since R = Ro[r1,...,mm] = Ro[Th, ..., Th]/1,

which implies that R is Noetherian.

Theorem 1.29. Let R be a Z-graded ring. Then the following are equivalent:

1. Every graded ideal of R is finitely generated;



2. R is a Noetherian ring;
3. Rgy is Noetherian, and R is a finitely generated Ry-algebra;

4. Ry is Noetherian, and both S; = @2 R; and Sy = @2, R_; are finitely gen-

erated Ry-algebras.

Proof. The above theorems make 4 = 3 = 2 = 1 clear: assuming 4 shows that R is
a finitely generated Ry-algebra, since it is a sum of S; and Sy. The previous theorem
makes 2 clear, which clearly implies 1 since every ideal of R is finitely generated.

1 = 4: Note that Ry is a direct summand of R as and Ry-module. So IRN Ry =1
for any ideal I of Ry. We claim that Ry is Noetherian.

Take an ascending chain of ideals [y C [; C--- C [, C 1,,1 € --- in Ry. Extend
these ideals to R. So RI, C RI; C --- C RI,, C RI,,.; C --- is a chain of ideals in R.
Since R is Noetherian, this chain stabilizes at say the nth position. Now contract this
chain back to Ry to get RIpN Ry C RILNRyC---CRI,NRy=RI,,1NRy="--.
This chain obviously stabilizes, and since IR N Ry = I, this chain is the same as the
one we started with. A similar argument for chains of submodules shows that R; is a
finite Ryp-module for every ¢ € Z.

Now let m = ;°, R;. We claim m is a finitely generated ideal of S;. By hypoth-
esis, mR has a finite system of generators x1,...,z,,, and assume each generator z;
is homogeneous of degree d;. Let d = max{ds,...,d,;,}. Then y € m with degy > d
can be written as a linear combination of zq,...,x,, with coefficients in S;. Thus
X1, ..., T, together with the homogeneous generators spanning Ry, ..., R4 1 over Ry
generate m as an ideal of S;. By (1.28), S; is a finitely generated Ry-algebra and S

follows by symmetry. O

Theorem 1.30. Let R be a Z-graded ring.



1. For every prime ideal P, the ideal P* is a prime ideal.

2. Let M be a graded R-module

(a) If P € Supp(M), then P* € Supp(M).

(b) If P € Ass(M), then P is graded; furthermore P is the annihilator of a

Proof.

2.

homogeneous element.

1. Let a,b € R with ab € P*. We can write a = ) . a;, with a; € R;,

b=>_,;b; with b; € R;. We do a proof by contradiction.

Assume a ¢ P* and b ¢ P*. Then there exists a p,q € Z such that a, ¢ P*

but a; € P* for i < p and b, ¢ P*, but b; € P* for j < g. Then the (p + ¢)th

homogeneous component of ab € P* is >

itimpta a;bj. This sum is in P*, since

P*is graded. All summands of this sum are also in P* since P* is a homogeneous

ideal, so ayb, € P*. Since P* C P and P is prime, then a, € P or b, € P. But

a, and b, are homogeneous, so either a, or b, € P~

(a)

Assume P* ¢ Supp(M). So Mp« = 0. Let € M homogeneous. Then
there exists an a € R\ P* such that ax = 0. Since z/1 € Mp« = 0,
there exists an a ¢ P* with ax = 0. It follows that a;z = 0 for any a; a
homogeneous component of a. Since a € R\ P*, there exists an 7 such that
a; ¢ P*. Since a; is homogeneous, a; ¢ P. Thus z/1 = 0 in Mp, which is

a contradiction.

Let x € M with P = Ann(x). Let x = z,,, +- - - +x,, with 2; homogeneous,

and ¢ = ap +---+a, € P. Since ax = 0, a;x; = 0 for r =

i+j=r
m+p,...,n+q. Thus apz,, = 0,ap117pm41 = 0, etc. We claim that

2 _
ApTm41 = 0.

10



Examine the p+m + 1" degree terms: a,, - 11+ api1 - . We know this
must be 0. Thus a,(ap - Tmi1 + Gpp1Tm = ai c Ti1 + Gpia(ap - ) = 0,
thus af, - Tma1 = 0. By induction, a§;$m+i_1 =0forallz > 1. So a;“m“
annihilates . Since P is prime, a, € P, so each homogeneous component
of a is in P, and thus P is graded.

For the second part, we need to show that Anng(z) = Anng(z,,). Now
a € P=P* soar =0, and az; = 0 for all i, so P CAnn(z;). Now
Ann(z) =(),_,, Ann(z;). And (),_,, Ann(z;) C P. Since P is prime, there

is an i such that P O Ann(z;) O P.

11



Chapter 2

Filtrations and Rees Algebras

The fundamental objects that we will use in this paper are filtrations of ideals and the
Rees algebras generated by them. This chapter begins with some examples, and then
develops the basic ideas behind the dimension of Rees algebras of a power filtration.
Basic facts on filtrations such as [2], [5], pages 147-150, [16], pages 93-95 and [9],
pages 93-94, and a thorough treatment is given in a remarkable book by Rees. More

specific aspects, not touched on upon here, can be found in [8].

Definition 2.1. Let R be a ring. We define a filtration of ideals of R to be a chain
of ideals {I,}, starting with Iy = R, I,, C I, for all n > 1, with the additional
requirement that the ideals satisfy I, - I,,, C I,4,,. Let E be an R-module. Then we
define a filtration on F, denoted e = {E,, },,, to be a descending chain of R-submodules

FE,, of E such that £y = E.

Example 2.2. Let I be an ideal of R. A typical example of a filtration is the power
filtration {I"},. Then Iy = R, I = I, I, = I? and so on. Clearly this satisfies both

properties of a filtration, since I™ D I"*! and "™ C ["t™.

Example 2.3. Note that if you “shift” a filtration up, it remains a filtration. Say,

12



using the [; from above, that Jy = Iy = R, J; = I, Jo = I5, and so on. Then {J,,} is

a filtration as well, for the same reasons as above.

