ScholarWorks@GSU

Interval Neutrosophic Sets and Logic:
Theory and Applications in Computing

Authors Wang, Haibin

Citation Wang, Haibin (2006). Interval Neutrosophic Sets and Logic: Theory
and Applications in Computing. Dissertation, Georgia State
University. https://doi.org/10.57709/1059412

DOI https://doi.org/10.57709/1059412

Rights | hereby certify that, if appropriate, | have obtained and attached
hereto a written permission statement from the owner(s) of
each third party copyrighted matter to be included in my thesis,
dissertation, or project report, allowing distribution as specified
below. | certify that the version | submitted is the same as that
approved by my advisory committee. | hereby grant to Georgia
State University or its agents the non-exclusive license to archive
and make accessible, under the conditions specified below,

my thesis, dissertation, or project report in whole or in part in
all forms of media, now or hereafter known. | retain all other
ownership rights to the copyright of the thesis, dissertation or
project report. | also retain the right to use in future works (such
as articles or books) all or part of this thesis, dissertation, or
project report.

Download date 2026-07-15 16:45:59

Link to Item https://hdl.handle.net/20.500.14694/3975



http://dx.doi.org/https://doi.org/10.57709/1059412
https://hdl.handle.net/20.500.14694/3975

INTERVAL NEUTROSOPHIC SETS AND LOGIC:
THEORY AND APPLICATIONS IN COMPUTING
by
HAIBIN WANG
Under the Direction of Rajshekhar Sunderraman

ABSTRACT

A neutrosophic set is a part of neutrosophy that studies the origin, nature, and scope of
neutralities, as well as their interactions with different ideational spectra. The neutrosophic set is
a powerful general formal framework that has been recently proposed. However, the
neutrosophic set needs to be specified from a technical point of view. Here, we define the set-
theoretic operators on an instance of a neutrosophic set, and call it an Interval Neutrosophic Set
(INS). We prove various properties of INS, which are connected to operations and relations over

INS. We also introduce a new logic system based on interval neutrosophic sets.

We study the interval neutrosophic propositional calculus and interval neutrosophic predicate
calculus. We also create a neutrosophic logic inference system based on interval neutrosophic
logic. Under the framework of the interval neutrosophic set, we propose a data model based on
the special case of the interval neutrosophic sets called Neutrosophic Data Model. This data
model is the extension of fuzzy data model and paraconsistent data model. We generalize the set-

theoretic operators and relation-theoretic operators of fuzzy relations and paraconsistent relations



to neutrosophic relations. We propose the generalized SQL query constructs and tuple-relational

calculus for Neutrosophic Data Model.

We also design an architecture of Semantic Web Services agent based on the interval

neutrosophic logic and do the simulation study.

INDEX WORDS: Interval neutrosophic sets, interval neutrosophic logic, fuzzy sets, fuzzy logic,
semantic Web Services
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Chapter 1

INTRODUCTION

Essentially all the information in the real world is imprecise, here imprecise means fuzzy, incom-
plete and even inconsistent. There are many theories existing to handle such imprecise information,
such as fuzzy set theory, probability theory, propability theory, intuitionistic fuzzy set theory, para-
consistent logic theory, etc. These theories can only handle one aspect of imprecise problem but not
the whole in one framework. For example, fuzzy set theory can only handle fuzzy, vague information
not the incomplete and inconsistent information.

In this dissertation, we unify the above-mentioned theories under one framework. Under this
framework, we can not only model and reason with fuzzy, incomplete information but also incon-
sistent information without danger of trivilization. This framework is called Interval Neutrosophic
Set (INS) and Interval Neutrosophic Logic(INL). We also propose two applications based on INS
and INL.

1.1 Motivation

In a interval neutrosophic set, there are three components, truth-membership function, indeterminacy-
membership function and falsity-membership function. Indeterminacy is quantified explicitly and
three components are independent. This assumption is very important in many applications, such
as information fusion in which we try to combine the data from different sensors.

The interval neutrosophic set is an instance of more general framework called neutrosophic set
which was introduced by Florentin Smarandache. A neutrosophic set A defined on universe X.
x=ux(T,I,F) € A with T, I and F being the real standard or non-standard subsets of |07, 17[, T
is the degree of truth-membership of A, I is the degree of indeterminacy- membership of A and F'
is the degree of falsity-membership of A.

The interval neutrosophic set and logic is more easy to apply to the scientific and engineering



applications. We call it as “interval” because it is subclass of neutrosophic set and logic, that is we

only consider the subunitary interval of [0, 1].

1.2 Problem Statement

An interval neutrosophic set A defined on universe X,z = z(7T,I,F) € A with T,I and F being

the subinterval of [0, 1]. The interval neutrosophic set generalizes the following sets:

1. the classical set, I = (,inf T = supT = Oorl,inf F = sup F' = Oorl and supT +sup F' = 1.

[\

. the fuzzy set, I = 0,inf T =supT € [0,1],inf F =sup F' € [0,1] and supT + sup F' = 1.

3. the interval valued fuzzy set, I = (),inf T ,supT,inf F,sup F' € [0,1],supT + inf FF = 1 and
infT +supF =1.

4. the intuitionistic fuzzy set, I = 0,inf T = supT € [0,1],inf FF = sup F € [0,1] and supT +
sup F' < 1.

5. the interval valued intuitionistic fuzzy set, I = (,inf T,sup T, inf F,sup F' € [0,1] and supT +
sup F' < 1.

6. the paraconsistent set, I = 0,inf T = supT € [0,1],inf F =sup F € [0,1] and supT +sup F' >
1.

7. the interval valued paraconsistent set, I = 0,inf T,supT,inf F,sup F € [0,1] and infT +
inf ' > 1.

1.3 Contributions

Here, we give the overall contributions. They are broadly summarized as follows:

1. Interval Neutrosophic Sets: We are the first to propose the concept of interval neutrosophic
sets. We define the set-theoretic operators on the interval neutrosophic sets and study the

various properties of interval neutrosophic sets.



1.4

. Interval Neutrosophic Logic: Based on the interval neutrosophic sets, we create a new logic

system called interval neutrosophic logic. We define the syntax and semantics of interval
neutrosophic propositional logic and interval neutrosophic predicate logic. We also create

neutrosophic logic inference system based on the interval neutrosophic logic.

Neutrosophic Data Model: We propose an extension of relational data model called neutro-
sophic data model. This data model is based on the special case of interval neutrosophic
sets, i.e., I = (). This data model is the generalization of fuzzy relational data model and
paraconsistent relational data model. It could model and reason with fuzzy, incomplete and

inconsistent information.

. Infinite-Valued Tuple Relational Calculus for Neutrosophic Database: We define one logic

query language called infinite-valued tuple relational calculus for the neutrosophic databases.
The sysntax of this logic query language is very similar to that of traditional relational

databases but its semantics is very different.

Generalized SQL Query Construct for Neutrosophic Databases: We define a generalized SQL
query language for neutrosophic databases. The syntax of our generalized SQL query con-

struct is similar to that of traditional databases, but its semantics is different.

Soft Semantic Web Services Agent: We propose an architecture of soft Semantic Web Services
agent which could provide high quality of service of Semantic Web Services. We perform the
simulation based on the interval neutrosophic logic, neural network and genetic algorithms.

By our knowledge, this is the first one in the literature until now.

Organization

The rest of the dissertation is organized as follows: Chapter 2 first introduces the interval neutro-

sophic sets. In this chapter, the definition of interval neutrosophic sets and set-theoretic operators

are given and various properties of interval neutrosophic sets are proved. Chapter 3 defines the

interval neutrosophic logic based on interval neutrosophic sets including the syntax and semantics



of the first order interval neutrosophic propositional logic and the first order interval neutrosophic
predicate logic. In this chapter, we also design an interval neutrosophic logic inference system
based on the first order interval neutrosophic predicate logic. Chapter 4 gives one application of
interval neutrosophic sets in the field of relational databases. The neutrosophic data model is the
generalization of fuzzy data model and paraconsistent data model. Here, we generalize various
set-theoretic and relation-theoretic operations of fuzzy data model to the neutrosophic data model.
Chapter 5 gives another application of interval neutrosophic logic. A soft Semantic Web Services
agent framework is proposed to faciliate the registration and discovery of high quality Semantic
Web Services. The intelligent inference engine module of soft Semantic Web Services agent is

implemented using interval neutrosophic logic. Chapter 6 concludes the dissertation.



Chapter 2

INTERVAL NEUTROSOPHIC SETS

A neutrosophic set is a part of neutrosophy that studies the origin, nature, and scope of neutralities,
as well as their interactions with different ideational spectra. The neutrosophic set is a powerful general
formal framework that has been recently proposed. However, the neutrosophic set needs to be specified from
a technical point of view. Now we define the set-theoretic operators on an instance of a neutrosophic set,
and call it an Interval Neutrosophic Set (INS). We prove various properties of INS, which are connected to
operations and relations over INS. Finally, we introduce and prove the convexity of interval neutrosophic

sets.

2.1 Introduction

The concept of fuzzy sets was introduced by Zadeh in 1965 [104]. Since then fuzzy sets and
fuzzy logic have been applied in many real applications to handle uncertainty. The traditional
fuzzy set uses one real number p4(z) € [0,1] to represent the grade of membership of fuzzy set
A defined on universe X. Sometimes p () itself is uncertain and hard to be defined by a crisp
value. So the concept of interval valued fuzzy sets was proposed [97] to capture the uncertainty
of grade of membership. Interval valued fuzzy set uses an interval value [p%(z), uY (x)] with 0 <
ph(z) < pY(x) < 1 to represent the grade of membership of fuzzy set A. In some applications
such as expert system, belief system and information fusion, we should consider not only the truth-
membership supported by the evidence but also the falsity-membership against by the evidence.
That is beyond the scope of fuzzy sets and interval valued fuzzy sets. In 1986, Atanassov introduced
the intuitionistic fuzzy sets [23] that is a generalization of fuzzy sets and provably equivalent to
interval valued fuzzy sets. The intuitionistic fuzzy sets consider both truth-membership and falsity-
membership. Later on, intuitionistic fuzzy sets were extended to the interval valued intuitionistic

fuzzy sets [25]. The interval valued intuitionistic fuzzy set uses a pair of intervals [t —,¢1], 0 <t~ <



tt <land [f7,f"], 0< f~ < ft <1with ¢t + ft <1 to describe the degree of true belief and
false belief. Because of the restriction that ¢t* + f* < 1, intuitionistic fuzzy sets and interval valued
intuitionistic fuzzy sets can only handle incomplete information not the indeterminate information
and inconsistent information which exists commonly in belief systems. For example, when we ask
the opinion of an expert about certain statement, he or she may say that the possibility that the
statement is true is between 0.5 and 0.7 and the statement is false is between 0.2 and 0.4 and the
degree that he or she is not sure is between 0.1 and 0.3. Here is another example, suppose there are
10 voters during a voting process. In time ¢1, three vote “yes”, two vote “no” and five are undecided,
using neutrosophic notation, it can be expressed as x(0.3,0.5,0.2). In time ¢, three vote “yes”, two
vote “no”, two give up and three are undecided, it then can be expressed as x(0.3,0.3,02). That is
beyond the scope of the intuitionistic fuzzy set. So, the notion of neutrosophic set is more general
and overcomes the aforementioned issues.

In neutrosophic set, indeterminacy is quantified explicitly and truth-membership,
indeterminacy-membership and falsity-membership are independent. This assumption is very im-
portant in many applications such as information fusion in which we try to combine the data
from different sensors. Neutrosophy was introduced by Florentin Smarandache in 1980. “It is a
branch of philosophy which studies the origin, nature and scope of neutralities, as well as their
interactions with different ideational spectra” [89]. Neutrosophic set is a powerful general formal
framework which generalizes the concept of the classic set, fuzzy set [104], interval valued fuzzy
set [97], intuitionistic fuzzy set [23], interval valued intuitionistic fuzzy set [25], paraconsistent
set [89], dialetheist set [89], paradoxist set [89], tautological set [89]. A neutrosophic set A de-
fined on universe U. x = z(T,I,F) € A with T, I and F being the real standard or non-standard
subsets of 07, 1%[. T is the degree of truth-membership function in the set A, I is the degree of
indeterminacy-membership function in the set A and F' is the degree of falsity-membership function
in the set A.

The neutrosophic set generalizes the above mentioned sets from philosophical point of view.
From scientific or engineering point of view, the neutrosophic set and set-theoretic operators need
to be specified. Otherwise, it will be difficult to apply in the real applications. In this chapter, we

define the set-theoretic operators on an instance of neutrosophic set called Interval Neutrosophic



Set (INS). We call it as “interval” because it is subclass of neutrosophic set, that is we only consider
the subunitary interval of [0, 1].

