ScholarWorks@GSU

Methods of Discrete Optimization and Machine Learning
for the Analysis of Heterogeneous Genomic Populations

Authors Kuzmin, Kiril

Citation Kuzmin, Kiril (2024). Methods of Discrete Optimization and
Machine Learning for the Analysis of Heterogeneous Genomic
Populations. Dissertation, Georgia State University. https://
doi.org/10.57709/37330588

DOI https://doi.org/10.57709/37330588

Download date 2026-01-17 10:22:00

Link to Item https://hdl.handle.net/20.500.14694/3996



http://dx.doi.org/https://doi.org/10.57709/37330588
https://hdl.handle.net/20.500.14694/3996

Methods of Discrete Optimization and Machine Learning

for the Analysis of Heterogeneous Genomic Populations

Kiril Kuzmin

Under the Direction of Pavel Skums, Ph.D.

A Dissertation Submitted in Partial Ful llment of the Requirements for the Degree of
Doctor of Philosophy
in the College of Arts and Sciences
Georgia State University

2024



ABSTRACT

Many human diseases, including viral infections and cancers, are driven by the evo-
lutionary dynamics of heterogeneous populations of genomic variants. A major type of
evolutionary behavior is migration, encompassing viral transmissions and cancer metastasis.
This study explores the connections between phylogenetic trees and migration trees through
graph homomorphism and examines the relationship between maximum likelihood trees and
maximum parsimony trees. It is also demonstrated that machine learning can accurately
identify coronaviruses using small portions of their sequence information.

The rst part of this study investigates how structural constraints on migration patterns
and tree topologies in uence the relationship between phylogenies and migration trees. \We
propose algorithms to assess the compatibility of given phylogenetic and migration trees
under various migration scenarios.

The second part examines the relationship between two-state character maximum likeli-
hood trees and maximum parsimony trees, identifying conditions where an optimal solution
for a maximum likelihood tree is also a parsimony tree. Properties that simplify maximum
likelihood trees are proven, and a closed-form solution is provided for maximum likelihood
trees with three taxa.

The third part uses machine learning models, including support vector machine, logistic
regression, decision tree, and random forest, to predict the host speci city of coronaviruses
based on their spike sequences. These models demonstrated high accuracies, f; scores,
sensitivities, and speci cities. Notably, the decision tree model identi ed protein regions

with known biological importance, indicating that spike sequences alone can predict host

speci city.
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CHAPTER 1

Phylogenetic inference of migration histories of heterogeneous populations
under structural constraints

A wide range of human diseases stem from the evolutionary dynamics within heterogeneous
populations of genomic variants. This includes viral infections, propelled by the evolution of
viral variants, and cancers, linked to the adaptation and growth of tumor cell populations.
A major type of evolutionary behavior of these populations is migration, during which their
members spread from initial sites, seeding new populations at newly invaded sites. For
infectious diseases, such migrations equate to pathogen transmissions, whereas in cancer,
this process is identi ed with metastatic spread.

Computational genomics plays a crucial role in the detection and analysis of migration
processes. A common strategy for reconstructing migration trees is to infer ancestral states
of internal nodes of a phylogenetic tree reconstructed from observed genotypes, where each
state de nes a migration site where each lineage resided at a particular time in the past.
This approach is e cient, versatile, applicable to various types of migrating populations
and thus widely utilized. However, properties of migration trees compatible with a given
phylogeny remain poorly understood, thus impeding further progress in development of
e cient migration inference tools. Key challenges in this area include determining under
what conditions and to what degree a phylogenetic tree topology re ects the structure of
underlying migration tree, and nding the right balance between computational tractability,

exibility, and biological realism in migration tree reconstruction.

In this study, we delve into the relations between phylogenetic trees and migration trees



through the lens of graph homomorphism, a mathematical concept that describes how one
graph can be mapped onto another while preserving their structure. We harness the math-
ematical and algorithmic machinery of the theory of graph homomorphisms to tackle the
aforementioned migration inference challenges in depth.

We provide necessary and su cient conditions describing trees compatible with a given
phylogeny and propose a series of algorithms designed to assess whether a given phylogenetic
tree and migration tree are compatible under several evolutionary constraints by constructing
corresponding homomorphisms. We explore particular structural constraints on the patterns
of migration and the topology of migration trees to investigate how these factors contribute
to the relationship between a phylogeny and a migration tree. Leveraging our ndings, we
present a general framework for inferring migration trees that samples potential migration
trees from a prede ned prior random tree distribution, and identi es a subsample of trees
compatible with a given phylogeny. By varying prior tree distributions, this approach ex-
pands upon and generalizes several existing models, o ering a versatile and computationally
e cient strategy applicable to a variety of biological processes associated with heterogeneous
population migration. We validate our proposed methodology using both simulated datasets
and real experimental data gathered from studies of viral outbreaks and cancer metastasis,

demonstrating its e ectiveness and applicability across di erent contexts.



1.1 Overview of existing results

Many human diseases are essentially evolutionary processes. This includes viral infections,
driven by evolving populations of viral variants Domingo et al. (2012), as well as cancers
associated with diversifying intra-tumor subclonal lineages Burrell et al. (2013). Although
the biological mechanisms of these diseases are di erent, both are fueled by highly muta-
ble populations of disease-causing agents, whose extreme genomic diversity originates from
error-prone replication processes, whether due to the lack of a proofreading mechanism in
RNA-dependent RNA polymerase or retroviral reverse transcriptase in RNA viruses Smith
(2017); Du y (2018); Sanjuan & Domingo-Calap (2016), or from the genetic instability of
tumor cells manifesting itself in somatic mutations, chromosomal gain/loss/translocation,
and aneuploidy Tomlinson et al. (1996); Greaves (2018); Grady (2004); Charames & Bapat
(2003). Consequently, the general phylogenetic methodologies applied to these populations
exhibit many similarities. From a methodological standpoint, they form a unique segment
of phylogenetics and phylodynamics, fostering a mutual exchange of concepts that enhances
all areas of application Utro et al. (2021); Stadler et al. (2021); Sashittal & EI-Kebir (2020).

A major type of evolutionary behaviour of highly mutable populations is migration,
wherein their members spread from initial sites, seeding new populations at newly invaded
sites. For infectious diseases, such migrations equate to pathogen transmissions, whereas in
cancer this process is identi ed with metastatic spread. Thus, accurate inference of migration
networks of heterogeneous populations is crucial for public health and medical research

Sanborn et al. (2015); Nguyen & Massague (2007); Grubaugh et al. (2019); Armstrong et al.



(2019).

The study of highly mutable population migration has been signi cantly enhanced by
groundbreaking advancements in sequencing technologies. State-of-the-art high-throughput
targeted sequencing and single-cell DNA sequencing enable the capture of detailed population
snapshots at exceptionally high resolutions, facilitating ne-grained analysis down to the
level of individual genotypes Armstrong et al. (2019); Black et al. (2020); Lahnemann et al.
(2020); Navin et al. (2011). In particular, this allows to examine population migration on
the level of individual migration events Knyazev et al. (2021); Black et al. (2020); Quinn
et al. (2021); El-Kebir et al. (2018).

A wide array of methods has been developed speci cally for reconstructing viral and
bacterial transmission trees, re ecting the substantial interest in tracking the spread of in-
fectious diseases. The arsenal of tools available for reconstructing transmission networks is
extensive, including but not limited to Outbreaker and Outbreaker 2 Jombart et al. (2014);
Campbell et al. (2018), SeqTrack Jombart et al. (2011), SCOTTI De Maio et al. (2016),
SOPHIE Skums et al. (2022), Phybreak Klinkenberg et al. (2017), Bitrugs Worby et al.
(2016), BadTrIP De Maio et al. (2018), Phyloscanner Wymant et al. (2017), StrainHub
de Bernardi Schneider et al. (2020), TransPhylo Didelot et al. (2017, 2014) (along with its
extension TransPhyloMulti Carson et al. (2024)), STraTUS Hall & Colijn (2019), TreeFix-
TP Sledzieski et al. (2019), QUENTIN Skums et al. (2017), VOICE Glebova et al. (2017),
HIVTrace Kosakovsky Pond et al. (2018), GHOST Longmire et al. (2017), MicrobeTrace

Campbell et al. (2021), SharpTNI Sashittal & El-Kebir (2019), TiTUS Sashittal & El-Kebir



(2020), TNeT Dhar et al. (2021), AutoNet Ke & Vikalo (2023), and others Ypma et al.
(2013); Mollentze et al. (2014); Didelot et al. (2014); Morelli et al. (2012); Cottam et al.
(2008); Campbell et al. (2019); Hall et al. (2015); Senghore et al. (2023); Campo et al.
(2016). These tools have been instrumental in investigation of outbreaks and monitoring the
transmission dynamics of pathogens like HIV, hepatitis C (HCV), SARS, MERS and SARS-
CoV-2 Wertheim et al. (2017); Ratmann et al. (2019); Zhang et al. (2020); Ramachandran
et al. (2018); Knyazev et al. (2021); Campbell et al. (2017).

Similarly, the development of methods for deducing metastatic spread histories is bur-
geoning, driven by advancements in single-cell DNA sequencing and CRISPR-based lineage
tracing technologies. Currently, the repertoire of tools in this domain includes MACHINA
El-Kebir et al. (2018), FitchCount (as part of the Cassiopeia suite) Quinn et al. (2021); Jones
et al. (2020), PathFinder Kumar et al. (2020), TCC, PCC, and PCCH Roddur et al. (2023).
Notwithstanding the relatively shorter list, the impact of these tools is growing, with several
studies published recently leveraging these methods to gain insights into the mechanisms of
metastatic spread Quinn et al. (2021); Hessey et al. (2023); Al Bakir et al. (2023); Chen
et al. (2022).

Despite signi cant progress in the eld, the wide variety of existing methods underscores
that the challenge of accurately inferring heterogeneous population migration remains unre-
solved. This diversity of approaches indicates both the complexity of the problem and the
ongoing e orts to re ne and improve upon existing methods.

Phylogenetics and phylodynamics provide the most widely used methodological frame-



works for migration tree/network reconstruction Carson et al. (2024); El-Kebir et al. (2018).
However, their application in this context is not straightforward. A phylogenetic tree does
not directly equate to a migration tree Carson et al. (2024), as the nodes in a phylogenetic
tree represent divergences of lineages rather than speci ¢ migration events Carson et al.
(2024); Schwartz & Scha er (2017). While some of these divergences may result from migra-
tion, others occur within previously invaded sites. Therefore, deriving a migration tree from
a phylogenetic tree essentially requires solving an ancestral trait inference problem, wherein
the internal nodes of a phylogenetic tree are annotated with labels that indicate whether each
divergence event occurred within a site or as a result of seeding of a new site upon migration.
Furthermore, it crucial to e ectively leverage the full spectrum of intra-site (within-host or
within-tumor) population diversity uncovered by high-throughput sequencing, that often
provide a strong signal for migration inference. For example, the paraphyletic relationships
between populations suggest recent migrations between corresponding sites Romero-Severson
et al. (2016); Leitner & Fitch (1999); Glebova et al. (2017); Fischer et al. (2010).

The challenges mentioned above highlight several crucial questions that remain unre-

solved and warrant further exploration. These questions include:

1)To what extent and under which conditions does the topology of a phylogenetic tree
re ect the structure of the underlying migration tree? This question becomes particularly
important when the level of paraphyly in the labeled phylogeny is low, a situation not un-
common as the paraphyletic signal tends to diminish over time and with smaller sample sizes

Romero-Severson et al. (2016). A number of studies have looked at this subject but their



conclusions were mixed. Some studies have found that certain migration patterns, such as
super-spreading, migration chains, or, more generally, migrations within networks formed
by di erent models like Erdos-Renyi Erds et al. (1960), preferential attachment Barabasi
& Albert (1999), or Watts-Strogatz models Watts & Strogatz (1998), lead to quantitatively
distinct phylogenetic tree topologies Colijn & Gardy (2014); Leventhal et al. (2012); Carnegie
(2018). Additionally, the spatial structure and dynamics of heterogeneous populations, which
are directly related to migrations pathways, have been shown to a ect the phylogeny struc-
ture of both viral and tumor populations Grenfell et al. (2004); Volz et al. (2013); Noble
et al. (2022); Lewinsohn et al. (2023). On the other hand, other studies report that the
direct impact of migration patterns on phylogenetic trees ranges from minimal to moderate
Robinson et al. (2013); Villandre et al. (2016); Welch (2011); Giardina et al. (2017). Fi-
nally, certain studies have drawn mixed conclusions, indicating that while some migration

characteristics are re ected in the phylogeny, others are not McCloskey et al. (2016).

2) How can we limit the solution space to balance computational feasibility, accuracy of
inference, generalizability, and biological realism? The space of migration trees compatible
with given phylogenetic trees is often vast, and its properties are not well understood Hall &
Colijn (2019); Sashittal & El-Kebir (2020). A sampling-consensus approach is one method
to address solution ambiguity, where feasible migration trees are sampled and summarized
in a weighted consensus graph, with weights re ecting posterior probabilities of edges Dhar
et al. (2021); Sashittal & El-Kebir (2020, 2019); De Maio et al. (2016); Quinn et al. (2021).

However, the size of solution space may restrict the depth of sampling. As a response, it



IS common practice to narrow down the solution space to a set of plausible migration trees
optimizing a speci ¢ objective function under evolutionary-based constraints. Employing
constrained models also aids in preventing over tting in presence of missing data and errors.

Various objectives and constraints have been implemented by existing methods. Limit-
ing number of migration events, sizes of bottlenecks or numbers of back-migrations Wymant
et al. (2017); Sashittal & El-Kebir (2020); Dhar et al. (2021); El-Kebir et al. (2018); Jones
et al. (2020); Quinn et al. (2021); Roddur et al. (2023); Hall & Colijn (2019); Jombart
et al. (2011) is more computationally e cient and scalable due to utilization of dynamic
programming Sanko (1975); Fitch (1971), making such approaches practical in both molec-
ular epidemiology and computational oncology. These can also be formulated as Integer
Linear Programming (ILP) problems Gus eld (2019) and solved with reasonable e ciency
using existing ILP solvers. Models with more complex Bayesian objectives with constraints
regularized as priors Carson et al. (2024); Klinkenberg et al. (2017); De Maio et al. (2016);
Jombart et al. (2014); De Maio et al. (2018) o er a richer, biologically nuanced perspective
but su er from scalability issues and usually rely on generic methods like Markov Chain
Monte Carlo (MCMC) sampling, which may not yield optimal solutions, in part due to a
lack of problem-speci ¢ mathematical strategies. Balancing computational e ciency with
biological comprehensiveness presents a notable challenge, compounded by the uncertainty
of how much constraints and objectives truly limit the solution space Hall & Colijn (2019);

Sashittal & El-Kebir (2020).

3) How to incorporate a variety of models for phylogenetic inference of migrations into a



uni ed modular computational framework? Migration inference models draw on varied bi-
ological or epidemiological assumptions. For instance, viral transmission inference often
incorporates case-speci ¢ temporal data like infectious periods, exposure intervals, symptom
onset, diagnosis or sample collection dates to establish order of infections and eliminate un-
likely transmission links Jombart et al. (2014); Mollentze et al. (2014); Klinkenberg et al.
(2017); Didelot et al. (2017); Sashittal & EIl-Kebir (2020); De Maio et al. (2016); Worby
et al. (2016). In some rare cases, contact networks are known and can be used for the same
purpose Switzer et al. (2024); Campbell et al. (2017). While e ective, such data is often
unavailable, non-informative, or sensitive, particularly for endemic and pandemic diseases
caused by HIV, Hepatitis C, SARS-CoV-2, or In uenza Skums et al. (2022, 2017); Campo
et al. (2016). In situations where case-speci ¢ data cannot be used, genomic epidemiology
tools resort to broader assumptions, like the expected degree distribution of transmission
networks implied by a structure of a susceptible population Skums et al. (2017, 2022). Sim-
ilarly, methods for inferring metastatic spread use constraints de ned by so-called migration
patterns that re ect realistic cancer migration scenarios, such as monoclonal, polyclonal or
multi-source seeding El-Kebir et al. (2018); Roddur et al. (2023). A commonality across
all these methods is the use of structural constraints on feasible transmission networks that
are considered as subgraphs of a larger "pattern™ graph. It suggests a need for a versatile,
modular migration inference framework that integrates these varied approaches on a uni-

ed algorithmic and mathematical basis, akin e.g. to the BEAST framework for Bayesian

evolutionary analysis Drummond & Rambaut (2007).
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Addressing these challenges calls for a thorough exploration of the mathematical proper-
ties of transmission trees compatible with a given phylogeny, a subject that is not yet fully
understood Hall & Colijn (2019). Our study aims to advance this area by developing a novel
methodology based on powerful techniques from graph theory, combinatorics and network
theory. Additionally, we will use this methodology to introduce novel algorithmic approaches
for inferring migration trees.

A number of earlier studies has achieved important progress in this area. Several studies
noticed that migration trees compatible with a given phylogeny correspond to partitions
of the phylogeny’s node set or to coloring of its branches Hall et al. (2015); Hall & Colijn
(2019); Didelot et al. (2017, 2014). These observations have informed the development of
methods to enumerate and sample these trees, assuming a complete migration bottleneck
Hall & Colijn (2019) and a known sequence of migrations Kenah et al. (2016). In fact, the
relation between a phylogenetic tree and a migration tree is described by the concept of a
graph homomorphism that generalize both partitions and colorings.

Graph homomorphism is essentially a mapping between the vertices of two graphs that
preserve their structure Hell & Nesetril (2004). The theory of graph homomorphisms is a
well-established area of discrete mathematics, with deep results and rich methodology. All
types of migration trees discussed so far can be described by a graph homomorphism with
speci ¢ constraints. For example, migration trees compatible with a given phylogeny under
the assumptions of complete sampling and complete bottleneck, that has been studied in

Hall et al. (2015); Hall & Colijn (2019) are minors Lovasz (2006); Robertson & Seymour
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(2004) of the phylogeny or, equivalently, its homomorphic images such that inverse images
of all vertices are connected subtrees.

We utilize mathematical and algorithmic machinery of graph homomorphism theory to
delve into the details of migration inference. Speci cally, we provide necessary and su cient
conditions describing trees compatible with a given phylogeny and propose a series of al-
gorithms that evaluate the compatibility of phylogenetic and migration trees under various
evolutionary scenarios through the construction of corresponding homomorphisms. We ex-
amine particular structural constraints on migration patterns and migration tree topologies
to understand their in uence on the relationship between a phylogeny and a migration tree.

Based on these insights, we propose a general framework for migration inference that sam-
ples candidate migration trees from a chosen prior random tree distribution, and identi es a
subsample of trees compatible with a given phylogeny. By varying prior tree distributions,
this approach expands upon and generalizes several existing models, o ering a versatile and
computationally e cient strategy applicable to a variety of biological processes associated
with heterogeneous population migration. Crucially, the proposed framework is compu-
tationally fast, enabling biomedical and public health researchers to quickly test di erent
tree priors that represent common migration models. Beyond migration inference, proposed
methods can be used for investigating how phylogenies constrain the space of possible mi-
gration trees, or for determining potential migration events that are de nitively ruled out
by a phylogeny Hall & Colijn (2019).

Proposed methodology was validated using both simulated datasets and real experimen-
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tal data gathered from studies of viral outbreaks and cancer metastasis, demonstrating its

e ectiveness and applicability across di erent contexts.