Example 2.4. Let P be a prime ideal in a ring R. Then for all n and m, P"- P™ C
P™™ so P"Rp-P™Rp C P"™™Rp. Hence (P"RpNR)-(P"RpNR) C P""™RpNR.

In other words, P™ . P(™) C P("+™) and so {P™},, forms a filtration.

Example 2.5. Another example is very close to a power filtration. Let I; = (z%°),
I = (2%%9°), I, = (z"%’) in R = k[z,y]. Again, this clearly satisfies both properties

of a filtration.

Example 2.6. A less obvious one is 1, = (V" 1) in k[z] with k a field. While the

inclusion is still trivial, the other requirement requires proof.

We need to show that [v'm+n | < [vm |+ [v/n |. Obviously [Vm+n ] <
[vm+y/n 1. Then, v/m+n < Vm+y/n < [m 1+[v/n 1. Also, [Vm ]+[vn | €
N. So by the definition of the ceiling, [v/m +n | < [v/m ]+ [v/n ]. So the second

property of a filtration is fulfilled, and {I,} is a filtration of ideals on k[z].

Definition 2.7. Let f = {I,,} be a filtration of ideals of a ring R. Then we can define

the graded ring associated to the filtration as

I,

InJrl

gri(R) =P

n>0

For x € I, and y € I,,, multiplication is defined to be (z + I,11)(y + Lns1) =
xy + Inimar. If the filtration is understood to be the power filtration, we can write

the associated graded ring of an ideal I as gry(R).

If Ais aring, with I < A an ideal, and f = {I™} is the power filtration defined

by an ideal I, then gr;(A) is generated over A/I by the elements of I/I?. To see

13



this, notice that any element in I"/I"*! can be written as a linear combination of
products of n elements of I/I2.

Now, using filtrations, we introduce the notion of a Rees Algebra of a filtration.

Definition 2.8. Let f = {I,,} be a filtration of a ring R. Then the Rees Algebra of
fis
R={F =) Ft*IF; € I} C R[t].

k=0
By the properties of the filtration, this is a subring of R[t]. To check this, let
F=ay+ait+---+a,t” and G = by + byt + - - -+ b,,t™ be in R. Then because I; is
an ideal, a; + b; stays in [;, so F + G is clearly still in R. Also, a;t" - bt/ = a;b;t"™,

and since [ is a filtration, a;b; € I;4;.

Definition 2.9. Let v = ¢! and f = {I,,} be a filtration. We define the extended

Rees Algebra, R' = - ® Ru> @ Ru® R® Lt & Lt* & --- C R[t,t71].

Proposition 2.10. Let R be a ring with a filtration f and R’ the extended Rees

algebra as defined above. Then g;(R) = R'/uR'.

Proof. Let r € R/, with r = > r,t", where r, € I, if n > 0 and 7, € R when
n < 0. Construct a homomorphism ¢ : R' — g;(R), where ¢(r) = > 7, where
rn € In/lhyq for all n > 0 and r, € R for n < 0. This is clearly a surjective
homomorphism. Then, if ¢(r') = 0, then v' = >, t", where 7/, | € I,41, which

is the same as wR’. Thus, g;(R) = R'/uR’. O

Now we can compute the dimension of the Rees algebras of a power filtration.

This result is shown as Theorem 5.1.4 in [16].

Theorem 2.11. Let R be a Noetherian ring, and let I be a proper ideal of R. Then
dim R s finite if and only if the dimension of either the Rees algebra or the extended

Rees algebra is finite. Further, if dim R is finite, then:

14



dim R+ 1, if I € P for some prime ideal P with dim(R/P) = dim R;
dim R[It] =

dim R otherwise.

2. dim R[It,t7'] = dim R+ 1

3. Ifwm is the only mazimal ideal in R, and if [ C m, then mR[It,t~+TtR[It,t7 ]+

t~ R[It,t7'] is a mazimal ideal in R[It,t7'] of height dim R + 1.
4. dim(gr;(R)) = dimR.

Proof. First, let J be an ideal of R. Then,
JCJRIt|NRC JR[It,t ) NRC JR[t,t ')NR=J (2.1)

so the above inclusions are all equalities. So, any ideal in R is a contraction of an

ideal in R[It] and R[It,t7']. In addition,

R[It] c R[It,t71] c R[t, t7!]
JR[t,t-Y N R[It] = JR[t,t= YN R[It,t~] ~ JR[t,t71]

? - (2.2)
We claim that the two middle rings are isomorphic to the Rees algebra and the
extended Rees algebra, respectively, of the image of I in R/.J. To see this, let I =
L C B and R = R/J. Then let r € R[It] = ro+ rit+---, where r; € I'. Define
a homomorphism ¢ : R[It] — R[It] by ¢(r) = 7o + 71t + - -+, where 7; € I. Then
Ker(¢) = {r € R[It]|p(r) = 0} = {r € R[It]|r; € J for all i}, which is the same as
saying that r € R[It] and r € JR[t] C JR][t,t™'], which proves the isomorphism. The

second is done in a similar way.

In particular, we claim that if P is a minimal prime of R, then PR[t,t~!] N R[]
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must be minimal in R[[t], and PR[t,t~'] N R[It,t'] must be minimal in R[I¢,¢7!].
Call PR[t,t™'] N R[It] = P. To show that P is minimal, we need that R[It] is
Artinian, which is equivalent to having ISR[I t] 5 nilpotent. So we must show that every
element in PR[It]Is is nilpotent. We know that PN R = P, and that Rp is Artinian,
so PRp is nilpotent, and therefore PRp[t] is nilpotent. Let S = R\ P C R[It]\ P.
But S~'P C PpRpl[t], so it is nilpotent as well. Then PR[It] is a further localization
of the nilpotent ideal S~'P, so it is nilpotent as well.