An interval neutrosophic set A defined on universe X, x = z(T,1,F) € A with T, I and F
being the subinterval of [0,1]. The interval neutrosophic set can represent uncertain, imprecise,
incomplete and inconsistent information which exist in real world. The interval neutrosophic set

generalizes the following sets:

1. the classical set, [ = (), inf T =supT =0or 1, inf F =supF =0or 1 and supT +sup F = 1.

2. the fuzzy set, I =0, inf T =supT € [0,1], inf F =sup F' € [0,1] and supT + sup F' = 1.

3. the interval valued fuzzy set, I = 0, inf T,supT,inf F,sup F' € [0,1], supT + inf F = 1 and
infT +supF = 1.

4. the intuitionistic fuzzy set, I =, inf T = supT € [0,1], inf I = sup F € [0,1] and supT +
sup F' < 1.

5. the interval valued intuitionistic fuzzy set, I = (), inf T, sup T, inf F,sup F’ € [0, 1] and supT +
sup F < 1.

6. the paraconsistent set, I =0, inf T =supT € [0, 1], inf F = sup F € [0, 1] and sup T'+sup F >
1.

7. the interval valued paraconsistent set, I = @, inf T,supT,inf F,sup F' € [0,1] and infT +
inf F7 > 1.

The relationship among interval neutrosophic set and other sets is illustrated in Fig 2.1.

Note that — in Fig. 2.1 such as a — b means that b is a generalization of a.

We define the set-theoretic operators on the interval neutrosophic set. Various properties of
INS are proved, which are connected to the operations and relations over INS.

The rest of chapter is organized as follows. Section 2.2 gives a brief overview of the neutrosophic

set. Section 2.3 gives the definition of the interval neutrosophic set and set-theoretic operations.



neutrosophic set

interval neutrosophic set

/\

interval valued intuitionistic interval valued
fuzzy set paraconsistent set
(intuitionistic fuzzy set) paraconsistent set

interval valued fuzzy set
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fuzzy set
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Figure 2.1: Relationship among interval neutrosophic set and other sets



Section 2.4 presents some properties of set-theoretic operations. Section 2.5 defines the convexity
of the interval neutrosophic sets and proves some properties of convexity. Section 77 concludes the
chapter. To maintain a smooth flow throughout the chapter, we present the proofs to all theorems

in Appendix.

2.2 Neutrosophic Set

This section gives a brief overview of concepts of neutrosophic set defined in [89]. Here, we use
different notations to express the same meaning. Let S and Sy be two real standard or non-standard
subsets, then S1® Sy = {x|r = 51+ 52,51 € S1 and sy € So}, {17} B Sy = {z|r = 17 + 59,50 € S2}.
5168y ={z|r =51 — 89,51 € S1 and s9 € So}, {17} © Sy = {x|z =17 — 59,80 € Sa}. S1 O 8 =

{z|x = s1 - 592,81 € S1 and s € Sy}.

Definition 1 (Neutrosophic Set) Let X be a space of points (objects), with a generic element
m X denoted by x.

A neutrosophic set A in X is characterized by a truth-membership function T4, a indeterminacy-
membership function 14 and a falsity-membership function Fa. Ta(z),I14(x) and Fa(x) are real

standard or non-standard subsets of |07, 17[. That is

Ty: X — 07,17 (2.1)
In: X — ]07,17] (2.2)
Fp:X — J07,17 (2.3)

There is no restriction on the sum of Ta(x), Ia(x) and Fa(x), so 07 < supT4(z)+supla(z)+

sup Fa(x) < 37.

Definition 2 The complement of a neutrosophic set A is denoted by A and is defined by
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Ti(z) = {17} Ta(x), (2.4)
Ii(z) = {17} o L), (2.5)
Fi(z) = {17} & Fa(a), (2.6)

for all z in X.

Definition 3 (Containment) A neutrosophic set A is contained in the other neutrosophic set B,

A C B, if and only if

inf Tq(z) <infTp(z) , supTa(z) <supTp(x), (2.7)
infIa(z) > infIg(xz) , supla(z) > suplp(z), (2.8)
inf Fa(z) > inf Fp(x) , supFa(z) > sup Fp(z), (2.9)

for all z in X.

Definition 4 (Union) The union of two neutrosophic sets A and B is a neutrosophic set C,
written as C = AU B, whose truth-membership, indeterminacy-membership and falsity-membership

functions are related to those of A and B by

To(z) = Ta(z)®Tr(x) ©Ta(x) ® Ta(x), (2.10)
Ic(x) = Ia(z) @ Ip(x)©1s(x) ® Ip(x), (2.11)
Fo(x) = Fa(x)® Fp(x) © Fa(z) © Fp(x), (2.12)

for all z in X.

Definition 5 (Intersection) The intersection of two neutrosophic sets A and B is a neutrosophic
set C, written as C = AN B, whose truth-membership, indeterminacy-membership and falsity-

membership functions are related to those of A and B by
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Te(z) = Ta(z) ©Tp(z), (2.13)
Io(z) = Ia(x)o In(), (2.14)
Fo(z) = Fa(z) © Fp(z), (2.15)

for all z in X.

Definition 6 (Difference) The difference of two neutrosophic sets A and B is a neutrosophic
set C, written as C = A\ B, whose truth-membership, indeterminacy-membership and falsity-

membership functions are related to those of A and B by

Te(x) = Ta(z)©Ta(x) © Tp(x), (2.16)
Ie(z) = Ia(x)©1a(x) © Ip(w), (2.17)
Fo(x) = Fa(z) o Fa(z) © Fp(x), (2.18)

forall z in X.

Definition 7 (Cartesian Product) Let A be the neutrosophic set defined on universe E1 and B
be the neutrosophic set defined on universe Eo. If o(TX,I4, F}) € A and y(T3,13,F3) € B, then

the cartesian product of two neutrosophic sets A and B is defined by

(@(Tx Ih, Fi),y(TX, 14, F4)) € Ax B (2.19)

2.3 Interval Neutrosophic Set

In this section, we present the notion of the interval neutrosophic set (INS). The interval neu-
trosophic set (INS) is an instance of neutrosophic set which can be used in real scientific and

engineering applications.

Definition 8 (Interval Neutrosophic Set) Let X be a space of points (objects), with a generic

element in X denoted by x.
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An interval neutrosophic set (INS) A in X is characterized by truth-membership function T4,
indeterminacy-membership function 4 and falsity-membership function Fa. For each point x in

X, Ta(x),14(x), Fa(x) C [0,1].
An interval neutrosophic set (INS) in R is illustrated in Fig. 2.2.

TA)
100
Fal)
" 1 supF ,(x)

/_’_’—\ sup T A(x)

infT ,(x)
_- sup | ,(x)
N~ =T - Infl ,(x)

Figure 2.2: Illustration of interval neutrosophic set in R!

When X is continuous, an INS A can be written as

A:/ (T'(x),I(x), F(x))/z, v X (2.20)
X

When X is discrete, an INS A can be written as

A= (T(2),1(z;), F(x;)) /i, € X (2.21)
=1

Consider parameters such as capability, trustworthiness and price of semantic Web services.
These parameters are commonly used to define quality of service of semantic Web services. In this
section, we will use the evaluation of quality of service of semantic Web services [99] as running

example to illustrate every set-theoretic operation on interval neutrosophic set.

Example 1 Assume that X = [x1,z9,23]. x1 is capability, xo is trustworthiness and x3 1is price.
The values of x1,x2 and x3 are in [0,1]. They are obtained from the questionnaire of some domain

experts, their option could be degree of good, degree of indeterminacy and degree of poor. A is an
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interval neutrosophic set of X defined by

A = ([0.2,0.4],]0.3,0.5],[0.3,0.5]) /=1 + ([0.5,0.7],[0,0.2],[0.2,0.3]) /x2 +
([0.6,0.8],[0.2,0.3],[0.2,0.3]) /3.

B is an interval neutrosophic set of X defined by

B = ([0.5,0.7],[0.1,0.3],[0.1,0.3]) /z1 + ([0.2,0.3],]0.2,0.4],[0.5,0.8]) /z2 +
([0.4,0.6],[0,0.1],[0.3,0.4]) /x3.

Definition 9 An interval neutrosophic set A is empty if and only if its inf T4 (z) = sup T4 (z) = 0,
inf Ix(x) =suply(x) =1 and inf Fa(x) = supTa(x) =0, for all x in X.

We now present the set-theoretic operators on interval neutrosophic set.

Definition 10 (Containment) An interval neutrosophic set A is contained in the other interval

neutrosophic set B, A C B, if and only if

inf Ty(x) <infTp(x) , supTa(z) <supTp(z), (2.22)
inf I4(z) > inf Ig(z) , supla(z) > suplp(z), (2.23)
inf Fy(x) > inf Fg(z) , sup Fa(x) > sup Fp(z), (2.24)

for all z in X.

Definition 11 Two interval neutrosophic sets A and B are equal, written as A = B, if and only

ifACBand BCA
Let 0 = (0,1,1) and 1 = (1,0,0).

Definition 12 (Complement) Let Cy denote a neutrosophic complement of A. Then Cy is a
function

Cy:N—=N

and Cn must satisfy at least the following three axiomatic requirements:

1. Cn(0) =1 and Cn(1) =0 (boundary conditions).
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2. Let A and B be two interval neutrosophic sets defined on X, if A(z) < B(z), then Cn(A(z)) >
Cn(B(x)), for all x in X. (monotonicity).

3. Let A be an interval neutrosophic set defined on X, then Cn(Cn(A(x))) = A(x), for all x in
X. (involutivity).

0

There are many functions which satisfy the requirement to be the complement operator of

interval neutrosophic sets. Here we give one example.

Definition 13 (Complement Cy,) The complement of an interval neutrosophic set A is denoted

by A and is defined by

Ti(x) = Fa(x), (2.25)

infl5(z) = 1—supla(z), (2.26)

suplz(x) = 1—infls(x), (2.27)

Fi(z) = Ta(x), (2.28)

for all z in X. ([l

Example 2 Let A be the interval neutrosophic set defined in Example 1. Then,

A = ([0.3,0.5],]0.5,0.7],[0.2,0.4]) /z1 + ([0.2,0.3],[0.8,1.0], [0.5, 0.7]) /aro +
([0.2,0.3],[0.7,0.8],[0.6,0.8]) /5.

Definition 14 (N-norm) Let Iy denote a neutrosophic intersection of two interval neutrosophic

sets A and B. Then Iy is a function
In: NxN—N
and In must satisfy at least the following four axiomatic requirements:

1. In(A(z),1) = A(z), for all z in X. (boundary condition).
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2. B(z) < C(x) implies In(A(zx), B(z)) < In(A(x),C(x)), for all x in X. (monotonicity).
3. IN(A(z), B(x)) = IN(B(z), A(z)), for all z in X. (commutativity).
4. In(A(x),In(B(x),C(z))) = IN(In(A(x), B(x)),C(x)), for all x in X. (associativity).

O

Here we give one example of intersection of two interval neutrosophic sets which satisfies above

N-norm axiomatic requirements. Other different definitions can be given for different applications.

Definition 15 (Intersection Iy,) The intersection of two interval neutrosophic sets A and B is
an interval neutrosophic set C, written as C = AN B, whose truth-membership, indeterminacy-

membership, and false-membership are related to those of A and B by

inf To(z) = min(inf Ty (), inf Tg(z)), (2.29)
supTo(z) = min(sup Ta(x),sup Tp()), (2.30)
inf Io(z) = max(inf I4(z), inf I5(z)), (2.31)
suplc(z) = max(supla(z),sup Ip(z)), (2.32)
inf Fo(e) = max(inf Fa(z),inf Fp(z)), (2.33)
sup Fo(z) = max(sup Fa(z),sup Fp(2)), (2.34)
for all z in X. O

Example 3 Let A and B be the interval neutrosophic sets defined in Example 1. Then, AN B =
([0.2,0.4],[0.3,0.5],[0.3,0.5]) /=1 +
([0.2,0.3],[0.2,0.4],[0.5,0.8]) /z2 + ([0.4,0.6],[0.2,0.3],[0.3,0.4]) /x3.

Theorem 1 AN B is the largest interval neutrosophic set contained in both A and B.
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Definition 16 (N-conorm) Let Uy denote a neutrosophic union of two interval neutrosophic sets
A and B. Then Uy is a function
Uv:NxN—N

and Uy must satisfy at least the following four axiomatic requirements:
1. Un(A(x),0) = A(x), for all x in X. (boundary condition).
2. B(x) < C(z) implies Un(A(z), B(z)) < Un(A(z),C(z)), for all z in X. (monotonicity).
3. Un(A(z), B(x)) = Un(B(z), A(z)), for all x in X. (commutativity).
4. Un(A(z),Un(B(z),C(x))) = UNn(Un(A(z), B(z)),C(x)), for all x in X. (associativity).
O

Here we give one example of union of two interval neutrosophic sets which satisfies above N-

conorm axiomatic requirements. Other different definitions can be given for different applications.

