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Abstract. Polynomials over finite fields are important in computer science and electrical engineering as 

they present a mathematical representation of digital circuits.  Pursuant to the validation of a proposed 

method for interpolating such representations, this paper establishes necessary and sufficient conditions 

for polynomial functions with coefficients in a finite field to be compatible with given subfields.  These 

conditions are developed via a universal permutation that depends only on the cardinalities of the given 

fields.      
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1 Introduction 

 

Polynomial functions over finite fields are important in computer science and electrical engineering in 

that they can be used as a mathematical representation of digital circuits. If a polynomial representation of 

a digital circuit design can be derived, it becomes possible to test the validity of the circuit design 

abstractly as opposed to physically testing the circuit post-construction.  Dr. Priyank Kalla of the 

University of Utah has proposed a method for interpolating such a representation through the use of 

Gröbner bases and elimination theory.  

As a fundamental step toward validating the proposed method, we set out to establish the 

necessary and sufficient conditions for polynomial functions with coefficients in a field of characteristic 

𝑝, when restricted to a subfield, to map from the restricted domain to a different subfield of the original 

field.  Due to the original problem’s relationship to binary structures, the proposed method of 

interpolation deals specifically with polynomials with coefficients in a field of characteristic 2; however, 

the problem as stated above was approachable for all primes p and therefore we chose to handle the 

general case and found an answer for all finite fields. 

In section 2, we discuss basic terminology and restrict the problem to a set of polynomials of 

maximum degree in order to reduce the problem’s complexity.  In section 3, we discuss the derivation and 

application of an equation-of-coefficients permutation that gives the necessary and sufficient conditions 

on coefficients of a polynomial to satisfy the requirements of the problem.  In section 4, we discuss some 

properties of this permutation and show that we can consider polynomials satisfying the requirements of 

the problem to have coefficients lying in a very specific field.   In section 5, the permutation giving the 

necessary and sufficient conditions on polynomials meeting our requirements is examined and an 

application of the results to finite fields in general is presented.  In section 6, we give an identity for 

polynomials satisfying the necessary and sufficient conditions for the problem.  

 

2 Background 

 

A field 𝐹 of characteristic 𝑝 is a field such that for the multiplicative identity element in 𝐹, denoted 1𝐹, 

𝑝(1𝐹) = 1𝐹 + 1𝐹 +⋯+ 1𝐹 = 0, where 𝑝 is the smallest positive integer where this occurs. When 

necessary, we will denote this with 𝐶ℎ(𝐹) = 𝑝.  A basic example of such a field would be the quotient 

group ℤ/𝑝ℤ ≅ ℤ𝑝, where 𝑝 is some prime number.  It is easily shown that when taken as a ring under the 

standard addition and multiplication, we have commutativity, unity, and for each element in ℤ𝑝\{0} there 

exists a multiplicative inverse.  Also, 𝑝(1) = 0 ∙ 1 = 0,  hence 𝐶ℎ(ℤ𝑝) = 𝑝. Then ℤ𝑝 is a finite field of 

characteristic 𝑝, and is the most basic example of a finite field.  From here on, we will denote such a field 

as 𝔽𝑝.  (pg. 510-511, [1]) 

 Although the characteristic for any field must be 0 or 𝑝 for some prime number 𝑝, it is not the 

case that all fields are of either infinite cardinality (as is the case when 𝐶ℎ(𝐹) = 0) or of cardinality 𝑝.  

Finite fields, which are also at times referred to as Galois fields, of cardinality 𝑝𝑛 for any prime 𝑝 and 

natural number 𝑛 can be constructed as well.  The existence and uniqueness of such fields is a very well 

covered subject, therefore the explanation of such a construction is omitted here.  (pg. 549-550, [1]) We 
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will denote such fields as 𝔽𝑝𝑛, with the subscript 𝑝𝑛 denoting the cardinality of the field where the 

characteristic of the field is the prime 𝑝.  It is worth reminding the reader here that a field 𝔽𝑝𝑛 ⊆ 𝔽𝑝𝑙 if 

and only if 𝑛|𝑙. (pg. 3, [2])  Also, it should be kept in mind that in a finite field of cardinality 𝑚, 𝑥𝑚 = 𝑥 

for all elements 𝑥 in that field. This is clear if 𝑥 = 0, and if 𝑥 ≠ 0 then 𝑥 is in the multiplicative group of 

the field, which has order 𝑚 − 1.  It follows that 𝑥𝑚−1 = 1 and hence 𝑥𝑚 = 𝑥. 

 There is a great distinction between a polynomial 𝑓 with coefficients in a field 𝐾 as an element of 

a polynomial ring 𝐾[𝑥] and 𝑓 as a function, 𝑓:𝐾 → 𝐾.  In this paper, we wish to move freely between the 

two concepts, so here we establish the convention that when we are referring to 𝑓 as a function, we will 

write 𝑓(𝑥) to indicate that 𝑓 is being evaluated at some element(s) of 𝐾.  Otherwise, it is to be assumed 

that we are referring to 𝑓 as an element of the polynomial ring 𝐾[𝑥].   

 For a more detailed statement of the question handled by this paper, suppose we have a 

polynomial with coefficients in some field 𝔽𝑞 and we have subfields 𝔽𝑞′ and 𝔽𝑞′′ with 𝔽𝑞′ ⊆ 𝔽𝑞  and 

𝔽𝑞′′ ⊆ 𝔽𝑞, but not necessarily 𝔽𝑞′ ⊆ 𝔽𝑞′′ or vice versa.  Suppose we wish to know if for some polynomial 

𝐹 ∈ 𝔽𝑞[𝑥], the restriction of the polynomial function 𝑓(𝑥) to 𝔽𝑞′ maps into 𝔽𝑞′′, that is to say if 

𝐹(𝔽𝑞′) ⊆ 𝔽𝑞′′.  The essential question handled by this paper is as follows: 

“What are the necessary and sufficient conditions on the coefficients of polynomials taken from the larger 

field for the restriction of the polynomials as functions with respect to the indicated subfield to map 

entirely into the target subfield?  Furthermore, is there some test we can apply to the coefficients of the 

polynomial in order to determine if the polynomial achieves the desired results?” 

Below is a diagram illustrating this relation: 

 

𝔽𝑞               𝐹(𝑥)              𝔽𝑞  

 

𝔽𝑞′               𝑓(𝑥)              𝔽𝑞′′ 

 

 Now let us specify a prime subfield 𝔽𝑝 for some prime 𝑝 and let 𝑞 = 𝑝𝑙 , 𝑞′ = 𝑝𝑛 𝑎𝑛𝑑 𝑞′′ = 𝑝𝑚, 

so that 𝑛|𝑙, 𝑚|𝑙, but not necessarily 𝑚|𝑛 or vice versa. Consider a polynomial 𝐹 ∈ 𝔽𝑝𝑙[𝑥].  Although 

there are no restrictions on the degree of an arbitrary polynomial in 𝔽𝑝𝑙[𝑥], when we restrict the function 

𝐹(𝑥) to 𝔽𝑝𝑛, we can derive a minimum degree representation of 𝐹, and this representation will again be 

an element of 𝔽𝑝𝑙[𝑥].  We achieve this by accumulating the coefficients of monomials of degree greater 

than 𝑝𝑛 − 1 to coefficients of lower degree terms where each term in the smaller degree polynomial is the 

sum of elements in 𝔽𝑝𝑙 that were previously coefficients of distinct powers of the indeterminate.  Then we 

can take 𝐹|𝔽𝑝𝑛(𝑥) = 𝑓(𝑥) = 𝑎𝑥
𝑝𝑛−1 + 𝑎𝑝𝑛−2𝑥

𝑝𝑛−2 +⋯+ 𝑎1𝑥 + 𝑎0, with all 𝑎𝑖 ∈ 𝔽𝑝𝑙 .  Such an 

accumulation of coefficients will not be a focal point in this paper, although it is an assuredly simple 

process.   

Definition:  Let 𝔽𝑝𝑙 be a finite field of characteristic 𝑝 and cardinality 𝑝𝑙.  Let 𝐹 be some polynomial in 

the polynomial ring 𝔽𝑝𝑙[𝑥].  Let 𝔽𝑝𝑛 ⊆ 𝔽𝑝𝑙.  We say that 𝑓 ∈ 𝔽𝑝𝑙[𝑥] is the minimal representation of 𝐹 
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with respect to 𝔽𝑝𝑛 if deg(𝑓) < 𝑝𝑛 and when taken as functions mapping 𝔽𝑝𝑙 into 𝔽𝑝𝑙, 𝐹(𝑥) = 𝑓(𝑥) for 

all 𝑥 ∈ 𝔽𝑝𝑛.   

 

Proposition 2.1: Let 𝔽𝑝𝑙 be a field of characteristic 𝑝 and 𝔽𝑝𝑛 ⊆ 𝔽𝑝𝑙.  Then every polynomial 𝐹 ∈ 𝔽𝑝𝑙[𝑥] 

has a unique minimal representation with respect to 𝔽𝑝𝑛. 

 

Proof.  Let 𝐹 ∈ 𝔽𝑝𝑙[𝑥] and assume that we are evaluating 𝐹 as a function on 𝔽𝑝𝑙 at elements of 𝔽𝑝𝑛.  