1.2 Methods

1.2.1 Basic de nitions

Throughout this chapter, we consider a pair of trees: a phylogenetic tree and a migration
tree. For clarity, we refer to elements of a phylogeny as nodes, and to elements of a migration
network as vertices, and denote them by Greek and Latin letters, respectively.

The problem of migration network inference is set up as follows. The input is a phyloge-
netictree = (V( );E( )), with the leaf set L( ) representing genomic variants belonging
to di erent subpopulations (or demes), denoted by L. The tree  can be a standard binary
phylogeny or non-binary mutation tree used in most cancer studies. Each leaf 2 L( ) has
an assigned site label (or color) I 2 L. The aim is to expand this labeling from the leaves to
all nodes in the tree, creating a full labeling f : V( ) ¥ L. In this model, any multi-colored
tree edge represents a migration of genomic variants between demes f( ) and f( ). The
migration tree T = T( ;) and with vertices V (T) = L, is then formed by contracting the
nodes with the same color Hall et al. (2015).

As mentioned in the introduction, researchers often seek transmission trees satisfying
particular constraints restricting types of migration or topologies of migration trees. These
constraints can be encoded using a transition pattern graph G that describes permissible

patterns of migration (speci ¢ examples are provided in the following subsection). We will
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rst consider the situation when G is a simple graph; later on, it will be extended to the
cases when G is a random graph characterized by some probability distribution. In this
model, a migration tree should be isomorphic (i.e., identical up to relabeling of vertices) to
a subgraph of the transition pattern. Any corresponding labeling will be called feasible.

The relations between the phylogeny , the migration tree T and the transition pattern G
can be captured using the concept of a graph homomorphism. A homomorphismf: ¥ G
Hell & Nesetril (2004) is an adjacency-preserving mapping between vertex sets of these
graphs, i.e., f(u)f(v) 2 E(G) if uv 2 E( ). For the sake of mathematical rigor, here and
throughout this chapter we assume that a transition pattern is re exive, i.e., every vertex is
adjacent to itself. With this condition in place, any feasible labeling f is a homomorphism
from to G, making the migration inference problem essentially a problem of nding such
a homomorphism. In graph theory, this type of problems is sometimes referred to as an
G-coloring of the tree  Hell & Nesetril (2004).

Throughout this chapter, we use standard graph theory notations. We denote by a
subtree of  rooted at the node . For any graph G, G[X] represents the subgraph induced
by the subset of vertices X. We use u v to indicate that vertices u and v are adjacent.
The set of neighbors of a vertex u in G is denoted as Ng(u), degg(u) = jNg(u)j is the degree
of u, Ng[u] = Ng(u) [ fug and Ng[X] is the union of the neighborhoods of all vertices in
a set X. Additionally, the distance between any two vertices u and v in G is denoted by
de(u;Vv), and Pg(u; V) refers to the corresponding shortest path between them. When the

graph is clear from a context, we may omit the subscripts in these notations. In the case of
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a phylogeny , all distances and paths are undirected.

Additionally, to simplify the notation, we will apply set-theoretical operations (e.g. in-
tersection and union) directly to subgraph of G, with the understanding that the resulting
subgraph is induced by the set obtained from applying these operations to the vertex sets of

the original subgraphs.

1.2.2 Migration inference under structural constraints

The simplest form of the migration inference challenge arises when the vertices of the transi-
tion pattern graph G directly correspond to the labels of the phylogenetic tree’s leaves, i.e.,
V (G) = L. This variant is referred to as labeled inference. The transition pattern G can be
an unweighted graph or a random graph with speci ed edge probabilities. Several scenarios

exemplify this problem:

e For viral transmissions, G could re ect a contact network of potential hosts Switzer
et al. (2024); Campbell et al. (2017), where an infection spreads through direct inter-

actions within this network.

e Another viral transmission model assumes that transmission is only possible between
hosts with overlapping exposure intervals De Maio et al. (2018); Sashittal & El-Kebir
(2020). In this case G is an interval graph Brandstadt et al. (1999), i.e., a graph
with vertices representing time intervals and edges connecting vertices whose intervals

intersect.

e For metastatic spread inference, G may represent a circulatory network Scott et al.
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(2012); Newton et al. (2013); Gerlee & Johansson (2019), with vertices representing

organs and edges re ecting the prior probabilities of cancer spreading between organs.

Problem 1 (labeled migration inference)

Input:

(al) a phylogenetic tree  with leaf labels (I ) 2. ¢ y forming the label set L,

(b1) a transition pattern G with V (G) = L;

Output:

(c1) a homomorphism f: ¥ Gsuchthat f( ) =1 forevery 2L( ).

In practical settings, however, Problem 1 might be too restrictive or not fully re ective
of reality. The main issue is the absence of a known mapping between the leaf labels and the
vertices of the transition pattern. In other words, the pattern G represents the permissible
topology of migration rather than speci ¢ allowed migration links. For instance, we may
expect that a viral transmission network likely includes a superspreader, but the exact sub-
population associated with this superspreader is not known. The following models to this

variant of the problem:

e Viral transmission: The transition pattern G could represent a random graph that
describes expected characteristics of transmission trees, like being scale-free or having
a particular expected degree distribution. Such models draw on known expected prop-

erties of contact networks essential for infection spread Liljeros et al. (2001); Wertheim
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et al. (2014); Hughes et al. (2009); Romano et al. (2010) without requiring actual host
contact information, and have been explored in several studies Skums et al. (2017,

2022).

» Metastatic spread inference: In this case, a transition pattern G may describe plausible
evolutionary scenarios of cancer migration, such as monoclonal or polyclonal seeding
from single or multiple sources El-Kebir et al. (2018); Roddur et al. (2023). A related
idea has been applied in studies analyzing CRISPR-based lineage tracing phylogenies,

where G speci es a so-called star homoplasy model Sashittal et al. (2022).

In this version of migration inference problem, is no explicitly given mapping between the
set of leaf labels and the vertices of the transition pattern. Instead, a feasible homomorphism
should map leaves with distinct labels to distinct vertices of G and vice versa, i.e., for any

1; 22 L( ) wehave f( 1) & f( ,) whenever | | & | ,; see Fig. 1.1 (a).

For each scenario, a phylogenetic tree is illustrated in Fig. 1.1 in two di erent layouts
on the left and in the middle, with the corresponding migration tree displayed on the right.
In the phylogenies, nodes are color-coded by their homomorphic images in the migration
tree. The layout in the middle showcases how homomorphism transforms a phylogeny into
a migration tree. (a) Unconstrained solution. Subtrees formed by blue and red nodes are
not connected, indicating a violation of the convexity constraint. (b) Convex solution. Each
color-coded subtree is connected, but compactness is violated in the subtree rooted at node

7. (c) Convex and compact solution.
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Figure 1.1 Solutions for the Migration History Inference Problem under various constraints.

We will call a homomorphism satisfying this requirement a label-distinctive homomor-
phism. It should be noted that nding such a homomorphism seems to be a non-standard
variant of a graph homomorphism problem, that, to the best of our knowledge, has not been
studied previously.

In such context, the rst question to be asked is whether a given subtree T of the
transition pattern G is compatible with the phylogeny , i.e., whether there exist a label-

distinctive homomorphism ¥ T,

Problem 2 (unlabeled migration inference)
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Input:
(a2) a phylogenetic tree  with leaf labels (I ) 2. );

(b2) atreeT;
Output:
(c2) a label-distinctive homomorphism f: ¥ T,

A more restricted version of Problem 3 includes an additional convexity constraint con-
sidered in Meacham & Duncan (1987); Moran & Snir (2008), where tree nodes mapping to

the same vertex of G form a connected subtree of  (Fig. 1.1 (b)):

Problem 3 (convex unlabeled migration inference)
Input: (a2) and (b2)

Output:

(c3) a label-distinctive homomorphism £ : ¥ T such that induced subgraphs [f 1(Vv)]

are connected for all v 2 V (T).

We will refer to a homomorphism satisfying (c3) as a convex homomorphism. Convex
homomorphisms to trees describe migrations with a complete bottleneck; such migration
trees were the focus of extensive research in previous studies Hall et al. (2015); Hall & Colijn
(2019); Kenah et al. (2016).

To de ne another type of constraints, consider a labeling | of nodes of the phylogeny
The labeling | is compact if the label of the most recent common ancestor (MRCA) for any

group of leaves matches one of the labels within that group.
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The rationale for this is based on the understanding that migrations within any given
subtree could follow one of the following scenarios: either (i) migrations involve only the
demes represented by the leaves of the subtree, or (ii) migrations include external demes,
but lineages from these demes were not sampled due to extinction or incomplete collection.
Although both scenarios are feasible, the rst is more parsimonious, especially when sampling
is dense and migration events span a short period of time. Hence, homomorphisms that align

with this compact labeling are referred to as compact.

Problem 4 (compact unlabeled migration inference)
Input: (a2) and (b2)

Output:

(c4) a label-distinctive homomorphism f : T T such that for any node 2 V( ) we

have F( )2 F(L( )).

Finally, it is often desirable to produce a sample of potential solutions rather than a
single solution. Such approach o ers statistical backing for potential migration network
edges and logically shifts the migration inference problem to a Bayesian paradigm. Potential
solutions can be sampled from a random graph distribution or, if a transition pattern is a
deterministic graph, from the uniform distribution of its subgraphs with speci ed properties
(e.g. subtrees). The sampling-based version of the migration inference problem can be

formulated as follows:

Problem 5 (unlabeled migration sampling)
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Input:

(a5) a phylogenetic tree  with leaf labels (1 ) 2 ( y;

(b5) a random transition pattern G with edge probabilities p : E(G) ¥ [0; 1] that de ne a

distribution D of subtrees of G.

Output:

homomorphic image of , and the corresponding label-distinctive homomorphisms

fi: X T, are possibly convex and/or compact.

1.2.3 Labeled migration inference

Problem 1 can be e ciently solved in polynomial time using dynamic programming, as
detailed in Algorithm 1. Despite its simplicity, we include the algorithm here due to its

relevance for subsequent, more complex methods.

1.2.4 Unconstrained unlabeled migration inference

A possible strategy to solve Problem 2 involves identifying a bijection g : L ¥ V(T) that
can be extended to a homomorphism ¥ T using Algorithm 1. We will describe such
bijections as feasible.

Let Ly(u) =F 2 L( ):g(l ) =ug be the set of leaves in  whose labels map to u. The

following theorem establishes a necessary and su cient condition for the bijection feasibility.



21

Algorithm 1 Unlabeled migration inference

1: Let be the root of . Perform a post-order traversal of the tree
2: for every node of the traversal do

3: construct a set of potential images I( ) L:

4: if is a leaf then I( ) fI( )g;

5: else

6: Suppose that ;:::; x are children of

7: Then 1( ) consists of vertices x 2V (G) such that

8: there exist vertices y; 2 1( ), i=1;k such that y; X.
9: end 1f

10: end for

11: 1fF I( ) =; then

12: homomorphism f does not exist

13: else

14: Traverse in preorder and construct a homomorphism f as follows:
15: for every node of the pre-order do

16: iIf = then

17: select any v21I() and set f( ) v;

18: else

19: Let ! be the parent of

20: Choose v21( ) such that v f(!) and set f( ) .
21: end 1f

22: end for

23: end if

Theorem 1. The bijection g : L ¥ V(T) is feasible if and only if

dr(ui;uz) d (15 2) (1.1)
for all up;u, 2V (T), 12 Lg(ur); 22 Lg(uy).

Proof. The necessity of the condition stated in the theorem is a known property of graph
homomorphisms Hell & Nesetril (2004). However, it is generally not su cient Hell & Nesetril
(2004). For our speci ¢ type of the homomorphism problem, we will demonstrate that it
indeed su ces.

Consider a bijection g satisfying the condition (1.1). De ne C  V(T) as the image set
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of its clade, i.e., C =gl ): 2L( ). Additionally, for anode 2 V( ) and a vertex

u22V(T), de ne B (u) as a ball centered at u in T, with radius

= [ ; 1.2
ru=,omind () (12)

e, B U=ft2V(T):dr(u;v) r .0
We proceed by establishing two auxiliary facts. The rst follows directly from the prop-

erties of a tree:

Tk Tk Tk
a connected subgraph and ;_; X; & ;. Then N[ ;_,; X;)] = ;-; N[X].

Suppose now that I( ) : 2 V( ) are the sets of potential node images produced by
Algorithm 1, given the matching of leaf labels in  and vertices of T through the bijection

g. These sets are described by the following lemma.

T
Lemma 2. For everynode 2V ( ), 1( )= ,oc B (u).

Proof. The proof of the lemma proceeds by induction. Consider a node 2 V( ). The

lemma’s assertion is trivially true when is a leaf. Assume now that is an internal node

with children q;:::; , each set I( ;) is non-empty and, by the inductive assumption,
N\
()= B,Q) (1.3)
u2C

S
Then C = Ii(=l C ,; furthermore, according to Algorithm 1 and the equality (1.3) we have
2 3

X X AN
I()= N[I(d= N4 B, (d: (1.4)

i=1 i=1 u2C
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Now consider a vertex u 2 C . Let (u) be the child of such that r ()., = mini, r ,..;
in cases where there are multiple such children, we pick any of them. Consequently, we have
r.u =r @.u+1, leading to the relation B (u) = N[B (,(u)]. Furthermore, it is obvious
that B ()(u) B ;(u) for all nodes ; such that u 2 B ;(u). Together, these observations

imply the following sequence of equalities:

AN AN X N\ X N\
B U= N[Buwul= N[B (] = N[B ;(u)] (1.5)
u2C u2C i=lu: (U= ; i=1lu2C ;
h1 T
By Lemma 1, N ¢ i B, = ¢ i N[B ;(u)], and thus the expressions (1.4) and

(1.5) are equal. This completes the proof of Lemma 2. ]

T
According to Lemma 2, Algorithm 1 succeeds whenever .. B (u) & ; for every node

2 V( ). To establish that this condition holds, we invoke so-called Helly property of

whenever S;\S; & ; for every i;j 2 [K]; in other words, the existence of non-empty pairwise
intersections guarantees a non-empty total intersection.

Subtrees of a given tree are known to have the Helly property Golumbic (2004). The
subsets B (u) obviously induce subtrees of T. Therefore, to prove the theorem, itissu cient
to demonstrate that for every node 2V ( ) and for every pair of vertices u;;u, 2 C , the
intersection B (u;) \ B (uy) is non-empty.

Select two leafs 1; , 2 L( ) that minimize the distance between nodes of the sets

Lg(uy) \L( ) and Lg(uz) \L( ). According to the theorem’s conditions, we have:

dr(uyuz) d (15 2) d(; 1)+d (; 2 (1.6)
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This implies the existence of a path between u; and u, in T with a length at mostd ( ; 1)+
d ( ; 2). On this path, there is at least one vertex v such that dr(us;Vv) d (; 1)
and dr(uz;v) d (; 2). Consequently, v belongs to both B (u;) and B (uy), thereby

completing the proof. O

Theorem 1 establishes that the Unlabeled Migration Inference problem is algorithmically
equivalent to the problem of nding a bijection that satis es (1.1). First of all, this allows
us to demonstrate that Problem 2 is NP-hard. We will prove it through a reduction from
the following problem:

Graph Bandwidth problem.
Given: A graph G.

Find: The minimal integer K = bw(G) for which there exists is a bijection ¥ : V(G) ¥

ifu) fv)j Kiorallu v: (1.7)

The Graph Bandwidth problem is NP-hard Garey et al. (1978), and, moreover, it cannot
be approximated within any constant factor unless P = NP, even when the input graph G

is a tree Dubey et al. (2011).

Theorem 2. The Unlabeled Migration Inference problem is NP-hard, even when all leaf

labels in the phylogeny are unique.

Proof. For our purposes, it is more convenient to use an equivalent condition for Graph
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Bandwidth problem:

jf(u) f(v)] Kdg(u;v) forall u;v 2V (G) (1.8)

The fact that (1.8) implies (1.7) is obvious. To demonstrate that (1.7) implies (1.8), consider

the shortest (u;v)-path in G (U = Xg; X1;:::;Xg 1;Xg = V), where d = dg(u;Vv). Then we
have
- - - X - X - -
ifw fvi=j E&i) F)J J(FGa 1) F(xi))j  Kd
i=1 i=1

Now suppose that T' is an input tree of Graph Bandwidth problem. We can assume that
bw(T" 3, since graphs where bw(T") 2 are recognizable in linear time Caprara et al.

(2002). To construct an instance for Problem 2, for an integer K 3, we proceed as follows:

1) The input phylogeny « is constructed by (a) subdividing every edge of T into K

edges; (b) attaching a leaf labeled u’ to every node u 2 V (T9).

For the trees constructed in this manner we have: (a) L( k) = fu' : u 2 V(TYg; (b)
d (V) = Kds(u;v) +2; (¢) dr(isJ) =i JJ.

We will demonstrate that a polynomial-time algorithm for Problem 2 leads to a 2-
approximation algorithm for the Graph Bandwidth problem. Assume the existence of such

an algorithm for Problem 2. Let K be the smallest integer for which this algorithm produces

a sought-for homomorphism « ¥ T. To establish the g approximation factor, we need to
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demonstrate the following relationship:

K bw(T" gK (1.9)

To establish an upper bound, let us consider the feasible bijection g : L( ) X
f1;:::;ng. We extend this bijection to the nodes of V (T?) by setting g (u) =g (U’). Given

the inequality (1.1) and assuming that K 3, we have:

jg U gWi=dr(@W);g () d . WV)=K dro(u;v)+2 gK dro(u; v):

This implies that bw(S) 2K .

this bandwidth, then we can extend it to L( k) by setting g(u’) = g(u). This yields:
dr(g(u);9(v)) =jg(u) g(v)i Kdro(u;v) < Kdpo(u;v) +2=d  (UsV):  (1.10)

This inequality contradicts the assumption that K is minimal. Therefore, we must have

bw(S) K . This completes the proof. ]

Although the Unlabeled Migration Inference problem is NP-hard, we can use Theorem 1
to approach it using Integer Linear Programming (ILP). We de ne a feasible bijection g :
L ¥ V(T) using binary variables x;,, where x;,, = 1 if g(i) = u, for each i 2 L and
u2V(T). The ILP formulation to nd such a bijection is as follows:

X X
(i)Xj, degu ¥ max (1.12)
i2L u2v (T)
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s.t.
>
Xiu=1 12L; (1.12)
u2v (T)
X
Xiu =1, u2V(T); (1.13)
i2L

Xiu+Xpyv 1, 1;J2L;u;v2V(T)and d (i j)<dr(uv), (114

min
i2l 1(i); j2l )

Xiv + Xiv + Xju +Xjy  Vij +1 i;j 2L;uv 2 E(T); (1.15)
>

yij=n 1L (1.16)
i;j2L

In this formulation, constraints (1.12) and (1.13) ensure that x encodes a bijection, while
constraints (1.14) guarantee that the bijection adheres to the conditions of Theorem 1. The
auxiliary variables y;; in constraint (1.15) indicate whether a pair of leaf labels map to
adjacent vertices in T, with constraint (1.16) ensuring the inferred migration network forms
a tree. The objective function (1.11) facilitates the search for a solution by leveraging the
relationship between population diversity and population age Puller et al. (2017); Russell
et al. (2023); Baykal et al. (2021), that suggests that more diverse populations, which are
likely older, are also more probable origins of migration Skums et al. (2017); Wymant et al.
(2017); Romero-Severson et al. (2016). Consequently, it is more likely that such populations
correspond to high-degree vertices in the tree T. Here a coe cient (i) represents the
genetic diversity of the ith subpopulation, measured as allelic entropy averaged over all

allelic positions.
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1.2.5 Migration inference under convexity constraints

In this subsection, a convex label-distinctive homomorhism T T will be called feasible.
When such homomorphism exists, T can be obtained from by a series of edge contractions,
making T a minor of . Generally, a graph G; is a minor of a graph G, if G; can be obtained
from G, by edge contractions, edge removals and node removals Diestel (2012). It is known
that the problem of detecting whether a given graph is a minor of another graph is NP-hard,
even when input graphs are trees Kilpelainen & Mannila (1995); Matousek & Thomas (1992).
However, minors associated with our problem satisfy a more stringent set of conditions than
general graph minors: in our case, only edge contractions are allowed and, in addition,
contractions of edges between labeled nodes with di erent labels are forbidden. We suggest
that in practical settings feasible homomorphisms can be e ciently found and enumerated
using dynamic programming.