Definition 17 (Union Uy, ) The union of two interval neutrosophic sets A and B is an interval
neutrosophic set C, written as C' = AU B, whose truth-membership, indeterminacy-membership,

and false-membership are related to those of A and B by

inf To(z) = max(inf Tu(z), inf Tp(x)), (2.35)
supTe(z) = max(supTa(z),supTp(z)), (2.36)
inf Io(z) = min(inf I4(z), inf I5(z)), (2.37)
sup Ic(z) = min(sup la(z),sup Ip(x)), (2.38)
inf Fo(z) = min(inf Fy(z), inf Fp(z)), (2.39)
sup Fo(z) = min(sup Fa(z),sup F(z)), (2.40)

for all z in X. O
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Example 4 Let A and B be the interval neutrosophic sets defined in Example 1. Then, AU B =
([0.5,0.7],[0.1,0.3],[0.1,0.3]) /=1 +
([0.5,0.7],[0,0.2],[0.2,0.3]) /x5 + ([0.6,0.8],[0,0.1],[0.2,0.3]) /x3.

The intuition behind the union operator is that if one of elements in A and B is true then it is
true in AU B, only both are indeterminate and false in A and B then it is indeterminate and false

in AU B. The other operators should be understood similarly.
Theorem 2 AU B is the smallest interval neutrosophic set containing both A and B.

Theorem 3 Let P be the power set of all interval neutrosophic sets defined in the universe X.

Then (P;In,,Un,) is a distributive lattice.

Proof Let A, B,C be the arbitrary interval neutrosophic sets defined on X. It is easy to verify
that ANA = A AUA = A (idempotency), ANB = BNA,AUB = BU A (commutativity),
(ANB)NC =AN(BNC),(AUB)UC = AU (BUUC) (associativity), and AN (BUC) =
(ANB)U(ANC),AUu(BNC)=(AUB)N(AUCQC) (distributivity).

Definition 18 (Interval neutrosophic relation) Let X andY be two non-empty crisp sets. An
interval neutrosophic relation R(X,Y") is a subset of product space X XY, and is characterized by the
truth membership function Tr(x,y), the indeterminacy membership function [r(x,y), and the falsity

membership function Fr(x,y), where x € X and y € Y and Tr(z,y), Ir(z,y), Fr(z,y) C [0, 1].

Definition 19 (Interval Neutrosophic Composition Functions) The membership functions
for the composition of interval neutrosophic relations R(X,Y") and S(Y, Z) are given by the interval

neutrosophic sup-star composition of R and S

TROS(QJ',Z) = SU.}B min(TR(a:,y),Tg(y,z)), (241)
ye

IRos(ﬂj‘,Z) = SU.}B min(IR(way)7[S(yaz))a (242)
ye

FROS($7 Z) = inf HlaX(FR(.iU, y)? FS(y7 Z)) (243)

yey
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If R is an interval neutrosophic set rather than an interval neutrosophic relation, then ¥ = X
and
sup,ecy min(Tr(z,y), Ts(y, 2)) becomes sup,cy min(Tr(z), Ts(y, z)), which is only a function of the
output variable z. It is similar for sup,cy min(Ig(z,y), Is(y, z)) and
inf,cy max(Fr(x,y), Fs(y, 2)). Hence, the notation of Tr.g(z, z) can be simplified to Tros(2), so

that in the case of R being just an interval neutrosophic set,

Tros(z) = s1€1§ min(Tgr(z), Ts(x, 2)), (2.44)
Ios(z) = 22)% min(Ig(x), Is(x, 2)), (2.45)
Fros(z) = ;g)f( max(Fgr(x), Fs(x, 2)). (2.46)

Definition 20 (Difference) The difference of two interval neutrosophic sets A and B is an inter-
val neutrosophic set C, written as C = A\ B, whose truth-membership, indeterminacy-membership

and falsity-membership functions are related to those of A and B by

inf To(z) = min(inf Ta(z), inf Fg(z)), (2.47)
supTo(z) = min(sup Ta(x),sup Fip(z)), (2.48)
inf Io(z) = max(infIa(z),1 - sup (), (2.49)
supIo(z) = max(supla(z),1 — inf I5(x)), (2.50)
inf Fo(z) = max(inf Fa(z), inf T (), (2.51)
sup Fo(z) = max(sup Fa(z),sup Tp(z)), (2.52)

for all z in X.

Example 5 Let A and B be the interval neutrosophic sets defined in Example 1. Then, A\ B =
([0.1,0.3],[0.7,0.9],[0.5,0.7]) /z1 +
([0.5,0.7],[0.6,0.8],[0.2,0.3]) /z2 + ([0.3,0.4],[0.9,1.0], [0.4,0.6]) /x3.

Theorem 4 ACB— BCA
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Definition 21 (Addition) The addition of two interval neutrosophic sets A and B is an interval
neutrosophic set C, written as C = A 4+ B, whose truth-membership, indeterminacy-membership

and falsity-membership functions are related to those of A and B by

inf To(z) = min(inf Ta(@) + inf Tp(z), 1), (2.53)
supTe(z) = min(supTa(z) + sup T (@), 1), (2.54)
inf Ic(z) = min(inf I4(x) + inf I5(2), 1), (2.55)
sup Io(z) = min(supla(z) + sup Ip(z), 1), (2.56)
inf Fo(z) = min(inf Fu(z) + inf Fp(z), 1), (2.57)
sup Fo(z) = min(sup Fa(@) + sup Fip(z), 1), (2.58)

for all z in X.

Example 6 Let A and B be the interval neutrosophic sets defined in Example 1. Then, A+ B =
([0.7,1.0],[0.4,0.8],[0.4,0.8]) /=1 +
([0.7,1.0],[0.2,0.6],[0.7,1.0]) /z2 + ([1.0,1.0],[0.2,0.4],[0.5,0.7]) /x3.

Definition 22 (Cartesian product) The cartesian product of two interval neutrosophic sets A
defined on universe Xy and B defined on universe Xo is an interval neutrosophic set C', written as
C = A x B, whose truth-membership, indeterminacy-membership and falsity-membership functions

are related to those of A and B by

infTe(r,y) = infTa(x)+inf Tr(y) — inf Ta(z) - inf T(y), (2.59)
supTo(x,y) = supTa(x) +supTp(y) —supTa(z) - -supTr(y), (2.60)
inf Io(z,y) = inflx(x)-suplp(y), (2.61)
supIc(z,y) = supla(x)-suplp(y), (2.62)
inf Fo(z,y) = inf Fa(z)-inf Fp(y), (2.63)
sup Fo(z,y) = supFa(x)-sup Fp(y), (2.64)

forall x in X1, y in Xo.
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Example 7 Let A and B be the interval neutrosophic sets defined in Example 1. Then, A x B =
([0.6,0.82],[0.03,0.15], [0.03,0.15]) /1 +
([0.6,0.79],[0,0.08],[0.1,0.24]) /x4 + ([0.76,0.92], [0,0.03], [0.03,0.12]) /3.

Definition 23 (Scalar multiplication) The scalar multiplication of interval neutrosophic set A
18 an interval neutrosophic set B, written as B = a - A, whose truth-membership, indeterminacy-

membership and falsity-membership functions are related to those of A by

inf Tp(z) = min(infTa(z) - a, 1), (2.65)
sup Tp(x) = min(supTa(z) - a,1), (2.66)
inf Ip(z) = min(infI4(z)- a, 1), (2.67)
sup Ip(z) = min(supla(z) - a,1), (2.68)
inf Fg(z) = min(inf Fa(2) - a, 1), (2.69)
sup Fp(z) = min(sup Fa(@) - a, 1), (2.70)

forallxz in X, a € RT.

Definition 24 (Scalar division) The scalar division of interval neutrosophic set A is an interval
neutrosophic set B, written as B = a- A, whose truth-membership, indeterminacy-membership and

falsity-membership functions are related to those of A by

inf Tp(z) = min(infTa(z)/a,1), (2.71)
supTp(z) = min(supTa(z)/a,1), (2.72)
inf Ip(z) = min(infI4(z)/a,1), (2.73)
supIp(z) = min(supla(z)/a,1), (2.74)
inf Fp(z) = min(inf Fx(2)/a, 1), (2.75)
sup Fp(z) = min(sup Fa(z)/a,1), (2.76)

forallz in X, a € RT.
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Now we will define two operators: truth-favorite (A) and false-favorite (V) to remove the inde-
terminacy in the interval neutrosophic sets and transform it into interval valued intuitionistic fuzzy
sets or interval valued paraconsistent sets. These two operators are unique on interval neutrosophic

sets.

Definition 25 (Truth-favorite) The truth-favorite of interval neutrosophic set A is an interval
neutrosophic set B, written as B = ANA, whose truth-membership and falsity-membership functions

are related to those of A by

inf Tp(x) = min(inf Ta(z) + inf Ia(2), 1), (2.77)
supTp(x) = min(sup Ta(z) + sup I4(z), 1), (2.78)
inf Ip(z) = 0, (2.79)
sup Ip(z) = 0, (2.80)
inf Fp(z) = inf Fa(z), (2.81)
sup Fp(z) = sup Fa(z), (2.82)

for all z in X.

Example 8 Let A be the interval neutrosophic set defined in Example 1. Then, AA = ([0.5,0.9],[0,0],[0.3,0.5]) /x1
([05,0.9], [0, 0], (0.2,0.3]) /> +
((0.8,1.0],[0,0],[0.2,0.3]) /5.

The purpose of truth-favorite operator is to evaluate the maximum of degree of truth-membership

of interval neutrosophic set.

Definition 26 (False-favorite) The false-favorite of interval neutrosophic set A is an interval

neutrosophic set B, written as B = VA, whose truth-membership and falsity-membership functions
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are related to those of A by

inf Tp(x) = infTu(z), (2.83)
sup Tp(z) = supTu(a), (2.84)
inf Ip(z) = 0, (2.85)
sup Ip(z) = O, (2.86)
inf Fp(z) = min(inf Fa(2) + inf T4 (2), 1), (2.87)
sup Fp(z) = min(sup Fa(z) + sup Ia(z), 1), (2.88)

for all x in X.

Example 9 Let A be the interval neutrosophic set defined in Example 1. Then, VA = ([0.2,0.4], [0, 0], [0.6, 1.0]) /x;
([0.5,0.7], 0,01, [0.2,0.5]) /5 +
([0.6,0.8],0,0],[0.4,0.6]) /3.

The purpose of false-favorite operator is to evaluate the maximum of degree of false-membership

of interval neutrosophic set.

Theorem 5 For every two interval neutrosophic sets A and B:

1. A(AUB)C AAUAB

2. AANAB C A(AN B)

3. VAUVB CV(AUDB)

/. V(ANB)CVANVB
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2.4 Properties of Set-theoretic Operators

In this section, we will give some properties of set-theoretic operators defined on interval neutro-

sophic sets as in Section 2.3. The proof of these properties is left for the readers.
Property 1 (Commutativity) AUB=BUA, ANB=BNA, A+B=B+A, AxB=BxA

Property 2 (Associativity) AU(BUC)=(AUB)UC,
ANn(BNC)=(AnB)NC,
A+ (B+C)=(A+B)+C,
Ax (BxC)=(AxB)xC.

Property 3 (Distributivity) AU(BNC)=(AUB)N(AUC), AN(BUC)=(ANB)U(ANC).
Property 4 (Idempotency) AUA=A, ANA=A, AANA=AA VVA=VA.

Property 5 AN® = &, AUX = X, where infTy = supTp = 0, inf I = suple = inf Fp =

supFp =1 and infTx =supTx =1, inf [x =suplx = inf Fx = sup Fx = 0.
Property 6 A(A+ B)=AA+AB,V(A+B)=VA+ VB.

Property 7T AUV = A, ANX = A, where infTg = supTe = 0, inf I = supls = inf Fp =
supFe =1 and inf Ty =supTx =1, inf [x =suplx = inf Fx =sup Fx = 0.

Property 8 (Absorption) AU(ANB)=A, AN(AUB)=A

Property 9 (DeMorgan’s Laws) AUB=ANB, ANB=AUB.
Property 10 (Involution) A=A

Here, we notice that by the definitions of complement, union and intersection of interval neu-
trosophic set, interval neutrosophic set satisfies the most properties of class set, fuzzy set and
intuitionistic fuzzy set. Same as fuzzy set and intuitionistic fuzzy set, it does not satisfy the prin-

ciple of middle exclude.



2.5 Convexity of Interval Neutrosophic Set

We assume that X is a real Euclidean space E™ for correctness.

Definition 27 (Convexity) An interval neutrosophic set A is convex if and only if

inf Ta(Ax1 + (1 — N)z2)
supTa(Az1 + (1 — N)zg)
inf I4(Azq + (1 — X))
sup Ia(Az1 + (1 — X)z2)
inf Fy(Ax1 + (1 — N)x2)
sup Fa(Az1 + (1 — N)x2)

for all x1 and zo in X and all X in [0, 1].