Then it follows that the indeterminate 𝑥 has the property that 𝑥𝑝
𝑛
= 𝑥.  Then if 𝐹 is of degree ℎ for some 

ℎ ≥ 𝑝𝑛, when evaluating 𝐹 we have 𝐹(𝑥) = 𝑏ℎ𝑥
ℎ + 𝑏ℎ−1𝑥

ℎ−1 +⋯+ 𝑏𝑝𝑛𝑥
𝑝𝑛 + 𝑏𝑝𝑛−1𝑥

𝑝𝑛−1 +⋯+

𝑏1𝑥 + 𝑏0 with all 𝑏𝑖 ∈ 𝔽𝑝𝑙, with possibly some 𝑏𝑖 = 0.  Since under this evaluation we have that 𝑥𝑝
𝑛
=

𝑥, we can accumulate the coefficients 𝑏𝑖 so that 𝐹(𝑥) = (𝑏𝑝𝑛−1 +⋯+ 𝑏(𝑝𝑛−1)𝑞)𝑥
𝑝𝑛−1 +⋯+ (𝑏1 +

⋯+ 𝑏1𝑤)𝑥 + 𝑏0 (𝑞, 𝑤 some nonspecific specific positive integers) where 𝑏𝑖𝑘 corresponds to a coefficient 

of some 𝑥𝑔, 𝑔 ≥ 𝑝𝑛, and where 𝑥𝑔 = 𝑥𝑖 under the assumption that 𝑥𝑝
𝑛
= 𝑥.  Then the sums of these 

coefficients are again elements of 𝔽𝑝𝑙, and we may write 𝐹(𝑥) = 𝑓(𝑥) = 𝑎𝑝𝑛−1𝑥
𝑝𝑛−1 +⋯+ 𝑎1𝑥 + 𝑎0.  

Then 𝑓 ∈ 𝔽𝑝𝑙[𝑥], deg(𝑓) < 𝑝
𝑛, and by construction, for all 𝑥 ∈ 𝔽𝑝𝑛, 𝐹(𝑥) = 𝑓(𝑥).  Then 𝑓 is the 

minimal representation of 𝐹 with respect to 𝔽𝑝𝑛.  If deg(𝐹) < 𝑝𝑛, then we can take 𝐹 to be its own 

minimal representation.   

 Now suppose both 𝑓 and 𝑓′ are minimal representations of 𝐹 with respect to 𝔽𝑝𝑛.  Then 𝑓, 𝑓′ ∈

𝔽𝑝𝑙[𝑥], both are of degree strictly less than 𝑝𝑛, and for all 𝑥 ∈ 𝔽𝑝𝑛, 𝐹(𝑥) = 𝑓(𝑥) = 𝑓′(𝑥).   Then form a 

new polynomial, 𝑓 − 𝑓′.  Then deg(𝑓 − 𝑓′) < 𝑝𝑛 and (𝑓 − 𝑓′)(𝑥) = 0 for all 𝑥 ∈ 𝔽𝑝𝑛, which implies 

that 𝑓 − 𝑓′ has 𝑝𝑛 roots.  Since deg(𝑓 − 𝑓′) < 𝑝𝑛, this can only occur if 𝑓 − 𝑓′ is the zero polynomial, 

hence 𝑓 − 𝑓′ = 0 and 𝑓 = 𝑓′.  Conclude that every polynomial in 𝔽𝑝𝑙[𝑥] has a unique minimal 

representation with respect to 𝔽𝑝𝑛. ∎ 

 

 By the conditions of our problem, we must have that for all 𝑥 ∈ 𝔽𝑝𝑛, 𝑓(𝑥) ∈ 𝔽𝑝𝑚.  Then as 𝑎 ∈

𝔽𝑝𝑚 implies 𝑎𝑝
𝑚
= 𝑎, we must have that for all 𝑥 ∈ 𝔽𝑝𝑛, (𝑓(𝑥))

𝑝𝑚

= 𝑓(𝑥), which is to say that 

(𝑓(𝑥))
𝑝𝑚

− 𝑓(𝑥) = 0.  Note that as before, since we are evaluating 𝑓 at elements of 𝔽𝑝𝑛, we can again 

form a new polynomial 𝑓′(𝑥) = (𝑓(𝑥))
𝑝𝑚

 such that 𝑓′ is the minimal representation of 𝑓𝑝
𝑚

 with respect 

to 𝔽𝑝𝑛. 

 It becomes important here to apply the concept of the ideal of polynomial functions that vanish on 

𝔽𝑝𝑛, which is to say polynomial functions that always have an image of 0 when evaluated at elements of 

𝔽𝑝𝑛.  This ideal in 𝔽𝑝𝑙[𝑥], denoted 𝔗(𝔽𝑝𝑛), is principal as 𝔽𝑝𝑙 is a field.  Clearly 𝑥 must divide any 

generator as 0 must be a root.  Note that 0 is not a root of 𝑥𝑝
𝑛−1 − 1.  Since the formal derivative of 

𝑥𝑝
𝑛−1 − 1 is (𝑝𝑛 − 1)𝑥𝑝

𝑛−2 and 𝑝 does not divide 𝑝𝑛 − 1, we see that 𝑥𝑝
𝑛−1 − 1 has no repeated roots.  

Since 𝑥𝑝
𝑛−1 = 1 for all 𝑥 ∈ 𝔽𝑝𝑛, 𝑥 ≠ 0, 𝑥𝑝

𝑛−1 − 1 has a distinct root at every element of the 

multiplicative group of 𝔽𝑝𝑛. Then 𝑥𝑝
𝑛−1 − 1 factors linearly into ∏ (𝑥 − 𝑎𝑖)

𝑝𝑛−1
1  where each 𝑎𝑖 is a 

distinct element of the multiplicative group of 𝔽𝑝𝑛.  If two polynomials with coefficients in a field share 

roots, they must have equivalent monic linear factors, so it follows that 𝑥𝑝
𝑛−1 − 1 must divide any 

generator for 𝔗(𝔽𝑝𝑛).  Then the polynomial 𝑥(𝑥𝑝
𝑛−1 − 1) = (𝑥𝑝

𝑛
− 𝑥) is a generator for 𝔗(𝔽𝑝𝑛). 
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Then if 𝑓′(𝑥) − 𝑓(𝑥) = 0 for all 𝑥 ∈ 𝔽𝑝𝑛,  𝑓′ − 𝑓 ∈ 𝔗(𝔽𝑝𝑛) = ((𝑥
𝑝𝑛 − 𝑥)), which implies that 

𝑓′ − 𝑓 = 𝑎(𝑥𝑝
𝑛
− 𝑥) for some polynomial 𝑎 ∈ 𝔽𝑝𝑙[𝑥].  We see immediately that the degree of the left 

hand side is at most 𝑝𝑛 − 1, while the minimum positive degree of the right hand side is 𝑝𝑛, which 

implies that we must have 𝑎 = 0.  Then we can conclude that to satisfy the conditions of our problem, 

when considering 𝑓 and 𝑓′ as members of 𝔽𝑝𝑙[𝑥], we must have 𝑓′ − 𝑓 = 0, which is to say that 𝑓′ = 𝑓.  

Then under these conditions, we can assume that the coefficients of 𝑓 and 𝑓′ are equal.   

This gives rise to the main method used in this paper to establish the necessary and sufficient 

conditions on the coefficients of the polynomials satisfying our requirements.  Say we are given a 

polynomial 𝐹 of any degree in 𝔽𝑝𝑙[𝑥] and we wish to know if 𝐹(𝔽𝑝𝑛) ⊆ 𝔽𝑝𝑚.  Then when we restrict 

𝐹(𝑥) to elements of 𝔽𝑝𝑛, we can give a new representation of 𝐹(𝑥) as 𝑓, an element of 𝔽𝑝𝑙[𝑥] with 

deg(𝑓) < 𝑝𝑛.  Then in order to ensure that 𝑓(𝑥) ∈ 𝔽𝑝𝑚 for all 𝑥 ∈ 𝔽𝑝𝑛, we can compute (𝑓(𝑥))
𝑝𝑚

 which 

can be again represented by another element 𝑓′ ∈ 𝔽𝑝𝑙[𝑥] such that deg(𝑓′) < 𝑝𝑛.   Finally, in order to 

satisfy the requirement that this restricted polynomial 𝑓 maps entirely into 𝔽𝑝𝑚, we must have 𝑓 = 𝑓′.  

This is the basic foundation of our approach to this problem.   

 It is to our advantage to minimize the number of polynomials in 𝔽𝑝𝑙[𝑥] that we are considering, 

so here we will establish a reduced set of polynomials meeting our target criteria based on the reasoning 

above.  Let ℱ𝑝[𝑛,𝑚]  denote the set of polynomials in 𝔽𝑝𝑙[𝑥] of degree strictly less than 𝑝𝑛 such that when 

evaluated at elements of 𝔽𝑝𝑛, their images lie completely in 𝔽𝑝𝑚.  Note that this set is the set of minimal 

representations with respect to 𝔽𝑝𝑛 of polynomials that satisfy the requirements of our problem.  Using 

standard set notation, we can write:  

ℱ𝑝[𝑛,𝑚] = {𝑓 ∈ 𝔽𝑝𝑙[𝑥] | deg(𝑓) < 𝑝
𝑛 , 𝑓(𝔽𝑝𝑛) ⊆ 𝔽𝑝𝑚} 

Example 2.2:  We now give an example of a polynomial that resides in ℱ2[3,2] .  We will choose 𝑙 = 6 so 

that 𝔽23 ⊂ 𝔽26 and 𝔽22 ⊂ 𝔽26.  Note that the two smaller fields are not contained in one another.  Let 𝜃 

be the root of an irreducible polynomial 𝑔 of degree 6 over 𝔽2 so that 𝔽2(𝜃) ≅ 𝔽26.  Note that 𝔽26 ≅

{𝑎0 + 𝑎1𝜃 + 𝑎2𝜃
2 + 𝑎3𝜃

3 + 𝑎4𝜃
4 + 𝑎5𝜃

5 | 𝑎𝑖 ∈ 𝔽2}.  Let 𝑓 be the polynomial: 

𝑓 = (𝜃3 + 𝜃2 + 𝜃 + 1)𝑥7 + (𝜃4 + 𝜃2)𝑥6 + (𝜃5 + 𝜃4)𝑥5 + (𝜃5)𝑥4 + (𝜃5 + 𝜃2)𝑥3 + (𝜃2 + 𝜃 + 1)𝑥2 + (𝜃5 + 𝜃2 + 𝜃)𝑥 + (𝜃3 + 𝜃2 + 𝜃) 

When taken as subfields of 𝔽26:  

𝔽23 = {0,1, 𝜃
5 + 𝜃4 + 𝜃2 + 1, 𝜃4 + 𝜃2 + 𝜃 + 1, 𝜃5 + 𝜃4 + 𝜃2, 𝜃5 + 𝜃, 𝜃5 + 𝜃 + 1, 𝜃4 + 𝜃2 + 𝜃} 

𝔽22 = {0,1, 𝜃
3 + 𝜃2 + 𝜃 + 1, 𝜃3 + 𝜃2 + 𝜃} 

Then evaluating at each element of 𝔽23, we see that the image of 𝑓 is entirely contained in 𝔽22. 