Then, any nilpotent element of R[It] or R[It,t'] is certainly nilpotent in R[t,t™!],
so it has to lie in the intersection of the primes of R[t,t™'] = (\peyginry PRI t7']- So
all the minimal prime ideals of the Rees algebras are contractions of minimal primes

of R[t,t7'] and are of the form PR[t,t!]. So,

RII1]

dimR[/?] = maxgeming)(dim=5=) = maxpeyiinr(dim i L —

PR[t,t—1NR[I]

= max pering (dimR[It]) = maXPeMinR(dim%[%t])

Thus dim R[It] = max{dim (£[Z£L¢])|P € MinR}, and similarly dim R[I¢,¢7!] =
max{dim (£[HE¢ ¢71])|P € Min R}. So, to calculate dim R[[t], it is enough to
show that for an integral domain R, dim R[It] = dim R if [ is the zero ideal and is

dim R + 1 otherwise. Thus we can assume that R is a domain.

Proposition 2.12. (Dimension Inequality) Let R be a Noetherian integral domain,
with S a ring extension of R which is also a domain. Let () be a prime ideal in S and

P=QNR. Then
htQ + tr. deg,p)r(Q) < htP + tr.deggS. (2.3)

The above Proposition, proven as Theorem B.2.5 in [16], implies that, when R = R
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and S = R[[t], that for every prime ideal @ in R[It],

ht@ + tr.deg, gnryk(Q) < ht(Q N R) + tr.degr R[I1]. (2.4)

Clearly, tr.degr R[It] = 1, since the larger ring is simply R with one variable adjoined
to it. Therefore, no matter what tr.deg,ong k(@) is, ht @ < ht(Q N R) +1 <
dim R + 1. So, the height of any prime in R[[t] is at most one larger than the
height of any prime in R, which proves that dim R[It] < dim R+ 1. Clearly dim
R[It] = dim R if I is the zero ideal, since R[(0)t] = R. So assume that I is non-zero.
Let Py = ItR[It]. Then BhbN R = (0),1t C Py, htFy > 0 (since (0) C F), and
R[It]/Py = R which is an integral domain, proving that Py is prime. Since Py is

another prime added to any chain of primes that can be made in R,

dim R[] > dim R+ 1.

This proves (1).

Similarly for (2), it is enough to show that when R is a domain,

dimR[It,t7 '] = dimR + 1.

Again by the dimension inequality, dim R[I¢,¢t7'] < dim R+1, and the other inequal-
ity follows from dim R[[t,t™'] > dim R[[t,t"'];-1 = dim R[t,¢t7!] = dim R+ 1.
Lastly, let Py € P, € --- € P, = m be a saturated chain of prime ideals in R,
with h = ht m. Set Q; = PR[t,t '|NR[It,t7']. AsQ;NR=P;,Qy CQ, C---C
Qy, is a chain of distinct prime ideals in R. The biggest one is Q, = mR[t,t7] N
R[It,t7'] = mR[It,t7! + ItR[It,t7'], which is properly contained in the maximal

ideal Qj, + t ' R[It,t!], which proves (3). O
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Chapter 3

Noetherian Filtrations

Filtrations of ideals represent an important concept in commutative algebra. They
have a rich and long history and have been studied by many authors in various
contexts. Noetherian filtrations are central among filtrations of ideals and their theory
has been developed by authors such as W. Bishop, Okon, Petro, Rattliff, Rees, and
Rush among others, see [1], [10], [11], [12], [13], and [14],.

In this chapter, we define and give examples of Noetherian filtrations, and show
that they are an interesting class of filtrations with remarkable properties. Noetherian
filtrations have finiteness conditions that are similar to power filtrations. This chapter
will explain what those conditions are. Also, we will introduce and study the notion

of an e.p.f. filtration. Our presentation follows closely [1], [12] and [13].

Proposition 3.1. Let R be a ring and I an ideal in R. Then if R is the Rees algebra
generated by the power filtration of I, R is finitely generated over R whenever [ is

finitely generated. In this case, if I = (aq,...,a,), then R is generated by a1t, ..., a,t.

Proof. Let I = (ay,...,an). Then I* is generated by products of k elements chosen
from I. So any element of R looks like F' = iy + i1t + i9t? + - - - + ipt", with i € VER

Let i € I7. Then 7 is an R-linear combination of products of the generators of I of the
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form ai' - - - a}¥, where j; +---+j, = j. But af' - - - aFt Tk = (ayt)?* - - - (agt’*). So
every monomial in R can be written as a sum of powers of a;t, where a; is a generator

of I. So R = Rlaqt, ..., axt]. O

Example 3.2. Let I = (z,y) C R|z,y], and construct a Rees algebra with the power
filtration of 1. So any element of R looks like f = > axt*, with a; € I*. But any
element a;t* can be written as products of powers of 2t and yt, so any f € R can be

written as polynomial in 2t and yt, so R = R[It].

Example 3.3. Now return to the example I, = (z/vV" 1) C k[z]. We claim R is not

finitely generated. Assume the contrary. Then R is generated by some elements

{x[\/CTI lgon plves gz plvom 1t“"}.

We can write

2 [Vm 1gm

as a polynomial over R in the above generators for all m.

So we need to find aq, as, ..., a, such that:

a1 + agog + -+ apa,, = m (3.1)

alVa T+ alVa ]+t alVa ] = VaTtamt o Tal (2

Assume we have the a;, i = 1,...,n, such that equation (1) holds. Then, substituting

(1) into (2) gives:
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We proved above that [va+b ] < [va ]+ [vb ], so:

ar[vor |+ as[Vag T+ +an[Van | < [Varar |+ [Vasas |+ -+ + [Vanon |

< [WVar [[Ven [+ [Vas [[Vaz |+ + [Van [[Van |

Therefore, a; < [\/a; ] for all i = 1,...,n. But, since > [/z | for any z, then

a; = [y/a; | for all 7. Thus, all of the inequalities above are in fact equality, and so:

(V@101 F azon T F anain | = [Vaion 1+ [Vazos 1+ -+ + [Vanan 1.

Since x = [y/z ] only if x = 0,1 or 2, this implies that for all i, a; can be no larger
than 2. Thus the largest «; is certainly no larger than 2. Som = > a;0, <2 . ;.
So m is bounded. But this is clearly impossible, so this Rees algebra is not finitely

generated.

Definition 3.4. Let R be a ring with a filtration f = {I,}. Recall that gr¢(R) =
@nzo ﬁ is the graded ring associated to the filtration. We say that f is Noetherian

if gr;(R) is Noetherian.