The following simple property of convex homomorphisms will be useful for our subsequent

analysis:

Lemma 3. Suppose that f: B T is a convex homomorphism. Then T with is a subtree

of T if and only if °=F 1(T") is a subtree of

Proof. Homomorphic image of a connected subgraph is connected, as implied by the de ni-
tion of a homomorphism. The converse is also true, if jT’j = 1. Suppose that jTj 2 and
the subgraph f 1(T") is not connected. Consider two of its connected components, § and

%, such that the unique path P between the nodes 2 $and 2 Y is shortest among

all such paths between di erent components. ThenjPj 3and TY=fPnf ; g \T'=;.
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Moreover, the vertices f( ) and f( ) are adjacent to vertices of TY. This leads to two
distinct paths between f( ) and f( ) { one in T? and another passing through T®. This

contradicts the fact that T is a tree. O

Next, we describe the proposed algorithmic approach. Initially, we simplify the original
phylogenetic tree by collapsing paths between leaves sharing identical labels into a single
node, a step made feasible by the convexity constraint. The resulting tree, still referred to as

, may become non-binary and contains uniquely labeled leaves and possibly some labeled
internal nodes.

The algorithm performs a post-order traversal of the phylogeny and, for each node

2 V( ), calculates a set H describing possible homomorphisms from the subtree
to subtrees of T. At the root node , the set H thus describes all homomorphisms from
to T. Upon completing the traversal, the algorithm either concludes that no feasible
homomorphism exists (when H = ;), or initiates a pre-order traversal of . During this
second traversal, it reconstructs feasible homomorphisms using the information from the sets
H .

Formally, let be the set of labeled nodes in the subtree . A subtree T[v;X] of T is
termed an induced v-subtree if it includes the vertex v, a subset X of v’s neighbors, and all
vertices that are connected to v via paths that intersect with X; see Fig. 1.2.

Fig. 1.2 has the following content: A. A phylogenetic subtree, , rooted at node
with two children, and . B. Input candidate migration tree T. The goal is to produce

convex homomorphisms from to induced subtrees of T from such homomorphisms for
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Figure 1.2 Overview of the Dynamic Programming Algorithm for Detecting Convex Label-
Distinctive Homomorphisms.

and . C. Convex homomorphisms from (top row) and (bottom row) to induced
subtrees of T. For instance, the top gure depicts a homomorphism to an induced 1-tree
T[1;¥4;9;10; 11g] that consists of the vertex 1, its neighbors 4;9;10;11 and all vertices
connected to 1 via paths that intersect these neighbors. Nodes of subtrees are colored by
their homomorphic images. Homomorphisms are organized into a bipartite graph G, where
edges connect homomorphism pairs f,f, and f,f, that are compatible, and there is no edge

between homomorphisms f; and f;, that are not compatible. D. Homomorphisms fs and g
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obtained by combining compatible homomorphisms f; f, and fy; f,.

For a vertex 2 V( ), the set H consists of triples (v; X;C) called partial homomor-
phism tokens or simply tokens. In each token, (i) v 2 V(T), (ii) X Nt (v), (iii) C is a
subset of vertices of an induced v-subtree T [v; X] such that there exists a feasible surjective
homomorphism T : ¥ Tlv;X]with f( )=vand f( )=C.

The algorithm is initialized by setting H = f(v;;;fvg) : v 2 V(T)g for all leafs

For an internal node , the set H is constructed based on the sets from its children nodes

Lemma 4. Let T[v; X] be an induced v-subtree. Then there exist a feasible surjective homo-
morphism f : B Tlv; X]with f( )=vand f( ) = C if and only if there exist tokens

(vi; X1;C1) 2H ..., (vi; X; Ck) 2 H | satisfying the following conditions:

(c1) v 2V (T[vj; Xj]) if and only if vj = v.
(d1) v C; if is labeled.

(el) Xi =Ng(vi)nfvg if v; & v.

(1) C=Cy [ [Ckif isunlabeled,and C=C; [ [ Ck [ fvgif is labeled.
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Proof. Let us prove the necessity of conditions (al){(gl). Suppose that there exists a feasible
surjective homomorphism f : ¥ T[v; X] such that f( ) =v. De ne T; as the image of
the subtree | under f, denoted by f( ), and letv; = f( ;). Also, let X; = Nt (vi)\V (T;)
and C; =f( ).

We aim to demonstrate that T; = T[v;; X;]. According to Lemma 3, T; is connected, which
suggests that T; must be a subgraph of T|[v;; X;]. Furthermore, Lemma 3 also indicates that
T 1(T[vi; X;]) is connected. Given the surjectivity of f, it follows that f 1(T[v;; X;]) "
leading to the conclusion that T[v;; Xi] Ti.

Consequently, the restriction of ¥ to | is a surjective homomorphism from , to
T[vi; Xi]. Therefore, the token (vj; X;; Cj) belongs to H ,. The condition (al) follows from
the homomorphism de nition, while the convexity of f yields the conditions (b1){(gl).
T[vi; Xi; Ci] that meet conditions (al){(el). We can construct a homomorphism f : 1
T[v; X;C] by de ning f as follows:

fi() if 2V( ),
v if =

f()= (1.17)

Condition (al) implies that f is a homomorphism, condition (d1) ensures that labeled
nodes map to distinct vertices of T, and (el) guarantees that T is surjective.

It remains to show that T is convex. Suppose that f( ;) = f( ) = w. If both ; and

» belong to the same subtree ., then the entire path P ( ;; ;) maps to w due to the

convexity of f;. If, on the other hand, ;2 ,and , 2 ;, then condition (bl) implies

that w = v. Furthermore, by the condition (c1) we have v; = vj = v. Therefore convexity of
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f; and f;, as well as the fact that f( ) = v, imply that f(P ( 1; »)) = v. Together, these

two facts prove that T is convex. ]

To convert Lemma 4 into an algorithm constructing the set of tokens for a node using
the tokens of its children, we rst need to identify tokens of children that satisfy conditions
(al){(gl1). This can be achieved through the following steps. For each vertex v 2 V (T), we
construct a multipartite graph G = G( ;v) (i.e., a graph partitioned into k independent sets

or parts), as described below:

(if) The vertices of the set A; are tokens from the set , satisfying the conditions (al),

(cl), (d1), and (el).

(iif) Two tokens from the sets A; and A; are adjacent whenever they satisfy the condition

(bl).

In the constructed graph, sets of partial homomorphism tokens that satisfy Lemma 4 can
be identi ed as k-vertex cliques. We employ the Bron{Kerbosch algorithm Bron & Kerbosch
(1973) to generate these cliques. For each identi ed clique, we use conditions (f1) and (gl)
to construct a new token (v; X; C) for the node

Additionally, for each partial homomorphism token (v; X;C) 2 H , we maintain pointers
p(v; X; C) that link to the children tokens used in its construction. These pointers are used
in the subsequent phase of the algorithm, which aims to reconstruct full feasible homomor-

phisms f.
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During this phase, the algorithm executes a pre-order traversal of . As it progresses,
it recursively assigns a speci ¢ token to each node. When a token t = (v; X; C) is assigned
to node , the algorithm sets f( ) = v. It then retrieves tokens for t via the pointers p(t)
and assigns them to children, 4;:::; k. This ensures that by the end of the traversal,
each node in  has been assigned a homomorphic image, completing the construction of the
homomorphism f.

It is possible (although not very common for real data), that a given token (v; X;C)
can be constructed in multiple ways by combining di erent sets of children tokens. In

this case, we resolve the ties in p(v; X; C) assignment by selecting children homomorphisms

struct a partial homomorphism that produces fewer violations of the compactness constraint.
If several such families of children tokens exist, the tie is resolved randomly.

In general, the set H at the root node may include multiple tokens, each representing
a feasible homomorphism £ : ¥ T. When multiple feasible homomorphisms are available,
the algorithm selects the one that minimizes violations of the compactness constraint (to be
discussed in the next subsection). In case of ties, the selection criterion shifts to minimizing

the quantity

<
D(f) = () d(f( ) (1.18)

2 (T)
where () is the number of labeled children of a node . This approach prioritizes homo-
morphisms that map high-degree nodes to high-degree vertices.

The outlined method is formalized in Algorithm 2. Its e ciency can be improved by
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Algorithm 2 Convex most compact homomorphism

W W WWNNDNDNNNMNMNNMNNMNNMNMNNRPRPRPRPRPERPRERERRPRERPRE
W NP OO NOOOUA~AWNPEPOOWOWOWNOO OPM~WwDNPEF,O

W Ww w ww
©O© 00 N O O

© 00 NO Ol WN P

w
B

Input: phylogeny with the root and a candidate migration tree T.
Output: homomorphism f: ¥ T or the answer that it does not exist.

: modify by by contracting paths between leafs with the same label.
: perform a post-order traversal of
: for every node of the post-order do
construct a set of partial homomorphism tokens H .
if is a leaf then
H  f(v;;;fvg) v 2V (T)g;
end if
if is an internal node with children 4;:::; ¢ then
Let H( j)=f(; X5 Chi=1000000, j =100k,
for v2V(T) do
construct the multipartite graph G( ;v) as described in (i)-(iii);
Generate the set K of k-vertex cliques of G( ;v)
using Bron-Kerbosch algorithm.
for each clique f(ul;X{;Cl); 15 (uk;XK;Cl)g2 K do

I1? I’

Construct the sets X and C using formulas (f1l) and (gl).
Set H H [f(v;X;C)g and p(v;X;C) p(v;X;C) LF(iy;:::;ik)g-
end for
end for
end if

: end for
: ifH &; then
perform a pre-order traversal of ;

assign the token t, to : AS tr.
for every node of the pre-order do
fr() v, where (v;X;C)=AS .
if is an internal node with children 1;:::; k then

and p(v; X;C) = (ig;:::5ik)-
AS | (v{j;X{j;CiJj),jzl;:::;k
end if
end for
end for
among generated homomorphisms fy;:::;fr, output the homomorphism f;,

with the minimal number of compactness violations and,

in case of ties, with the minimal D(f,).
: else

T does not exist
:end if
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contracting sibling leaves in both  and T into a single node (vertex). The algorithm
maintains a count of copies of contracted nodes used by tokens, and a new token is generated
from children tokens only if the total count of each leaf in the children tokens does not
exceed its overall count. This modi cation markedly enhances the dynamic programming
algorithm’s runtime. The adjustments to Lemma 4 and Algorithm 3 are straightforward,
but involve numerous minor technical details; hence a formal description is omitted. One
particular detail, however, should be mentioned: if °and T? represent the leaf-contracted
versions of and T, respectively, and f': ° ¥ T! s a feasible homomorphism, there may
be cases where f( ) = | for an internal node of and a leaf | in T? that results from the
contraction of leaves I; and I,. In such instances, f° can be extended to a homomorphism
f . I T by designating f( ) as either I, or l,. To resolve this ambiguity, the leaf
corresponding to the population with higher diversity is chosen.

Finally, it should be noted that, strictly speaking, Algorithm 2 is not polynomial, since
the number of tokens for a node of  theoretically can be exponential. In practical settings,

however, the algorithm is extremely fast, and require split seconds to nish.

1.2.6 Migration inference under convexity and compactness constraints

A similar approach to the one outlined in Subsection 1.2.5 can be employed to identify
homomorphisms that are both convex and compact. However, the dynamic programming
algorithm can be further optimized by taking advantage of the speci ¢ nature of these con-
straints.

As with the earlier approach, homomorphisms that are both convex and compact will
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be referred to as feasible. Following a similar methodology to that used in Algorithm 2, we
begin by contracting the paths in the phylogeny . We then construct partial homomorphism
tokens similar to those used previously, with the exception that subsets C of images of labeled
nodes are not required. Thus, the tokens are simpli ed to pairs (v; X), where v 2 V (T) and
X Nt (v). Apair (v; X) isincluded in H if there exists a feasible surjective homomorphism

f: ¥ T[v; X] such that f( ) =v, and it also satis es the following condition:

I J=Tv; X]j: (1.19)

This condition is necessary for a partial homomorphism to be extendable to a full compact
homomomorphism ¥ T.

The algorithm is initialized by setting H = f(v;;) : v 2 V(T)g for leafs . For an
internal node 2 V( ), its token set H is constructed from the tokens of its children

1;:77 k using Lemma 5.

Lemma 5. (v; X) 2 H if and only if one of the following conditions hold:

1) s not labeled and there exist w 2 X such that (v; X nfwg) 2 H , and (w; Nt (w) n

fvg) 2 H ,.

2) s labeled, jXj = k, and there exist a permutation (vq;:::;vk) of elements of X such

Proof. We present the proof for the case where is unlabeled; the argument for labeled
follows a similar rationale. In this case, was not involved in path contraction, and thus

k=2
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Suppose that (v;X) 2 H , i.e., J J = jT[v;X]} and there exists a feasible surjective
homomorphism T : ¥ T[v; X] such that f( ) = v. Consequently, f( ) =V (T[v; X)),
and therefore there must be a labeled node 2 V( ) such that f( ) = v. Given the
connectivity constraint, this implies that f( ;) = v. Meanwhile, the compactness constraint
necessitates f( ,) =w & v.

Following Lemma 3 and considering the connectivity constraint, it can be shown that:
f( )=Tlv;Xnfvgland f( ,) = T[w;N(w)n fvg]: (1.20)

Let us now establish the second equality; the method for proving the rst is analo-
gous. Let T, = f( ,). We know that v 2 V(T,) and, according to 3, T, is con-
nected. These observations imply that T, T[w; N(w) n fvg]. Conversely, Lemma 3
suggests that £ (T [w; N(w) n fvg]) is connected. Given the surjectivity of f, this im-
plies f (T [w; N(w) n fvg]) ,, leading to T[w;N(w) nfvg] T,. Thus, both T,
T[w; N(w)nfvg] and T[w; N(w) nfvg] T, are true, con rming the second equality.

So, the restrictions fj  and fj  are both feasible surjective homomorphisms. Ad-
ditionally, = [ ,f(C )=FfC ) =Tv;Xnfwg] and f( ,) = f( ,) =
T[w; Nt (w) nfvg], thus con rming that the equality (1.19) holds for the tokens (v; X n fwg)
and (w; Nt (w) nfvg). This proves the necessity of condition 1).

To demonstrate the su ciency of condition 1), assume that there exist feasible surjective

homomorphisms f;: |, ¥ T[v;X nfwgland f,: , ¥ T[w;Nr(w)nfvg]. By de ning f
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as follows, we can establish a combined feasible homomorphism:
8
<f()if 2vV( )
f()=_f()if 2V( ,) (1.21)
T if =
O

Lemma 5 can be directly applied to construct tokens for an unlabeled node using the

tokens from its children. For a labeled node , however, the process of nding a permutation

following approach.
Lemma 5 can be straightforwardly use to construct tokens of from tokens of its children,

if isunlabeled. If is labeled, then nding a permutation (vq;:::;Vk) required by Lemma

Si=fu:(u;Y))2H, 6 andv ug. Then the vector (vi;:::;Vyk) satis es the condition 2)
of Lemma 5 if and only if it is a transversal of S.
Given this, the set H can be obtained by generating all transversals of S. This process

involves the following steps:

- S : .
set indices, and J = li(=1 Si, represents all elements in the sets. In this graph, a vertex

i1 2 1 is adjacent to a vertex j 2 J if j belongs to S;.
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e In B, each transversal corresponds to a maximal matching of size k. To generate these
matchings, construct a line graph L(B), where each vertex represents an edge of B,
and two vertices are adjacent if their corresponding edges in B share a common vertex.
Maximal matchings of B correspond to maximal independent sets in L(B), that can

be produced using Bron{Kerbosch algorithm Bron & Kerbosch (1973).

The entire method is detailed in Algorithm 3. Like Algorithm 2, e ciency can be signif-

icantly improved by contracting sibling leaves in both and T.

1.2.7 SMiTH: Sampling Migration Trees via Homomorphisms

The algorithms discussed can be e ectively integrated into an Unlabeled Migration Sampling
framework (Problem 5). This integration allows for the identi cation of homeomorphic
images of a given phylogeny  within a collection of candidate migration trees sampled from
a given migration pattern represented by a speci ed tree distribution.

The obtained sample of migration trees can be directly analyzed to estimate the proba-
bilities of speci ¢ migration routes or to obtain summary statistics and con dence intervals
for derivative evolutionary parameters. It can be also synthesized into a single weighted
consensus graph, where each edge is weighted by the number of candidate trees that support
it. When the homomorphism reconstruction includes an objective function, the consensus
graph is constructed from a subsample comprising the top % of trees ranked by their ob-
jective values. For applications requiring a speci ¢ output tree | such as for benchmarking

and comparison with other methods described in Subsection 1.3.1 | the tree is determined
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by calculating the maximum-weight spanning tree of the consensus graph.

| | ‘ ) ?
]
| %

Figure 1.3 SMiTH: Sampling MlIgration Trees with Homomorphisms.

$

The entire algorithmic pipeline, named SMiTH (Sampling Migration Trees via Homomor-
phisms), is illustrated in Figure 1.3. A: Input phylogenetic tree. B: Distribution of possible
migration trees. Parallel rectangles depict a probability density function, with each rect-
angle’s width proportional to the corresponding probability. In practice, the distribution is
represented either by a random graph model or by a stochastic graph generation procedure.
C: Candidate migration trees sampled from the distribution B. D: Homomorphisms from the

phylogeny to three sampled trees. In the phylogenies, nodes are color-coded by their homo-



42

morphic images in a migration tree. The phylogeny layouts in the middle of each sub gure
showcases how homomorphism transforms them into sampled trees. E: consensus solution
derived from homomorphisms in D. The solution is shown as potential color distributions
for the phylogeny’s nodes (left) or as a graph where possible migration edges are weighted
according to the number of supporting solutions (right), with the edge thickness indicating

weight.

1.3 Results

1.3.1 Simulated data

To generate synthetic data, we used FAVITES Moshiri et al. (2019), a versatile tool capable
of simulating genomes, phylogenies, and migration networks under various evolutionary sce-
narios. Although originally designed to simulate viral outbreaks, FAVITES supports general
phylogenetic and population genetics models, making it suitable for simulating migrations
of heterogeneous populations besides viruses. It also should be noted that, to the best of our
knowledge, specialized simulation tools for metastatic spread with capabilities comparable
to FAVITES are currently not available.