𝑓(0) = 𝜃3 + 𝜃2 + 𝜃 

𝑓(1) = 0 

𝑓(𝜃5 + 𝜃4 + 𝜃2 + 1) = 0 

𝑓(𝜃4 + 𝜃2 + 𝜃 + 1) = 0 

𝑓(𝜃5 + 𝜃4 + 𝜃2) = 1 

𝑓(𝜃5 + 𝜃) = 𝜃3 + 𝜃2 + 𝜃 + 1 

𝑓(𝜃5 + 𝜃 + 1) = 0 
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𝑓(𝜃4 + 𝜃2 + 𝜃) = 0 

 

In the following paragraphs, we will establish some basic properties of polynomials in the set 

ℱ𝑝[𝑛,𝑚] , but before we do, it is important to discuss some observations that will be used throughout this 

paper.  As previously mentioned, for all 𝑥 ∈ 𝔽𝑝𝑛 , 𝑥
𝑝𝑛 = 𝑥, but it happens to be true that if 𝑥 ∈ 𝔽𝑝𝑙, 𝑥

𝑝𝑛 =

𝑥 if and only if 𝑥 ∈ 𝔽𝑝𝑛 ⊆ 𝔽𝑝𝑙.  For the converse, assume there is some 𝑥 ∈ 𝔽𝑝𝑙\𝔽𝑝𝑛 such that 𝑥𝑝
𝑛
= 𝑥.  

But then the polynomial (𝑥𝑝
𝑛
− 𝑥) is a polynomial with coefficients in a field of degree 𝑝𝑛 with at least 

𝑝𝑛 + 1 roots, impossible.  Conclude that the converse is true.   

 Another well-known and important property of finite fields is that they enjoy the privilege of 

freshman’s exponentiation for powers of the characteristic.  That is to say, for any two elements 𝑎 and 𝑏 

in a finite field 𝐹, if 𝐶ℎ(𝐹) = 𝑝, then (𝑎 + 𝑏)𝑝 = 𝑎𝑝 + 𝑏𝑝.  This comes from the simple observation that 

when expressing (𝑎 + 𝑏)𝑝 using the binomial expansion theorem, we have (𝑎 + 𝑏)𝑝 = 𝑎𝑝 +

(
𝑝
1
)𝑎𝑝−1𝑏 +⋯+ (

𝑝
𝑝 − 1)𝑎𝑏

𝑝−1 + 𝑏𝑝 = 𝑎𝑝 +
𝑝!

1!(𝑝−1)!
𝑎𝑝−1𝑏 +⋯+

𝑝!

(𝑝−1)!1!
𝑎𝑏𝑝−1 + 𝑏𝑝.  Since 

𝐶ℎ(𝐹) = 𝑝 and all middle coefficients have a factor of 𝑝, they vanish so that only 𝑎𝑝 + 𝑏𝑝 remains.  

Then (𝑎1 + 𝑎2 +⋯+ 𝑎𝑛−1 + 𝑎𝑛)
𝑝 = ((𝑎1 + 𝑎2 +⋯+ 𝑎𝑛−1) + 𝑎𝑛)

𝑝
= (𝑎1 + 𝑎2 +⋯+ 𝑎𝑛−1)

𝑝 + 𝑎𝑛
𝑝

.  

Continuing this process leaves us with the result that when in a finite field of characteristic 𝑝, 

(𝑎1 +⋯+ 𝑎𝑛)
𝑝 = 𝑎1

𝑝
+⋯+ 𝑎𝑛

𝑝
 for any 𝑛 number of terms.  It is also not hard to see that this is true for 

all powers of the characteristic, as (𝑎 + 𝑏)𝑝
𝑘
= ((𝑎 + 𝑏)𝑝)𝑝

𝑘−1
= (𝑎𝑝 + 𝑏𝑝)𝑝

𝑘−1
= ⋯ = 𝑎𝑝

𝑘
+ 𝑏𝑝

𝑘
. 

 Returning to the set ℱ𝑝[𝑛,𝑚], observe that if we take some polynomial 𝑓 = 𝑎𝑝𝑛−1𝑥
𝑝𝑛−1 +

𝑎𝑝𝑛−2𝑥
𝑝𝑛−2 +⋯+ 𝑎1𝑥 + 𝑎0, we can just as well write 𝑓 = ∑ 𝑎𝑖𝑥

𝑖𝑝𝑛−1
𝑖=0 .  Then if we wish to calculate 

𝑓𝑝
𝑚

, we can apply freshman’s exponentiation over the sum to get 𝑓𝑝
𝑚
= (∑ 𝑎𝑖𝑥

𝑖𝑝𝑛−1
𝑖=0 )

𝑝𝑚

=

∑ (𝑎𝑖𝑥
𝑖)
𝑝𝑚𝑝𝑛−1

𝑖=0 = ∑ 𝑎𝑖
𝑝𝑚 
𝑥𝑝

𝑚𝑖𝑝𝑛−1
𝑖=0 .  The following proposition examines the behavior of the 

indeterminate of monomials of a polynomial in ℱ𝑝[𝑛,𝑚]  under the assumption that we are evaluating the 

polynomial at elements of 𝔽𝑝𝑛.   

Proposition 2.3: Let 𝑎𝑖𝑥
𝑖 be a monomial of some polynomial in ℱ𝑝[𝑛,𝑚] . When evaluated at elements of  

𝔽𝑝𝑛, (𝑎𝑖𝑥
𝑖)
𝑝𝑚

= 𝑎𝑖
𝑝𝑚
𝑥𝑞+𝑟 where 𝑝𝑘𝑖 = 𝑝𝑛𝑞 + 𝑟 and 𝑚 = 𝑘 (𝑚𝑜𝑑 𝑛). 

 

Proof. Assume that we are evaluating the monomial 𝑎𝑖𝑥
𝑖 at elements of 𝔽𝑝𝑛. Then the indeterminate 𝑥 

has the property that 𝑥𝑝
𝑛
= 𝑥.  Suppose that  𝑚 < 𝑛 and that 𝑝𝑚𝑖 = 𝑝𝑛𝑞 + 𝑟, 0 ≤ 𝑟 < 𝑛.  Then 

( 𝑎𝑖𝑥
𝑖)
𝑝𝑚

= 𝑎𝑖
𝑝𝑚
𝑥𝑝

𝑚𝑖 = 𝑎𝑖
𝑝𝑚
𝑥𝑝

𝑛𝑞+𝑟 = 𝑎𝑖
𝑝𝑚
𝑥𝑝

𝑛𝑞𝑥𝑟 = 𝑎𝑖
𝑝𝑚
𝑥𝑞𝑥𝑟 = 𝑎𝑖

𝑝𝑚
𝑥𝑞+𝑟.  Now suppose that 𝑚 ≥ 𝑛 

so that 𝑚 = 𝑛𝑗 + 𝑘 for some 𝑗 > 0, 0 ≤ 𝑘 < 𝑛, and suppose that 𝑝𝑘𝑖 = 𝑝𝑛𝑞 + 𝑟.  Then (𝑎𝑖𝑥
𝑖)
𝑝𝑚

=

𝑎𝑖
𝑝𝑚
𝑥𝑝

𝑚𝑖 = 𝑎𝑖
𝑝𝑚
(𝑥𝑝

𝑚−𝑛
)
𝑖
= 𝑎𝑖

𝑝𝑚
(𝑥𝑝

𝑚−2𝑛
)
𝑖
= ⋯ = 𝑎𝑖

𝑝𝑚
(𝑥𝑝

𝑚−𝑛𝑗
)
𝑖
= 𝑎𝑖

𝑝𝑚
(𝑥𝑝

𝑘
)
𝑖
= 𝑎𝑖

𝑝𝑚
𝑥𝑝

𝑘𝑖 =

𝑎𝑖
𝑝𝑚
𝑥𝑝

𝑛𝑞+𝑟 = 𝑎𝑖
𝑝𝑚
𝑥𝑞+𝑟. ∎  

  

 Equation of coefficients is valid under the conditions on ℱ𝑝[𝑛,𝑚] , and assuming that there is at 

least one polynomial 𝑓 ∈ ℱ𝑝[𝑛,𝑚] , it would stand to reason that if we are to have (𝑓(𝑥))
𝑝𝑚

= 𝑓′(𝑥) with 
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𝑓′ = 𝑓, we could do no less than permute the coefficients of 𝑓 taken to the 𝑝𝑚
𝑡ℎ

 power (otherwise we 

may not have enough coefficients to equate!).  Then we can establish a test on polynomials in 𝔽𝑝𝑙[𝑥] of 

maximum degree 𝑝𝑛 − 1 to determine whether or not they reside in the set ℱ𝑝[𝑛,𝑚] .  First, order the 

coefficients of 𝑓 in a vector and raise each coefficient to the 𝑝𝑚
𝑡ℎ

 power.  Next, take a vector of the 

original coefficients and permute them according to the requirements of the problem.  If the difference of 

the first vector and the resulting vector after the second is permuted is the zero vector, then we must have 

that the coefficients are equal and hence 𝑓′ = 𝑓.  Below is an example of such an arrangement where 𝐴 is 

some permutation matrix: 

 

[*] 

(

 
 
 
 

𝑎0
𝑝𝑚

𝑎1
𝑝𝑚

.