>

ININ NIV

IN

min(inf T4 (z1), inf T4 (z2)),
min(sup T4 (z1),sup Ta(z2)),
max(inf [4(x1),inf [4(z2)),

max(sup I4(x1),sup I4(z2)),

(
max(inf Fa(x1),inf Fa(z2)),
(

max(sup Fq(x1),sup Fa(z2)),

Fig. 2.2 is an illustration of convex interval neutrosophic set.

Theorem 6 If A and B are convex, so is their intersection.

Definition 28 (Strongly Convex) An interval neutrosophic set A is

strongly convex if for any two distinct points x1 and x2, and any A in the

open interval (0,1),

for all x1 and zo in X and all X in [0, 1].

min(inf T4 (z1), inf T4 (z2)),
min(sup T4 (z1),sup Ta(z2)),
max(inf I4(x1),inf [4(z2)),

max(sup I4(x1),sup I4(z2)),

(
max(inf Fa(x1),inf Fa(z2)),
(

max(sup Fq(x1),sup Fa(z2)),

Theorem 7 If A and B are strongly convex, so is their intersection.

24
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Chapter 3

INTERVAL NEUTROSOPHIC LOGIC

In this chapter, we present a novel interval neutrosophic logic that generalizes the interval valued fuzzy
logic, the intuitionistic fuzzy logic and paraconsistent logics which only consider truth-degree or falsity-degree
of a proposition. In the interval neutrosophic logic, we consider not only truth-degree and falsity-degree but
also indeterminacy-degree which can reliably capture more information under uncertainty. We introduce
mathematical definitions of an interval neutrosophic propositional calculus and an interval neutrosophic
predicate calculus. We propose a general method to design an interval neutrosophic logic system which
consists of neutrosophication, neutrosophic inference, a neutrosophic rule base, neutrosophic type reduction
and deneutrosophication. A neutrosophic rule contains input neutrosophic linguistic variables and out-
put neutrosophic linguistic variables. A neutrosophic linguistic variable has neutrosophic linguistic values
which defined by interval neutrosophic sets characterized by three membership functions: truth-membership,
falsity-membership and indeterminacy-membership. The interval neutrosophic logic can be applied to many
potential real applications where information is imprecise, uncertain, incomplete and inconsistent such as

Web intelligence, medical informatics, bioinformatics, decision making, etc.

3.1 Introduction

The concept of fuzzy sets was introduced by Zadeh in 1965 [104]. Since then fuzzy sets and fuzzy
logic have been applied to many real applications to handle uncertainty. The traditional fuzzy
set uses one real value pa(x) € [0, 1] to represent the grade of membership of fuzzy set A defined
on universe X. The corresponding fuzzy logic associates each proposition p with a real value
wu(p) € [0,1] which represents the degree of truth. Sometimes p4(x) itself is uncertain and hard
to be defined by a crisp value. So the concept of interval valued fuzzy sets was proposed [97] to
capture the uncertainty of grade of membership. The interval valued fuzzy set uses an interval

value [pf(z), pY4(2)] with 0 < ph(z) < pY(x) < 1 to represent the grade of membership of fuzzy
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set. The traditional fuzzy logic can be easily extended to the interval valued fuzzy logic. There
are related works such as type-2 fuzzy sets and type-2 fuzzy logic [62, 66, 72]. The family of fuzzy
sets and fuzzy logic can only handle “complete” information that is if a grade of truth-membership
is pa(x) then a grade of false-membership is 1 — p4(x) by default. In some applications such
as expert systems, decision making systems and information fusion systems, the information is
both uncertain and incomplete. That is beyond the scope of traditional fuzzy sets and fuzzy
logic. In 1986, Atanassov introduced the intuitionistic fuzzy set [23] which is a generalization
of a fuzzy set and provably equivalent to an interval valued fuzzy set. The intuitionistic fuzzy
sets consider both truth-membership and false-membership. The corresponding intuitionistic fuzzy
logic [24, 26, 27] associates each proposition p with two real values p(p)-truth degree and v(p)-
falsity degree, respectively, where u(p),v(p) € [0,1], u(p) + v(p) < 1. So intuitionistic fuzzy sets
and intuitionistic fuzzy logic can handle uncertain and incomplete information.

However, inconsistent information exists in a lot of real situations such as those mentioned
above. It is obvious that the intuitionistic fuzzy logic cannot reason with inconsistency because
it requires p(p) + v(p) < 1. Generally, two basic approaches are used to solve the inconsistency
problem in knowledge bases: the belief revision and paraconsistent logics. The goal of the first
approach is to make an inconsistent theory consistent, either by revising it or by representing it
by a consistent semantics. On the other hand, the paraconsistent approach allows reasoning in
the presence of inconsistency as contradictory information can be derived or introduced without
trivialization [48]. de Costa’s C,, logic [46] and Belnap’s four-valued logic [33] are two well-known
paraconsistent logics.

Neutrosophy was introduced by Smarandache in 1995. “Neutrosophy is a branch of philosophy
which studies the origin, nature and scope of neutralities, as well as their interactions with dif-
ferent ideational spectra” [90]. Neutrosophy includes neutrosophic probability, neutrosophic sets
and neutrosophic logic. In a neutrosophic set (neutrosophic logic), indeterminacy is quantified ex-
plicitly and truth-membership (truth-degree), indeterminacy-membership (indeterminacy-degree)
and false-membership (falsity-degree) are independent. The independence assumption is very im-
portant in a lot of applications such as information fusion when we try to combine different data

from different sensors. A neutrosophic set (neutrosophic logic) is different from an intuitionistic
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fuzzy set (intuitionistic fuzzy logic) where indeterminacy membership (indeterminacy-degree) is
1= pa(z) —va(z) (1 — p(p) — v(p)) by default.

The neutrosophic set generalizes the above mentioned sets from a philosophical point of view.
From a scientific or engineering point of view, the neutrosophic set and set-theoretic operators need
to be specified meaningfully. Otherwise, it will be difficult to apply to the real applications. In
chapter 2 we discussed a special neutrosophic set called an interval neutrosophic set and defined a set
of set-theoretic operators. It is natural to define the interval neutrosophic logic based on interval
neutrosophic sets. In this chapter, we give mathematical definitions of an interval neutrosophic
propositional calculus and a first order interval neutrosophic predicate calculus.

The rest of this chapter is organized as follows. Section 3.2 gives the mathematical definition
of the interval neutrosophic propositional calculus. Section 3.3 gives the mathematical definition
of the first order interval neutrosophic predicate calculus. Section 3.4 provides one application
example of interval neutrosophic logic as the foundation for the design of interval neutrosophic

logic system. In section 7?7 we conclude the chapter and discuss the future research directions.

3.2 Interval Neutrosophic Propositional Calculus

In this section, we introduce the elements of an interval neutrosophic propositional calculus based
on the definition of the interval neutrosophic sets by using the notations from the theory of classical
propositional calculus [73].

3.2.1 Syntaz of Interval Neutrosophic Propositional Calculus

Here we give the formalization of syntax of the interval neutrosophic propositional calculus.

Definition 29 An alphabet of the interval neutrosophic propositional calculus consists of three

classes of symbols:

1. A set of interval neutrosophic propositional variables, denoted by lower-case letters, some-

times indexed;
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2. Five connectives A,V,—, —, < which are called conjunction, disjunction, negation, implica-

tion, and biimplication symbols respectively;

3. The parentheses ( and ).
(]

The alphabet of the interval neutrosophic propositional calculus has combinations obtained by
assembling connectives and interval neutrosophic propositional variables in strings. The purpose of

the construction rules is to have the specification of distinguished combinations, called formulas.

Definition 30 The set of formulas (well-formed formulas) of interval neutrosophic propositional

calculus is defined as follows.

1. Every interval neutrosophic propositional variable s a formula;

2. If p is a formula, then so is (—p);

3. If p and q are formulas, then so are

(a) (pAq),
(b) (pVq),
(c) (p—q), and

(@) (p = q).
4. No sequence of symbols is a formula which is not required to be by 1, 2, and 3.
O

To avoid having formulas cluttered with parentheses, we adopt the following precedence hierar-

chy, with the highest precedence at the top:
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AV,

— >

Here is an example of the interval neutrosophic propositional calculus formula:
—p1 Ap2V (p1 — p3) — p2 A —p3

Definition 31 The language of interval neutrosophic propositional calculus given by an alphabet

consists of the set of all formulas constructed from the symbols of the alphabet. O

3.2.2  Semantics of Interval Neutrosophic Propositional Calculus

The study of interval neutrosophic propositional calculus comprises, among others, a syntazr, which
has the distinction of well-formed formulas, and a semantics, the purpose of which is the assignment
of a meaning to well-formed formulas.

To each interval neutrosophic proposition p, we associate it with an ordered triple components
(t(p),i(p), f(p)), where t(p),i(p), f(p) C [0,1]. t(p),i(p), f(p) is called truth-degree, indeterminacy-
degree and falsity-degree of p, respectively. Let this assignment be provided by an interpretation

function or interpretation IN L defined over a set of propositions P in such a way that

INL(p) = (t(p),i(p), f(p)).

Hence, the function INL : P — N gives the truth, indeterminacy and falsity degrees of all
propositions in P. We assume that the interpretation function INL assigns to the logical truth
T:INL(T) = (1,0,0), and to F': INL(F) = (0,1,1).

An interpretation which makes a formula true is a model of the formula.

Let i,1 be the subinterval of [0, 1]. Then i+I = [inf i+inf [, sup i+supl], i—I = [inf i—sup, sup i—
inf /], max(i,!) = [max(inf 4, inf [), max(sup ¢, sup )], min(¢,!) = [min(inf ¢, inf [), min(sup ¢, sup 7)].

The semantics of four interval neutrosophic propositional connectives is given in Table I. Note

that p < ¢ if and only if p — ¢ and ¢ — p.
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Table 3.1: Semantics of Four Connectives in Interval Neutrosophic Propositional Logic

Connectives Semantics
INL(-p) (f(p);1—i(p),t(p))
INL(p A q) (min(t(p), t(q)), max(i(p), i(q)), max(f (p), f(9)))
INL(pV q) (max(t(p), t(q)), min(i(p),i(q)), min(f(p), f(q)))
INL(p — q) | (min(1,1 —t(p) + t(q)), max(0,i(q) — i(p)), max(0, f(q) — f(p)))

Example 10 INL(p) = (0.5,0.4,0.7) and IN L(q) = (1,0.7,0.2). Then, IN L(—p) = (0.7,0.6,0.5),
INL(p A —p) = (0.5,0.4,0.7), INL(pV q) = (1,0.7,0.2), INL(p — ¢) = (1,1,0). 0

A given well-formed interval neutrosophic propositional formula will be called a tautology (valid)
if INL(A) = (1,1,0), for all interpretation functions /N L. It will be called a contradiction (incon-
sistent) if INL(A) = (0,0, 1), for all interpretation functions I N L.

Definition 32 Two formulas p and q are said to be equivalent, denoted p = q, if and only if the
INL(p) = INL(q) for every interpretation function INL. O

Theorem 8 Let F be the set of formulas and N be the meet and V the join, then (F;A\,V) is a

distributive lattice.
Proof We leave the proof to the reader.
Theorem 9 If p and p — q are tautologies, then q is also a tautology.

Proof Since p and p — ¢ are tautologies then for every INL, INL(p) = INL(p — q) = (1,0,0),
that is

t(p) = 1,i(p) = f(p) =0, t(p — ¢) = min(1,1—¢(p) +t(q)) = 1, i(p — q) = max(0,i(q) — f(p)) = 0,
f(p — ¢) = max(0, f(¢) — f(p)) = 0. Hence,

t(q) = 1, 1i(q) = f(q) = 0. So ¢ is a tautology.



31

3.2.8 Proof Theory of Interval Neutrosophic Propositional Calculus
Here we give the proof theory for interval neutrosophic propositional logic to complement the

semantics part.

Definition 33 The interval neutrosophic propositional logic is defined by the following axiom

schema.

p—(¢—p)

PIA ... APm — q1V...q, provided some p; is some q;
p—(a—pAq)
p—r)=(g—r)—=(pVag—r))
(pVq)—riffp—randq—r
p—qiff ng—p
p—q and ¢ — 7 impliesp — r

p—qiff o= pPAq iff ¢— (pVa)

0

The concept of (formal) deduction of a formula from a set of formulas, that is, using the standard
notation, I' - p, is defined as usual; in this case, we say that p is a syntactical consequence of the

formulas in T
Theorem 10 For interval neutrosophic propositional logic, we have
1. {p}Fp,
2. Tk pentails TUAF p,
3. if'kFop foranyp e A and AF g, thenT' Fgq.
Proof It is immediate from the standard definition of the syntactical consequence ().