We simulated the migration of a heterogeneous population over a network of sites formed
according to the Barabasi-Albert model Barabasi & Albert (1999). This assumption can be
valid for both viral Wertheim et al. (2014); Brown et al. (2011) and cancer Castillo et al.
(2023); Newton et al. (2013) spread. Migrations occur at a constant rate along each network

edge (in viral context, this corresponds to the network-based Susceptible-Infected (SI) trans-
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mission model). Within each site, phylogenies evolved under the exponential coalescent, a
model previously used to simulate intra-host Romero-Severson et al. (2016) and intra-tumor
Posada (2020) evolution. Genotypes were assumed to evolve under the GTR+ substitution
model, and were sampled simultaneously at the end of the simulation. In total, 275 simu-
lated datasets were generated, encompassing 5 30 demes with 100 sequences sampled per
deme.

In the rst series of experiments, we sampled candidate migration trees from three dis-
tinct prior distributions of tree topologies and evaluated their compatibility with simulated

phylogenies under three di erent types of constraints. The prior distributions included:

T1) Degenerate distribution with support consisting of the true topology. Although this
scenario is unrealistic for actual migration inference, it serves as a test to determine if
migration links can be accurately reconstructed when the topology is known but sites
need to be correctly mapped to migration network vertices. To avoid bias linked to
correlations between vertex IDs and migration times, that can be potentially introduced
by the simulation methods, we produced multiple samples with randomly permuted

vertex IDs.

T2) Random scale-free trees produced by the preferential attachment procedure.

T3) Uniformly distributed trees of a given size. Sampling was performed by generating
random Prufer codes Caminiti et al. (2007), integer sequences of length n 2 that

uniquely de ne n-vertex trees.
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The following types of constraints were used:

H1) unconstrained homomorphism;

H2) convex homomorhism minimizing the number of compactness constraint violations;

H3) convex and compact homomorphism.

For each simulated dataset, we produced 9 samples of candidate migration trees corre-
sponding to all combinations of conditions T1){T3) and H1){H3). The sample sizes ranged
from 1,000 for the degenerate distribution without constraints, up to 1,000,000 for the uni-
form distribution with convexity and compactness constraints. This variation in sample size
was necessary because stricter constraints require larger samples to ensure that a su cient
number of feasible trees are produced. We assessed the compatibility of these sampled trees
with the given phylogenies under the respective constraints, using methods detailed in Sub-
sections 1.2.4{1.2.6. Using these assessments, subsamples of compatible tree were extracted.

Sampled trees were compared with true migration trees produced by FAVITES. Individ-
ual trees were compared by measuring recall, de ned as the fraction of inferred transmission
edges among true transmission edges; precision, the fraction of true transmission edges among
inferred transmission edges; and the f-score, i.e., the harmonic mean of precision and recall.

Additionally, we summarized each subsample of compatible migration trees using a con-
sensus graph, where each edge is weighted by the proportion of candidate trees that support
that edge De Maio et al. (2016); Didelot et al. (2014); Wymant et al. (2018a). A solution can

be extracted from the consensus graph by discarding edges with support below a prede ned
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threshold. For each graph, we estimated the area under the precision-recall curve, which was
calculated by varying the support threshold. We opted for the precision-recall curve instead
of the more common ROC curve due to the imbalance between the classes of true and false

migration edges.
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Figure 1.4 Percent of sampled trees that are compatible with given phylogenies.

We found that the relationship between phylogenetic trees and migration trees is heavily
in uenced by structural constraints. In the absence of constraints, there is considerable am-
biguity in the possible migration histories that align with a given phylogenetic tree topology,
even when prior knowledge about true migration tree topology is available. Notably, almost

every sampled scale-free network proved compatible with the given phylogenies, with a me-
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dian fraction of compatible trees at =1 (Fig. 1.4b). It is not entirely unexpected in light
of Theorem 1, which suggests that trees with a low diameter { a common feature of scale-free
networks { are more likely to be compatible with a given phylogenetic tree. However, even
among uniformly sampled trees, a high compatibility rate was observed when no constraints
are applied (median = 0:84, Fig. 1.4c).

Furthermore, without constraints individual compatible trees display only marginal agree-
ment with true migration trees. This holds not only for scale-free and uniformly sampled
trees, but even for the degenerate distribution, with median f-score within the range 0:33{
0:36 for all three tree priors, see Fig. 1.5. In other words, even if the topology of a true
migration tree is known, numerous labelings of that topology are compatible with the orig-
inal phylogeny, most of which substantially diverge from the true labeling. Consequently,
the true labeling is not immediately distinguishable among the alternatives without addi-
tional information. Combining a compatible tree subsample into a consensus graph, however,
brings it closer to the true migration tree, with the median AUC values ranging from 0:56
to 0:59 for all three tree priors (see Fig. 1.4).

The introduction of convexity and compactness constraints signi cantly reduces the per-
centage of trees deemed compatible, as can be expected (Fig. 1.4abc). This reduction pri-
marily eliminates incidental solutions, enhancing the alignment of the trees that meet these
constraints with the true migration trees (Fig. 1.4def). In particular, for the degenerate dis-
tribution, introducing constraints e ectively Iters out ambiguous vertex mappings, nearly

always recovering the true mapping, provided that the solutions satisfying the constraints
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Figure 1.5 Comparison of sampled compatible trees with true trees under di erent con-
straints.
exist.

Interestingly, without constraints, the use of tree priors does not enhance accuracy, as
demonstrated by the lack of signi cant di erences in AUC distributions among the tree
priors (p = 0:083, Kruskal{Wallis test). In contrast, when constraints are applied, prior
knowledge of the migration tree structure becomes bene cial, with AUCs improving as the
tree prior becomes tighter. In particular, under constraints, AUCs for the scale-free prior
are signi cantly higher than those for the uniform prior (p =4:4 10 % and p =1:76 10 ¢
for convex and both convex and compact cases, respectively, Kruskal{Wallis test). Given
that true migration trees are generated by the preferential attachment, this suggests that
under constraints, the phylogeny to a certain degree re ects the properties of the underlying
migration network.

Taken together, these observations indicate that phylogeny topologies do indeed re ect

underlying migration tree structures, but the extent of this re ection is in uenced by evolu-
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tionary constraints. Moreover, the correspondence between phylogenies and migration trees
is primarily discernible when analyzed statistically across a large sample of feasible migration
trees that are compatible with the phylogeny. A single compatible tree may be arbitrary,
and thus relying on a single solution may lead to misleading conclusions.

Based on these observations, we developed a method named SMiTH (Sampling Migration
Trees using Homomorphisms) for the constrained inference of migration trees with expected
general properties. This method involves sampling candidate migration trees from a desig-
nated random tree distribution, identifying convex homomorphisms from the given phylogeny
to these sampled trees while minimizing an objective function de ned by the number of com-
pactness constraint violations, constructing a consensus graph from trees with top objective
values, and ultimately inferring the nal migration tree as the minimal spanning tree of this
consensus graph.

We benchmarked SMiTH against several existing tools designed to infer migration net-
works from phylogenetic tree topologies. The tools selected for this comparison include
Cassiopeia Quinn et al. (2021); Jones et al. (2020), MACHINA EI-Kebir et al. (2018), Phy-
loscanner Wymant et al. (2017), STraTUS Hall & Colijn (2019), and TNet Dhar et al. (2021).
For MACHINA, we ran all four migration models provided by the tool and report the best
result, which was achieved using the single-source seeding model. STraTUS generates a
sample of migration trees rather than a single tree; thus, similarly to SMiTH, we used the
minimum spanning tree of the consensus graph for benchmarking purposes.

For the sake of fairness, we did not consider tools that use weighted or dated phylogenies
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(e.g. SOPHIE Skums et al. (2022) and TransPhylo Didelot et al. (2017, 2014)), or case-
speci ¢ information (e.g., BadTrIP De Maio et al. (2018) or TiTUS Sashittal & EI-Kebir

(2020)).
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Figure 1.6 Summary statistics of methods performance on simulated datasets.

The results of algorithms’ comparison are reported on Fig. 1.6. (a) Summary statistics

of methods performance on all simulated datasets. (b) Median f-scores of di erent methods
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on simulated datasets with varying numbers of populations. (c) Median running times of
SMITH for construction of a constrained homomorphism for a given phylogenetic tree and
candidate migration tree as a function of number of migration sites.

It was found that both variants of SMiTH { with uniform and scale-free tree priors { allow
for a statistically signi cant improvement over other tools (p < 10 °, multiple comparison of
T-score distributions by Kruskal{Wallis test). SMiTH is followed by Cassiopeia and STraTUS
{ two other sampling-based methods, whose accuracies were statistically indiscernible (p =
0:58, Kruskal{Wallis test). These tools indeed both produce samples of convex solutions,
albeit using di erent algorithms, with STraTUS doing it directly, while Cassiopeia’s module
FitchCount sampling most parsimonious solutions that in our examples were almost always
convex. These tools were followed by MACHINA that, similarly to our approach, imposes
structural constraints on plausible migration trees by considering them as subgraphs of
so-called transition patterns. However, MACHINA produces a single solution optimizing
particular objectives rather than summarizes a sample of such solutions; this, in light of
the observations described above, likely hampered its performance vis-a-vis sampling-based
methods. Similar reasoning can be applied to Phyloscanner, that also produces a single
most parsimonious solution. In addition, Phyloscanner is speci cally designed to make use
of paraphyly, that usually provides a strong signal for migration Romero-Severson et al.
(2016) when present; consequently, its accuracy can be a ected when, as in analyzed test
cases, the number of paraphyletic clades is limited. Furthermore, Phyloscanner usually

assumes that when the populations sampled from di erent cites are monophyletic, then they
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all have a common source Romero-Severson et al. (2016) { the assumption that is opposite
to compactness and that seems to be not always valid. The relation between algorithms’
performances is mostly stable with regard to the number of migration sites (Fig. 1.6b).
The median running time of our method for construction of a constrained homomorphism
for a given phylogenetic tree and candidate migration tree was within 0:7 seconds for all tests
and tree priors (Fig. 1.6c), even though theoretically our algorithms can be exponential in
the worst case. It allows us, using straightforward parallelization, to produce and process

samples consisting in hundreds of thousands of candidate trees in reasonable time.

1.3.2 Experimental viral data

Analysis of simulated data highlights the role of structural constraints in migration tree
inference, particularly when paraphyly is limited. Interestingly, these constraints prove just
as essential in scenarios with a high degree of paraphyly, albeit for di erent reasons. This
is evidenced by the analysis of data of Hepatitis C (HCV) outbreaks, which have been
considered in previous studies Skums et al. (2017); Glebova et al. (2017); Dhar et al. (2021);
Skums et al. (2022). The data comprises intra-host HCV populations from several outbreaks
investigated by the Centers for Disease Control and Prevention, each population consisting of
sequences covering Hypervariable Region 1 (HVR1) of the HCV genome. In each outbreak, a
single primary host infected all other hosts, rendering the migration tree in graph-theoretical
terms a star.

We analyzed two largest outbreaks involving 15 and 19 infected hosts. Phylogenetic

trees for each outbreak were constructed using RAXML Stamatakis (2014). All transmis-



52

sions occurred within a short time frame and, as a result, intra-host populations are highly
intermixed; see Fig. 1.7a. This makes paraphylytic signal strong, but oversaturated, thus
impeding its use to reconstruct true transmission history.

In Fig. 1.7 we see: (a) Phylogenetic trees of HCV variants from two outbreaks. Variants
sampled from di erent hosts are highlighted in di erent colors. (b) Graphs formed by edges
corresponding to adjacent tree nodes with unique Fitch labels. True edges are highlighted in
red. (c) Consensus networks of top 1% of sampled trees with respect to the objective (1.11).
Edge thicknesses are proportional to their frequencies, true edges are highlighted in red.

This e ect can be demonstrated by examining internal node labels generated by Fitch
algorithm, that serves as a basis for several methods considered in the previous section. In
the trees analyzed, 32{34% of internal nodes were assigned a single provisional label during
the post-order traversal step of the dynamic programming algorithm, indicating that these
labels appear in all most parsimonious solutions (or solutions with the minimal migration
number in terms of El-Kebir et al. (2018)). Many of these nodes are adjacent, suggesting
that the transmission links they represent will be identi ed by any parsimony-based sampling
approach similar to those employed by existing tools Dhar et al. (2021); Sashittal & El-Kebir
(2020); Quinn et al. (2021). For one outbreak, these links form a connected graph, whereas
in the other, only one host does not integrate into this single connected component; see Fig.
1.7b. These resulting graphs are relatively dense and include not only true edges but also
a signi cant number of false positives; see Fig. 1.7b. Consequently, even if all true positive

edges are correctly identi ed using nodes with multiple Fitch labels, the f-scores would not
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Figure 1.7 Phylogenetic trees, Transmission networks and Consensus networks of HCV vari-
ants from two outbreaks.

exceed 0:54 and 0:51, respectively. Enhancing the accuracy of this approach requires the
Itering out of false positive edges, achievable only through the integration of additional
prior information or constraints.
In contrast, sampling unconstrained candidate transmission trees from the scale-free tree
distribution produce the results that are signi cantly closer to true transmission histories; see
Fig. 1.7c. For consensus networks derived from these samples, areas under precision-recall

curve are estimated at 0:76 and 0:70. Furthermore, f-scores of solutions obtained as minimal
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spanning trees of consensus networks produced from top 1% of sampled trees according to
the objective (1.11) are 0:86 and 0:94. Comparable results { f = 0:79 and f = 0:89 { are

obtained if we use top 1% of sampled trees based on the parsimony score.

1.3.3 Experimental cancer data

We employed SMiTH to analyze the migration history of metastatic ovarian cancer using
the data published in McPherson et al. (2016). The dataset comprised whole-genome and
targeted sequencing data from samples collected at various anatomical sites, including the
left ovary (LOv), the right ovary (ROv), and several metastases. In the original study,
migration networks were inferred using hierarchical clustering trees and a Dollo parsimony
model. Subsequent re-analysis using MACHINA EI-Kebir et al. (2018) revealed several
additional, more parsimonious migration histories.

We focused on the data from Patients 1, 3, and 7, that included the highest number
of anatomical sites (7-8 sites) and that were thoroughly analyzed in El-Kebir et al. (2018).
We used clone trees shared by the authors of El-Kebir et al. (2018). For each patient,
we sampled candidate migration trees from a uniform distribution using an unconstrained
model. Following the methodology described in El-Kebir et al. (2018), we resolved polytomies
in clone trees to match the solutions reported there. In instances where the resolution
of polytomies was ambiguous, we applied a random resolution, generating a new random
resolution for each sampled candidate migration tree.

For Patient 1, McPherson et al. (2016) identi ed a complex migration history, designating

ROv as the primary tumor site. MACHINA was able to nd several more parsimonious
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histories that suggested either LOv or ROv as the primary tumor location. These histories
shared parsimony scores (referred to as \migration numbers” in El-Kebir et al. (2018))
and/or the same number of migration events (termed \co-migration numbers" El-Kebir et al.
(2018)), which left the primary tumor’s location ambiguous. In contrast to previous studies,
SMITH enabled the comparison of migration number distributions for di erent potential
primary tumor sources (Fig. 1.8). Migration numbers associated with LOv and ROv were
signi cantly lower than those of other potential sources (p < 10 ¢, Mann{Whitney U test).
Among these two, the lowest numbers were observed for ROv (p < 10 38, Mann{Whitney U
test), indicating a stronger statistical support for ROv as the primary tumor source.
A similar situation was observed for Patient 7. Here, McPherson et al. (2016) suggested
the right uterosacral ligament (RUt) as the primary tumor location, while MACHINA identi-
ed several alternative migration histories with either the left ovary (LOv) or the right ovary
(ROVv) as the source, each sharing identical migration and co-migration numbers. Based on
these results, McPherson et al. (2016) argued that available data provides no evidence for the
assertion that the primary tumor is located in the RUt as opposed to the ovaries. However,
SMITH provided such statistical evidence (Fig. 1.8), showing that migration trees with RUt
as the source generally exhibited lower migration numbers (p < 10 4, Mann{Whitney U
test).
Patient 3 presents a di erent scenario. Here, MACHINA identi ed several migration
histories with LOv or ROv as primary tumor sources. There is also an alternative history

with the omentum (Om) as the source, which has a lower migration number. The latter
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Figure 1.8 Distributions of migration numbers for trees with di erent primary tumor sites.

hypothesis appears preferable if judged solely by the single most parsimonious solution. Yet,
this conclusion might be misleading due to the highly symmetric distribution of clones from
di erent sites in the clone tree. Many clones form polytomies, o ering insu cient data to
clearly di erentiate between the corresponding sites (e.g., all clones from LOv and LFTC
are siblings, rendering these sites indistinguishable; see Fig. 1.9). The apparently lower
migration number for Om, compared to other sites, is simply due to its representation by

ve clones, versus four for several other sites { a di erence that could stem from sampling

bias given the small number of clones involved.
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Figure 1.9 Clone tree for Patient 3.

SMITH was able to capture and quantify this uncertainty. Speci cally, it did not nd
signi cant di erences in the distribution of migration numbers among potential primary
sources, with p-values ranging from 0:09 to 0:96 in pairwise Mann{Whitney U tests and
ap = 0:65 in a joint Kruskal{Wallis test (Fig. 1.8). This provides a statistical support
for suggestion that the existing data is insu cient to draw reliable conclusions about the
migration history.

In total, these examples illustrate how SMiTH can be used to provide statistical support

for hypotheses regarding metatstatic spread pathways.

1.4 Discussion

This study is dedicated to in-depth mathematical exploration of the relationships between

phylogenies and migration trees of heterogeneous genomic populations. Although it is estab-
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lished that phylogenetic trees impose some restrictions on migration pathways Hall & Colijn
(2019), the exact nature and extent of these constraints are still not well understood, despite
a considerable amount of research dedicated to this problem Leventhal et al. (2012); Colijn &
Gardy (2014); Carnegie (2018); Grenfell et al. (2004); Volz et al. (2013); Noble et al. (2022);
Lewinsohn et al. (2023); Robinson et al. (2013); Villandre et al. (2016); Welch (2011); Giar-
dina et al. (2017); McCloskey et al. (2016); Hall & Colijn (2019). Our approach adds both
depth and rigor to this area by utilizing the powerful theoretical and algorithmic framework
of theory of graph homomorphisms. This framework allowed us to derive necessary and suf-

cient conditions for the compatibility of phylogenetic and migration trees, and to develop
e cient algorithms for analyzing this compatibility through numerical experiments.

Based on our ndings, we propose a general and exible computational framework that
can be used to infer migration networks under various assumptions, quantitatively assess
competing hypotheses about migration dynamics, investigate the in uence of phylogenies
on the migration tree space, and to determine whether a potential migration history is
de nitively contradicted by a phylogeny or set of phylogenies.

Methodologically, our approach balances the advantages of probabilistic and parsimony
methods. It incorporates scalability and the use of advanced combinatorial optimization
techniques from the latter, along with the biological plausibility of the former that comes
from employing appropriate prior random tree distributions.

This study aligns well with the context of previous research. Several earlier studies have

conceptualized migration inference as a coloring problem Carson et al. (2024); Didelot et al.
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(2014); Hall & Colijn (2019), employing this framework both to develop e cient inference
algorithms and to explore the structure of migration tree space. The methodology introduced
in this chapter advances these prior approaches by incorporating a more comprehensive
mathematical model and applying more sophisticated mathematical techniques. Similarly,
the concept of constraining the tree space to random trees from a speci ed distribution was

rst introduced in our earlier studies on viral transmissions Skums et al. (2017, 2022), while
a related concept of restricting the tree space to subgraphs of speci ¢ migration patterns has
been utilized in computational cancer genomics El-Kebir et al. (2018); Roddur et al. (2023).
Our approach not only re nes and extends these methodologies but also integrates them into
a cohesive modeling and computational framework.