.

.

𝑎𝑝𝑛−1
𝑝𝑚

)

 
 
 
 

− 𝐴

(

 
 
 

𝑎0
𝑎1
.
.
.

𝑎𝑝𝑛−1)

 
 
 
= 0̂ 

 

 As shown in proposition 2.3, when evaluated at elements of 𝔽𝑝𝑛, (𝑎𝑖𝑥
𝑖)
𝑝𝑚

= 𝑎𝑖
𝑝𝑚
𝑥𝑞+𝑟, so we 

can expect that in order for a polynomial 𝑓 to reside in the set ℱ𝑝[𝑛,𝑚] , for all the monomial terms of 

𝑓𝑝
𝑚
(𝑥) = 𝑓′(𝑥), we must have 𝑎𝑖

𝑝𝑚
𝑥𝑞+𝑟 = 𝑎𝑞+𝑟𝑥

𝑞+𝑟, which is to say 𝑎𝑖
𝑝𝑚
= 𝑎𝑞+𝑟.  Then the task here 

lies in presenting a permutation that gives us the "𝑞 + 𝑟" position of 𝑖; that is, we must find 𝑞 + 𝑟 where 

𝑝𝑘𝑖 = 𝑝𝑛𝑞 + 𝑟, 𝑚 = 𝑘𝑚𝑜𝑑𝑛.  The following section deals exclusively with this permutation and one of its 

remarkable properties, but first, we provide examples of finding the permutation of coefficients specific to 

certain fields 𝔽𝑝𝑛 and 𝔽𝑝𝑚 without the aid of a permutation matrix.   

 

Example 2.4: Suppose 𝑓 ∈ 𝔽26[𝑥] is of degree strictly less than 23 = 8 and suppose we wish to test 

whether 𝑓 resides in the set ℱ2[3,2] , which is the set of polynomials in 𝔽26[𝑥] of degree less than 8 such 

that when restricted to 𝔽23, the image of 𝑓 is a subset of 𝔽22.  For this to happen, when evaluating at 

elements of 𝔽23, we must have (𝑓(𝑥))
4
= 𝑓′(𝑥) = 𝑓(𝑥).  Suppose that 𝑓(𝑥) = 𝑎7𝑥

7 +⋯+ 𝑎1𝑥 + 𝑎0 

and recall that under evaluation at elements of 𝔽23, 𝑥
8 = 𝑥.  We proceed with the calculations below: 

 

𝑓(𝑥)4 = 𝑎7
4𝑥28 + 𝑎6

4𝑥24 + 𝑎5
4𝑥20 + 𝑎4

4𝑥16 + 𝑎3
4𝑥12 + 𝑎2

4𝑥8 + 𝑎1
4𝑥4 + 𝑎0

4 

            = 𝑎7
4𝑥3+4 + 𝑎6

4𝑥3+0 + 𝑎5
4𝑥2+4 + 𝑎4

4𝑥2+0 + 𝑎3
4𝑥1+4 + 𝑎2

4𝑥1+0 + 𝑎1
4𝑥4 + 𝑎0

4 

            = 𝑎7
4𝑥7 + 𝑎6

4𝑥3 + 𝑎5
4𝑥6 + 𝑎4

4𝑥2 + 𝑎3
4𝑥5 + 𝑎2

4𝑥1 + 𝑎1
4𝑥4 + 𝑎0

4 

 

Then it follows we must have 𝑎7
4 = 𝑎7,  𝑎6

4 = 𝑎3, 𝑎5
4 = 𝑎6, 𝑎4

4 = 𝑎2, 𝑎3
4 = 𝑎5, 𝑎2

4 = 𝑎1, 𝑎1
4 = 𝑎4, 

and 𝑎0
4 = 𝑎0 in order to achieve (𝑓(𝑥))

4
= 𝑓′(𝑥) = 𝑓(𝑥).  Note that this process is computationally 

expensive, as for each monomial we must find the quotient and remainder in relation to the power 

corresponding to the index multiplied by 4.  It becomes even more computationally demanding when we 

take 𝑚 > 𝑛, as is illustrated in the next example.   
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Example 2.5: Suppose 𝑓 ∈ 𝔽215[𝑥] has degree strictly less than 8 and suppose we wish to test whether or 

not 𝑓 resides in the set ℱ2[3,5] .  Again for this to happen, when evaluating at elements of 𝔽23, we must 

have (𝑓(𝑥))
32
= 𝑓.  Again let 𝑓(𝑥) = 𝑎7𝑥

7 +⋯+ 𝑎1𝑥 + 𝑎0 and note that 𝑥8 = 𝑥: 

 

𝑓(𝑥)32 = 𝑎7
32𝑥224 + 𝑎6

32𝑥192 + 𝑎5
32𝑥160 + 𝑎4

32𝑥128 + 𝑎3
32𝑥96 + 𝑎2

32𝑥64 + 𝑎1
32𝑥32 + 𝑎0

32 

              = 𝑎7
32𝑥28 + 𝑎6

32𝑥24 + 𝑎5
32𝑥20 + 𝑎4

32𝑥16 + 𝑎3
32𝑥12 + 𝑎2

32𝑥8 + 𝑎1
32𝑥4 + 𝑎0

32 

              = 𝑎7
32𝑥3+4 + 𝑎6

32𝑥3+0 + 𝑎5
32𝑥2+4 + 𝑎4

32𝑥2+0 + 𝑎3
32𝑥1+4 + 𝑎2

32𝑥1+0 + 𝑎1
32𝑥4 + 𝑎0

4 

              = 𝑎7
32𝑥7 + 𝑎6

32𝑥3 + 𝑎5
32𝑥6 + 𝑎4

32𝑥2 + 𝑎3
32𝑥5 + 𝑎2

32𝑥1 + 𝑎1
32𝑥4 + 𝑎0

4 

 

Observe that an extra step of computations was required using larger numbers.  One can imagine 

that if we were to attempt to find the permutation on the coefficients giving the necessary and sufficient 

conditions for membership in say ℱ2[3,14] , many more computations dealing with much larger numbers 

would be required.  It is now worth drawing the reader’s attention to an implication of proposition 2.3.  

Note that the above computations imply that we must have 𝑎7
32 = 𝑎7,  𝑎6

32 = 𝑎3, 𝑎5
32 = 𝑎6, 𝑎4

32 = 𝑎2, 𝑎3
32 =

𝑎5, 𝑎2
32 = 𝑎1, 𝑎1

32 = 𝑎4, and 𝑎0
32 = 𝑎0.  One might notice though that the permutation on the coefficients is 

essentially the same as that achieved in example 2.4.  Furthermore, 5 = 2 (𝑚𝑜𝑑 3).   So for the question 

regarding ℱ2[3,14] , since 14 = 2 (𝑚𝑜𝑑 3), we would have 𝑎7
16384 = 𝑎7,  𝑎6

16384 = 𝑎3, 𝑎5
16384 = 𝑎6, 𝑎4

16384 =

𝑎2, 𝑎3
16384 = 𝑎5, 𝑎2

16384 = 𝑎1, 𝑎1
16384 = 𝑎4, and 𝑎0

16384 = 𝑎0 as a criteria defining membership in the set  

ℱ2[3,14] .  This follows logically from the statement of proposition 2.3 that when evaluated at elements of 

𝔽𝑝𝑛,  (𝑎𝑖𝑥
𝑖)
𝑝𝑚

= 𝑎𝑖
𝑝𝑚
𝑥𝑞+𝑟 where 𝑝𝑘𝑖 = 𝑝𝑛𝑞 + 𝑟 and 𝑚 = 𝑘 (𝑚𝑜𝑑 𝑛). 

 

 

3 The Equation of Coefficients Permutation 

 
 

Here we depart quite naturally from our discussion of polynomials over finite fields and focus our 

attention solely on describing the properties of the aforementioned permutation.  If we can describe this 

permutation in a way that it is easily represented by a matrix 𝐴, then the vector equation [*] in section 2 

becomes a trivial matter, and we will always be able to easily test whether or not a polynomial resides in 

ℱ𝑝[𝑛,𝑚] .   

 In order to develop this permutation, we will define some notation that makes discussing it more 

accessible.  First, let the set 𝐻𝑝𝑛 = {0,1,… , 𝑝
𝑛 − 1}.  Note that this is just a shorthand notation for the 

directed choice of indices of coefficients of polynomials of degree strictly less than 𝑝𝑛, the indices 

corresponding to powers of the indeterminate.  Now define a function 𝜑𝑘: 𝐻𝑝𝑛 → ℤ× ℤ, with 1 ≤ 𝑘 < 𝑛 

by the rule 𝜑𝑘(𝛼) = (𝑞, 𝑟) where 𝑞 is the quotient and 𝑟 the remainder of 𝑝𝑘𝑎 = 𝑝𝑛𝑞 + 𝑟.   
 

Lemma 3.1:  For 1 ≤ 𝑘 < 𝑛, if 𝜑𝑘(𝑎) = (𝑞, 𝑟), then 𝑞 ∈ {0,1,… , 𝑝𝑘 − 1} and 𝑟 = 𝑝𝑘𝑚,                      

𝑚 ∈ {0,… , 𝑝𝑛−𝑘 − 1}. This is equivalent to saying that 𝜑𝑘(𝐻𝑝𝑛) ⊆ 𝐻𝑝𝑛 × 𝐻𝑝𝑛.  