Theorem 3.5. Let R be a Noetherian ring with f = {I"} the power filtration. Then

f is Noetherian.

Proof. Examine the following isomorphism:

R Rl I,
— = ~ R) =
TR~ 1Ry =9 D Inir

Thus, if R is Noetherian, then % is as well, and therefore gr¢(R) is Noetherian, which

is the definition of a Noetherian filtration. O
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Theorem 3.6. (P. Roberts [15]) Let R be the polynomial ring Clz,y, 2] localized
at (z,y,2). Then there exists a prime ideal P in R such that @, P™ s not

Noetherian.

We’ve shown a few nice properties of power filtrations. But we can generalize the

power filtration to a larger class of filtrations that behave nicely.

Definition 3.7. We say that a filtration f = {I,,} of ideals of a ring R is an essentially
powers filtration (or e.p.f.) if there exists an m > 0 such that I, = > " I,,_;I; for all

n>1 If n—1<0, I,_; is assumed to be R.

Let f = {I,} be afiltration on aring R. Then we can prove a number of statements

about e.p.f.’s.

Proposition 3.8. Let f = {[,} be a filtration on a ring R. Then the following are

equivalent:
1. fisanep.f;

2. I, = S([TF I5%), where m is as given in the definition of e.p.f.’s, and the sum is

over all e; > 0 such that e; + 2e5 + - - - + ke, = n;

3. There exists an m € N with the property that f is the least filtration on R

whose first m + 1 terms are R, I, I, ..., L;

Proof. First, what does least mean here? And how do we know a smallest filtration
exists? For the first question, for two filtrations f = {/,} and g = {J,,}, we say that
f <gifl; C J; for all i. And we know that the smallest filtration with the given
property exists, because we can simply take the intersection of all filtrations whose
first m + 1 terms are R, I1, I, ..., .

(1 <= 2)
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Let I, = SF | I, for all n > 1, and let I/, = S([]" I5%). Then ai' € I}, can

k
=1

be written as a; - - - a; (e; times), which is inside I;.,. Since L., = > 7, Lie,—j1;, any
monomial in [/, can be written as a product of just two terms whose degrees sum to
n, and thus it would be in I,,.

I, C I by induction

(2 <= 3) Let g = {J,,} be any filtration on R such that [; = J; foralli = 0,..., k.

So by the definition of a filtration,
k k
S AT =>_]q]s) <

i=1 =1

Let K, = S ([15, I¢) for all n > k, and K, = I, for all n < k. Then let h = {K,},

i=1"1
which is clearly a filtration. Since h is less than g, it is less than any filtration

that agrees with f at first on R, so it’s the smallest. So h < f, but f = h, by

(1 < 2) O

Now assume further that R is Noetherian. Then there are a number of additional

results that we can show. This is presented as Theorem (2.7) in [12].

Theorem 3.9. Let R be a Noetherian ring with f = {I,} any filtration of R. Then

the following are equivalent:

1. The extended Rees algebra R' of f, -+ @Rt 2O RtIOROLLD L2 D -+, is

Noetherian;
2. R s Noetherian;

3. R is finitely generated over R;

4. fis an e.p.f.;
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Proof. Notice that, from the previous sections, 1 through 3 are equivalent, since R is
graded and R is Noetherian. So we need only show that 4 is equivalent to the others.

(4 = 3) Since f is an e.p.f., we know that R = R[tI},...,t"]}], since all terms
can be gotten from the first k& terms of the filtration. (2 = 4) Let fi,..., fi, be a
basis of A. Since N is homogeneous, we can assume the f;’s are too, since if they
are not, we can take the homogeneous components and add them to the list. So let
fi = a;t with e; > 0. Let k = maz{e]i = 1,...,m}, so N' = (tI},t*1,,.. ., t*1}).
Let n > k and a € I,,, so x = at™ € N. But every element of N looks like Y g, f; for

some g; € R, hence © = " g;f;. Assume g; = b;t" %, and g; is homogeneous. So:

r = Zngz = Z bitn_eiaitei = Z a,bzt” = at”
n k
=a=> ab €Y Ll e CY Ll
1=1 i=1

Thus, since a € I,, I, = Zle I;1,_; for n > k, which is the definition of an

e.p.f. O]

Definition 3.10. Let e = {E,} be a filtration on an R-module £ and f = {I,,} a
filtration on R. Then e is said to be compatible with f in case I, E, C E,,, for all

m and n.

Definition 3.11. Let e be as above. Then e is said to be f-good in case e is compatible
with f and there exists a positive integer m such that E, = > I,_,E; for all large

n. In other words, f is f-good if and only if f is an e.p.f.

The following Proposition as well as the associated corollary are shown as (3.5)

and (3.6) by Bishop in [1].
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Proposition 3.12. Let R be a Noetherian ring with an e.p.f. f ={I,} and let E be
a finitely generated R-module with an f-filtration e = {E, }. Then e is f-good if and

only if there exists a k£ > 0 such that Fy; = [ E; for all i > k.

Proof. Assume e is f-good. Then by definition, e is compatible with f and there
exists an m such that F,, = 2111 I,_;FE; for all large n, say n > ng. Then we claim
E = " E;t' is finitely generated over S = R[t]},t?[5,...]. Let x, € E,,, with n > ny.
Then x, € >0 In—iEy, s0 x,t" € >0 I, ;t""E;t*, which is in SE;t'. So if x € E,
then x = )" x,t", which is in )", S(E;t")

We showed before that f is an e.p.f. if and only if S = R[t[;,t*],,.. ] is finitely
generated over R. So, there exists a g > 0 such that S = R[t];,...,t] ] since f is an
e.p.f.

Let j be the lem of 2,3,...,9. Then let m; be the positive integer such that
im; = j for all i = 1,...,¢. Then (t'I;)™ C #/I; C A = R[t/I;]. Thus any element
of the form t'x with x € I; is integral over A. Since S is finitely generated over A by
integral elements, S is integral and finitely generated over A = R[t/I;]. Therefore E
is finite A-module.