The proposed approach certainly has both advantages and disadvantages. We recognize
that uniform sampling from the space of candidate migration trees may not be the most
optimal tool for migration dynamics inference, and employing more precise optimization or
sampling techniques to navigate the tree space could substantially enhance the method’s
accuracy and e ciency. This work lays a foundation for further theoretical and algorithmic
development in this direction, equipping researchers with the tools needed to expand the use
of graph homomorphism methodologies. On the other hand, uniform sampling may be more
suitable for hypothesis testing and comparison.

Furthermore, it is likely that migration models tailored to the speci ¢ characteristics
of underlying populations could potentially yield more accurate insights into the biological

processes involved. In particular, the biological mechanisms driving viral and cancer migra-
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tions are certainly very di erent. Nonetheless, employing a uni ed phylogenetic approach
to study highly mutable populations o ers several advantages. First, it decouples the initial
phylogenetic reconstruction from its biological interpretation, thereby minimizing the risk of
over tting and ensuring that the results are less biased by underlying models Carson et al.
(2024). Additionally, such methods are signi cantly more computationally e cient and scal-
able compared to parameter-rich models Carson et al. (2024); Skums et al. (2022). Finally,
more general phylogenetic models o er greater exibility and versatility, and usually can be
readily extended to more speci c settings through the integration of suitable priors Carson

et al. (2024). These features make them an excellent foundation for more detailed analyses.
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Algorithm 3 Homomorphism under convexity and sampling parsimony constraints
Input: phylogenetic tree with root and a candidate migration tree T.
Output: homomorphism f: ¥ T or the answer that it does not exist.

1: Modify by by contracting paths between leafs with the same label.

2: Perform a post-order traversal of the tree

3: for every node of the post-order do

4: construct a set of partial homomorphism tokens H .

5: if is a leaf, then H f(v;;):v2V(T)g;

6: end if

7: if is an unlabeled internal node with children 1 and 5 then

8: for all (v;X)2H , and (u;Y)2H , do

9: ifv u, ug X and Ny(u) =Y [ fvg then add (v;X [ fug) to H
10: end if

11: ifv u, vY and Nt(v) =X [ fug then add (u;Y [ fvg) to H
12: end if

13: end for

14: end if

15: if is a labeled internal node with children 1;:::; k then

16: Si fv:i(v;X)2H, and jXj=deg(v) 1g, i=1;:::;K;

17: Generate the set Tr of transversals of the set system (Si;:::;Sk)
18: for transversals V = (vi;:::;v)2Tr do

19: if there exists v vi;:::;vx then add (v;V) to H .

20: end if

21: end for

22: end 1f

23: end for

24: if H & ; then

25: perform a pre-order traversal of ;

26: for each token t;;:::;tr 2 H do

27: assign the token t, to : AS tr.

28: for every node of the pre-order do f( ) v, where (v;X)=AS .
29: if is an unlabeled internal node with children . and 5, then
30: select u 2 X such that (v;Xnfug)2H , and (u;Nt(u)nfvg)2H ,.
31: AS ,  (v;Xnfug) and AS,  (u;Nt(u)nfvg).

32: end if

33: if is a labeled internal node with children 1;:::; k then
34: AS ,  (viNt(vi)nfvg), i=1;:::;k, where (v;fvy;iii;vg) =AS .
35: end if

36: end for

3r: among homomorphisms fq;:::;fr, output the f, with the minimal D(f,).
38: end for

39: else

40: T does not exist

41: end if
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CHAPTER 2

Reconstructing phylogenies with the maximum likelihood approach

The optimization problem of nding the Maximum Likelihood (ML) tree often results in a
combinatorial explosion, making it impossible to nd a optimal tree by enumerating all pos-

Qn

sible options. The number of unrooted trees on n taxa is equal to ~;_;(2i 5). For example,
for 100 taxa there are more than 1:7 108 distinct unrooted phylogenies Stamatakis et al.
(2020). It was proven Roch (2006) that nding an optimal character-based ML tree is an

NP-hard problem.
2.1 Introduction

Recent advances in sequencing technologies has improved genomic epidemiology and molecu-
lar surveillance of viral epidemics Armstrong et al. (2019); Black et al. (2020). Deep sequenc-
ing now allows studying viral populations at unprecedented depth, and genomic analysis has
become a major tool for viral transmission detection and outbreak investigations for many
pathogens Bartlett et al. (2017); Collier et al. (2014); Hellinger et al. (2012); Holodniy et al.
(2012); Kuroda et al. (2010); Sena et al. (2013); Wertheim et al. (2014). Most recently,
genomic analysis of the coronavirus SARS-CoV-2 has been used to study its origin Andersen
et al. (2020); Lu et al. (2020), local human-to-human transmission dynamics Huang et al.
(2020); Chan et al. (2020); Munster et al. (2020); Zehender et al. (2020); Bedford et al.
(2020a); Fauver et al. (2020); Gudbjartsson et al. (2020) as well as long-range transmission
events (country-to-country) Wu et al. (2020); Eden et al. (2020).

Such analyses would be impossible without advanced computational methods employed
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for construction of phylogenetic trees and transmission networks. Overall, currently available

methods could be classi ed into 3 categories:

1) Classical maximum likelihood phylogeny reconstruction methods represented by general-
purpose tools such as RAXML Stamatakis (2014), PhyML Guindon et al. (2009) or
TreeTime Sagulenko et al. (2018) used by Nextstrain platform Had eld et al. (2018).
These methods are widely used for SARS-Cov-2 analysis Lu et al. (2020); Tang et al.
(2020b); Bedford et al. (2020b); Benvenuto et al. (2020); Paraskevis et al. (2020); Black

et al. (2020); Jaimes et al. (2020); Yang et al. (2020).

2) Network-based or Steiner-based methods that include the diverse set of models such as
maximum parsimony character-based phylogenies Gus eld (2019), minimum spanning
trees Jombart et al. (2011) (e.g., SeqTrack), median-joining networks Bandelt et al.
(1999), and spanning or k-step networks Campo et al. (2016); Bandelt et al. (1999),
as well as threshold-based networks (e.g., HIVTrace Kosakovsky Pond et al. (2018)
and GHOST Longmire et al. (2017)). Such methods have been particularly widely
employed in genomic epidemiology for the analysis of outbreaks of highly mutable
viruses such as HIV and HCV Campo et al. (2016); Ragonnet-Cronin et al. (2019);
Wertheim et al. (2014). Several SARS-CoV-2 studies also utilized these approaches

Forster et al. (2020); Gudbjartsson et al. (2020).

3) The tools speci cally designed for viral transmission network inference for densely
sampled outbreaks: Outbreaker Jombart et al. (2014), Scotti De Maio et al. (2016),

phybreak Klinkenberg et al. (2017), bitrugs Worby et al. (2016), BadTrIP De Maio et al.
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(2018), Phyloscanner Wymant et al. (2018b), StrainHub de Bernardi Schneider et al.
(2020), QUENTIN Skums et al. (2018) and others. Most of these tools, in addition to
genomic data, use prior epidemiological information such as sample collection times,

exposure intervals or prior information about the contact network structure.

Proper selection of methods for phylogenetic analysis has always been a subject of a
signi cant controversy, which, not unexpectedly, has arisen in relation to SARS-CoV-2 data.
For example, the paper Forster et al. (2020) describing the use of median-joining networks for
SARS-CoV-2 analysis came under heavy criticism for incorrect routing, failure to take into
account sampling bias and founder e ects Mavian et al. (2020), and for the used methodology
Sanchez-Pacheco et al. (2020). Some critics going as far as claiming that Steiner-based anal-
ysis in general and median-joining network analysis in particular is \neither phylogenetic nor
evolutionary" Sanchez-Pacheco et al. (2020), \theoretically untenable for evolutionary infer-
ence” Kong et al. (2016) and contrast it with character-based analyses on the grounds that
it is distance-based Kong et al. (2016). Other critique of Steiner-based methods goes back to
decades-old discussion about the relative merits of maximum parsimony and maximum likeli-
hood approaches Tu ey & Steel (1997); Felsenstein (2004). Such critique emphasizes higher
biological relevance of the latter Felsenstein (2004) and inconsistency of the former when
parallel changes exceed informative, nonparallel changes Felsenstein (1978). On the other
hand, as related to genomic epidemiology applications, it has been argued that network-
based methods are more e cient to ascertain transmission links compared to methods based

on binary phylogenies Wertheim et al. (2014), as phylogenetic clades are not easily resolvable
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into transmission clusters and pairs Hughes et al. (2009); Kouyos et al. (2010); Lewis et al.
(2008), while the statistical support for a clade does not necessarily indicates the statisti-
cal support for a relationship between individual genomes inside a clade Volz et al. (2012);
Wertheim et al. (2014). Finally, there is an issue with the computational complexity and
scalability. Although in their classical form both Steiner-based and maximum likelihood
tree inference lead to NP-hard algorithmic problems Chor & Tuller (2005); Roch (2006),
Steiner-based methods are usually more computationally tractable. It a ects not only the
running time, but also the accuracy of tree reconstruction, since the overwhelming majority
of currently available algorithms are heuristics that are not guaranteed to nd the optimal
solutions.

The richness and accessibility of genomic data accumulated in almost real time owing
to wide utilization of next-generation sequencing technologies distinguishes this SARS-CoV-
2 pandemic from previous large-scale epidemics including the 2003 SARS outbreak and
the 2009/AHINL1 in uenza pandemic. Another feature of the scope of the genomic data
for COVID-19 is the high sampling density available to investigate the early transmission
stages. Indeed, although the virus genetic diversity gradually increases as the virus spreads,
particular genomic variants have been repeatedly sequenced at di erent time points and
geographical locations. These observations indicate that the available sequencing data cover
a signi cant part of the evolutionary space explored from the onset of the epidemics and is
less susceptible to the e ects of sampling and reporting biases.

Thus, the usage of Steiner-based methods to analyze SARS-CoV-2 pandemic is absolutely



66

justi ed and provide several advantages, including higher accuracy and scalability. Steiner
trees does not contradict ML trees but the latter could be considered as a special case of the

former.

2.2 The case of Maximum Average Likelihood

We consider a binary tree T = (V;E) on n 2 leaves that bijectively correspond to the

taxa t;;:::;t,. Each taxon is a binary vector of length m. The tree has 2n 3 edges

All possible assignments of the taxa to the leaves generate a space T,, of binary trees T on
n leaves. We are looking for a tree T that has the maximum likelihood score L(T) among all

other trees in T,,. In order to formally introduce L(T), we need several additional notations.

“c(v) is the c-th character of v’s label (the c-th element of the binary vector “(v)). To
calculate L(T), we go over a set R 2 0; 1g™™ 2 of all possible combinations of labels across
the m cites for the n 2 internal nodes. An individual combination of labels we call a tree
reconstruction and denote it as r. To acknowledge the fact that generally speaking node
labels depend on the reconstruction r 2 R, we add a superscript r to the notation. Thus,
a label for a node v in a reconstruction r will be denoted as “"(v). If a node label does
not depend on a reconstruction , i.e., “"(v) = “(v) for any r 2 R, we call it permanently

labeled. All leaves are permanently labeled since their labels are equal to corresponding
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taxa. In contrast, the internal nodes are not permanently labeled as their labels are yet to
be determined. However, as we will show further, some of the internal nodes may become
permanently labeled.

We suppose that a change of a character along the edge e; happens with probability
pi, and it is less or equally likely than no change along this edge. Thus, p; 2 [0;0:5]. We
additionally assume that for each taxon, the frequency of states 0 and 1 in the sequences
is 0:5. Under these two assumptions, a simple Poisson process model can be incorporated
Felsenstein (2004). According to this model, the probability p; that the ends of the edge e;

are in di erent states is given by

1 e 2 ; (2.1)

N -

pi =

where ¢; is an expected number of substitutions along the edge ej. The value g; may be

considered as the length of the edge e;. The formula (2.1) is equivalent to

gi = %In(l 2p;i):

Since p; 2 [0; 0:5], g; changes from 0 (when p; = 0) to +2 (when p; = 0:5).
Similar to Felsenstein (2004); Kubatko (2008), we consider the following likelihood func-
tion

L(T) =L(ps;:iiipan 3] Tty t0) = o (2.2)
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where
c_ Y i) & ()
c . if er — «r .
ei=fu;vg2E 1pi it e(u) c(V);
R 2 T0;1g" 2 is the set of all possible label reconstructions in the cite ¢ 2 f1;:::; mg across

the n 2 internal nodes, “C(u) is the c-th character of u’s label in the reconstruction r.

The probabilities on which L(T) is maximized, we call optimal probabilities and denote

2.2.1 Tree on three taxa

First of all, we will provide a closed-ford solution for tree on 3 taxa. We de ne the following:

* Nogo IS the number of sites that are zeros (or ones) for all three taxa (taxon 1, taxon

2, and taxon 3).

* Ny IS the number of sites where taxon 1 is one and both taxon 2 and taxon 3 are

zeros, or taxon 1 is zero and both taxon 2 and taxon 3 are ones.

* Npio IS the number of sites where taxon 2 is one and both taxon 1 and taxon 3 are

Zeros, or taxon 2 is zero and both taxon 1 and taxon 3 are ones.

* Ngo1 IS the number of sites where taxon 3 is one and both taxon 1 and taxon 2 are

zeros, or taxon 3 is zero and both taxon 1 and taxon 2 are ones.

Clearly, ngoo + N1go + No1o + Noor = M.
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These de nitions are illustrated in Fig. 2.1. All those numbers together sometimes are
called Chor et al. (2006, 2007) tree spectrum. The tree spectrum is su cient to be able to

calculate optimal probabilities of the ML tree.

nooo 18 the number of sites like

1100 1s the number of sites like

no10 18 the number of sites like

npo1 1s the number of sites like

Figure 2.1 The numbers Nggo, N100, No1o, Noor form the tree spectrum.

Let p1, p, and ps be be the probabilities on the edges incident to taxa 1, 2, and 3,

respectively. Then, the maximum likelihood (ML) objective can be expressed as follows:

L(T)= pipzps+ (1 p)@ p2)@ p3) ™ (L popaps+pa(l p)(@  ps) ™

Noo1

p1(1  p2)pz+ (1 po)p2(l  p3) ot p1p2(1 p3)+ (1 p)@  p2)ps
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We can use standard calculus tools to nd the maxima of this function, but the mathematical
work is quite involved. The trick is to substitute the variables p; with more symmetric
variables:

w; =1 2pi:

Then

pi=—12W‘ and 1 p=

1+ w;
2

This works its magic and after the substitution the function becomes:

LD = (@ W)@ W) W)+ (L W)L+ W)+ ws) "
QT+w)@T w)(@ wa)+ (1 w)(l+w)(1+ws) ot
1 w)@+w)(d wa)+(L+w)( wo)(l+wg) "

1wl w)@+wy)+ L +w)A+w)(d wg) %

After further simpli cation, we get

Nooo N100

1
L(T) = 4_m 1+ wiw, + WiWs3 + Wowsg 1 wiws  WiWz + WoWws

Noi1o

n
1 WiWp +WiW3  WoWs 1+WiWo  WiWg  Wowg o

Taking the natural logarithm of both sides and substituting

X = WiWa; y = WaWs, Z = W1Ws,;
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we obtain a simpler function for which we want to nd maxima in the region (wq; w,; ws) 2

[0; 13

L(X;y;2) =In(4"L(T)) = ngeo In(L +x+y+2z)+nnin(l x y+2)+

+nopln(l xX+y 2)+ngIn(l+x y 2): (2.3)

By taking the partial derivatives of L(X;y;z) with respect to X, y, and z and setting

them to zero, we arrive at the following system of linear equations:

Nooo N100 No10 + Noo1 -0
E 1+X+y+z 1 x y+z 1 x+y z 1+x vy z !
Nooo N100 + No10 Noo1 —_0k
1+x+y+z 1 x y+z 1 x+y z 1+x y z !
- Nooo + Ni00 Noio Noo1
1+x+y+z 1 X y+z 1 x+y z 1+x y z

By summing up each pair of equations, we can simplify them to:

8

> Noo(l +X+y+2) =noo(l X y+2)
_ Nowo(l+X+y+27) =nge(l x+y 2);
" Nor(L+X+y+2z)=neo(l+x y 2)

By solving the system, we obtain:

X = Nooo  Nico  Nozo + Nooz .
m )

Nooo  Nioo ¥ Noo  Noo1,
m )

__Npoo ¥ Ngo Noo  Nooz,
- :
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We will denote these values by a, b, and c respectively.

An important property of a, b, and ¢ that can be checked easily is:

Property 1.

a=>0 O N + Noo1 > —+

3 |3

b>00nooo+n01o>?

c>0 O Nggo + Nigo > —

N3

We will de ne a 0-bound as any point on the planes w; = 0, and a 1-bound as any point
on the planes w; = 1.
By going through all possible options of being on the border of the region (wy; w,;w3) 2

[0; 1]3, we can straightforwardly show that the following two theorems are true.

Theorem 3. The maximum is attained on the 0-bound in the following three cases:

«Ifa>0,b O,andc O, thenps=3and (1 2p))(1 2p,)=a. The maximum is

on the plane 13 =0.

Ifb>0,a 0,andc O, thenp,=3and (1 2p;)(1 2p3)=bh. The maximum is

on the plane 1, = 0.

«Ifc>0,a 0,andb O, thenp,=2%and (1 2p)(1 2ps)=c. The maximum is

on the plane 1, =0.

Theorem 4. The maximum is attained on the 1-bound in the following three cases:



e Ifa>0,b>0,and ab c, then the maximum is attained at the point =a, =b,

= ab (on the plane 1; =1).

e Ifa>0,ac b, and ¢ >0, then the maximum is attained at the point =a, = ac,

= c (on the plane 1, =1).

e Ifbc a, b>0, and ¢c > 0, then the maximum is attained at the point =bhc, =0,

=c¢ (on the plane 13 =1).

Otherwise, the maximum is achieved inside the region (wq;w,;ws3) 2 [0;1]3, and the

following theorem is true since (a;b;c) is the minimum point for the function (2.3).

Theorem 5. Ifa>bhc >0, b>ac >0, and ¢c > ab > 0, then the maximum is attained at

the point x =a,y=hb, z=c.

We will measure the distance between two nodes u and v as the Manhattan (or, equiv-
alently, Hamming) distance k k; between their labels. As the labels depend on the recon-
struction r 2 R, the distance is also dependent on it. Therefore, the distance between u and

v in reconstruction r is de ned as

de(u;v) =k"(u) “"(v)kg:

If both nodes u and v are permanently labeled, then the distance between them does not

depend on a reconstruction r. In such cases we will omit the subscript r, i.e., we write

d(u;v) =k“(u)  “(Vk:
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From the theorem 4, we get the following property of close taxa.
Property 2. For close taxa the following cases are true:
« If the distance between all three taxa is zero, then p; =0 for i = 1;2; 3.

e If taxon j has a distance of one to each of the other two taxa, which are at a distance

of zero from each other, then p; = % andp; =0forié€j.

e If taxon j has a distance of one to each of the other two taxa, which are at a distance

of two from each other, then p; =0 and p; = 1 fori6j.
Theorems 3 and 5 guarantee the following property.