 

Proof.  Let 𝑎 ∈ 𝐻𝑝𝑛 and assume that 𝑞 ∉ {0,1,… , 𝑝𝑘 − 1}. Then as 𝑎 ≥ 0, if 𝑝𝑘𝑎 = 𝑝𝑛𝑞 + 𝑟, then 𝑞 ≥ 0 

and by our hypothesis, 𝑞 ≥ 𝑝𝑘. Then 𝑝𝑘𝑎 ≥ 𝑝𝑛+𝑘, 𝑝𝑘(𝑎 − 𝑝𝑛) ≥ 0, which in turn implies that 𝑎 ≥ 𝑝𝑛, 

contradicting 𝑎 ∈ 𝐻𝑝𝑛 .  Conclude 𝑞 ∈ {0,1,… , 𝑝𝑘 − 1}.  Now 𝑘 <  𝑛, so 𝑝𝑘|𝑝𝑛 and passing the equation 

𝑝𝑘𝑎 = 𝑝𝑛𝑞 + 𝑟 to ℤ𝑝𝑘, we have 0 = 𝑟, hence 𝑟 = 𝑝𝑘𝑚.  Note that 0 ≤ 𝑟 < 𝑝𝑛.  Assume that 𝑚 ∉
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{0,1,… , 𝑝𝑛−𝑘 − 1}.  Then we have 𝑟 = 𝑝𝑘𝑚 ≥ 𝑝𝑘𝑝𝑛−𝑘 = 𝑝𝑛, contradicting 𝑟 < 𝑝𝑛.  Conclude that 𝑚 ∈

{0,1,… , 𝑝𝑛−𝑘 − 1}.  Since 𝑞 ∈ {0,1,… , 𝑝𝑘 − 1} and 𝑟 ∈ {0, 𝑝𝑘 , … , 𝑝𝑛 − 𝑝𝑘}, we clearly have that 

𝜑𝑘(𝑎) ∈ 𝐻𝑝𝑛 × 𝐻𝑝𝑛 for all 𝑎 ∈ 𝐻𝑝𝑛 . ∎   

 

 The above lemma will be used throughout this section and continuously highlights itself as an 

important element of the equation-of-coefficients permutation on 𝐻𝑝𝑛.  The next proposition lays a 

foundation for the construction of the desired permutation.   

 

Proposition 3.2: 𝜑𝑘 for 1 ≤ 𝑘 < 𝑛 is an injection.   

 

Proof. Suppose that 𝜑𝑘(𝑎) = 𝜑𝑘(𝑏) for some 𝑎, 𝑏 ∈ 𝐻𝑝𝑛.  Then (𝑞1, 𝑟1) = (𝑞2, 𝑟2) ∈ 𝐻𝑝𝑛 × 𝐻𝑝𝑛 where 

𝑝𝑘𝑎 = 𝑝𝑛𝑞1 + 𝑟1, 𝑝
𝑘𝑏 = 𝑝𝑛𝑞2 + 𝑟2.  Then 𝑝𝑘𝑎 = 𝑝𝑛𝑞1 + 𝑟1 = 𝑝

𝑛𝑞2 + 𝑟2 = 𝑝
𝑘𝑏, hence 𝑝𝑘𝑎 = 𝑝𝑘𝑏 and 

𝑎 = 𝑏. ∎ 

 

 Now we have the required elements to create our permutation.  Denote the familiar binary 

operation of addition as 𝜓, that is 𝜓: ℤ × ℤ →  ℤ, 𝜓(𝑎, 𝑏) = 𝑎 + 𝑏.  Define Φ𝑘 as 𝜓°𝜑𝑘, and note that 

Φ𝑘(𝑎) = 𝑞 + 𝑟 where 𝑞 is the quotient and 𝑟 the remainder of 𝑝𝑘𝑎 when divided by 𝑝𝑛. We will at times 

refer to this mapping as Φ𝑘 with respect to 𝑝𝑛.  To show that Φ𝑘 is in fact a permutation, it is sufficient to 

show that Φ𝑘 injects into the finite set 𝐻𝑝𝑛.   

 

Proposition 3.3: Φ𝑘 = 𝜓°𝜑𝑘 for 1 ≤ 𝑘 < 𝑛 is a permutation on the set 𝐻𝑝𝑛.   

 

Proof.  Let 𝑎 ∈ 𝐻𝑝𝑛.  Then where 𝜑𝑘(𝑎) = (𝑞, 𝑟), by lemma 3.1, 𝑞 ∈ {0,1,… , 𝑝𝑘 − 1} and 𝑟 =

𝑝𝑘𝑚,𝑚 ∈ {0,1,… , 𝑝𝑛−𝑘 − 1}.  Clearly the smallest possible sum of 𝑞 and 𝑟 is 0.  We claim that 𝑞 + 𝑟 =

 Φ𝑘(𝑎) < 𝑝𝑛.  Otherwise, for 𝜑𝑘(𝑎) = (𝑞, 𝑟) = (𝑞, 𝑝𝑘𝑚), 𝑞 + 𝑝𝑘𝑚 ≥ 𝑝𝑛 which implies that              

𝑞 ≥ 𝑝𝑛 − 𝑝𝑘𝑚 so that we have 𝑞 ≥ 𝑝𝑘(𝑝𝑛−𝑘 −𝑚).  As 𝑚 ∈ {0,1,… , 𝑝𝑛−𝑘 − 1}, we then have 𝑞 ≥ 𝑝𝑘 

which contradicts 𝑞 ∈ {0,1,… , 𝑝𝑘 − 1}, false by lemma 3.1.  Then 0 ≤  Φ𝑘(𝑎) < 𝑝𝑛 and Φ𝑘(𝑎) ∈ 𝐻𝑝𝑛 

for all 𝑎 ∈ 𝐻𝑝𝑛, hence Φ𝑘 is a mapping on 𝐻𝑝𝑛.   

Now suppose that Φ𝑘(𝑎) = Φ𝑘(𝑏), which is to say that 𝜓°𝜑𝑘(𝑎) =  𝜓°𝜑𝑘(𝑏).  Then for 

𝜑𝑘(𝑎) = (𝑞1, 𝑟1), 𝜑
𝑘(𝑏) = (𝑞2, 𝑟2), 𝑞1 + 𝑟1 = 𝑞2 + 𝑟2, or 𝑞1 + 𝑝

𝑘𝑚 = 𝑞2 + 𝑝
𝑘𝑛, for some 𝑚, 𝑛 ∈

{0,1,… , 𝑝𝑛−𝑘 − 1}.  Since 𝑞1, 𝑞2 ∈ {0,… , 𝑝
𝑘 − 1}, 𝑝𝑘 divides neither 𝑞1or 𝑞2 unless they are in fact zero.  

In any case, passing the equation 𝑞1 + 𝑝
𝑘𝑚 = 𝑞2 + 𝑝

𝑘𝑛 to ℤ𝑝𝑘 we have 𝑞1 = 𝑞2, and it follows 

immediately that 𝑟1 = 𝑟2.  Then (𝑞1, 𝑟1) = (𝑞2, 𝑟2), so  𝜑𝑘(𝑎) = 𝜑𝑘(𝑏).  By proposition 3.2, 𝜑𝑘 is an 

injection, so 𝑎 = 𝑏.  Then Φ𝑘 injects into the finite set 𝐻𝑝𝑛 and is therefore a permutation of 𝐻𝑝𝑛. ∎ 

 

 The verification that the function Φ𝑘 which gives the “𝑞 + 𝑟” position for elements of 𝐻𝑝𝑛 is a 

permutation is immediately useful.  If we find this permutation specific to some 𝑝, 𝑛 and 𝑚 and let it act 

on the coefficients of a polynomial 𝑓 with deg(𝑓) < 𝑝𝑛, then we will achieve the rearrangement of the 

coefficients necessary to test whether or not some polynomial 𝑓 of degree less than 𝑝𝑛 holds membership 

in ℱ𝑝[𝑛,𝑚] .    This is a desirable result; however, the permutation Φ𝑘 has a characteristic that gives it much 

greater utility toward determining whether or not polynomials reside in ℱ𝑝[𝑛,𝑚] .  In fact, it is possible to 

derive the permutation for all possible 𝑚 by calculating the permutation giving the conditions for ℱ𝑝[𝑛,1] .  

Note that by definition, this is the permutation that describes the equation-of-coefficients conditions for 
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polynomials of degree less than 𝑝𝑛 that when evaluated at elements of 𝔽𝑝𝑛 map entirely into the prime 

subfield, 𝔽𝑝.  This permutation is denoted, for obvious reasons, as Φ and will at times be referred to as 

the base permutation with respect to 𝑝𝑛 (for reasons forthcoming).   

It is obvious that Φ°(Φ)𝑘 = (Φ)𝑘+1 and that (Φ)𝑘+1 is again a permutation on 𝐻𝑝𝑛; however, 

this certainly does not mean that we would achieve the desired equation-of-coefficients permutation for 

ℱ𝑝[𝑛,𝑘+1] .  We prove that Φ actually has this property in the following proposition.  

 

Proposition 3.4: Let Φ:𝐻𝑝𝑛 → 𝐻𝑝𝑛 be the given by Φ(𝑎) = 𝑞 + 𝑟 where 𝑝𝑎 = 𝑝𝑛𝑞 + 𝑟.  Then for 1 ≤

𝑘 < 𝑛, Φ°Φ𝑘 = Φ𝑘+1. 