Let ©4, ..., 0,, be a homogeneous system of generators for E over A, with deg(©;) =
d; and d = max d; fori =1,...,m. Let n > max {d,j} and let z be an element of
E,. So we can write x = ). h;©; where h; are homogeneous elements of A. These
h; are either 0 or of degree of degree n — d;. By resubscripting if necessary, assume
h; 20 fori=1,...,m" < m. Then n —d; > 1, and since all of the elements of A
have degree a multiple of j, thus for all ¢ = 1,...,m’ there exists a positive integer

k; such that jk; = n — d;. Thus:

T = i hi©; C i IfE,, C Ij(i I Ey,)
=1 =1
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And since I]]-“"_lEdi C Liw-1Ea € Ejtky—1)+4, = En—j, we have that £, C L;F,_;.
The opposite inclusion is obvious since e is compatible with f, so E,, = I;E,,_; for all
n > max{d, j}.

Last, let k = jd and ¢ > k. Then by the above equation, E,; = Fjii =
IiEjg-1)+i- Now j(d—1)4+1i > max (d,j)+ 1, so we can continue to pull out /; until
we are left with I]‘»IEZ-, which is in I, F;. Thus, E, C I, E;.

For the converse, let there be a positive k such that Fy.; = I F; for all ¢ > k.
Then we claim E = ) E;t' is generated as a module over S by Eit, ... Fa,_1t, since
the smallest ¢ which is not covered in the hypothesis is © = k£ — 1. Then according to
(2.3) in [12], if E is finitely generated over S, then e is f. So it remains to show that E
is finitely generated over S. Let G; be the collection of generators for F;,¢ < 2k — 1.
This collection is finite, since by hypothesis, each E; is finitely generated over R.
So for every e € Ej;, € = } ;.. 7j%;, Where r; € R and z; € Ej. So to find the
generators of E, we need only to collect all the generators from each G; and attach to
them the appropriate power of t, i.e. the generators of £ over S are all of the terms
et’, where e € G;.

]

Corollary 3.13. Let f = {I,} be a filtration on a Noetherian ring R. Then f is an

e.p.f. if and only if there exists a &k > 0 such that I, = I;I; for all i > k.

Proof. If f is an e.p.f. then f is e-good, so let £ = R and e = f in (3.12) to see that
there exists a k such that I,; = I;I;. If such a k exists, then if n > 2k, we can easily

write
2%

= lo 1y €Y Ll C Lo,

=1
so then f is an e.p.f. with m = 2k. If n < 2k, Then I,, = 3%, I,,_1I;. Clearly, I, is

in this, if 2 = n, and I, is also in both of them by the definition of a filtration. So f
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is an e.p.f. O]

We can now show another important equivalence, but first we need a few more

results.

Proposition 3.14. Let R be a ring with a filtration f = {I,,},>0 and let E be
an R-module with an f-filtration e = {E,},>0 and let £ be an R-module with
an f-filtration e = {E,},>0 such that E, is a finitely generated R-module for all
N > 1. Then G*(E,e) = > ", E,/E,1 is a finitely generated gr;(R)-submodule of
G(E,e) =3 E,/E,41 if and only if there exists a positive integer ¢ such that, for

all j Z g, Ej+1 = IjEl + - ,—|—]j_g+1Eg + Ej+2.

Proof. Assume that G*(E, e) is a finitely generated gr ;(R)-submodule of G(E,). Con-
struct the following submodules: let A;; = I;Ey + 1,1 Eo+ -+ -+ [;_;11 By + Ej49 and
let A; = Z;io Aij/Eji2. Then A; is a gr(R)-submodule of G*(E, e). Also A; C Ay
and (J;2, A; = G*(E,e). Therefore the hypothesis implies that there exists a pos-
itive integer g such that A, = Ay, for all ¢ > 0 so it follows that Ay;/A4n; = 0
for all j > 0 and ¢ > 0. In particular, if j > g and ¢t > 1, then [;_, 11 E,4¢ C
LE + 1 B+ -+ 1 g1 Ey+ Ej o for all j > g, and since the opposite inclusion is
obvious when t = j — g+ 1, we obtain E; = L;iEy + 1 1 Fo+ -+ 1 g1 By + Ejio
for all j > g¢.

Now let g be as given in the hypothesis. Then, for every j > g, E;11/Eji2 =
(LBt liog i Byt Ej) [ Eja = (I i) (B Ex)+ -+ (Ljgi1/1j—g12) (Eg/ Eg 1)
It follows that G (E, e) is generated as a gr ;(R)-submodule of G(E, e) by E,,/E, 1, for
n =1,...,9. Therefore, since each E, is finitely generated, it follows that G*(FE, ¢)

is a finitely generated gr;(R)-submodule of G(E,e). O

Corollary 3.15. Let R be a Noetherian ring with a filtration f = {I,,},>0 and let

E be a finitely generated R-module with an f-filtration e = {E,},>0. If G(E,e)
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is a finitely generated gr,(R)-module and for each positive integer n, there exists a

positive integer p(n) such that E,q) C (Rad(/;))"E, then e is f-good.

Proof. Since G(E, e) is a finitely generated gr,(R)-module, let g be as given in the
previous proposition. So, by considering consecutive values of j, for all 7 > g, E;; =

LE 4+ ;g1 By + Ejie. Since E, 1 C F,, it follows that for all j > g,
Ejpn=LEr+ -+ Ljgp By + E (3.3)

for all t > j 4+ 2 by induction on t..

Assume that the p(n) described above exists. Since R is Noetherian, every ideal
of R contains a power of its radical, so there exists a positive integer m such that
(Rad(I;))™) C I;. Also, (Rad(I;))™ = (Rad(I;))™, since I; C I, and I C I;. So
(Rad(l;1))™ C I;. By assumption, or each positive integer n, there exists a positive
integer p(n) such that E,,) C (Rad(l;))"E,. Therefore, E,u,y C (Rad(l;))"E, C
LE;. Let t = p(m) in equation (3.3). Then E;, = LBy + -+ + [;_41 E, for all
j > g. So for any m,n, we have I,,FE, C E,,.,, so e is f-good.