Theorem 11 In interval neutrosophic propositional logic, we have:
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2. ~(pAgq) = —pV g
3. —|(p\/q)<—>—|p/\—|q

Proof Proof is straight forward by following the semantics of interval neutrosophic propositional

logic.
Theorem 12 In interval neutrosophic propositional logic, the following schema do not hold:
1. pV—p
2. =(p A\ )
3 pANTp—q
4. PATPp— g
5. {pp—dattaq
6. {p — q,7q} F —p
7. {pVqg,~q} Fp
8 pVgeop—g
Proof Immediate from the semantics of interval neutrosophic propositional logic.

Example 11 7To illustrate the use of the interval neutrosophic propositional consequence relation,

let’s consider the following example.
p— (q A 7")

r—S
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q—>—|$
a

From p — (¢ A1), we get p— q and p — r. From p — q and ¢ — —s, we get p — —s. Fromp —r
and r — s, we get p — s. Hence, p is equivalent to p A s and p A\ —s. However, we cannot detach s
from p nor —s from p. This is in part due to interval neutrosophic propositional logic incorporating

neither modus ponens nor and elimination. O

3.3 Interval Neutrosophic Predicate Calculus

In this section, we will extend our consideration to the full language of first order interval neutro-
sophic predicate logic. First we give the formalization of syntax of first order interval neutrosophic

predicate logic as in classical first-order predicate logic.

3.8.1 Syntax of Interval Neutrosophic Predicate Calculus

Definition 34 An alphabet of the first order interval neutrosophic predicate calculus consists of

seven classes of symbols:

1. variables, denoted by lower-case letters, sometimes indexed;

2. constants, denoted by lower-case letters;

3. function symbols, denoted by lower-case letters, sometimes indexed;

4. predicate symbols, denoted by lower-case letters, sometimes indezed;

5. Five connectives A, V, -, —, < which are called the conjunction, disjunction, negation, impli-

cation, and bitmplication symbols respectively;

6. Two quantifiers, the universal quantifier V (for all) and the existential quantifier 3 (there

exists);
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7. The parentheses ( and ).

0

To avoid having formulas cluttered with brackets, we adopt the following precedence hierarchy,

with the highest precedence at the top:

Next we turn to the definition of the first order interval neutrosophic language given by an

alphabet.
Definition 35 A term is defined as follows:

1. A variable is a term.

2. A constant s a term.

3. If f is an n-ary function symbol and ty,... t, are terms, then f(t1,..., fn) is a term.

Definition 36 A (well-formed )formula is defined inductively as follows:

1. If p is an n-ary predicate symbol and ty,...,t, are terms, then p(ti,...,t,) is a formula

(called an atomic formula or, more simply, an atom).

2. If F and G are formulas, then so are (=F),(FNG),(FVG),(F — G) and (F < Q).

3. If F is a formula and x is a variable, then (VxF') and (3xF) are formulas.
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O

Definition 37 The first order interval neutrosophic language given by an alphabet consists of the

set of all formulas constructed from the symbols of the alphabet. O
Example 12 Vz3y(p(z,y) — q(x)), ~3x(p(x,a) A q(x)) are formulas. O

Definition 38 The scope of Va (resp. Jx) in VxF (resp. JzF) is F. A bound occurrence of a
variable in a formula is an occurrence immediately following a quantifier or an occurrence within
the scope of a quantifier, which has the same variable immediately after the quantifier. Any other

occurrence of a variable is free. O

Example 13 In the formula Yaxp(x,y) V q(x), the first two occurrences of x are bound, while the

third occurrence is free, since the scope of Vx is p(x,y) and y is free. ]

3.8.2  Semantics of Interval Neutrosophic Predicate Calculus

In this section, we study the semantics of interval neutrosophic predicate calculus, the purpose
of which is the assignment of a meaning to well-formed formulas. In the interval neutrosophic
propositional logic, an interpretation is an assignment of truth values (ordered triple component)
to propositions. In the first order interval neutrosophic predicate logic, since there are variables
involved, we have to do more than that. To define an interpretation for a well-formed formula in
this logic, we have to specify two things, the domain and an assignment to constants and predicate
symbols occurring in the formula. The following is the formal definition of an interpretation of a

formula in the first order interval neutrosophic predicate logic.

Definition 39 An interpretation function (or interpretation) of a formula F in the first order in-
terval neutrosophic predicate logic consists of a nonempty domain D, and an assignment of “values”

to each constant and predicate symbol occurring in F as follows:

1. To each constant, we assign an element in D.

2. To each n-ary function symbol, we assign a mapping from D™ to D. (Note that D" =
{(z1,...,2p)|z1 € D,...,x,, € D}).
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3. Predicate symbols get their meaning through evaluation functions E which assign to each
variable x an element E(x) € D. To each n-ary predicate symbol p, there is a function

INP(p): D" — N. So INP(p(z1,...,zn)) = INP(p)(E(z1), ..., E(xy)).

That is, INP(p)(a1,...,a,) = (t(p(a1,...,an)),i(p(a1,...,an)), f(pla,...,ay)),
where t(p(ai,...,an)),i(p(ai,...,an)), f(p(ai,...,a,)) C [0,1]. They are called truth-degree, indeterminacy-
degree and falsity-degree of p(ay,...,a,) respectively. We assume that the interpretation function
IN P assigns to the logical truth T': INP(T) = (1,1,0), and to F' : INP(F') = (0,0, 1).
The semantics of four interval neutrosophic predicate connectives and two quantifiers is given
in Table II. For simplification of notation, we use p to denote p(aq,...,a;). Note that p < ¢ if and

only if p — g and ¢ — p.

Table 3.2: Semantics of Four Connectives and Two Quantifiers in Interval Neutrosophic Predicate
Logic

Connectives Semantics

INP(=p) (f(p);1—i(p), t(p))
INP(pAq) (min(t(p), t(q)), max(i(p),i(q)), max(f (p), f(q)))
INP(pV q) (max(t(p), t(g)), min(i(p), i(q)), min(f(p), f(q)))
INP(p —q) | (min(1,1—i(p) +t(q)), max(0,i(q) — i(p)), max(0, f(q) — f(p)))
INP(VzF) (mint(F(E(z))), mini(F(E(z))), max f(F(E(z)))), E(x) € D
INP(3zF) | (maxt(F(E(r))),maxi(F(E(x))),min f(F(E(z)))), E(x) € D

Example 14 Let D = 1,2,3 and p(1) = (0.5,1,0.4), p(2) = (1,0.2,0),p(3) = (0.7,0.4,0.7). Then
INP(Vzp(z)) = (0.5,0.2,0.7), and INP(3xp(z)) = (1,1,0). O

Definition 40 A formula F is consistent (satisfiable) if and only if there exists an interpretation
I such that F is evaluated to (1,1,0) in I. If a formula F is T in an interpretation I, we say that
I is a model of F' and I satisfies F'. ([l
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Definition 41 A formula F is inconsistent (unsatisfiable) if and only if there exists no interpre-

tation that satisfies F. O
Definition 42 A formula F is valid if and only if every interpretation of F satisfies F. ([
Definition 43 A formula F is a logical consequence of formulas Fy, ..., Fy if and only if for every
interpretation I, if Fy A ... ANF, is true in I, F' is also true in I. O
Example 15 (Vz)(p(x) — (3y)p(y)) is valid, (Vx)p(x) A (3y)—p(y) is consistent. O

Theorem 13 There is no inconsistent formula in the first order interval neutrosophic predicate

logic.

Proof It is direct from the definition of semantics of interval neutrosophic predicate logic.
Note that the first order interval neutrosophic predicate logic can be considered as an extension
of the interval neutrosophic propositional logic. When a formula in the first order logic contains no

variables and quantifiers, it can be treated just as a formula in the propositional logic.

3.8.8  Proof Theory of Interval Neutrosophic Predicate Calculus

In this part, we give the proof theory for first order interval neutrosophic predicate logic to com-

plement the semantics part.

Definition 44 The first order interval neutrosophic predicate logic is defined by the following axiom

schema.

(p— q(z)) — (p — Vaq(2))
Vap(z) — p(a)
p(z) — 3zp(x)

(p(z) = q) = (Fzp(z) — q)

Theorem 14 In the first order interval neutrosophic predicate logic, we have:
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1. p(x) F Vap(x)

2. p(a) F Jzp(z)

8. Vop(z) F p(y)

4. TU{p(z)} F q, then T U {Jxp(x)} F q

Proof Directly from the definition of the semantics of first order interval neutrosophic predicate

logic.

Theorem 15 In the first order interval neutrosophic predicate logic, the following schemes are

valid, where v is a formula in which x does not appear free:

1. Vor < r

2. dar < r

3. VaVyp(x,y) < VYyVep(z,y)

4. Jx3yp(x,y) < Jy3zp(z,y)

5. VaVyp(z,y) — Vep(z, x)

6. Jrp(z,x) — Jx3yp(z,y)

7. Yap(x) — Jzp(z)

8. JaVyp(x,y) — YyJzp(z,y)

9. Va(p(z) A q(z)) < Vep(x) A Vrg(z)

10. Fz(p(z) V q(x)) < Jzp(z) V Jzg(x)

11. p AVzq(x) < Yz(p A q(x))



12.

15.

1.

15.

16.

17.

18.

19.

20.

21.

22.

pVVzq(z) < Vz(p Vv q(z))

p A 3zq(z) < 3z(p A q(z))

pV Irq(x) < Jx(p V q(x))

Va(p(z) — q(z)) — (Vap(z) — Voq(z))

Va(p(z) — q(x)) — (Fzp(z) — Jzg(x))

Jz(p(z) A q(x)) — Jzp(w) A Jzq(z)

Vap(z) V Vrq(z) — Vo (p(z) V q(x))

~3z=p(2) = Vap(z)

—Va-p(z) < 3Ip(z)

—Jrp(x) < Ve-p(z)

Jz-p(x) < —Vap(z)
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Proof It is straightforward from the definition of the semantics and axiomatic schema of first order

interval neutrosophic predicate logic.

3.4 An Application of Interval Neutrosophic Logic

In this section we provide one practical application of the interval neutrosophic logic — Interval

Neutrosophic Logic System (INLS). INLS can handle rule uncertainty as same as type-2 FLS [66],

besides, it can handle rule inconsistency without the danger of trivialization. Like the classical FLS,

INLS is also characterized by IF-THEN rules. INLS consists of neutrosophication, neutrosophic

inference, a neutrosophic rule base, neutrosophic type reduction and deneutrosophication. Given
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Neutrosophication
o] Avu!h»;s:‘;n“E:rshlp |
Input indeterminacy- Neutrosophic Crisp Output
pl Inference Type Reduction

Neutrosophi

- la\sl(yfl‘rvr\‘;r'r;l‘:‘ershlp || Rule Base

Figure 3.1: General Scheme of an INLS
an input vector = (x1,...,x,), where z1,...,z, can be crisp inputs or neutrosophic sets, the

INLS will generate a crisp output y. The general scheme of INLS is shown in Fig. 2.1.

Suppose the neutrosophic rule base consists of M rules in which each rule has n antecedents
and one consequent. Let the kth rule be denoted by R* such that IF z; is A’f, T iS A’g, ..., and
T, is AKX, THEN y is B*. A¥ is an interval neutrosophic set defined on universe X; with truth-
membership function 7'y (z;), indeterminacy-membership function I AR (z;) and falsity-membership
function F (x;), where Tpx (x3), Iy (x3), Epn (z;) € [0,1],1 <i <n. B¥is an interval neutrosophic
set defined on universe Y with truth-membership function 7'z« (y), indeterminacy-membership func-
tion Ik (y) and falsity-membership function
Fgi(y), where Tgr(y), Igs(y), Fge(y) C [0,1]. Given fact x; is A% 29 is A%,..., and z, is A%,
then consequence vy is BF. flf’ is an interval neutrosophic set defined on universe X; with truth-
membership function T' Ak (z;), indeterminacy-membership function I Ak (z;) and falsity-membership
function FAf (x;), where TA§ (x3), IA§ (x3), FAf (z;) € [0,1],1 < i <n. B is an interval neutrosophic
set defined on universe Y with truth-membership function T'5. (y), indeterminacy-membership func-
tion Iz, (y) and falsity-membership function
Fpi(y), where Ty (y), I5c(y), Fae(y) € [0,1]. In this chapter, we consider a; < z; < b; and
a<y<p.

An unconditional neutrosophic proposition is expressed by the phrase: “Z is C”, where Z

is a variable that receives values z from a universal set U, and C is an interval neutrosophic
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set defined on U that represents a neutrosophic predicate. FEach neutrosophic proposition p is

associated with (t(p),i(p), f(p)) with t(p),i(p), f(p) C [0,1]. In general, for any value z of Z,
{t(p),i(p), f(p)) = (Te(2), Ic(2), Fe(2)).

For implication p — ¢, we define the semantics as:

suptp—~q = min(supi(p),supi(q)), (3.1)
inft,_, = min(inft(p),inft(q)), (3.2)
supip—q = max(supi(p),supi(q)), (3.3)
infi, ., = max(infi(p),infi(q)), (3.4)
sup fp—q = max(sup f(p),sup f(q)), (3.5)
inf f,, = max(inf f(p),inf f(q)), (3.6)

where t(p),i(p), f(p), t(q),i(q), f(q) € [0,1].