Property 3. If there is no taxon that is at distance 1 from the other two, then in at least

one of optimal solutions p; > X for i =1;2;3.

2.2.2 Tree on n taxa

If we expand brackets in (2.2), we can rewrite the likelihood function in the form that allows

one to explicitly incorporate distances between the nodes:

=< Y dr(u;v) m dr(u;v)
L= P @ )™ T (2.4)

r2R ej=fu;vg2E

Property 4. If two adjacent nodes u and v are permanently labeled, then for any recon-
struction r 2 R the optimal probability p along the edge e = fu;vg is calculated as

d(u;v)

= min
P m

N|
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Proof. Since the nodes u and v are permanently labeled, the distance d(u;v) is the same for

all internal reconstructions. Therefore, the likelihood function L may be rewritten as

_ — Ad(uiv) m d(u-v)x Y dr (u%v) m dr(uov).
L=L(p) =p™"" 1 p) ! Pi 1 pi) M
r2R ej=fu’;v0g2Enfeg

We will use a maximum likelihood property of the binomial distribution Bin(m;p) with

d(u; V) successes. In these conditions, a unique maximum is attained either at p = w if

) Looratp=1if ‘UM > 1 Asaresult, we arrive at the inequality
pd(u;v)(l p)m d(u;v) (p )d(u;v)(l p )m d(u;v);
which means that L(p) L(p ). This concludes the proof. O

Suppose two taxa on the leaves, with m 2 sites, di er at k sites, where 1  k m. Then,

(i) one optimal solution is to set probability of a change along one speci ¢ edge e; is

minf%; 0:5g, while the optimal probabilities along all other edges are equal to 0;

(ii) the solution p; = % for some k indices from f1;2;:::;qg and p; = 0 for all other j is

not optimal unless k = 1.

Proof. The ML objective in this case can be expressed as follows:

LT =@ +ww,  wo)™ @ wiw,  wy):
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The maximum is achieved when
WiW,  wp,=1 —:
m

Now it is straightforward to check that setting all but one w; to be equal to 1, and the
remaining w; = 1 % gives us an optimal solution.
On the other hand, if we set k variables p; = % and let all other p; be 0, we get a value

smaller than 1 % for the product of the w;’s. O

Now, we will rewrite the ML objective (2.2) in one more convenient form. We will consider
a simple path as a set of edges that form it. Let T be a binary tree, and let P(T) denote the
set of all edge-disjoint unions p of simple paths between all pairs of taxa in this tree. This
set includes simple paths between all pairs of taxa, as well as all unions of such paths that
are edge-disjoint.

Let p be the union of g edge-disjoint paths. Let a path from p connect two taxa identical
at site c. We will call such a path c-stable. For a speci c site ¢ and edge-disjoint union p, we
introduce a sign variable ¢ that is equal to 1 if there are an even number of c-stable paths
in p. Otherwise, we set 7= 1.

Theorem 6. A part of ML objective (2.2) for one site ¢ can expressed as

O 1
X _1g, X Y A
c on 1 1+ p Wit
r2Rc p2P(T) ex2p
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Proof. We will rst show that it is true for the tree with four taxa: 1;2;3;4. Let edge e; be
adjacent to taxon i, and let edge es be in the center of the tree.
Consider the case when site c is a site where the taxa are identical (i.e., all equal to 0 or

1). Then we have:

0 = 2L W) (L W) (L W)L+ W) (L + W)
= @) W) W) we)
Clo:2_15(1 w1 wz)(1 wa)(1 +wg)(1 + ws);

P W)l W)W W W)

Let us start with the reconstruction r = 00. If we expand the expression for 20, we
obtain all possible sub-products of the product w;w,wsw,ws. Each of these sub-products
naturally corresponds to a subset of edges in the tree. Consider any simple path between
two taxa in the tree. For example, let it be the path e;ese; between taxa 1 and 3. This path
corresponds to the term w;wsws.

What happens to this term as we go through di erent reconstructions? It is added to
the sum Przfoom;m;ﬂg ¢ with the same sign since any change on the path evokes changes
in the sign for exactly two w;’s. Thus, in the sum, we will see this term appear four times
(as many times as there are reconstructions, i.e., 2" ?).

Likewise, if we consider the union of edge-disjoint paths between taxa { in this case, the

union of the paths eje, and eze4 { we also get 4w;w,W3wy.
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However, if we include some subset of edges that is neither a simple path between taxa
nor a union of simple paths between taxa, we will have an internal node that is incident
to either one or three edges. In either case, changing the state of the node to its opposite
cancels out all terms with the previous state of the node. Thus, all such terms cancel out.

We conclude the proof by noting that if we consider a path between two taxa and change
the state of one of the taxa, then the term corresponding to the path will change its sign.

The coe cient 5+ in the main formula arises from the fact that for each non-zero term

— 1 wi

we obtain a coe cient of 2" 2. However, we must divide by 22" 3, since p; = .

O

We consider, as an example, a binary tree with four taxa 1;2; 3; 4. Let edge e; be adjacent
to taxon i, and let edge es be in the center of the tree. Let site ¢ be a site where the taxa

are identical. Then we have

X
8 £ =1+ wiw, + W3Wy + WiWsW3 + Wi Ws Wy + WaWsW3 + WoWs Wy + Wi WoWaWy !
r2R¢

It correspond to the fact that we have six di erent simple paths between four taxa and one

edge-disjoint union of two paths (between 1;2 and 3;4).

Theorem 7. Let two leaves 1 and 2 of a tree T be children of a node u and represent the
same taxa, i.e., ‘(1) = t; = t, = “(2). Then optimal probabilities p, and p, of a change

along the edges e; = f1;ug and e, = 2; ug are equal to 0.

Proof. Consider two trees, T® and T". Suppose that they have the same nodes and edges
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that the tree T has. Let pi(T?) = p;i(T") = p; along each edge e;, i 2 £3;:::;2n 3g. For
the rst two edges, assume that p;(T?) = p(T") =0, po(T?) = p’, p2(T? = p’, and at least
one of the probabilities p} or p} is non-zero.

To prove the statement, it is su cient to show that L(T") < L(T%) under abovementioned
assumptions. To this end, we will demonstrate that for each reconstruction r 2 R the

following inequality holds

Y . .
pi(THEN( py(TH)™ 4 <

ei=Tu;vg2E(T?)

Y
< pi(TOO)dr(U;V)(l pi(TOO))m dr(u;v):
ej=Tu;vg2E(T0)

To do this it is enough to prove that the following inequality holds

poldr(l;u)(l pol)m dr(l;u)p[)zdr(Z;U)(l poz)m dr(2;u)

pogdr(U;V)(l p%)m dr(uv) pogdr(l;v)(l p%)m dr(L;v)- (2.5)

On one hand, since d,(1;u) = 0 in the tree T, then according to the triangle inequality

de(L;v)  de(L;u) +di(u;v) =de(u;v):

This allows us to say that

dr(u; r(u; dr(L; r(Lv).
p03 (uv)(l p03)m dr(u;v) p03 (lv)(]_ p%)m dr(Lv). (2.6)



Indeed, due to 1 p%  0:5> 0, we can divide both sides of the inequality by (1

and rewrite it as

dr(u;v) dr(L;v)

P} P}
1 p} 1 p}

which is true insomuch as

P .
1:
0 1 P

On the other hand, unless p} = p} = 0, the following inequality holds

poldr(l;U)(l pol)m dr(l;u)p()zdr(Z;U)(l poz)m dr(2U) < 1:

This together with (2.6) convinces us that (2.5) is true.

The following statement straightforwardly follows for the de nitions.

80

Py

Property 6. Let the optimal probability p for an edge e = fu;vg in a tree T be equal to 0.

Then the following statements are true.

(i) The nodes u and v may be labeled with the same label.

(ii) If one of the nodes is permanently labeled, then the other node becomes permanently

labeled as well.

(iii) The tree T' with the contracted edge e has the same likelihood as the tree T, see Fig.

2.2.
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tree T

Figure 2.2 The likelihood of the trees T =T, [e [T and T" =T, [ u [ T, is the same.

Theorem 8. Let m 2, and two leaves 1 and 2 of a tree T be adjacent to a common node
u and be di erent only in one site, i.e., d(1;2) = 1. Then an optimal probability of a change
along one of the edges e; = f1;ug or e, = 2; ug is equal to 0 and equal to % along the other

edge.

Proof. Consider two trees, T’ and T”. Suppose that they have the same nodes and edges

rst two edges, assume that p;(T?) = p, po(T?) = p, and either p;(T") = 0 and p(T") = =,
or p2(T") = & and p(T") = 0.
To prove the statement, itissu cient to show that L(T")  L(T%) under abovementioned
assumptions. To this end, we will demonstrate that for each reconstruction r 2 R the
following inequality holds

Y
pi(TO)dr(u;v)(l pi(TO))m dr(u;v)

ei=Tu;vg2E(T)

Y
pi(TOO)dr(u;v)(l pi(TOO))m dr(u;v):

ej=Ffu;vg2E(TY)
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To do this it is enough to prove that at least one of the inequalities is true

poldr(l;u)(l pol)m dr(l;u)p(szr(Z;U)(l poz)m dr(2;u)p03dr(U;V)

1 m 1

: 1 i: Sy -
@ p)m e S 00 py™ vOMj 2 fLi2g (27)

On one hand, since either d,(1;u) = 0 or d,(2;u) = 0 in the tree T%, then according to

the triangle inequality one of the inequalities is satis ed
de(L;v)  de(L;u) +dr(usv) =de(u;v);

or

dr(2;v) de(2;u) +dr(u;v) =d(u;v):
This allows us to state that for j =1 or j =2, we have
posdr(U;V)(l p(ls)m dr(u;v) p03dr(i:V)(1 p03)m drG;v)- (28)

Indeed, due to 1 p}  0:5> 0, we can divide both sides of the inequality by (1 p%)™

and rewrite it as
dr(u;v) dr(J;v)

o o
1 ph 1 p}

which is true insomuch as
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Now we have to prove that

poldr(l;u)(l pol)m dr(l;u)pOZdr(Z?U)(l poz)m dru) = 1 (2.9

Since d(1;2) = 1, only two cases are possible: (i) d.(1;u) = d.(2;u) + 1, and (ii) d,(2;u) =
dr(1;u) + 1. Without loss of generality we may deal with the rst case, otherwise we can

just rename the nodes 1 to 2, and 2 to 1. If m 2, the function

fo(pp2) = P11 p)™ o2 p)™ O Y d 20,150 ma; pripe 2051

reaches its maximum in the point "™ (py; p,) = (2; ¢£1). On the other hand, f"® < fja

if d > d’, and thus the maximum value over d’s is achieved when d = 0. Hence the equation

(2.9) is proven which together with (2.8) convinces us that (2.7) is true. O

Theorem 9. Let m 2, and two leaves 1 and 2 of a tree T be adjacent to a common node
u and be di erent at least in two sites, i.e., d(1;2) 2. Then an optimal probability of a

change along at least of the edges e; = f1;ug or e, = T2; ug is greater or equal to %

Proof. Let p; and p, be the probabilities of a change along at the edges e; = f1;ug or
e, = T2; ug correspondingly. We denote as h(j; k) the set of such reconstructions r such that
dr(1;u) =j and d,(2; u) = k.

First, let prove the statement for d(1;2) = 2. Then all possible pairs of distances between

1;2 and u form the set S, =

=1(0;2);(1;1);(2;0); (1;3);(2,2);(3;1);:::;(m 2m);(m I,m  1);(m;m 2)g:
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Thus we can rewrite the likelihood function as

X Y ]
L = p?r(v,vo)(l pi)m dr(viv?) —
r2R(j:k) ei=fvvIg2E
J5k)282

:Iozpff(l p1)™P5(L  p2)™ 2{'; 20031 p)™ *pI(L pz)r;"'

The \wings" part of L: We will denote it by W (p1;p2):

+|11p1(1 p)™ P21 p)™ t+ {;3I01(1 p)™ P31 p)™ 3"'11}'

The \body" part of L: We will denote it by B(p1;p2):

Without loss of generality we will assume that o, 20-
Now, we consider three possible cases.

Case 1: py =p, =p 2[0; =]. Then

< | < _
L= M@ PP p)T = P pym 0T =
U;k)2s2 g:k)2s2

X . .
— jkpJ+k(1 p)Zm (_|+k):
(+k)2f2;4;:::;2mg

This function monotonously increases on [0; %] as a sum of monotonously increasing functions

in this range. Hence its maximum is achieved when p = %

Case 2: % p, > p;. First, we consider the wings of L.:

W(pp2) = o02Pi(1 p)™p3(L p2)™ 2+ 20pi(1 p)™ YL p2)™

We aim to show that W (p;;p2) monotonously increases (or at least non-decreases) with
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respect to p, for each p; 2 [0; %). If oo = 5 = 0, this is obvious. Let suppose that

02 => 0. Then we can divide W (py; p2) by o2 getting

W(pp2) =pd(1 p)™pa(L p)™ 2+ pi(l p)™ 2P p)™

where = -2 2 [0;1] due to our previous assumption that g, 20. Now we nd the

partial derivative

@W (p1; p2) _
@pZ 1
P2 P2 2 P1 2
=(1 m(1 mio2 m 2 m
1 p)"@Q p2) 1 ( ) 1 n 1
We will prove that the following two inequalities hold:
m 2 P2 P2 ?
m 11 p (m 2 T n ; (2.10)
and
2
m P2 P1
m 11 > m T n (2.11)

On one hand, the inequality (2.10) is equivalent to

1 P2 .
m 1 1 p

On the other hand, the function 1% iIs monotonously increasing on [0; %] and, thus, it

achieves its maximum value —- at p, = . Therefore, (2.10) is true.
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To prove (2.11), we rst notice that due to p, > p;

p2>p1:
1 p, 1 pg

Hence we only have to check if

m P1
— m :
m 1 1 py

Again using the fact that the function pt,l is monotonously increasing on [0; %], we convince

1

ourselves that

1 [
m 1 1 p;

which together with 0 1 ends the proof of (2.11).

Summing up (2.10) with (2.11) we conclude that

2 P2 m 2 P2 P1

> 0
1 p 1 p 1 p

that is

OW (p1; p2) -0
0p2 '

Thus, we proved that unless W (p1;p2) 0, W(ps;p2) (and W (p1;p2) as well) strictly
monotonously increases with respect to p, for each p; 2 [0; % .

The same property is pertinent to the likelihood function L since its \body" part B(p1; p2)
is a sum of functions that increase on [0; %]2. For that reason in case 2, L achieves its

maximum when p, = 1.
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Case 3: % p1 > p,. If oo = 50, then similar to the case 2, we can prove that L achieves

its maximum when p; = =. Let assume that o, > 5. Then for each p;;p, 2 (0;% ,

1
m

p1 < p2, the following inequality is true
W (p1; p2) < W (p2; p1): (2.12)
On the other hand, since o, > 5o for each pair (j;j +2) 2 S;
ji+v2 = j+2ije (2.13)

Indeed, the reconstructions h(O;Z) and h(j;j + 2) are only di erent in j cites of the
vector of states of the node u, and are the same for all other internal nodes. The same

changes constitute the di erence between reconstructions h(2; 0) with h(j +2;j). Thus,

Bi+2 . j+2j

02 20

if 2 & 0. If 5, =0, then it is easy to check that j.,; = 0 as well. Thus, the inequality

(2.13) holds. The inequality assures that for each p1;p> 2 (0; %), where p; < p»,

B(p1;p2) < B(p2;p1):

Together with (2.12) it convinces us that a global maximum of the function L cannot be
achieved in this case.
Summing it all up, we conclude that maximum of L = L(p1; p2), p1;p2 2 [0; %] is achieved

when p; = L or p, = 1, see Fig. 2.3. In this gure, the blue arrows indicate directions in



88

which the function L grows. The green lines are possible places where the maximum of L
may be attained on [0; 1]2.

P2 P2

1/m

No global mamima
/ are possible here
D1 D1

0 1/m 0 1/m

a. a2 > b. Qg = Qg

Figure 2.3 The landscape of L = L(py; p2).

Now we let d(1;2) =d 3. Then all possible pairs of distances between 1;2 and u form

the set

Sq = F(0;d); (1;d  1);:::5(d;0);(L;d + 1) (2;d);:on (d+ 15 1);5 e
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Thus, we can rewrite the likelihood function as

< Y y .
L= PO ™ D =

r2R(j:k) ei=fvvIg2E
(4:Kk)2S¢
= |0dp(1)(1 pl)mpg(l p2)™ d{'; dopclj(l p)" dp(z)(l pz)r;"‘

The \wings" part of L: We will denote it by W (p1;p2):

+ 19 1p1(1 p)™ 1pg 1 p)™ e

+ .. 21 m2d21 md+2+::.
| 2:d 2P1( E}) P2 “( P2) 1

The \body" part of L: We will denote it by B(p1;p2):

Without loss of generality we will assume that o4 g0 Then if o4 = 0, W(pyg;p2)

0 and, thus, L = B(pi1;p2). This function monotonously increases on [O;% 2 as a sum
of monotonously increasing functions with respect to p; and p, in this range. Hence its
maximum is achieved when p; = p, = % We exclude this case from further consideration,

that is, we assume that o4 & 0. Let

where the parameter a, an upper bound for , satis es a 1landa & 0. Obviously,
2[0;1], =1k<1.

Along with the function W (p1; p2), we will be considering its \reduced” counterpart

Wpp2) =p2(1 p)™p3(L p)™ 4+ pi@  p)™ p3(L  p)™:
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Now, we are going to study three possible cases.
Case 1: 0 pr  =;kpt < p2 1. We aim to show that W (pi;p,) increases

monotonously with respect to p, for each p; 2 [0; % . To this end, we nd the partial

derivative
W (py;
@ (pl pZ) — (l pl)m(l pz)m 1
@p2 |
d 1 d d”
P2 P2 P1
d m d m
1 p2 ( ) 1 p 1 p

We will demonstrate that the following two inequalities hold

(m d)

; 2.14
1 p 1 p (2.14)

m d P2 ¢ 1 P2 d.
m 1
and

md 1) p °° pp ¢

> m
m 1 1 p, 1 p

(2.15)

On one hand, the inequality (2.14) is equivalent to

1 P2 .
m 1 1 p

On the other hand, the function 1"702 monotonously increases on [Kpy; %] and, thus, it achieves

its maximum value —1- at p, = 1. Therefore, (2.14) is true.

Now we will prove (2.15). Since
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we need to demonstrate that

d 1 d 1

P2

d 1
()1p2 1 p

Taking into account that p, > kp; it su ces to prove that

d 1 d 1
1 kp: 1 m
which is equivalent to
k(L py) e

Since a , it su ces to prove
k(I p) 1,
1 kpl
This inequality may be rewritten as
1
k ; (2.16)
P ( 1)

The maximum of the right-hand side of (2.16) is attained when p; = % On the other hand,

D’

3

+

[N
Ells
~|

which convinced us that (2.16) holds. Therefore, (2.15) is true.
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Summing up (2.14) with (2.15) we conclude that

d d
P2 P1
m d m
1 p ( ) 1 p

>0
that is

@W (p; p2) =0
@p2
Thus, we proved that W (py; p2) increases with respect to p, for each p; 2 [0; %]. On

the other hand, this property is pertinent to B(py;p2) as well because it is merely a sum

of functions increase with respect to p, on [0; %]. For that reason in case 1, the likelihood
function L achieves its maximum when p, =

1
=
Case2: 0 p1 =0 pp kpy, ﬁ Similar to the case 1, we will prove that
L achieves maximum when p; = %
We nd the partial derivative
W (ps;
@ (pl p2) — (l pl)m 1(1 p2)m
@pl ]
d 1 d d~
P1 P1 P2
d m d m
1 P ( ) 1 p 1 p
We will prove that the following two inequalities hold:
m d P1 @1 P1 ‘
m 1 1 p; (md)

; 2.17
1 (2.17)
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and

md 1) p 7 ¢
m 1 1 p 1 p

(2.18)

The inequality (2.17) is equivalent to

1 P1
m 1 1 p;

which obviously holds as the function 1";1 monotonously increases on [0; %] and achieves its

H 1 — 1
maximum value = at p; = .