]

Corollary 3.16. If f = {[,},>0 is a filtration on a Noetherian ring R, then the

following are equivalent:
1. fisanep.f. ;

2. f is a Noetherian filtration and there exists a positive integer g such that I, C

(Rad(1;))™ for all large n;

3. fis a Noetherian filtration and for each positive integer n there exists a positive

integer p(n) such that I, C (Rad(l))".
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Proof. First, notice that since f is an e.p.f., then R is Noetherian. Since we showed
in Chapter 2 that R/uR = gr;(R), and quotients of Noetherian rings are Noetherian,
then f is always a Noetherian filtration.

(1 = 2) By the previous corollary we know that there exists a k such that [, =
Ii; for all i > k. Therefore, I, = I," "I, for all n > 1. So I, = [,"'I, C
(I)"'1; C (Rad(L))" for all n > 1.

(2 = 3) Clear.

(3 = 1) By 3.15, if E is a finitely generated R-module with an f-filtration e =
{E.}, and if G(E,e) is a finitely generated gr,(R)-module, and there exists a p(n)
such that E,u,,y C (Rad(l;))"Ey, then e is f-good. Thus, if £ = R and e = f, by (2)

fis f-good, i.e. f is an e.p.f. O
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Chapter 4

Finite Intersection Algebras

Now that we have established some properties of Noetherian filtrations, we can look at
one example in depth that illustrates both the concepts of graded rings and Noetherian

filtrations.

Definition 4.1. ([7], pages 126-127) Given a pair (I, J) of ideals of a ring R, call the
algebra B = P, ,(I" N J*)u"v* the intersection algebra of I and J. If this algebra is

finitely generated over R, we say that [ and J have finite intersection algebra.

Let R be a Noetherian ring, and let I and J be ideals of R. Then denote B, ; =
(I" N J*)u"v*. Note that, because (I" NJ*)-(I"" NJ*") C I"+" N J*+" we have that
B,r,l’s/ . BT‘”,S” g BT’+T/’,S’+8”'

Denote B, = P B, s. With this notation, B = ®n20 B,,, which is N-graded,

r+s=n
because B, - Byr C Byypr. Then by (1.28), B is Noetherian if and only if B is a
finitely generated R-algebra, as By = R is Noetherian.

The purpose of this chapter is to prove the following theorem:

Theorem 4.2. Let R be a UFD and I, J principal ideals in R. Then I, J have finite

intersection algebra.
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Proof. By the above definition, I and J having finite intersection algebra is equivalent
to B being finitely generated over R. With the notations from above, it is enough to
show the following claim.

Claim: There exists an N > 0 such that for every = € B, ; there exists y € B, o
and z € By g, where x = yz, 7" +1r' =r, "+ =sand 0 <7’ + s < N.

First, we will show that the Claim implies that B = R[B, ;|r + s < N]. In our
case, B, s are R-free submodules of B of rank 1. So B = R[B, s|r + s < N] implies
that B is a finitely generated R-algebra, hence the Theorem. To show that the Claim
implies B = R[B,s|r + s < NJ, note first that R[B,,|r + s < N] C B, because
B, g - B g € Byryyn g4 Denote A = R[B,.s|r +s < NJ|. For B C A, it is enough
to show that for every r,s, B, € A. We'll prove this by induction on r + s.

Let z € B, . By the Claim, there exists y € B,» ¢ and z € B, 4, where v = yz,
r"+r'=r ¢ +s=sand 0 <1+ < N. Hence, v = yz, since " + s <r+ s by
the induction assumption, it follows that z € A. In conclusion, z = yz C A.

We will concentrate now on proving the Claim.

Let a,b € R such that [ = (a) and J = (b). R is a UFD, so a and b can be

uniquely decomposed into a product of prime elements. Thus, there exists py,...,pn
primes in R, aq,...,q,,B1,..., 0, € N, not all zero, such that a = p{"* ---pS* and

To illustrate our method of proving the Claim, we will treat first the cases n =1
and n = 2, and then move on to the general case.

First, let us examine the case where I and J are generated by one prime element.
So I = (p*) and J = (p?), where where p is some prime and «,3 € N. Then
rroJge= @) N’ =E)n ) = @),

Examine a generic term from the algebra with its indexing dummy variables:

prax(enfs)yrys - We need to find some N such that for every (r,s), there exists an
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' s with ' <r, s <sandr +s < N such that

max(ar,3s) u”

p v
max(or’! B8 )0, 08"
pmax( u’'v

max(a(r—r’),ﬁ(s—s’))ur—r s5—s

This equation then simplifies to

max(ar, 3s) — max(ar’, 8s') = max(a(r — '), B(s — §')).

Let 79, s be such that ar® = 3s® = [a, 3]. Then, the Claim is satisfied for r’ = r°
and s’ = s as long as r > r% and s > s°.

For the two prime case, let [ = (p*1¢®?), and J = (p”¢”?). We want to find N
such that for every (r,s), there exists an 7/, s’ with ' < r, ¢ < sand "+ s < N

such that

mazx((r — "oy, (s — §')5;) + max(r'a;, s'6;) = max(ray, s53;)

for : = 1,2. With an additional lemma, we can simplify these equations a bit more.

Lemma 4.3. For any a,b,¢,d € N, max (a — b,c — d) + max (b, d) = max(a,c) <

((a=b) = (c—=d))(b—d) > 0.

Proof. First we show the forward implication. Let b > d. If c —d > a — b, then we
have ¢ — d + b < max(a, ¢). Our condition implies that ¢ —d + b > a, so since b > d,
¢ > a. But then the original equation can never hold. So if b > d, then a —b > ¢ — d.
A similar calculation shows the same results for b < d.

For the converse, assume that ((a—b)—(c—d))(b—d) > 0. Then, either a—b > c¢—d
and b > d or vice versa. Assume that this is the case. Then a—b > ¢c—d = a > c—d+b,

and since d < b, then a > ¢. Therefore, max(a — b, ¢ — d) + max (b, d) = max(a, c)
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So we can rewrite these equations as

((r = r")ai = (s = $)B) (' — /%) 2 0 for all i = 1,2. (4.1)

In this case, we will find two separate sets of (17, s’) that will handle most of the
r and s.