Let X = Xj x -+ x X,. The truth-membership function, indeterminacy-membership function
and falsity-membership function T'z (), I5:(y), Fizx (y) of a fired kth rule can be represented us-
ing the definition of interval neutrosophic composition functions (1.44-1.46) and the semantics of

conjunction and disjunction defined in Table 2.2 and equations (2.1-2.6) as:

supTae(y) = Sg)g min(sup TAk (x1),sup Tpx (z1),...,sup T (zn),sup Tyx (25), sup Tpr (y)13.7)
inf Tz (y) = Zgg min(inf T (1), inf Tpx (z1),...,inf Tjx (zn),Inf Tpx (zn),inf Tpe(y)), (3.8)
sup Iz (y) = Sgg max(sup IAk (z1),sup IAk (z1),...,sup 15k (zn),sup Lax (@), sup Igs (y)),(3.9)
inf I5:(y) = :g}pémax(lnflgk(:pl),ianA;lc(:El),...,inf[Ai(ajn),ianAg(:pn),ianBk(y)), (3.10)
sup Fizi(y) = ;gf max(supFAk(azl) sup FAk(iEl) ,SupFA,ﬁ(mn),sup Fyk (2n), sup Fr ((3)11)
inf Fae(y) = ég)f( max(inf FAk (z1),inf Fpx (z1),...,inf Fj (zn), inf Fyx (25), inf Fix (y)),(3.12)

where y € Y.
Now, we give the algorithmic description of INLS.
BEGIN

Step 1: Neutrosophication
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The purpose of neutrosophication is to map inputs into interval neutrosophic input sets. Let

G,* be an interval neutrosophic input set to represent the result of neutrosophication of ith input

variable of kth rule, then

r,€X;

()
()
r,€X;
sup Ik (2;)
v z,€X;
inf I (x;) = sup ma
v r,€X;
supFGf(:Ei) nf
f F, ;) = inf
inf Fu (x;) nf max

where z; € X;.

= inf max(sup

= sup min(sup T 5z (2;), sup T yx (x;)),
= sup min(inf T3k (2;),inf T'yx (2;)),
— sup max(sup I g (z), sup Ly (2:)),

inf I 3, (@), inf I 4n(24)),

inf g (2;), inf Fyr(z;)),

If ; are crisp inputs, then equations (50-55) are simplified to

where z; € X;.

Fig. 2 shows the conceptual diagram for neutrosophication of a crisp input x.

Step 2: Neutrosophic Inference

sup TA? (i),
inf T g (x4),
sup Ly (),
inf I (),
sup FAQC (x4),

inf F i (2;),

ij (332)7 sup FAf (5171)),

The core of INLS is the neutrosophic inference, the principle of which has already been explained

above. Suppose the kth rule is fired. Let G* be an interval neutrosophic set to represent the result
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Figure 3.2: Conceptual Diagram for Neutrosophication of Crisp Input

of the input and antecedent operation for kth rule, then

supTen(z) = 22)8 min(sup TA;IC (z1),sup T g (z1),...,sup N (zn),sup Tk (1)),
infTew(z) = :gg min(inf TA;1C (x1),inf Tpx (x1),...,inf T4 (zn), inf Tpx (zn)),
sup Igk(xz) = 22)8 max(sup IA;1c (1), sup Iy (z1),...,sup Igﬁ(a:n), sup L4k (20)),
infIon(z) = 22)}2 max (inf IA'; (x1),inf I i (z1),...,inf I3k (zn), inf Ly (z0)),

sup Fer(z) = ;g)f{ max(sup F (x1),sup Fpx (z1),...,sup FA,ﬁL(xn),sup Fur (zn)),
inf Fow(z) = ;g)f{ max (inf F (x1),inf Fyr (z1),...,inf Fj (zn),inf Fyx (0)),

43



where z; € X;.

Here we restate the result of neutrosophic inference:

where z € X,y €Y.

min(sup T (z),sup T (y)),

min(inf T (2), inf T (y)),

max(sup Ik (z),sup Igx(y)),

max(inf Ik (2), inf Ik (y)),

max(sup Fgr (), sup Fgr(y)),
(

max(inf Fr (x),inf Fgr(y)),
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Suppose that N rules in the neutrosophic rule base are fired, where N < M, then, the output

interval neutrosophic set B is:
sup T5(y)
inf T3 (y)
sup I 5(y)
inf I5(y)
sup Fz(y)
inf T3 (y)

where y € Y.
Step 3: Neutrosophic type reduction

N
= T
maxsup T (y),

= mj\éxinfTBk(y),
k=1
o I

= minsup I (y),

Ikl_lllll inf / Bk (Z) )7
= IINl‘Il up 1’
i 11 Sup 1 g (y)7

N

(3.37)

(3.38)
(3.39)
(3.40)
(3.41)

(3.42)

After neutrosophic inference, we will get an interval neutrosophic set B with Tz(y), I5(y),

Fz(y) € [0,1]. Then, we do the neutrosophic type reduction to transform each interval into one
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number. There are many ways to do it, here, we give one method:

Ts(y) = (infTx(y) +supTp(y))/2, (3.43)
Tily) = (infI(y) +supl5(y))/2, (3.44)
Fily) = (inf Fay) +sup F3(y))/2, (3.45)

where y € Y.

So, after neutrosophic type reduction, we will get an ordinary neutrosophic set (a type-1 neu-
trosophic set) B. Then we need to do the deneutrosophication to get a crisp output.

Step 4: Deneutrosophication

The purpose of deneutrosophication is to convert an ordinary neutrosophic set (a type-1 neutro-
sophic set) obtained by neutrosophic type reduction to a single real number which represents the
real output. Similar to defuzzification [63], there are many deneutrosophication methods according
to different applications. Here we give one method. The deneutrosophication process consists of
two steps.

Step 4.1: Synthesization: It is the process to transform an ordinary neutrosophic set (a type-1

neutrosophic set) B into a fuzzy set B. It can be expressed using the following function:

F(T5(). I5(), F5() : [0,1] x [0,1] x [0,1] — [0, 1] (3.46)

Here we give one definition of f:

Tp(y) =a*Tx(y) + b+ (1— F5(y) +cxI5(y)/2+dx (1—I5(y)/2), (3.47)

where 0 < a,b,c,d <l,a+b+c+d=1.

The purpose of synthesization is to calculate the overall truth degree according to three com-
ponents: truth-membership function, indeterminacy-membership function and falsity-membership
function. The component—truth-membership function gives the direct information about the truth-
degree, so we use it directly in the formula; The component—falsity-membership function gives the
indirect information about the truth-degree, so we use (1 — F') in the formula. To understand the

meaning of indeterminacy-membership function I, we give an example: a statement is “The quality
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of service is good”, now firstly a person has to select a decision among {T', I, F'}, secondly he or she
has to answer the degree of the decision in [0, 1]. If he or she chooses I = 1, it means 100% “not
sure” about the statement, i.e., 50% true and 50% false for the statement (100% balanced), in this
sense, I = 1 contains the potential truth value 0.5. If he or she chooses I = 0, it means 100% “sure”
about the statement, i.e., either 100% true or 100% false for the statement (0% balanced), in this
sense, I = 0 is related to two extreme cases, but we do not know which one is in his or her mind. So
we have to consider both at the same time: I = 0 contains the potential truth value that is either
0 or 1. If I decreases from 1 to 0, then the potential truth value changes from one value 0.5 to two
different possible values gradually to the final possible ones 0 and 1 (i.e., from 100% balanced to 0%
balanced), since he or she does not choose either T" or F' but I, we do not know his or her final truth
value. Therefore, the formula has to consider two potential truth values implicitly represented by
I with different weights (¢ and d) because of lack of his or her final decision information after he or
she has chosen I. Generally, a > b > ¢,d; ¢ and d could be decided subjectively or objectively as
long as enough information is available. The parameters a,b,c and d can be tuned using learning
algorithms such as neural networks and genetic algorithms in the development of application to
improve the performance of the INLS.

Step 4.2: Calculation of a typical neutrosophic value: Here we introduce one method of calcu-
lation of center of area. The method is sometimes called the center of gravity method or centroid

method, the deneutrosophicated value, dn(T'5(y)) is calculated by the formula

_ Jo Tal)ydy

n(Tgly) = S
a B

(3.48)

END.
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Chapter 4

NEUTROSOPHIC RELATIONAL DATA MODEL

In this chapter, we present a generalization of the relational data model based on interval neutrosophic
sets. Our data model is capable of manipulating incomplete as well as inconsistent information. Fuzzy
relation or intuitionistic fuzzy relation can only handle incomplete information. Associated with each relation
are two membership functions one is called truth-membership function 7" which keeps track of the extent to
which we believe the tuple is in the relation, another is called falsity-membership function which keeps track
of the extent to which we believe that it is not in the relation. A neutrosophic relation is inconsistent if
there exists one tuple a such that T'(a) + F(a) > 1. In order to handle inconsistent situation, we propose an
operator called “split” to transform inconsistent neutrosophic relations into pseudo-consistent neutrosophic
relations and do the set-theoretic and relation-theoretic operations on them and finally use another operator
called “combine” to transform the result back to neutrosophic relation. For this model, we define algebraic
operators that are generalisations of the usual operators such as interesection, union, selection, join on fuzzy
relations. Our data model can underlie any database and knowledge-base management system that deals

with incomplete and inconsistent information.

4.1 Introduction

Relational data model was proposed by Ted Codd’s pioneering paper [43]. Since then, relational
database systems have been extensively studied and a lot of commercial relational database sys-
tems are currently available [51, 87]. This data model usually takes care of only well-defined and
unambiguous data. However, imperfect information is ubiquitous — almost all the information that
we have about the real world is not certain, complete and precise [78]. Imperfect information can
be classified as: incompleteness, imprecision, uncertainty, inconsistency. Incompleteness arises from
the absence of a value, imprecision from the existence of a value which cannot be measured with

suitable precision, uncertainty from the fact that a person has given a subjective opinion about the
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truth of a fact which he/she does not know for certain, and inconsistency from the fact that there
are two or more conflicting values for a variable.

In order to represent and manipulate various forms of incomplete information in relational
databases, several extensions of the classical relational model have been proposed [36, 38, 44, 67,
68, 71]. In some of these extensions, a variety of "null values” have been introduced to model
unknown or not-applicable data values. Attempts have also been made to generalize operators of
relational algebra to manipulate such extended data models [36, 44, 71, 69, 70]. The fuzzy set
theory and fuzzy logic proposed by Zadeh [102] provide a requisite mathematical framework for
dealing with incomplete and imprecise information. Later on, the concept of interval-valued fuzzy
sets was proposed to capture the fuzziness of grade of membership itself [97]. In 1986, Atanassov
introduced the intuitionistic fuzzy set [23] which is a generalization of fuzzy set and provably equiv-
alent to interval-valued fuzzy set. The intuitionistic fuzzy sets consider both truth-membership T
and falsity-membership F' with T'(a), F'(a) € [0,1] and T'(a) + F'(a) < 1. Because of the restriction,
the fuzzy set, interval-valued fuzzy set and intuitionistic fuzzy set cannot handle inconsistent infor-
mation. Some authors [22, 32, 39, 41, 61, 80, 83] have studied relational databases in the light of
fuzzy set theory with an objective to accommodate a wider range of real-world requirements and to
provide closer man-machine interactions. Probability, possibility and Dempster-Shafer theory have
been proposed to deal with uncertainty. Possibility theory [103] is built upon the idea of a fuzzy
restriction. That means a variable could only take its value from some fuzzy set of values and any
value within that set is a possible value for the variable. Because values have different degrees of
membership in the set, they are possible to different degrees. Prade and Testemale [81] initially
suggested using possibility theory to deal with incomplete and uncertain information in database.
Their work is extended in [82] to cover multivalued attributes. Wong [100] proposes a method
that quantifies the uncertainty in a database using probabilities. His method maybe is the simplest
one which attached a probability to every member of a relation, and to use these values to provide
the probability that a particular value is the correct answer to a particular query. Carvallo and
Pittarelli [40] also use probability theory to model uncertainty in relational databases systems.
Their method augmented projection an join operations with probability measures.

However, unlike incomplete, imprecise and uncertain information, inconsistent information has
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not enjoyed enough research attention. In fact, inconsistent information exists in a lot of appli-
cations. For example, in data warehousing application, inconsistency will appear when trying to
integrate the data from many different sources. Another example is that in the expert system,
there exist facts which are inconsistent with each other. Generally, two basic approaches have been
followed in solving the inconsistency problem in knowledge bases: belief revision and paraconsistent
logic. The goal of the first approach is to make an inconsistent theory consistent, either by revising
it or by representing it by a consistent semantics. On the other hand, the paraconsistent approach
allows reasoning in the presence of inconsistency, and contradictory information can be derived or
introduced without trivialization [49]. Bagai and Sunderraman [29, 95] proposed a paraconsistent
relational data model to deal with incomplete and inconsistent information. The data model has
been applied to compute the well-founded and fitting model of logic programming [31, 30]. This
data model is based on paraconsistent logics which were studied in detail by de Costa [45] and
Belnap [34].