 

Proof.  Assume for some 1 ≤ 𝑘 < 𝑛, Φ𝑘(𝑎) = 𝑞1 + 𝑟1, where 𝑞1 ∈ {0,1,… , 𝑝
𝑘 − 1} and 𝑟1 = 𝑝

𝑘𝑚 for 

some 𝑚 ∈ {0,1,… , 𝑝𝑛−𝑘 − 1} (by lemma 3.1).  Now suppose that Φ(𝑞1 + 𝑝
𝑘𝑚) = 𝑞2 + 𝑟2, 𝑞2 ∈

{0,1,… , 𝑝 − 1}, 𝑟2 = 𝑝𝑗, 𝑗 ∈ {0,1,… , 𝑝
𝑛−1 − 1}.  Then 𝑝(𝑞1 + 𝑝

𝑘𝑚) = 𝑝𝑛𝑞2 + 𝑝𝑗 which implies that 

𝑞1 − 𝑝𝑗 = 𝑝
𝑛𝑞2 − 𝑝

𝑘+1𝑚 .  Factoring 𝑝 from the equation, we have 𝑞1 − 𝑗 = 𝑝
𝑛−1𝑞2 − 𝑝

𝑘𝑚 and 

subsequently 𝑞1 − 𝑗 = 𝑝
𝑘(𝑝𝑛−1−𝑘𝑞2 −𝑚).  This implies that 𝑞1 − 𝑗 is divisible by 𝑝𝑘.  Now since we 

have 𝑞1 ∈ {0,1,… , 𝑝
𝑘 − 1}, we can take 𝑗 = 𝑝𝑘𝑔 + 𝑞1 for some 𝑔 ∈ ℤ.  Note that as 𝑗 ∈ {0, … , 𝑝𝑛−1 − 1}, 

we must have 𝑔 ∈ {0,1, … , 𝑝𝑛−1−𝑘 − 1}.  Note also that if 𝑗 = 𝑝𝑘𝑔 + 𝑞1 then 𝑝𝑞1 = 𝑝𝑗 − 𝑝
𝑘+1𝑔, and it 

follows then that −𝑝𝑘+1𝑔 = 𝑝𝑛𝑞2 − 𝑝
𝑘+1𝑚 and that 𝑝𝑘+1𝑚 = 𝑝𝑛𝑞2 + 𝑝

𝑘+1𝑔.   

 Then if 𝑝𝑘𝑎 = 𝑝𝑛𝑞1 + 𝑟1 = 𝑝
𝑛𝑞1 + 𝑝

𝑘𝑚, 𝑝𝑘+1𝑎 = 𝑝𝑛(𝑝𝑞1) + 𝑝
𝑘+1𝑚 = 𝑝𝑛(𝑝𝑗 − 𝑝𝑘+1𝑔) +

(𝑝𝑛𝑞2 + 𝑝
𝑘+1𝑔) = 𝑝𝑛(𝑞2 + 𝑝𝑗 − 𝑝

𝑘+1𝑔) + 𝑝𝑘+1𝑔.  Recalling that 𝑔 ∈ {0,1,… , 𝑝𝑛−1−𝑘 − 1}, 𝑝𝑘+1𝑔 ∈

{0, 𝑝𝑘+1, … , 𝑝𝑛 − 𝑝𝑘+1} which implies that 𝑝𝑘+1𝑔 < 𝑝𝑛 − 1.  Then 𝜑𝑘+1(𝑎) = (𝑞2 + 𝑝𝑗 −

𝑝𝑘+1𝑔, 𝑝𝑘+1𝑔), and this implies that Φ𝑘+1(𝑎) = 𝑞2 + 𝑝𝑗 − 𝑝
𝑘+1𝑔 + 𝑝𝑘+1𝑔 = 𝑞2 + 𝑝𝑗 = 𝑞2 + 𝑟2 =

 Φ(𝑞1 + 𝑝
𝑘𝑚) = Φ(Φ𝑘(𝑎)) =  Φ°Φ𝑘(𝑎).  Then for all 𝑘, 1 ≤ 𝑘 < 𝑛, Φ°Φ𝑘 = Φ𝑘+1.  ∎ 

 

 This result is important in that it shows that for 𝑘 = 2,… , 𝑛 − 1, we only need to find the base 

permutation Φ with respect to 𝑝𝑛.  Then to find the equation-of-coefficients permutation for each 

subsequent 𝑘 < 𝑛, we only need to compose Φ 𝑘 times; however, we have yet to deal with the equation-

of-coefficients permutation for 𝑚 ≥ 𝑛.  The following two propositions handle these cases. 

 

Proposition 3.5:  Φ𝑛 with respect to 𝑝𝑛 is the identity permutation. This is also to say that when taken as 

an element of some symmetric group, the order of Φ, denoted |Φ|, is 𝑛 when Φ is taken with respect to 

𝑝𝑛.  

 

Proof.  By proposition 3.4, Φ°Φ𝑛−1 = Φ𝑛.  As 𝑝𝑛𝑎 = 𝑝𝑛(𝑎) + 0 for all 𝑎 ∈ 𝐻𝑝𝑛, Φ𝑛(𝑎) = 𝑎 + 0 = 𝑎, 

hence Φ𝑛 is the identity function on 𝐻𝑝𝑛.  We claim that Φ𝑘 is not the identity function for any 𝑘 =

1,2,… 𝑛 − 1.  To see this, note that 1 ∈ 𝐻𝑝𝑛 and 𝑝𝑘1 = 𝑝𝑛(0) + 𝑝𝑘, Φ𝑘(1) = 0 + 𝑝𝑘 = 𝑝𝑘 for all 𝑘, 

𝑘 = 1,2,…𝑛 − 1. Then for these 𝑘, Φ𝑘 is not the identity function.  It follows that |Φ| = 𝑛. ∎ 

 

 The next proposition will complete our discussion of the generating nature of the base 

permutation Φ with respect to 𝑝𝑛.  Recall the result of proposition 2.3 which states that with regard to any 

monomial term 𝑎𝑖𝑥
𝑖 of some polynomial in ℱ𝑝[𝑛,𝑚] , when evaluated at elements of  𝔽𝑝𝑛, (𝑎𝑖𝑥

𝑖)
𝑝𝑚

=

𝑎𝑖
𝑝𝑚
𝑥𝑞+𝑟 where 𝑝𝑘𝑖 = 𝑝𝑛𝑞 + 𝑟 and 𝑚 = 𝑘 (𝑚𝑜𝑑 𝑛).  Then where 𝑚 > 𝑛, we simply need to define the 

permutation Φ𝑚 to handle such cases.   
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Proposition 3.6: For  𝑚 > 𝑛,  define Φ𝑚 by the rule Φ𝑚(𝑎) = 𝑞 + 𝑟 where 𝑝𝑘 = 𝑝𝑛𝑞 + 𝑟, 𝑚 =

𝑘 (𝑚𝑜𝑑 𝑛), 1 ≤ 𝑘 < 𝑛. Then  Φ𝑚 = Φ𝑘. 

 

Proof.  Function equality is immediate by the definitions of  Φ𝑘 and Φ𝑚.  ∎ 

 

 Taken in concert, proposition 3.4, 3.5, and 3.6 show that the derivation of the equation-of-

coefficients permutation for any power 𝑚 of 𝑝 with respect to a fixed 𝑛 is a fairly simple matter.  One 

needs only to construct the permutation Φ with respect to 𝑝𝑛 (i.e. in relation to the prime subfield 𝔽𝑝) and 

take the appropriate power of this base permutation by composition in order to obtain the permutation 

specific to any power 𝑚 of 𝑝.  A diagram illustrating this concept is provided below:   

 

 

𝔽𝑝𝑛                                  Φ                                 𝔽𝑝 

  

                                          Φ2                               𝔽𝑝2 

 

                                          Φ3                              𝔽𝑝3 

           …          ...  
     

                                          Φn = 𝜄                         𝔽𝑝𝑛 

          …        ...  

 

                                     Φ𝑚 (𝑚𝑜𝑑 𝑛)                           𝔽𝑝𝑚 

 

 

 Since Φ is a permutation, we can represent it as an element of the symmetric group 𝑆𝑗 for some 

natural number 𝑗.  The next proposition is short and very easy to prove, however it is worth keeping in 

mind throughout the treatment of Φ in subsequent sections.  

 

Proposition 3.7:  For all 𝑘 ≥ 0, 0 and 𝑝𝑛 − 1 are fixed points of Φ𝑘.  

 

Proof. Since 𝑝𝑘0 = 𝑝𝑛0 + 0 for all 𝑘, Φ𝑘(0) = 0 for all 𝑘 = 1,2,… , 𝑛 − 1.  For 𝑘 = 0,1, … , 𝑛 − 1, 

𝑝𝑘(𝑝𝑛 − 1) = 𝑝𝑛𝑝𝑘 − 𝑝𝑘 = 𝑝𝑛 + 𝑝𝑛 +⋯+ 𝑝𝑛 − 𝑝𝑘 = 𝑝𝑛(𝑝𝑘 − 1) + 𝑝𝑛 − 𝑝𝑘.  As 𝑝𝑛 − 𝑝𝑘 < 𝑝𝑛, 

𝜑𝑘(𝑝𝑛 − 1) = (𝑝𝑘 − 1, 𝑝𝑛 − 𝑝𝑘), hence Φ𝑘(𝑝𝑛 − 1) =  𝑝𝑘 − 1 + 𝑝𝑛 − 𝑝𝑘 = 𝑝𝑛 − 1.  For any 𝑚 > 𝑛, 

Φ𝑚 = Φ𝑚 (𝑚𝑜𝑑 𝑛), so it follows that 0 and 𝑝𝑛 − 1 are fixed points of Φ𝑘 for all 𝑘 ≥ 0. ∎ 

 

 It follows immediately that because 0 is a fixed point of Φ𝑘 for all 𝑘 ≥ 0, we may as well take Φ 

as an element 𝑆𝑝𝑛−1.  We choose to preserve 𝑝𝑛 − 1, even though we could discard it and only consider 

the permutation as an element of 𝑆𝑝𝑛−2.  This will be the standard way of handling of Φ when discussing 

Φ and its powers as members of a symmetric group. 