Let r¥ and s such that oy = {6 = [ay, 1] and find 79 and s such that
rdag = 896 = [, B2]. We will show the Claim for (r,s) as long as 7 > r{ and s > s)
up to a possible finite list of pairs.

Look at (4.1) with ' = r{ and s’ = s{:

((r=r))ag — (s — s9)61) (rlon — s161) > 0 (4.2)
((r=1)as — (s — s9)B2) (rlay — s932) > (4.3)

Note that the first equation will always hold, since 70a; = s{3;. So we look at the
second one. If it holds as well, then this 7/, s will work. If not, then ((r — r¥)ay —
(s — 80)32) (ras — s963,) < 0. Then repeat this process with 7’ = 7 and s’ = s9. This
time, the second equation is automatically satisfied. If the first is as well, than this
r" and s’ will work, and if not, ((r — )y — (s — s9)3a) (rYas — s932) < 0.

0

Since mYa; = s%q;, we can rearrange these two resulting equations to give

(8%

((r = rDon — (s = sYB)(Z — ) <0 (4.4)
ﬁ1 B2
r— 19 X M <0 4.5
((r =)oz = (s = D)5 - 3 < (45)
Order the C“ t, renumbering if necessary, so 3- < 5. Then look at equation (4.4),

B
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the one with ¥ and s{. Since this equation is strictly less than 0, (% — %) can’t be

0, so it must be greater than 0. Thus ((r — 7%)ay — (s — s9)52) < 0, which implies
that r < a%((s — sNBs) + Y.
Now repeat this with the other equation. Notice that now, (% — %) must be less

than 0. So now r > =-((s — s9)51) + 5.

Combining these two ranges, we get

1 1
—((s=s9)Bi+ry < —((s—s7)B+1! (4.6)
o1 %)
51 52 0 0 52 0 ﬁl 0
_— — - — —S5. 4.
:>$(Oé1 az) < )=y a281+a152 (4.7)

The term on the left is positive by assumption. So the equations only fail when

0 0_@0_,_&0

Ty 1T 4 52 0. 0
s < A i2ﬁ_2 = =5 + s and (4.8)
aq as
2
R (49)
2

This shows the Claim as long as r > r? and s > s, 1 = 1, 2.
Now to the n prime case. Let a = pi"p5*---p2* and b = pllpg"’ - pPr . where
p; are prime in R and «;, 3; are in N. Then I = (a) and J = (b), and thus I" N

T = () O () = (s ) 0 (0 ) =

(pmax(alr,ﬂls) o p;nax(anr,ﬂns)).

Let v € B,s. Then z = c- prlnax(alr’ﬁls) . -pfax(a"r’ﬁ"s)u’"vs, where ¢ € R. We

will find some N such that for all r, s, there exists an »/,s" with v’ < r, s’ <'s, and
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"+ s’ < N such that

max(a17,51S) max(anr,Bns)

pl .. pn uTUS
Ilnax(ozlr’,ﬁls’) . 'pglax(anr’,ﬁns’)urlvsl
_ prlnax(('r—'r’)al,(S—s/)ﬂl) . pmax((r—r’)an,(s—s’)ﬂn)ur—r’vs—s’
n .
If so, then by letting
y = prlnaX(Otlr'ﬂlS') . 'pmax(anr,ﬁns))ur’vs’
n
and
y— prlnax((rfr’)al,(sfsl)ﬁl) . pmax((rfr’)an,(sfs’)ﬁn)urfr’vsfs’
n Y
the Claim is proven.
What is left to be proven simplifies to
max (1, §;s) — max(a;r’, 5;8") = max(a;(r — '), Bi(s — §')) foralli =1,...,n

which, by Lemma (4.3), simplifies to the following:

(r=r"a;— (s =5)Bi)(r'oey —s'B;) > 0 for alli = 1,... n. (4.10)

We will produce N > 0 such that for all r, s there exists 7/, s’ with 0 < r'+¢ < N
and r > 1, s > s such that (4.10) is satisfied. For clarity, we will label the i"
equation of (4.10) by E;.

Let r? and s? be such that r%q; = Y8, = [ay, 3i], and call ¥ + s = N;. We will
show the Claim for all pairs (r, s) such that r > 7, s > s for all i = 0,...,n. The

other possibility is easier to deal with and be treated separately.
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For ¥ = 7' and s? = &/, the equation E; is automatically satisfied. If, by some
chance, all equations are satisfied for this choice of 7" and s’, then we are done, by
simply letting N = r{ + &Y.

If, however, one equation of 4.10 is not satisfied, then there exists some j; such
that ((r — )y, — (s — s0)3;,) (ray, — $963;,) < 0. Further, since rYa; = s?3;, we can
simplify the system once more to:

o,

((r = rdag, — (s = s0)8;)(F

We will examine now this possibility:
For all i, there exists some j; such that (4.11) happens.

Order the —" , renumbering if necessary, so that & < 22 < ... < 22 We can

Bi pr — P2 — — Bn’
assume that all 3; # 0 in the system (4.10) because the equation F; becomes r > 1’

whenever 3; = 0, which is a constraint that we have to satisfy anyway:.

Consider 7, s9. Hence, for some j;, we have

((r =r)ag, = (s = ﬁh))(ﬁﬁl 5) <0 (4.12)

o1

ar = 61) must be > 0, and it cannot
J1

Due to our renumbering, we know that (32

equal zero because of (4.12). Therefore

((r =)y, — (s — D) < Oorr < —((s — DB, +70.  (4.13)

&5,

Consider now 7? There exists js such that

J1? ]1

(0= )i = (s = )82 = F2) <0 (4.14)
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If (ZZ ;ji) > 0, then we get another upper bound on r:

1
r<—~((s— 3 ) B, —I—rjl
Qo

If (ZZ ;“) < 0, then 1
r > a_-(<8 - 5 B, + 1.

j

Xjpt1 Qi
T < 7.