In this chapter, we present a new relational data model — neutrosophic relational data model
(NRDM). Our model is based on the neutrosophic set theory which is an extension of intuitionistic
fuzzy set theory[56] and is capable of manipulating incomplete as well as inconsistent information.
We use both truth-membership function grade o and falsity-membership function grade 5 to denote
the status of a tuple of a certain relation with «, 5 € [0, 1] and o+ < 2. NRDM is the generalization
of fuzzy relational data model (FRDM). That is, when a + 8 = 1, neutrosophic relation is the
ordinary fuzzy relation. This model is distinct with paraconsistent relational data model (PRDM),
in fact it can be easily shown that PRDM is a special case of PIFRDM. That is when o, =
0 or 1, neutrosophic relation is just paraconsistent relation. We can use Figure 4.1 to express the
relationship among FRDM, PRDM and PIFRDM.

We introduce neutrosophic relations, which are the fundamental mathematical structures un-
derlying our model. These structures are strictly more general than classical fuzzy relations and
intuitionistic fuzzy relations (interval-valued fuzzy relations), in that for any fuzzy relation or in-
tuitionistic fuzzy relation (interval-valued fuzzy relation) there is a neutrosophic relation with the
same information content, but not wvice versa. The claim is also true for the relationship between

neutrosophic relations and paraconsistent relations. We define algebraic operators over neutrosophic
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Figure 4.1: Relationship Among FRDM, PRDM, NRDM and RDM

relations that extend the standard operators such as selection, join, union over fuzzy relations.

There are many potential applications of our new data model. Here are some examples:

(a) Web mining. Essentially the data and documents on the Web are heterogeneous, inconsistency
is unavoidable. Using the presentation and reasoning method of our data model, it is easier
to capture imperfect information on the Web which will provide more potentially value-added

information.

(b) Bioinformatics. There is a proliferation of data sources. Each research group and each new
experimental technique seems to generate yet another source of valuable data. But these data
can be incomplete and imprecise and even inconsistent. We could not simply throw away one
data in favor of other data. So how to represent and extract useful information from these

data will be a challenge problem.

(c) Decision Support System. In decision support system, we need to combine the database with

the knowledge base. There will be a lot of uncertain and inconsistent information, so we need
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an efficient data model to capture these information and reasoning with these information.

The chapter is organized as follow. Section 4.2 of the chapter deals with some of the basic
definitions and concepts of fuzzy relations and operations. Section 4.3 introduces neutrosophic
relations and two notions of generalising the fuzzy relational operators such as union, join, projection
for these relations. Section 4.4 presents some actual generalised algebraic operators for neutrosophic
relations. These operators can be used for sepcifying queries for database systems built on such
relations. Section 4.5 gives an illustrative application of these operators. Finally, Section 7?7 contains

some concluding remarks and directions for future work.

4.2 Fuzzy Relations and Operations

In this section, we present the essential concepts of a fuzzy relational database. Fuzzy relations
associate a value between 0 and 1 with every tuple representing the degree of membership of the
tuple in the relation. We also present several useful query operators on fuzzy relations.

Let a relation scheme (or just scheme) ¥ be a finite set of attribute names, where for any
attribute name A € X, dom(A) is a non-empty domain of values for A. A tuple on ¥ is any map
t: ¥ — Ugexndom(A), such that t(A) € dom(A), for each A € X. Let 7(X) denote the set of all

tuples on X.

Definition 45 A fuzzy relation on scheme X is any map R : 7(X) — [0,1]. We let F(X) be the

set of all fuzzy relations on 3. J

If ¥ and A are relation schemes such that A C ¥, then for any tuple ¢ € 7(A), we let ¢> denote
the set {t' € 7(X) | t/(A) = t(A), for all A € A} of all extensions of t. We extend this notion for
any T C 7(A) by defining T% = User t=.

4.2.1 Set-theoretic operations on Fuzzy relations

Definition 46 Union: Let R and S be fuzzy relations on scheme . Then, RU S is a fuzzy

relation on scheme X given by

(RUS)(t) = max{R(t),S(t)}, for any t € 7(¥).0
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Definition 47 Complement: Let R be a fuzzy relation on scheme . Then, —R is a fuzzy

relation on scheme X given by
(=R)(t) =1— R(t), for any t € 7(X).00

Definition 48 Intersection: Let R and S be fuzzy relations on scheme Y. Then, RNS is a fuzzy

relation on scheme X% given by
(RN S)(t) = min{R(t),S(t)}, for any t € 7(X).0

Definition 49 Difference: Let R and S be fuzzy relations on scheme . Then, R — S is a fuzzy

relation on scheme X given by

(R—95)(t) =min{R(t),1 — S(t)}, for any t € 7(X).00

4.2.2  Relation-theoretic operations on Fuzzy relations

Definition 50 Let R and S be fuzzy relations on schemes ¥ and A, respectively. Then, the natural

join (or just join) of R and S, denoted R ™ S, is a fuzzy relation on scheme XU A, given by
(R x S)(t) = min{R(mx(t)),S(ma(t))}, for any t € 7(X UA).O

Definition 51 Let R be a fuzzy relation on scheme ¥ and let A C Y. Then, the projection of R

onto A, denoted by TIa(R) is a fuzzy relation on scheme A given by
(ITA(R))(t) = max{R(u)|u € t*}, for any t € T(A).0

Definition 52 Let R be a fuzzy relation on scheme X, and let F' be any logic formula involving
attribute names in 3, constant symbols (denoting values in the attribute domains), equality symbol
=, negation symbol =, and connectives V and A. Then, the selection of R by F, denoted 6 p(R), is

a fuzzy relation on scheme %, given by

R(t) ifteop(t(Y))
0 Otherwise

(or(R))(t) =

where o is the usual selection of tuples satisfying F. [J
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4.3 Neutrosophic Relations

In this section, we generalize fuzzy relations in such a manner that we are now able to assign a
measure of belief and a measure of doubt to each tuple. We shall refer to these generalized fuzzy
relations as neutrosophic relations. So, a tuple in a neutrosophic relation is assigned a measure
(o, 8), 0 < o, B < 1. « will be referred to as the belief factor and 3 will be referred to as the doubt
factor. The interpretation of this measure is that we believe with confidence @ and doubt with
confidence § that the tuple is in the relation. The belief and doubt confidence factors for a tuple
need not add to exactly 1. This allows for incompleteness and inconsistency to be represented. If
the belief and doubt factors add up to less than 1, we have incomplete information regarding the
tuple’s status in the relation and if the belief and doubt factors add up to more than 1, we have
inconsistent information regarding the tuple’s status in the relation.

In contrast to fuzzy relations where the grade of membership of a tuple is fixed, neutrosophic
relations bound the grade of membership of a tuple to a subinterval [a, 1 — ] for the case a+ 5 < 1.

The operators on fuzzy relations can also be generalised for neutrosophic relations. However, any
such generalization of operators should maintain the belief system intuition behind neutrosophic
relations.

This section also develops two different notions of operator generalisations.

We now formalize the notion of a neutrosophic relation.

Recall that 7(X) denotes the set of all tuples on any scheme X.
Definition 53 A neutrosophic relation R on scheme 3 is any subset of
7(X2) x [0,1] x [0,1].

For any t € 7(X), we shall denote an element of R as (t, R(t)*, R(t)”), where R(t)" is the belief
factor assigned to t by R and R(t)~ is the doubt factor assigned to t by R. Let V(X) be the set of

all neutrosophic relations on X.

Definition 54 A neutrosophic relation R on scheme ¥ is consistent if R(t)T + R(t)” < 1, for

all t € 7(X). Let C(X) be the set of all consistent neutrosophic relations on 3. R is said to be
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complete if R(t)™ + R(t)~ > 1, for all t € 7(X). If R is both consistent and complete, i.e.
R()T+ R(t)” =1, for all t € 7(X), then it is a total neutrosophic relation, and let T (X) be the

set of all total neutrosophic relations on 3.

Definition 55 R is said to be pseudo-consistent if
max{b;|(3t € 7(X))(3d;)({t, b;,d;) € R)}+max{d;|(3t € 7(X))(3b;)({t,b;,d;) € R)} > 1, where for these
(t,b;,d;), by +d; = 1. Let P(X) be the set of all pseudo-consistent neutrosophic relations on X.

Example 16 Neutrosophic relation R = {(a,0.3,0.7),
(a,0.4,0.6), (b,0.2,0.5), (c,0.4,0.3)} is pseudo-consistent. Because fort = a, max{0.3,0.4}+max{0.7,0.6} =
1.1 > 1.

It should be observed that total neutrosophic relations are essentially fuzzy relations where the
uncertainty in the grade of membership is eliminated. We make this relationship explicit by defining
a one-one correspondence Ay, : 7 (X) — F(X), given by Axn(R)(t) = R(t)", for all ¢ € 7(X). This

correspondence is used frequently in the following discussion.

Operator Generalisations

It is easily seen that neutrosophic relations are a generalization of fuzzy relations, in that for each
fuzzy relation there is a neutrosophic relation with the same information content, but not wvice
versa. It is thus natural to think of generalising the operations on fuzzy relations such as union,
join, projection etc. to neutrosophic relations. However, any such generalization should be intuitive
with respect to the belief system model of neutrosophic relations. We now construct a framework
for operators on both kinds of relations and introduce two different notions of the generalization
relationship among their operators.
An n-ary operator on fuzzy relations with signature (31,...,%,4+1) is a function © : F(X;) X
- X F(X,) — F(Xp+1), where ¥q,...,%,41 are any schemes. Similarly, an n-ary operator on
neutrosophic relations with signature (¥1,...,%,41) is a function ¥ : V(3;) x -+ x V(3,) —

V(Sni1).
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Definition 56 An operator ¥ on neutrosophic relations with signature (X1,...,%,41) is totality
preserving if for any total neutrosophic relations R1,..., R, on schemes X1,...,%,, respectively,

U(Ry,...,Ry) is also total. O

Definition 57 A totality preserving operator ¥ on neutrosophic relations with signature

(31,0, Xnt1)

18 a weak generalization of an operator © on fuzzy relations with the same signature, if for any

total neutrosophic relations R1, ..., R, on schemes ¥1,...,%,, respectively, we have
Asi (Y (R, ..., Ry)) = O0(As, (Ry),. .., Ax, (Ry)).0

The above definition essentially requires ¥ to coincide with © on total neutrosophic relations (which
are in one-one correspondence with the fuzzy relations). In general, there may be many operators on
neutrosophic relations that are weak generalisations of a given operator © on fuzzy relations. The
behavior of the weak generalisations of © on even just the consistent neutrosophic relations may in
general vary. We require a stronger notion of operator generalization under which, at least when
restricted to consistent intuitionistic fuzzy relations, the behavior of all the generalised operators is
the same. Before we can develop such a notion, we need that of ‘representations’ of a neutrosophic
relation.

We associate with a consistent neutrosophic relation R the set of all (fuzzy relations correspond-
ing to) total neutrosophic relations obtainable from R by filling in the gaps between the belief and
doubt factors for each tuple. Let the map repsy, : C(X) — 27 be given by

repsy(R) ={Q € F(Z) | N\ (R(t)" <Q(t:) <1-R(t:)7)}.
tier()
The set repsy,(R) contains all fuzzy relations that are ‘completions’ of the consistent neutrosophic
relation R. Observe that repsy, is defined only for consistent neutrosophic relations and produces

sets of fuzzy relations. Then we have following observation.

Proposition 1 For any consistent neutrosophic relation R on scheme ¥, repsy,(R) is the singleton

{As(R)} iff R is total.O
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Proof It is clear from the definition of consistent and total neutrosophic relations and from the
definition of reps operation.

We now need to extend operators on fuzzy relations to sets of fuzzy relations. For any operator
O : F(X1)x--xF(Zn) — F(Xni1) on fuzzy relations, we let S(0) : 27 1) x. .. x 27 (En) 5 27 (Ent1)
be a map on sets of fuzzy relations defined as follows. For any sets My, ..., M, of fuzzy relations

on schemes X1, ..., %,, respectively,
SO)(My,...,M,) ={O(Ry,...,Ry) | Ri € M, foralli,1 <i<n}.

In other words, S(0)(Mi,...,M,) is the set of O-images of all tuples in the cartesian product

My x --- x M,. We are now ready to lead up to a stronger notion of operator generalization.

Definition 58 An operator ¥ on neutrosophic relations with signature (¥q,...,%,4+1) s consis-
tency preserving if for any consistent neutrosophic relations Rq,..., R, on schemes X1,...,%,,
respectively, W(Ry,...,Ry,) is also consistent. (]

Definition 59 A consistency preserving operator ¥ on neutrosophic relations with signature (31, ...