To prove (2.18), we rst notice that due to p, kp; < pq,

P1 - P2
1 pp 1 p
Hence we only have to check if
d 1 P2 .
m 1 1 po

If p, = 0, this inequality is obvious. Let p, > 0, then k > 0. In light of the fact that

p kpy X, itissu cient to check if

3
~|3
[ER
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The latter is true since ﬁ and

1 1
m o1 (m 1)

That being the case, the inequality (2.18) is proven.

Summing up (2.17) with (2.18) we conclude that

d 1 d d

P1 P1 P2
d m d m > 0;
1 p ( ) 1 p 1 p
that is
OW (p1; p2) =0
@p1

We have thus proved that W (p;; p2) increases with respect to p; for each p, 2 [0; %]. Since
B(p1; p2) bears the same property as a sum of functions that increase with respect to p; on
[O; %]. Therefore in case 2, L achieves maximum when p; = %

Case3: 0 py =0 p, kp, < ﬁ We want to demonstrate here that the
maximum of L = L(py; p2) on [0; % 2 is never attained in this case. To do this, we will prove

that

(i) for any p; 2 [0; 3),

1 1
W pr; >W > W E;O > W (py; 0); (2.19)

11
m’ m
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(ii) for any p; 2 [0; 51, P2 2 [0; ),
1 1
max W(py;0W pi; — =W pi— > W(ps;p): (2.20)

We start o showing that the rst inequality in (2.19) holds. In order to do it, we will
demonstrate that the function W (py; %) decreases with respect to p; 2 [0; %]. We nd the

partial derivative

Fam e wnt o !
d P om oo _ d TR
We will prove that for any p; 2 [0; %],
d 3 plpl o (m & - plpl d (mml)d <0 (2.21)
We consider the function
m

f(x)= dxd!  (m dx¢ m:

Forany x 2 [0 ]and d 2, its derivative

.1
m 1

)= dxd2(d 1 (m d)x)

is positive since
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Hence T(x) monotonously grows on [0; ﬁ]. On the other hand,

m m 1 .
pa(@ D D<pTag S 1 <0

1

fm1:(m

Therefore, f(x) < 0 for each x 2 [0; ﬁ]. From this the inequality (2.21) follows. Thus, we
have demonstrated that W (p;; %) decreases with respect to p; 2 [0; %], which guarantees

that for any p; 2 [0; 1),

1 11
w = >W  — = 2.22
P1 m m'm (2.22)
Now it is time to prove that
11 1
W —— >W —0 ; (2.23)
m’'m m
that is,
m m d m d
(1+)m1 (m 1) >(m 1) :
m mm mm
The latter is equivalent to
m 1 ™
R >
m 1+
Since — is an increasing function and < ﬁ it su ces to prove that
m 1™ 1
R > 2.24
m 1+ (d 1) (2.24)

It is known from basic calculus that the sequence £; £L;:::; ™2 ™2+ increases mo-
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notonously and converges to % Thus, ifd 4, then m 4 and we have

m 1 ™ 81 1 1 1

> = > :
m 256 4 1+d 1) 1+ (d 1)

that is, the inequality (2.24) is true.
Let now d = 3. In order to prove that (2.24) holds in this case as well, we will use
We note that it may be assumed that a = ﬁ as such a is an upper bound for that does

not dependon . Then =(d 1)@ D =2 Hence

1 1

m 1" 8 _ _
1+23 1) 1+ @d 1)’

m 27

1
> =
5

which concludes the proof of (2.24). Therefore, (2.23) is true.

The inequality W %; 0 > W (py;0) is obvious since the function W (py;0) increases on
[O; %]. This fact together with the inequalities (2.22) and (2.23) convinces us that (2.19)
holds.

In order to prove (2.20), we will demonstrate that for any p; 2 [0; %], the function

W (p1; p2) is strictly convex with respect to p, on [0; %]. To this end, we nd

@2W (p1; p2) _

02 (L p)™Mpd 21 p)™ @2
2

dd 1)@ p2)® 2d(m dp(l p)+(m d)(m d p; +

+ mm  Lpi@ p)™ L p)™ =
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We note that for any d 2 £3;4;:::;mg, the following inequality holds
dd 1)@ p)*=>2d(m  d)pAl  py): (2.25)
Indeed, (2.25) is equivalent to

d 1>2m d); pzp : (2.26)
2

Since 1 12, as long as p; 2 [0; 1], to prove (2.26), it su ces to show that

- 2(m d):

d 1
m 1

The latter is obviously true in so much as d 3. Therefore, (2.25) holds, which means that

®2W (py; p2) -

0:
Op2

Thus, we proved that W (py; p,) is strictly convex on [0; %] with respect to p, for each
p: 2 [0; %]. From this and (2.19) the formula (2.20) follows. That being the case, for any
P 2[0; &1, p2 2 [0; ),

1
W py; m > W (p1; p2):

The same property is pertinent to B(py; p,) as it is a sum of functions increase with respect
to p, on [0; %]. On that account, the maximum of L = L(ps; p2) on [0; % 2 cannot be attained
in the set determined by the case 3.

Summing up all proved in the third case, we conclude that maximum of L = L(ps;p2)
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on [0; 1% is achieved when p; = X or p, = 1, see Fig. 2.4. In this gure, the blue arrows
indicate directions in which the function L grows. The green lines are possible places where

the maximum of L may be attained on [0; % 2,

D2 D2
1/m : 1/m

mA—A+1 A mA—-A+1

Figure 2.4 The landscape of L = L(py; p2).

graph G, a pair of nodes t; and t; is connected with an edge if and only if d(ti;t;) 1,
i.e., the Manhattan distance between the taxa is less or equal than 1. Following Campo
et al. (2014, 2017) we say that the taxa forms a 1-step network if such graph happens to be
connected.

Based on numerous simulations, we observed the following for each ML tree on taxa
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two incident edges have a non-zero optimal probability; see Fig. 2.5. This fact, together

with properties 2 and 3, allows us to formulate the following conjecture.

form a 1-step network is equal to the solution given by the maximum parsimony.

2.3 The case of Maximal Ancestral Likelihood

Currently, a number of computational tools for transmission inference are available (e.g.

De Maio et al. (2016); de Bernardi Schneider et al. (2020); Campbell et al. (2018); Skums

et al. (2018); Klinkenberg et al. (2017)). Most of them rely on MCMC sampling for inference

of possible phylogenies and/or transmission trees, that produce approximate solutions with

respect to the utilized likelihood objectives. For SARS-CoV-2, the density of sampling and

the amount of available data prompted us to employ the approach based on character-based

phylogenies, that allows one to signi cantly reduce the space of all possible solutions and



101

use precises discrete optimization rather than heuristic inference machinery. Another recent
study also suggested the utility of character-based phylogenies for SARS-CoV-2 evolutionary
analysis Gudbjartsson et al. (2020); Forster et al. (2020).

In the next section, we rst provide a justi cation for our choice of a phylogenetic model,

and then describe the method used for the phylogeny and transmission network construction.

2.4 Are maximum likelihood trees di erent from Steiner trees for
SARS-CoV-2?

Our starting point is the standard maximum likelihood (ML) phylogenetic approach Felsen-

stein (2004). The basic model is a binary phylogeny T = (V (T); E(T)), whose leaves L(T)

correspond to the observed sequences and whose edges e have lengths te measured in the

units of time. In a labelled phylogeny, every node v 2 V (T) is assigned a sequence $, such

that 8, = s, for every v 2 L(T).

In a most widely used ML problem formulation (maximum average likelihood in terms of
Steel & Penny (2000)), internal sequence assignments are marginalized out. Such approach is
preferred, if the optimal tree topology is the major objective. However, for the transmission
inference, it is imperative to know ancestral sequences. The same is true for studies that aim
at detection of particular mutations with phenotypic e ects, including changes in infectivity,
transmissibility and virulence. In that cases it is more natural to utilize so-called ancestral
likelihood approach Steel & Penny (2000); Addario-Berry et al. (2004) { the same general
approach as, e.g., Nextstrain Had eld et al. (2018) and its underlying approximate maximum

likelihood framework TreeTime Sagulenko et al. (2018). Under this approach, the goal is to
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nd the phylogeny T, the edge lengths (te)eoe(ry and the node labels $ that maximize the
joint probability of the population evolutionary history described by T and 8. Here we use
the Jukes{Cantor substitution model and assume the same mutation rate for all nucleotide
positions. Then the edge lengths could be replaced by the substitution probabilities pe, and
the likelihood could be de ned as
o 1

¥ _ Y oY
LMpd= @ =

J=1 0 a2l e2EL

1 p)A; (2.27)

where EL. (EL) is the set of edges e = uv such that the j-th characters of the sequences $,
and 8, are di erent (respectively the same) Tu ey & Steel (1997).

The labelled tree T maximizing (2.27) is a maximum likelihood tree. In a maximum
parsimony tree, the total number of nucleotide substitutions | = I(T;$) = ijnzleL>j is
minimal.

It has been previously demonstrated Tu ey & Steel (1997) that the maximum average
likelihood and maximum parsimony trees coincide, if the number of conserved positions is
large enough with respect to the genome length. However, the estimations that guarantee this
are asymptotic and basically require an exponential number of constant sites. It is unclear
whether these estimations apply to real data. In what follows we demonstrate that such
estimations are valid for the current SARS-CoV-2 data under the slightly di erent condition
of the dense sampling, when the expected tree branch lengths are small. In this case the

maximum likelihood tree could be e ciently approximated by the maximum parsimony tree.
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Indeed, the likelihood (2.27) could be rewritten as

Y Y pe de m d
L(T;p;8) = (1 pe) 3 1 p)™ % (2.28)

e2Ep e2EnEg

where E, is the set of edges of length 0; for an edge e = uv, de is the Hamming distance
between the sequences §, and §,. For the xed T and $§, the maximum likelihood value of
the edge probability is pg = dme Using this estimation, after transition to the log-likelihood

we have

. . 1S < de de .
f(T;8) = logL(T;p*%98) = de log 3m +(m de)log(l E) : (2.29)

e2EnEg

Edges of length 0 (polytomies) lead to the existence of multiple optimal solutions min-
imizing. Polytomies could be resolved by taking into account the sequence collection dates
Sagulenko et al. (2018). However, on a short outbreak time scale and under a sampling
bias the relations between collection dates may not re ect times of actual mutation events
accurately enough. Furthermore, for the transmission network reconstruction the resolution
of polytomies is not really necessary. After pruning all edges of length zero, solving the prob-
lem (2.29) is essentially a Steiner tree problem on a weighted hypercube over the 4-letter
alphabet, with the observed sequences being the terminals and the weights of edges e = ss’
de ned asw, = (delogf= +(m de)log(l %)). Denote by T the optimal Steiner tree.

Now let G be the minimum spanning network of the set of observed sequences with
respect to the Hamming distance, and K = K(G) be its maximum edge length. Our further

reasoning is based on the following proposition:

Proposition 1. Ifm 3 and K m=3,thend, K foralle2E(T ).
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Proof. It is easy to see using the standard calculus that the function

h(d) = dlog% (m d)log 1 %

is monotonically increasing on the interval [1;3m=4] and monotonically decreasing on the
interval [3m=4;m 1]. Therefore, if d 3m=4 and h(d) < h(m 1), then h(d) < h(d") for
all d 2 [d;m 1]. It can shown that any d m=3 satis es these conditions. Indeed, using

a standard Taylor expansion for log(1 %) and simple arithmetic calculations, we get

2 1 2 9
h(m 1) mlog3+logm+1 log3 E+W>§mlog§—h(m—3) h(d):

Now suppose that there exist an edge e 2 E(T ) such that de > K. Consider two trees
T, and T, obtained by the removal of e. By the minimality of T , both trees should contain
terminal vertices. Furthermore, due to the connectedness of G, there is an edge €' 2 E(G)
between a pair of such terminals such that do K. It follows from the consideration above
that weo <Ww,. Thus, thetree T =T  e+elis shorter, thus contradicting the optimality

of T . O]

Note that it is possible to get a tighter upper bound than K  m=3 using longer and
more technical calculations, but for our purposes this estimation is su cient.

In the emerging outbreak settings, including SARS-CoV-2, we have K m. Indeed, for
COG-UK dataset K = 10. Furthermore, if we consider a graph Gy formed by the edges of
lengths Kk, then so-called giant component (i.e. the connected component that comprises
the majority of vertices) emerges for smaller values of k: for example, the giant component

for k = 4 already contains 97:69% of vertices; see Fig. 2.6. In this case, by Proposition 2.4
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Figure 2.6 Dependence between the size of giant component and maximum edge length for
the COG-UK outbreak of SARS-CoV-2.

we have de  m for all edges in an optimal tree. Using the approximation log(1 x) X,

we get
. < dz _
(T ;9 de log de + = (log(3m) + 1)de =
e2E
_ =< log de de _
- (osemy=h) 4 ogemy +1 miogamy +1))
>
= (log(B3m) +1) de(1 o0o(1)) (2.30)
e2E

ML and MP are ordinally equivalent (using the de nition of Sober (2004)) with high

probability. It should be noted, however, that the estimation (2.30) is asymptotic. In real
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settings, it is theoretically possible that maximum likelihood and maximum parsimony trees
still di er, if m is not large enough. However, it can be demonstrated that for data similar
to SARS-CoV-2 it is highly unlikely. To do it, we proceed as follows. Suppose that there
are two trees T and T? with internal node labels § and &€ such that £(T;8) f(T%¢) but
I(T;9) I(T"9), i.e., the likelihoods and parsimony scores of these trees are anti-correlated.
Let also K be the maximum number of substitutions along the edges of T and T' (expected
to be small), and n; and n? be the numbers of edges with exactly i substitutions for T and
T', respectively. These numbers could be normalized as n; := n;sjE(T)j, n! := ni=jE(TY)j,

whereupon they satisfy the following system of linear inequalities:

)’(i(l logi i Y n))  O; (2.31)
i=1 logBm)+1 m(log(3m)+ 1)’ " : .
x
i ) O (2.32)
i=1
X X
n=1 m=Lonen 0 i=Lnnk (2.33)
i=1 i=1

For K 2 this system has only one solution n; = nj, n, = nY, thus implying that
likelihoods (resp., parsimony scores) of T and T' should be equal. For K 3, it describes
the (2K  2)-dimensional polyhedron P with respect to the variables n;, n!. Denote by
Q another (2K  2)-dimensional polyhedron de ned by the hyperplanes (2.32) and (2.33).

The probability that two trees have anti-correlated likelihoods and parsimony scores could

vol(P)

oI(0) The volumes could

be assessed by the ratio of volumes of these two polyhedra: p =

be calculated using standard computational geometry techniques Bueler et al. (2000). Fig.
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Probability

1 2 3 4 5 6 7 8 g 10
Maximum substitutions along the edges

m = 29772 equal to the length of aligned and trimmed SARS-CoV-2 genomes analyzed in
this study. The probabilities vary from p = 0:0034 for K = 3 to 0:0086 for K = 10.

It should be noted that in these estimations we indirectly assumed that the edge lengths
are distributed uniformly on the segment [1; K]. In reality, however, the edge length distri-

bution is expected to be left-skewed.
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CHAPTER 3

Predicting host speci city of coronaviruses on spike protein sequences

Coronaviruses infect many animals, including humans, due to interspecies transmission.
Three of the known human coronaviruses: MERS, SARS-CoV-1, and SARS-CoV-2, the
pathogen for the COVID-19 pandemic, cause severe disease. Improved methods to pre-
dict host speci city of coronavirues will be valuable for identifying and controlling future
outbreaks. The coronavirus S protein plays a key role in host speci city by attaching the
virus to receptors on the cell membrane. We analyzed 1238 spike sequences for their host
speci city. Spike sequences readily segregate in t-SNE embeddings into clusters of similar
hosts and/or virus species. Machine learning with SVM, Logistic Regression, Decision Tree,
Random Forest gave high average accuracies, F; scores, sensitivities and speci cities of 0.95
to 0.99. Importantly, sites identi ed by Decision Tree correspond to protein regions with
known biological importance. These results, published in Kuzmin et al. (2020), demonstrate

that spike sequences alone can be used to predict host speci city.

3.1 Introduction

The COVID-19 pandemic has heightened public awareness of coronaviruses (CoVs) and
our vulnerability to highly contagious infections. CoVs are positive-sense enveloped RNA
viruses comprising 2 subfamilies (Orthocoronavirinae and Letovirinae) and 5 genera: (Alpha-
coronavirus, Betacoronavirus, Gammacoronavirus, Deltacoronavirus, and Alphaletovirus)
de Groot et al. (2019); Cui et al. (2019). CoVs infect a wide range of species, including

humans, due to a high level of interspecies transmission. Alpha and beta CoVs only infect
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mammals, including humans, while delta and gamma CoVs are known to infect birds and
some mammals, but have not yet been shown to infect humans Woo et al. (2012). Seven
species are known to infect humans. HCoV-NL63, HCoV-229E, HCoV-HKU1, HCoV-0C43,
and BCoV-1, cause mild respiratory disease. In contrast, SARS-CoV-1, MERS and SARS-
CoV-2, the pathogen causing the COVID-19 pandemic, have emerged since 2003 as severe
pathogens with signi cant rates of mortality. These outbreaks are presumed to result from
interspecies transmission from bats via intermediate hosts of civets or camels to humans Cui
et al. (2019). The SARS-CoV-1 outbreak in China in 2003 had a 10% mortality rate. Ten
years later, MERS appeared in the Middle East with a staggering mortality rate of 35%.
SARS-CoV-2 is the latest CoV species that was rst identi ed in late 2019, and induced an
unprecedented outbreak that continues to a ect millions worldwide.

The large genomes of CoVs code for 4 structural proteins and 16 non-structural proteins.
The non-structural S protein or spike is critical for virus attachment and fusion to the host
cell membrane and is an important determinant of host speci city Hulswit et al. (2016); Li
(2016); Walls et al. (2020). S protein sequences are highly variable among CoVs and may
bind to di erent host cell receptors. For example, the human pathogen, MERS, uses DPP4
as its host cell receptor, while SARS-CoV-1 and SARS-CoV-2 attach to ACE2 receptor Li
(2016); Walls et al. (2020). After binding to the host cell receptor, S protein is cleaved into
S1 and S2 subunits for cell fusion and entry. These critical stages in the viral life cycle have
been proposed as targets for development of antiviral drugs Tang et al. (2020a).

Due to the lack of a vaccine for human CoVs, it is critical to better understand the
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potential infectivity of di erent CoVs. Therefore, we have applied several machine learning

algorithms to sequences of S proteins to assess predictions of host cell speci city.