 We now state an important albeit obvious connection.  Because we chose to index the coefficients 

of the polynomials in question corresponding to the powers of the indeterminate, and the permutation Φ  

acts on the set of indices in a way that determines how powers of the indeterminate are reduced under the 
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assumption that we are evaluating at a certain subfield.  Then this permutation can just as well be applied 

to the ordered set of coefficients in order to achieve the correct rearrangement for an equation-of-

coefficients test.   For this reason, we will from this point forward at times refer to Φ as the equation-of-

coefficients permutation.  

 In section 2, it was proposed that if a matrix representation of Φ𝑘 could be found, it would make 

the vector equation [*] a very simple matter.  Now that we know the base permutation Φ with respect to 

𝑝𝑛 generates all other permutations that give the equation-of-coefficients positions for a polynomial to 

satisfy the criteria for membership in ℱ𝑝[𝑛,𝑚] , we simply need to find the matrix representing the 

permutation Φ. It follows then that powers under multiplication of this matrix will provide us with the 

desired permutation matrix for Φ𝑚.  We will denote this matrix 𝐴Φ.  As it so happens, this matrix is 

exceedingly simple to construct by hand; however, the formal construction of 𝐴Φ is quite arduous and is 

therefore omitted.  We will conclude this section with the informal construction of 𝐴Φ followed by 

examples of its use.   

 To construct the matrix 𝐴Φ, simply start at the top left corner of an empty 𝑝𝑛 x  𝑝 𝑛  matrix and 

enter a 1.  Go over p spaces to the right on the next row and enter another 1.  Repeat this process until you 

can no longer go p spaces to the right. At the point when you can no longer go over 𝑝 spaces, go down to 

the next row and start by entering a 1 one column to the left of the first column.  Repeat the process of 

going over p on each subsequent row and placing a 1 until you no longer can.  Then go to the next row 

and start one more column to the right of the last time you started at the left.  Repeat this process until it 

terminates in the bottom right corner of the matrix.  Fill in the rest of the entries with 0’s.  This completes 

the construction of 𝐴Φ. 

 

Example 3.8: We will use the matrix 𝐴Φ to solve the problems posed in example 2.4 and 2.5.  First, we 

construct the matrix giving the equation-of-coefficients permutation for ℱ2[3,1] .   

 

𝐴Φ =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

 

 

We need the proper matrix for ℱ2[3,2]  and ℱ2[3,5] , but as 5 = 2 (𝑚𝑜𝑑 3), both problems are solved with 

the permutation Φ2.  Then we simply square the above matrix and get: 

 

𝐴Φ
2 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

 

 

For example 2.4’s solution, we have: 
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(

 
 
 
 
 
 
 

𝑎0
4

𝑎1
4

𝑎2
4

𝑎3
4

𝑎4
4

𝑎5
4

𝑎6
4

𝑎7
4)

 
 
 
 
 
 
 

− 𝐴Φ
2

(

 
 
 
 
 

𝑎0
𝑎1
𝑎2
𝑎3
𝑎4
𝑎5
𝑎6
𝑎7)

 
 
 
 
 

= 0̂ ⟹

(

 
 
 
 
 
 
 

𝑎0
4

𝑎1
4

𝑎2
4

𝑎3
4

𝑎4
4

𝑎5
4

𝑎6
4

𝑎7
4)

 
 
 
 
 
 
 

−

(

 
 
 
 
 

𝑎0
𝑎4
𝑎1 
𝑎5
𝑎2
𝑎6
𝑎3
𝑎7)

 
 
 
 
 

= 0̂ ⟹

(

 
 
 
 
 
 
 

𝑎0
4

𝑎1
4

𝑎2
4

𝑎3
4

𝑎4
4

𝑎5
4

𝑎6
4

𝑎7
4)

 
 
 
 
 
 
 

=

(

 
 
 
 
 

𝑎0
𝑎4
𝑎1 
𝑎5
𝑎2
𝑎6
𝑎3
𝑎7)

 
 
 
 
 

 

 

 

 

Example 2.5’s solution follows similarly: 

 

(

 
 
 
 
 
 
 

𝑎0
32

𝑎1
32

𝑎2
32

𝑎3
32

𝑎4
32

𝑎5
32

𝑎6
32

𝑎7
32)

 
 
 
 
 
 
 

− 𝐴Φ
2

(

 
 
 
 
 

𝑎0
𝑎1
𝑎2
𝑎3
𝑎4
𝑎5
𝑎6
𝑎7)

 
 
 
 
 

= 0̂ ⟹

(

 
 
 
 
 
 
 

𝑎0
32

𝑎1
32

𝑎2
32

𝑎3
32

𝑎4
32

𝑎5
32

𝑎6
32

𝑎7
32)

 
 
 
 
 
 
 

−

(

 
 
 
 
 

𝑎0
𝑎4
𝑎1 
𝑎5
𝑎2
𝑎6
𝑎3
𝑎7)

 
 
 
 
 

= 0̂ ⟹

(

 
 
 
 
 
 
 

𝑎0
32

𝑎1
32

𝑎2
32

𝑎3
32

𝑎4
32

𝑎5
32

𝑎6
32

𝑎7
32)

 
 
 
 
 
 
 

=

(

 
 
 
 
 

𝑎0
𝑎4
𝑎1 
𝑎5
𝑎2
𝑎6
𝑎3
𝑎7)

 
 
 
 
 

 

 

Recall that the solution for example 2.4 was that 𝑎7
4 = 𝑎7,  𝑎6

4 = 𝑎3, 𝑎5
4 = 𝑎6, 𝑎4

4 = 𝑎2, 𝑎3
4 = 𝑎5, 𝑎2

4 =

𝑎1, 𝑎1
4 = 𝑎4, and 𝑎0

4 = 𝑎0.  The solution for 2.5 𝑎7
32 = 𝑎7,  𝑎6

32 = 𝑎3, 𝑎5
32 = 𝑎6, 𝑎4

32 = 𝑎2, 𝑎3
32 =

𝑎5, 𝑎2
32 = 𝑎1, 𝑎1

32 = 𝑎4, and 𝑎0
32 = 𝑎0. In both cases, we achieved the same results, but by using the 

matrix representation of Φ we were able to greatly reduce the calculations required.   

Before we conclude this section, it is worth mentioning that while a solution for hand testing 

whether or not a polynomial of degree less than 𝑝𝑛 is a member of ℱ𝑝[𝑛,𝑚]  has presented itself in a manner 

that is very easily executed, this matrix does not necessarily have much practical application in the 

context of the overall problem.  First, if the fields involved become very large, it might become quite 

burdensome to even create the matrix 𝐴Φ, which would preclude the technique’s practical application. 

This is all not to mention multivariable cases. While an extension of this technique can be applied with a 

directed choice of lexicographical ordering to conduct essentially the same test, the matrices representing 

the required permutations would get very large, very fast with each variable added.   

 The overall goal of this research is to validate a method of construction, and proposing a specific 

method of validating results does little to validate a general method construction; however, this is not to 

say that there is no value in the results above.  In sections 4, 5, and 6 we will develop some properties of 

the permutation Φ that may be leveraged to prove general results about polynomials that satisfy the 

conditions for membership in ℱ𝑝[𝑛,𝑚] .  

All that being said, we now have enough information to present an answer to the original 

question, which was to find necessary and sufficient conditions on the coefficients of polynomials 

meeting our criteria and also to develop a related test. In fact, we have done so for all primes 𝑝 and 

powers 𝑛 and 𝑚 of 𝑝, where 𝑝 is the characteristic of our fields and the powers 𝑛 and 𝑚 give the 
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cardinality of our restricted domain and target subfield.  We formalize this with a theorem which 

compiles the results above.  

 

Theorem 3.9:  Let 𝑝 be some prime number, 𝑛, 𝑚 and 𝑙 positive integers such that 𝑛|𝑙 and 𝑚|𝑙.  Let 𝐹 ∈

𝔽𝑝𝑙[𝑥] and let 𝑓 ∈ 𝔽𝑝𝑙[𝑥] be the minimal representation of 𝐹 with respect to 𝔽𝑝𝑛.  Then 𝐹(𝑥) ∈ 𝔽𝑝𝑚 for 

all 𝑥 ∈ 𝔽𝑝𝑛 if and only if the coefficient vector (𝑎0, 𝑎1, … , 𝑎𝑝𝑛−1)
𝑇
∈ (𝔽𝑝𝑙)

𝑝𝑛

 representing 𝑓 satisfies the 

equation (𝑎0
𝑝𝑚
, 𝑎1
𝑝𝑚
, … , 𝑎𝑝𝑛−1

𝑝𝑚
)
𝑇
− (𝐴Φ)

𝑘(𝑎0, 𝑎1, … , 𝑎𝑝𝑛−1)
𝑇
= 0̂ where 𝐴Φ is the matrix representing 

the base permutation Φ with respect to 𝑝𝑛 and 𝑚 = 𝑘 (𝑚𝑜𝑑 𝑛).   
 