18 a strong generalization of an operator © on fuzzy relations with the same signature, if for any

consistent neutrosophic relations R1, ..., R, on schemes ¥1,...,%,, respectively, we have
repsy, . (Y(Ri,...,Ry)) = S(O)(repsy, (R1),...,repsy, (R,)).0

Given an operator © on fuzzy relations, the behavior of a weak generalization of © is ‘controlled’
only over the total neutrosophic relations. On the other hand, the behavior of a strong general-
ization is ‘controlled’ over all consistent neutrosophic relations. This itself suggests that strong
generalization is a stronger notion than weak generalization. The following proposition makes this

precise.
Proposition 2 If ¥ is a strong generalization of ©, then ¥ is also a weak generalization of ©.0J

Proof Let (31, ...,%,41) be the signature of ¥ and ©, and let Ry, ..., R, be any total neutrosophic
relations on schemes X, ...,%,, respectively. Since all total relations are consistent, and W is a

strong generalization of ©, we have that

repsy,  (V(Ri,...,R,)) = S(O)(repsy, (R1),...,repsy, (Rn)),

7En+1>
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Proposition 1 gives us that for each i, 1 < i < n, repsy (R;) is the singleton set {\x,(R;)}.

Therefore, S(©)(repsy, (R;),...,repsy (R,)) is just the singleton set:

{O6(As, (Ry),..., s, (Rn))}-

Here, U(Ry,..., R,) is total, and
As (¥ (R, ..., Ry)) = O(Ag, (R1), ..., Ax, (Ry)), i.e. ¥ is a weak generalization of ©.

Though there may be many strong generalisations of an operator on fuzzy relations, they all
behave the same when restricted to consistent neutrosophic relations. In the next section, we
propose strong generalisations for the usual operators on fuzzy relations. The proposed generalised
operators on neutrosophic relations correspond to the belief system intuition behind neutrosophic
relations.

First we will introduce two special operators on neutrosophic relations called split and combine
to transform inconsistent neutrosophic relations into pseudo-consistent neutrosophic relations and

transform pseudo-consistent neutrosophic relations into inconsistent neutrosophic relations.

Definition 60 (Split) Let R be a neutrosophic relation on scheme .. Then,
A(R) = {{t,b,d)|(t,b,d) € Randb+d < 1} U {{t,b',d})|(t,b,d) € Randb+d > 1 and b =
bandd =1-b} U{({t,V,d)|{t,b,d) € R andb+d>1 and b =1—d and d = d}.

It is obvious that A(R) is pseudo-consistent if R is inconsistent.

Definition 61 (Combine) Let R be a neutrosophic relation on scheme . Then,
V(R) = {(t,t/,d")|(3b)(3d)(((t,V/,d) € R and (Vb;,d;)({t,b;,d;) — V' > b;) and
<t7b, d/> € R and (Vbz)(VdZ)(<t,bl,dZ> —d > dz))}

It is obvious that V(R) is inconsistent if R is pseudo-consistent.

Note that strong generalization defined above only holds for consistent or pseudo-consistent
neutrosophic relations. For any arbitrary paraconsisent intuitionistic fuzzy relations, we should
first use split operation to transform them into non inconsistent neutrosophic relations and apply
the set-theoretic and relation-theoretic operations on them and finally use combine operation to
transform the result into arbitrary neutrosophic relation. For the simplification of notation, the

following generalized algebra is defined under such assumption.
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4.4 Generalized Algebra on Neutrosophic Relations

In this section, we present one strong generalization each for the fuzzy relation operators such as
union, join, projection. To reflect generalization, a hat is placed over a fuzzy relation operator to
obtain the corresponding neutrosophic relation operator. For example, <1 denotes the natural join
among fuzzy relations, and <1 denotes natural join on neutrosophic relations. These generalized

operators maintain the belief system intuition behind neutrosophic relations.

Set-Theoretic Operators

We first generalize the two fundamental set-theoretic operators, union and complement.
Definition 62 Let R and S be neutrosophic relations on scheme %. Then,

(a) the union of R and S, denoted R U S, is a neutrosophic relation on scheme X, given by

(R U 9)(t) = (max{R(t)",S()"}, min{R(t)~,S(t)"}), for any t € 7(2);

(b) the complement of R, denoted Z R, is a neutrosophic relation on scheme X, given by
(= R)(t) = (R(t)", R(t)"), for any t € 7(%).
O

An intuitive appreciation of the union operator can be obtained as follows: Given a tuple ¢, since
we believed that it is present in the relation R with confidence R(¢)™ and that it is present in the
relation S with confidence S(t)*, we can now believe that the tuple ¢ is present in the “either-R-or-
S” relation with confidence which is equal to the larger of R(¢)" and S(¢)*. Using the same logic,
we can now believe in the absence of the tuple ¢ from the “either-R-or-S” relation with confidence
which is equal to the smaller (because ¢ must be absent from both R and S for it to be absent
from the union) of R(¢)~ and S(¢)”. The definition of complement and of all the other operators

on neutrosophic relations defined later can (and should) be understood in the same way.

Proposition 3 The operators U and unary — on neutrosophic relations are strong generalisations

of the operators U and unary — on fuzzy relations.
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Proof Let R and S be consistent neutrosophic relations on scheme ¥. Then repsy,(R U S) is the

set

Q1 A (max{R(t)", S(t)*} <Q(t) <1 —min{R(t:)~, S(t) H}

t,eT(X)

This set is the same as the set

{rusl N\ RE)"<r(t)<1-R@)), \ (St <s(t) <1-5(t)7)}

t,eT(X) tieT(X)

which is S(U)(repsy(R), repsy(S)). Such a result for unary — can also be shown similarly.

For sake of completeness, we define the following two related set-theoretic operators:
Definition 63 Let R and S be neutrosophic relations on scheme X. Then,

(a) the intersection of R and S, denoted R N S, is a neutrosophic relation on scheme %, given by

(R A S)(t) = (min{R(t)",St)"}, max{R(t)~,S(t)"}), for anyt c 17(%);

(b) the difference of R and S, denoted R = S, is a neutrosophic relation on scheme X, given by
(R = 9)(t) = (min{R(t)*, S(t)” }, max{R(t)~, S(t)"}), for anyt € 7(%);
O

The following proposition relates the intersection and difference operators in terms of the more

fundamental set-theoretic operators union and complement.

Proposition 4 For any neutrosophic relations R and S on the same scheme, we have

~ ~

As =

~

RO Z9), and

~ o~

R=S = Z(ZR0YS9).
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Proof

(R(t)",R(t)")
(S(t)~,8()")

(max(R(t)~, S(t)7), min(R(t)",5(t)"))
(min(R(t)", S(t)"), max(R(t) ", S(t) 7))
= RN S().

The second part of the result can be shown similarly.

Relation-Theoretic Operators

We now define some relation-theoretic algebraic operators on neutrosophic relations.

Definition 64 Let R and S be neutrosophic relations on schemes 3 and A, respectively. Then, the
natural join (further for short called join) of R and S, denoted R X1 S, is a neutrosophic relation

on scheme X U A, given by
(R 52 8)(t) = (min{R(7s(t)) ", S(ra(t)) "}, max{R(ms(t)) ", S(ra(t)) " }),
where 7w is the usual projection of a tuple. ]

It is instructive to observe that, similar to the intersection operator, the minimum of the belief

factors and the maximum of the doubt factors are used in the definition of the join operation.
Proposition 5 X is a strong generalization of <.

Proof Let R and S be consistent neutrosophic relations on schemes 3 and A, respectively. Then
repsy , A(R = 5) is the set {Q € F(Z U A) | Ay crm u aymin{Rey, (6:) 7, Sra(6:) 7} < Q(t:) <
1 — max{Rr, (i), Sz (ti)"})} and S(<)(repsy(R),repsa(S)) = {r > s | r € repsy(R),s €
reps, (S)}

Let Q € repsy a(R X S). Then 7x(Q) € repsy(R), where 7y, is the usual projection over ¥

of fuzzy relations. Similarly, ma(Q) € repsx (S). Therefore, @ € S(<)(repsy(R),repsa(S)).
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Let Q € S(x)(repsy(R),repsa(S)). Then Q(t;) > min{ Ry (t;)", Sz (t:)T} and Q(t;) <
min{l — Rrx(t;) 7,1 — Sz, (ti) "} = 1 —max{ Ry (t;) ", Sxa (t:)” }, for any t; € 7(X UA), because R
and S are consistent.

Therefore, Q € repsy A (R X S5).

We now present the projection operator.

Definition 65 Let R be a neutrosophic relation on scheme X%, and A C X. Then, the projection

of R onto A, denoted Ta(R), is a neutrosophic relation on scheme A, given by
(Ta(R))(t) = (max{R(u)" |u € t*}, min{R(u) " |u € t*}).
O

The belief factor of a tuple in the projection is the maximum of the belief factors of all of the
tuple’s extensions onto the scheme of the input neutrosophic relation. Moreover, the doubt factor
of a tuple in the projection is the minimum of the doubt factors of all of the tuple’s extensions onto
the scheme of the input neutrosophic relation.

We present the selection operator next.

Definition 66 Let R be a neutrosophic relation on scheme %, and let F' be any logic formula
involving attribute names in X, constant symbols (denoting values in the attribute domains), equality
symbol =, negation symbol -, and connectives V and N. Then, the selection of R by F', denoted

or(R), is a neutrosophic relation on scheme X, given by

(6r(R))(t) = (o, 3), where

R(t)T ifteop(t(D)) R(t)” ifteop(r(D))
o= and 0=
0 otherwise 1 otherwise
where o 1s the usual selection of tuples satisfying F' from ordinary relations. O

If a tuple satisfies the selection criterion, it’s belief and doubt factors are the same in the selection
as in the input neutrosophic relation. In the case where the tuple does not satisfy the selection

criterion, its belief factor is set to 0 and the doubt factor is set to 1 in the selection.
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Proposition 6 The operators ™ and o are strong generalisations of m and o, respectively.
Proof Similar to that of Proposition 5.

Example 17 Relation schemes are sets of atiribute names, but in this example we treat them
as ordered sequences of attribute names (which can be obtained through permutation of attribute
names), so tuples can be viewed as the usual lists of values. Let {a,b,c} be a common domain for
all attribute names, and let R and S be the following neutrosophic relations on schemes (X,Y) and

(Y, Z) respectively.

t R(t)
(a,a) | (0,1) ; S()
(a,b) | (0,1)
(a,c) | (1,0)
(a,c) | (0,1)
(bya) | (1,1)
(b.8) | L0 (c,b) | (0,1)
(b,c) | (1,0) - -
(¢,b) | (1,1)

For other tuples which are not in the neutrosophic relations R(t) and S(t), their {(a,3) = (0,0)
which means no any information available. Because R and S are inconsistent, we first use split
operation to transform them into pseudo-consistent and apply the relation-theoretic operations on
them and transform the result back to arbitrary neutrosophic set using combine operation. Then,
T1 = V(A(R) 53 A(S)) is a neutrosophic relation on scheme (X,Y, Z) and Ty = V(T x,2y(A(T1)))

and T3 = 0 x-—z(T3) are neutrosophic relations on scheme (X, Z). T1, Ty and T3 are shown below:
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t Ta (1)
(a,a,a) | (0,1)

(a,a,b) | (0,1)

(a,a,c) | (0,1)

(a,b,a) | (0,1) t T5(t)
(a,b,b) | (0,1) t T5(t) (a,a) | (0,1)
(a,b,c) | (0,1) (a,a) | (0,1) (a,b) | (0,1)
(a,c,a) | (0,1) (a,b) | (0,1) (a,c) | (0,1)
(a,c,b) | (0,1) (a,c) | (0,1) (b,a) | (1,0)
(a,c,c) | (0,1) (b,a) | (1,0) (b,b) | (0,1)
(b,b,a) | (1,1) (c,a) | (1,0) (c,a) | (1,0)
(b,e,b) | (0,1) (c,c) | (0,1)
(¢,b,a) | (1,1)

(¢,b,b) | (0,1)

(¢,b,¢) | (0,1)

(c,e,b) | (0,1)

4.5 An Application

Consider the target recognition example presented in [94]. Here, an autonomous vehicle needs to
identify objects in a hostile environment such as a military battlefield. The autonomous vehicle is
equipped with a number of sensors which are used to collect data, such as speed and size of the
objects (tanks) in the battlefield. Associated with each sensor, we have a set of rules that describe
the type of the object based on the properties detected by the sensor.

Let us assume that the autonomous vehicle is equipped with three sensors resulting in data
collected about radar readings, of the tanks, their gun characteristics and their speeds. What

follows is a set of rules that associate the type of object with various observations.

Radar Readings:
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Reading 71 indicates that the object is a T-72 tank with belie