If (%2 — %21) > 0, we continue on with j, and js, until there is a k with 3 3
k1 ke

ﬂ]g le

There will always be such a k, since our list of % is finite. Look at the equation

K3

relating these two terms, as well as the one previous to it, i.e. the one relating 751

to ]k
(G = 30 = Do, = (5= ) <0 (4.15)
(3 = 3 =y, = (5= 0.0)8,) < 0 (416)

/ij ﬁjkq

. (671
Since (ﬁ — ;j:) <0, ((r—=r)aje,, — (s —s9)Bj.,) >0, and so

r< ((3 - 3 )ﬁ]k+1)
Qjrya
Similarly, since ((;Ji; - ﬁj: I) <0, ((r—r{_)ay, — (s—sy_1)B;.) >0, and so
L= V3 ) 40
r> . ((S Sjk—1>6]k) + T e
i,
Putting the two together as above, we get
s(—ﬂjk+1 — &) < s O _ ) 1@ +r) =) (4.17)
Qg g1 Qj Qg1 Qjy,
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Since (ﬂ]"—+1 — /BL) is always positive, we always have an upper bound on s, which

Xt Xk

induces an upper bound on r as follows:

Qg1 (@jk 6]‘1@71 - O‘jkqﬁjk)

0 0

s < 8; — S, (4.18>
Tk Je-1 Oéjk*l(ajkﬁijrl - Oéijﬁjk)

r < r0 — 40 ﬁjkﬂ (O‘jkﬁjkfl B Oéjkflﬁjk) (419)

o e 5jk-1 (ajkﬁjkﬂ - O‘jk-a-lﬁjk)

Call F the set consisting of pairs r, s satisfying all possible equations of the form
(4.18) and (4.19). Now let N° = max{r + s|(r,s) € F}. If for all 4, » > 10, s > s,

then our Claim follows for N’ = max{N° N?,...  N°}. This is so because either

there exists one pair (r?,s?) that works as (r',s’) or (r,s) € F. It remains to deal

with the case when there exists k such that for all i, r < max(r?),s > max(s?) (the
case r > max(r?),s < max(s?) is similar).
Let 7' =0, = 1 in (4.10). Then there exists an i such that
(ra; — (s —1)B:)(=p;) <0orr > &s - ﬁ

Q; Q;

But r < max(r?) implies that s < o max(r{) + 1. Let G’ be the set of all such pairs

%

0

(r,s). G'is finite. Similarly the case where for all i s < max(s?), 7 > max(r?) gives a
finite set G” of possible pairs (r,s). Let G = G'UG", and N” = max{r+s|(r,s) € G}.
If (r,s) are such that there exists a k with r < r? and s > sf or r > 7 and s < sk,
then either (0,1) or (1,0) work as choices for (17,s") or (r,s) € G. In conclusion, we

can let N = max{N’, N}, and the Claim follows.
[

Corollary 4.4. Let R be a PID with I,J ideals in R. Then [ and J have finite

intersection algebra.
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Proof. Since R is a PID, I and J are principal ideals, and R is a UFD. So, by the

above theorem, I and J have finite intersection algebra. O

Now let f = {I.} = ,,>, Bm- This is a filtration on B, first because clearly
I,+1 C I,. For the other part of the definition, let x € I} and y € I;. Then xy C I},
because B, g - By g1 C Brogyrr g1y

Then compute gr;(B).

gr;(B) = P b _ & 5. =8
n>0 n>0

In+1

We proved above that B is Noetherian. Thus, grs(B) is Noetherian, and by definition
f is Noetherian as well. Further, it can easily be shown that f is an e.p.f.; since our
Claim (see the proof of the above theorem) shows that there exists an N > 0 such
that I,, = Zf\il I,_;I; for every n > 1.

If I or J are not principal, I and J do not necessarily have finite intersection

algebra. This was shown by Fields in [7] as follows.

Example 4.5. Let P and R as in Theorem (3.6) such that the algebra R & PM) @
P® @ ... is not finitely generated. Fields has shown that there exists an f € R
such that (P : f*) = P@ for all a. Then Fields shows in Lemma 5.6 in [7] that the
algebra ®n20 P™ is a homomorphic image of the intersection algebra between (f)
and P. Since P, P is not Noetherian, (f) and P do not have finite intersection

algebra.

Although this shows that in general the intersection algebra of I,.J in R is not
finite, we note that there are other known classes of ideals I and J that have finite
intersection algebra. Fields has shown in [6] that if R = k[[z1,...,2,]] and I and J

are monomial ideals in R, then I and J have finite intersection algebra. This result
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is a consequence of results from the theory of integer linear programming. Fields’
methods can be used to provide a proof of our theorem, 4.2. We have given a different
and original proof that also provides information on the degrees of the generators for
the finite intersection algebra. Fields’ thesis explains how intersection algebras can
be applied to the asymptotic theory of ideals. The following result illustrates more

applications of intersection algebras.

Definition 4.6. Let R be a Noetherian ring, and I, J ideals in R with J C V. Also
assume that / is not nilpotent and (), I* = (0). Then for each positive integer m,
define v;(J;m) to be the largest n such that J™ C I™. Also, we can examine the

sequence {vr(J,m)},,, which here we will abbreviate to v(m).
The following Proposition appears as (3.2) in [3].

Proposition 4.7. Let I, J be ideals in a Noetherian local ring R such that J C v/1,
the ideals I,.J are not nilpotent, and (), I* = (0). Assume that J is principal and
the ring B = p,,,,, J™ N I" is Noetherian. Then there exists a positive integer ¢ such

that v(m +t) = v(m) + v(t) for all m > t.

This shows why it is of interest to establish that I and J have finite intersection

algebra.

Proposition 4.8. Let R be a UFD and I and J nonzero principal ideals in R such

that J C v/I. Then there exists a positive integer ¢ such that v(m+t) = v(m)+wv(t).

Proof. Theorem (4.2) and Proposition (4.7) combined imply the result. However, we
will give a direct proof without relying on these results. Let J = (a) = (p{* -+ p;p")

and I = (b) = (p* ---pp"). Then v(m) is the largest n such that (a™) C (b"), which

is equivalent to being the largest n such that n - 3; < m- ;. Thus n = |min(%%

g 1=
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tay;

1,...,h)] = v(m). Let ¢ be the minimum number such that

for all m > t,

Lmin(”g:")p_L B
—|—Lmin(tg:)\z—1, c,n)]
_ me((m;it)am 1,0

40
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