3.2 Methods

Data collection and preprocessing. Data were obtained from the Virus Pathogen
Database https://www.viprbrc.org on April 11, 2020. It included 1,253 unaligned S pro-
tein sequences of various lengths, which belonged to 67 species of CoVs. We used a standard
preprocessing pipeline consisting of: (i) sequence cleaning; (ii) sequence alignment; (iii) se-
guence encoding; and (iv) dimensionality reduction performed by truncated singular value
decomposition (tSVD). This method is very close to principal component analysis (PCA), a
more traditional approach for dimensionality reduction. We preferred tSVD since it works
more e ciently with sparse vectors as it does not need to center the data Franceschini et al.
(2015).

As a part of sequence cleaning, we used known accession numbers to identify viral and/or
host species for more than a hundred \unknown™ sequences. Also, we removed 15 sequences
in the Torovirinae, Piscanivirinae, and Serpentovirinae subfamilies which were previously
part of the Coronaviridae family but were reassigned to the Tobaniviridae family in 2018
de Groot et al. (2019). The overall distribution of the data with respect to viral species
and hosts is shown in Figure 3.1. In this gure: a The top 6 genera of CoVs: avian CoV,
porcine epidemic diarrhea virus (PEDV), betacoronavirus 1 (BCoV-1), MERS, porcine CoV

HKU15, SARS-CoV-2. b The top 5 of CoVs’ hosts: swine, avians, human, bats, and camels.
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Figure 3.1 The distribution of the cleaned dataset (1,238 sequences).

We used MEGA X software https://www.megasoftware.net to align the sequences.
After alignment, all sequences were represented with an identical length of 2,396 residues.
We applied a well-known one-hot encoding to convert the sequences into numerical vectors
for input to machine learning algorithms. The amino acid sequences contained 25 letters
ABCDEFGHIJKLMNPQRSTUVWXYZ which represent the canonical 20 amino acids plus 5 codes for
ambiguous amino acid assignments Kotyk (1999). The additional 5 codes are: B for aspartic
acid or asparagine, J for leucine or isoleucine, U for selenocysteine, X for any amino acid,
and Z for glutamic acid or glutamine. Each amino acid was encoded as a corresponding unit
vector, and the gap sign - was encoded as a zero vector. This encoding produced 0-1 sparse
vectors of length 59;900 = 2;396 25. Thus, in this mapping, Alanine (A) was encoded
as a 25-dimensional vector 1000:::0, and Cysteine (C), for example, was encoded as a 25-
dimensional vector 0010:::0, etc. The gap was encoded as a 25-dimensional zero vector
00:::0. Finally, we performed tSVD retaining the 50 leading principal components.

We experimented with omitting step (iv) in the pipeline as well as sequence removal in
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step (i). Our experiments showed that SVD signi cantly improves computational e ciency
since it dramatically reduces the dimensionality of the data set. Even reducing to only 50
components has little in uence on the results of both t-SNE and the tested classi ers (e.g.,
the change in the average scores was in the range of 2 to +2%). The only disadvantage of
SVD is that it is a challenge to interpret the results of the DT classi er.

Deletion of the 15 sequences in Tobaniviridae family had little or no e ect on the average
scores (accuracy, F;-score, sensitivity, and speci city) of the classi ers and t-SNE embed-
dings. However, it a ected the identi cation of important sites in S proteins as described
later.
t-SNE visualisation of the data. We used t-SNE (t-distributed Stochastic Neighbor
Embedding) van der Maaten & Hinton (2008) which is known to reveal local structure of
high-dimensional data and yield excellent results on RNA sequences Kobak & Berens (2019).
t-SNE uses Student’s t-distribution as the output kernel and Kullback{Leibler divergence as
the loss function. t-SNE’s main advantage over traditional clustering methods is that it is
prone to produce a two-dimensional visualisation with distinctly isolated clusters if there are
hidden clusters in the data. As an alternative, we tried another classical approach to visualise
the data: rst cluster the data with one of the clustering algorithms and then embed it into
two-dimensional space with multidimensional scaling (MDS). However, the latter method
demonstrated slightly worse results as compared to t-SNE.

The most important parameter of t-SNE, perplexity, controls the width of the kernel

that measures similarities between points. Thus, for each point it determines the number
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of the nearest neighbours to which it is attracted. It is possible to choose any perplexity
from 1 to n 1, where n is the number of data points, however, the recommended range
is from 5 to 100 Kobak & Berens (2019). For all t-SNE embeddings, we used a perplexity
equal to 30, which is the default value in the majority of t-SNE implementations. Our
experiments demonstrated that perplexity values in the recommended range yield similar
results, con rming that t-SNE is not very sensitive to the exact value of perplexity in that
range.

Since t-SNE uses a non-convex objective, it may yield di erent results depending on its
initialisation (random state). We experimented with choosing various values of random state
and found that even though the location of clusters may change, their content does not. For
reproducibility, we chose the random state 1 to perform t-SNE embedding.

Classi cations. Three classi cation were considered:

Stum: the human related CoVs (463 entries) vs other CoVs (775 entries);

Ha-s: the CoVs whose hosts are avians (300 entries) vs the CoVs whose hosts are swines (367

entries);

Hwuam: the CoVs whose hosts are mammals (938 entries) vs the CoVs with all other hosts,

which in fact are all avians (300 entries);

Note that in Spym, only the species of virus matter, not the hosts. Thus, human related

CoVs (i.e., HCoV-NL63, HCoV-229E, HCoV-HKU1, HCoV-0OC43, BCoV-1, MERS, SARS-
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CoV-1, and SARS-CoV-2) do not necessarily have human hosts. However, if a host is human,
then the virus belongs to the set of the human related CoVs.
Classi ers. Four well-known classi ers: Support Vector Machine (SVM), Logistic Regres-
sion (LR), Decision Tree (DT), and Random Forest (RF) were used to perform the classi-
cations Spym, Ha=s, and Hyam. The performance was assessed by computing means and
standard deviations of 4 scores: accuracy, F;-score, sensitivity, and speci city for each of 2-,
3-, 5-, 7-, 9-, and 10-fold cross-validations.
Identi cation of important sites. Since the DT classi er is one of the best for exploratory
analysis Chen et al. (2011), we used it to identify important features (sites) in the Spum
classi cation. Since our classi cations are binary, the feature importance was calculated as
Gini importance of a split Nembrini et al. (2018). To ensure that the sites do not depend on
the choice of training and test subsets, we performed 10 times each of 2-, 3-, 5-, 7-, 9-, and
10-fold splits of the data. Thus, the DT classi er was run 20, 30, 50, 70, 90, and 100 times
respectively.
Code and data availability. We prepared a self-contained Jupyter notebook in Python
that shows the methods and results presented here. The code and the dataset are available

at https://github.com/kuzminkg/CoVs-S-pr.

3.3 Results

Dimensionality reduction. Since the protein sequences were transformed into high di-

mensional vectors with 59,900 components, we wanted to decrease the number of components
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to make the programs run faster and decrease the level of noise in the data. Dimensionality
reduction requires choosing the nal number of components. We used calculated explained
variance to nd the number of components. Figure 3.2 demonstrates the dependence be-
tween the number of components left and the level of explained variance (1 corresponds to
100% of explained variance) for (i) all data, and for (ii) the sequences whose hosts are avians
or swine only. The former is used in the Sy,m and Hyam classi cation, while the latter is
used in Ha-s. Starting with 2 components which give the levels of 0.2557/0.5843 for (i)/(ii)
respectively, the explained variance grows quickly reaching the level 0.9 with 24/13 or more
components, and level 0.95 with 61/35 or more components. We chose 50 components to
further perform SVD, which preserves 94.20% and 96.28% of explained variance for (i) and

(ii) respectively.

Figure 3.2 Explained variance vs number of components.

Clusters in the data. In order to demonstrate that vectors readily segregate into clusters
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Figure 3.3 t-SNE embeddings of all sequences (a{e), and human related CoV sequences only

().

with respect to genetic similarities in S proteins, we applied t-SNE, which mapped the input
vectors to 2-dimensional vectors, see Figure 3.3. In all gures but 3.3f, we use the same
embedding of all data. Known human related CoVs form distinct clusters as shown in 3.3f.

Figure 3.3a demonstrates the overall data distribution and relative locations of human
related CoVs with respect to other CoVs. Figures 3.3b and 3.3c show relative locations of
CoV species and their hosts. We note that t-SNE without special adjustments may distort
distances between far apart clusters Kobak & Berens (2019). Therefore, the fact that a pair of

clusters are further apart than another pair does not necessarily imply that the original (not
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t-SNE embedded) points have the same relationship. However, t-SNE preserves distances
very well locally as seen in Figure 3.3c (compare 3.3e), where humans are close to bats, which
are known Ye et al. (2020) to be the natural hosts of 5 human related CoVs: SARS-CoV-1,
SARS-CoV-2, MERS, HCoV-229E, and HCoV-NL63. In case of MERS, humans cluster is
close to camels which are intermediate hosts for this species of CoV Ye et al. (2020); Paden
et al. (2018). Moreover, the sequences near HCoV-OC43 and HCoV-HKUL1 belong to cattle
or rodents, both known to be either intermediate or natural hosts for these viruses Ye et al.
(2020); Adachi et al. (2020).

Interesting results are shown in gure 3.3d where the sequences are grouped by genera.
All 4 genera segregate into non-overlapping clusters, which makes it possible to accurately
predict the genus of a new or unknown virus in the Orthocoronavirinae subfamily. As our
dataset contained a few unclassi ed sequences (marked as black boxes in gure 3.3d), we used
this t-SNE embedding to predict their genera. The unclassi ed sequences in the area 1 are
YN2012_Rs3376, YN2012_Rs4125, YN2012_Rs4259, and YN2012_Ral13591 that have been
recently identi ed as alphacoronaviruses Tan et al. (2020). The unclassi ed sequences in the
area 2 are JTMC15, and 16B0O133 of SARS related CoVs (and, thus, are betacoronaviruses)
and are hypothesised to be the origin of SARSs Lau et al. (2020). The unclassi ed sequence
in the area 3 is BtCoV92 which was identi ed as a Nobecovirus Wassenaar & Zou (2020)
which is a subgenus of betacoronaviruses. Finally, the 3 unclassi ed sequences JPDB144,
PREDICT/PDF_2180, Vs_CoV_1 in the area 4 are likely to belong to betacoronaviruses.

In Figure 3.3¢, the CoVs that are located next to HCoV-NL63 and HCoV-229E are related
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to those species. For instance, the sequence with GenBank accession number MN611517, was
recently identi ed as 229E-related CoV Li et al. (2020), while the sequences BtKYNL63 9a
and BtKYNL63_9b were identi ed as NL63-related CoVs Tao et al. (2017). CoVs located
close to MERS include Hedgehog CoV1, Erinaceus hedgehog CoV HKU31, as well as HKU4
and HKUS5, which are known to be closely genetically related to MERS Lau et al. (2019);
Yang et al. (2014). The 3 unclassi ed sequences JPDB144, Vs_CoV_1, and PREDICT/PDF_2180
are also close to MERS. The CoVs located close to BCoV-1nHCoV-0OC43 (i.e, BCoV-1 with-
out HCoV-0OC43) are Murine CoV, HKU14, HKU23, and HKU24, which are all closely
related to BCoV-1 Lau et al. (2012); So et al. (2019); Lau et al. (2015).
Classi cations. In order to see how well the standard machine learning classi ers rec-
ognize cluster structure intrinsic to the data and revealed by t-SNE embedding, we ran 3
classi cations (Spum, Ha=s, and Hpam) with 4 classi ers (SVM, LR, DT, and RF) each.
We compared the performances of the classi ers with 2-, 3-, 5-, 7-, 9-, and 10-fold cross-
validations and calculated means and standard deviations of accuracy, F;-score, sensitivity,
and speci city. We also compared the in uence of the dimensionality reduction in the input
data on the classi er performance. Table 3.1 demonstrates results of 3-fold cross-validation
for Spum classi cation.

Similar results (within 4% to +2% range) were obtained for all other folds of cross-
validation and other classi ers as seen in Tables 3.3 and 3.3. Dimensionality reduction
sightly improved the performance of SVM and marginally worsened the performances of the

other classi ers.



SVM LR DT

RF

Inputs with 59,900 components

Ac
F1
Sn
Sp

983 .007 .985 .005 .986 .009
978 .009 .980 .006 982 .012
981 .014 .987 .011 .996 .003
985 .011 .983 .012 .981 .016

.984
979
.985
.983

.006
.008
011
.012

Inputs with 50 components

AcC
F1
Sn
Sp

.986 .004 .974 .018 .969 .026
981 .005 .966 .024 .960 .034
989 .011 .970 .029 .968 .021
983 .012 .977 .016 .970 .032

977
.969
961
987

.016
.016
.029
.010
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Table 3.1 3-fold cross-validation of di erent classi ers for Spym. The results are presented as
mean ( ) standard deviation ( ) of 4 measures of performance: accuracy (Ac), F;-score
(F1), sensitivity (Sn), and speci city (Sp). The best performances (with the greatest value

) are shown in bold.

2-fold 3-fold 5-fold

10-fold

DT, inputs with 59,900 components

983 .011 .986 .009 .973 .029
978 .014 .982 .012 .967 .034
991 .000 .996 .003 .989 .007
978 .017 .981 .016 .964 .046

974
970
994
.963

.047
.053
.014
.075

SVM, inputs with 50 components

972 .022 .986 .004 .986 .013
962 .030 .981 .005 .981 .017
950 .032 .989 .011 .989 .017
985 .016 .983 .012 .983 .021

.989
.986
.998
.983

.023
.029
.006
.034

Table 3.2 k-fold cross-validations for Syym performed by DT and SVM classi ers run on
non-reduced and SVD-reduced inputs respectively. The results are presented as mean ( )
standard deviation ( ) of 4 measures of performance: accuracy (Ac), F;-score (F1), sensi-

tivity (Sn), and speci city (Sp). The best performances (with the greatest value

shown in bold.

) are

Since DT consistently demonstrated the best performance for non-reduced inputs (binary

vectors with 59,900 components), while SVM exhibited the best behaviour on SVD-reduced

inputs (vectors with 50 components only), to save space only the results of these two classi ers

in the corresponding cases are shown in Tables 3.3 and 3.3. Table 3.3 demonstrates that 3-fold

cross-validation gives the best results among other k-fold cross-validations (k = 2;5;7;9; 10;
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the results for k = 7; 9 were similar to k = 10 and not shown in Table 3.3). Notably, on SVD-
reduced inputs, the means of accuracy, F;-score, sensitivity, and speci city tend to increase
with the growth of k, while on non-reduced inputs, they vary with no particular dependence.
This regularity was consistently observed not only in Sy, classi cation, but also in the other
two Ha-s and Hpmam, and may be considered as evidence that SVD successfully decreased

the level of noise in the data.

SHum HA:S HMam
DT, inputs with 59,900 components
Ac .986 .009 .977 .023 .978 .012
F, .982 .016 .974 .027  .986 .008
Sn 996 .003 .957 .048 .984 .018
Sp  .980 .016 .995 .004  .960 .057
SVM, inputs with 50 components
Ac .986 .004 .976 .025 .987 .018
F, .981 .005 .972 .030 .992 .012
Sn 989 .011 .957 .061 1.000 .000
Sp .983 .012 .992 .012  .947 .075

Table 3.3 3-fold cross-validation of DT and SVM classi er run on inputs without and with
dimensionality reduction respectively. The results are presented as mean ( )  standard
deviation ( ) of 4 measures of performance: accuracy (Ac), Fi-score (Fy), sensitivity (Sn),
and speci city (Sp).

Table 3.3 demonstrates decent results for all performed classi cations (referring to the 4
statistical metrics used { accuracy, F;-score, sensitivity, and speci city) reaching more than
98% for Spum, 95% for Ha-s, and 94% for Hyam.

Important sites. We used DT to identify important sites in Syym classi cation, see Table
3.4. Only two sites (1483 and 2258) had high importance of greater than 0.80. Remarkably,

they appeared in each run of DT classi er independently of the number of splits k. All

other sites used in DT had importance of less than 0.13. As k increases, the proportion of
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occurrences of the two sites changes in favor of 2258, reaching 100% in the 10-fold split.

Site_2-fold __ 3-fold __ 5-fold __ 10-fold
1483 811 (3) .803 (2) .800 (1) NA (0)
2258 .807 (17) .806 (28) .806 (49) 0.806 (100)

Table 3.4 The average importance and number of occurrences (in parentheses) for deciding
sites identi ed by DT classi er in Syym. The classi er was run 10  k times, where Kk is the
number of folds.

We experimented with adding or deleting sequences in the dataset to assess the robustness
of site selection. The sequence addition/deletion had minimal e ect unless it altered the
composition of species in the dataset. Deletion of the species that have genetic analogs
(e.g., deletion of all SARS-CoV-1 sequences while SARS-CoV-2 sequences remain untouched)
has no signi cant e ect. However, addition and deletion of \unique™ species may alter
results dramatically. For instance, when we included the 15 Tobaniviridae sequences deleted
from the original dataset during the prepossessing, the sites 1483 and 2258 were identi ed,
but their proportion gradually changed from 11:8 for a 2-fold split to 35:64 for a 10-fold
split. Additionally, another important site 2213 appeared among the sites with high (>0.7)
importance. In another example, deletion of all BCoVs drastically altered the ranking of

important sites identifying 1634 as the only site with high importance.

3.4 Discussion

Our analysis shows that host speci city of CoVs can be predicted with high accuracy using
only S protein sequences. A total of 1238 sequences were aligned and SVD used for dimen-
sionality reduction. Machine learning classi ers SVM, LR, DT, and RF gave excellent results

with high accuracies of > 0.98 for 3-fold cross-validation. Similar results were obtained by
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another group using RF models applied to a di erent database of spike sequences Qiang
et al. (2020).

Clustering of data with t-SNE embeddings con rms the reliability of the analysis. S
protein sequences segregate correctly by virus genus and type of host species. The observed
overlap of human with bats or camel hosts is likely due to the hypothesized origin of SARS-
CoV-1 in bats and MERS from bats via the intermediate host of camels Cui et al. (2019).
As expected, the two SARS-CoVs comprise two regions of the same cluster. A recent alter-
nate approach applied supervised machine learning on whole genome sequences of CoV for
rapid classi cation of COVID-19 Randhawa et al. (2020). Our approach achieves excellent
classi cation and clustering results using only CoV spike sequences.

The DT classi er for Sy identi es two sites (1483 and 2258) with an average importance
of 0.81. Other sites were more variable and less signi cant with importance of 0.13 or less.
We examined the location of the two key sites in S protein and their known biological roles.
Site 1483 is equivalent to the conserved arginine (R685 in SARS-CoV?2) in the S1/S2 protease
cleavage site of the S protein. Protease cleavage at this site is required for viral cell entry
Tang et al. (2020a). Site 2258 corresponds to Q1201 in the heptad repeat 2 (HR2) of SARS-
CoV2 S protein. HR2 is critical for viral fusion to the host cell membrane. This region has
been targeted in development of antibodies and peptide inhibitors as antiviral agents for
SARS CoVs Elshabrawy et al. (2012); Xia et al. (2020). Therefore, DT has identi ed key
amino acid residues in biologically important regions of S protein.

Accurate predictions of CoV host speci city are essential in light of the COVID19 pan-
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demic and the potential for new trans-species infections in future. Our analysis relies only
on the S protein sequences rather than using the entire viral genome. Similar analyses might

be valuable to predict the host speci city of novel CoV sequences.
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