Proof.  Let 𝐹 ∈ 𝔽𝑝𝑙[𝑥] and suppose that 𝐹(𝔽𝑝𝑛) ⊆ 𝔽𝑝𝑚.  As 𝐹 ∈ 𝔽𝑝𝑙[𝑥], 𝐹 has a unique minimal 

representation with respect to 𝔽𝑝𝑛 by proposition 2.1.  Then if 𝑓 is the minimal representation of 𝐹 with 

respect to 𝔽𝑝𝑛, deg(𝑓) < 𝑝𝑛 and 𝑓(𝑥) = 𝐹(𝑥) for all 𝑥 ∈ 𝔽𝑝𝑛.  This implies that 𝑓(𝑥) ∈ 𝔽𝑝𝑚 for all 𝑥 ∈

𝔽𝑝𝑛 which in turn implies that (𝑓(𝑥))
𝑝𝑚

= 𝑓(𝑥) for all 𝑥 ∈ 𝔽𝑝𝑛.  Since 𝑓 ∈ 𝔽𝑝𝑙[𝑥], 𝑓
𝑝𝑚 ∈ 𝔽𝑝𝑙[𝑥] so we 

can also find a unique minimal representation of 𝑓𝑝
𝑚

 with respect to 𝔽𝑝𝑛.  

 If we write 𝑓 = 𝑎𝑝𝑛−1𝑥
𝑝𝑛−1 + 𝑎𝑝𝑛−2𝑥

𝑝𝑛−2 +⋯+ 𝑎1𝑥 + 𝑎0, by freshman’s exponentiation we 

can write 𝑓𝑝
𝑚
= 𝑎𝑝𝑛−1

𝑝𝑚
𝑥𝑝

𝑚𝑝𝑛−1 + 𝑎𝑝𝑛−2
𝑝𝑚

𝑥𝑝
𝑚𝑝𝑛−2 +⋯+ 𝑎1

𝑝𝑚
𝑥𝑝

𝑚
+ 𝑎0

𝑝𝑚
.  By proposition 2.3, for each 

monomial term 𝑎𝑖𝑥
𝑖 in 𝑓, when we evaluate at elements of 𝔽𝑝𝑛, (𝑎𝑖𝑥

𝑖)
𝑝𝑚

= 𝑎𝑖
𝑝𝑚
𝑥𝑞+𝑟 where 𝑝𝑘𝑖 =

𝑝𝑛𝑞 + 𝑟 and 𝑚 = 𝑘 (𝑚𝑜𝑑 𝑛).  Since the exponent of the indeterminate is given exactly by the 

permutation Φ𝑘, we can write 𝑓𝑝
𝑚
(𝑥) = 𝑓′(𝑥) = 𝑎𝑝𝑛−1

𝑝𝑚
𝑥Φ

𝑘(𝑝𝑛−1) + 𝑎𝑝𝑛−2
𝑝𝑚

𝑥Φ
𝑘(𝑝𝑛−2) +⋯+

𝑎1
𝑝𝑚
𝑥Φ

𝑘(𝑝𝑚) + 𝑎0
𝑝𝑚

.  Since all powers of the indeterminate for 𝑓 reside in the set 𝐻𝑝𝑛 = {0,1,… , 𝑝
𝑛 − 1} 

and Φ𝑘 is a permutation on 𝐻𝑝𝑛, we must have that deg(𝑓′) < 𝑝𝑛, hence 𝑓′ is the unique minimal 

representation of 𝑓𝑝
𝑚

 with respect to 𝔽𝑝𝑛. 

 Now we have that 𝑓′(𝑥) = 𝑓(𝑥) for all 𝑥 ∈ 𝔽𝑝𝑛, which implies that 𝑓′ − 𝑓 ∈ 𝔗(𝔽𝑝𝑛) =

((𝑥𝑝
𝑛
− 𝑥)).  Then as deg(𝑓′ − 𝑓) < 𝑝𝑛 and the lowest non-zero degree of any polynomial in 𝔗(𝔽𝑝𝑛) is 

𝑝𝑛, we must have that 𝑓′ − 𝑓 is the zero polynomial.  Then 𝑓′ = 𝑓, which is to say more directly that the 

coefficients of 𝑓 and 𝑓′ are equal.   

 Arrange the coefficients of 𝑓′ in an ordered vector (𝑎0
𝑝𝑚
, 𝑎1
𝑝𝑚
, … , 𝑎𝑝𝑛−1

𝑝𝑚
)
𝑇
∈ (𝔽𝑝𝑙)

𝑝𝑛

, let 𝐴Φ be 

the matrix representing Φ with respect to 𝑝𝑛, and note that composition of permutations is analogous to 

multiplication of matrices representing those permutations. Since (Φ)𝑘 = Φ𝑘 by proposition 3.4, if 𝐴Φ 

represents Φ, then (𝐴Φ)
𝑘 represents Φ𝑘.  As the coefficients of 𝑓′ and 𝑓 are equal, for each monomial 

term in 𝑓′, we must have 𝑎𝑖
𝑝𝑚
𝑥Φ

𝑘(𝑖) = 𝑎Φ𝑘(𝑖)𝑥
Φ𝑘(𝑖) and since Φ𝑘 is a permutation on the indices of the 

coefficients which correspond the associated powers of the indeterminate, we must have 𝑎𝑖
𝑝𝑚
= 𝑎Φ𝑘(𝑖).   

Note that 𝐴Φ acts on the vector (0,1,… , 𝑝𝑛 − 1)𝑇 equivalently to its action on the vector 

(𝑎0, 𝑎1, … , 𝑎𝑝𝑛−1)
𝑇

.  Then arranging the coefficients of the polynomial 𝑓 in an ordered vector 

(𝑎0, 𝑎1, … , 𝑎𝑝𝑛−1)
𝑇
∈ (𝔽𝑝𝑙)

𝑝𝑛

, we see that we must have (𝑎0
𝑝𝑚
, 𝑎1
𝑝𝑚
, … , 𝑎𝑝𝑛−1

𝑝𝑚
)
𝑇
=

(𝐴Φ)
𝑘(𝑎0, 𝑎1, … , 𝑎𝑝𝑛−1)

𝑇
, hence the coefficient vector corresponding to 𝑓 must satisfy the equation 

(𝑎0
𝑝𝑚
, 𝑎1
𝑝𝑚
, … , 𝑎𝑝𝑛−1

𝑝𝑚
)
𝑇
− (𝐴Φ)

𝑘(𝑎0, 𝑎1, … , 𝑎𝑝𝑛−1)
𝑇
= 0̂.   
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For the converse, assume that the coefficients of the minimal representation of 𝐹 with respect to 

𝔽𝑝𝑛 satisfies the vector equation (𝑎0
𝑝𝑚
, 𝑎1
𝑝𝑚
, … , 𝑎𝑝𝑛−1

𝑝𝑚
)
𝑇
− (𝐴Φ)

𝑘(𝑎0, 𝑎1, … , 𝑎𝑝𝑛−1)
𝑇
= 0̂.  Then for all 

𝑥 ∈ 𝔽𝑝𝑛, 𝑓(𝑥) = (𝑓(𝑥))
𝑝𝑚

.   Since 𝐹(𝑥) = 𝑓(𝑥) for all 𝑥 ∈ 𝔽𝑝𝑛, 𝐹(𝑥) = (𝐹(𝑥))
𝑝𝑚

 for all 𝑥 ∈ 𝔽𝑝𝑛 and 

hence 𝐹(𝑥) ∈ 𝔽𝑝𝑚 for all 𝑥 ∈ 𝔽𝑝𝑛.  This completes the proof of the theorem.  ∎ 

 

 

4 On Coefficients in Polynomials In 𝓕𝒑[𝒏,𝒎] 

 
 

This section is devoted to a single illuminating result.  In section 2, we defined the set ℱ𝑝[𝑛,𝑚] as the set of 

polynomials in 𝔽𝑝𝑙[𝑥], where 𝔽𝑝𝑙 is some field containing 𝔽𝑝𝑚 and 𝔽𝑝𝑛, of degree strictly less than 𝑝𝑛 

such that when evaluated at elements of 𝔽𝑝𝑛, their images lie completely in 𝔽𝑝𝑚.  Now since our 

permutation Φ gives conditions on polynomials in 𝔽𝑝𝑙[𝑥], a valid question to ask would be what is 𝔽𝑝𝑙? 

We know it is a field containing both 𝔽𝑝𝑛 and 𝔽𝑝𝑚, but how large should it be?  Can we change the size 

of  ℱ𝑝[𝑛,𝑚]  by varying 𝑙?  In theorem 4.5, we show that we may as well take 𝔽𝑝𝑙 = 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛); however, 

this is no direct matter.   

Throughout this section, we will handle the permutation Φ and its powers Φ𝑘 as elements of 

𝑆𝑝𝑛−1.  When we are discussing polynomials, we take the existence of the minimal representation of any 

polynomial with respect to a subfield for granted (by proposition 2.1), so we will rely on context to 

indicate when such a representation is being used.  On notation, 𝑔𝑐𝑑(𝑎, 𝑏) denotes the familiar greatest 

common divisor of two integers and 𝑙𝑐𝑚(𝑎, 𝑏) the familiar least common multiple.  Also, if 𝑎 is an 

element of some group 𝐺, then |𝑎| denotes the order of 𝑎, the order being the smallest positive integer 𝑘 

such that 𝑎𝑘 = 𝑒 where 𝑒 is the identity element of 𝐺. We begin with a short but important lemma.   

 

Lemma 4.1:  If 𝑚 = 𝑛𝑞 + 𝑘, then 𝑔𝑐𝑑(𝑚, 𝑛) = 𝑔𝑐𝑑(𝑘, 𝑛). 
 

Proof.  Let 𝑑 = gcd(𝑘, 𝑛) so that 𝑑|𝑛, 𝑑|𝑘, and for any 𝑒 dividing both 𝑛 and 𝑘, 𝑒|𝑑.  It is clear that if 

𝑚 = 𝑛𝑞 + 𝑘, 𝑑|𝑚.  Now suppose we have some integer 𝑗, 𝑗|𝑚 and 𝑗|𝑛.  Then as 𝑚 = 𝑛𝑞 + 𝑘, passing the 

equation to ℤ𝑗, we have 0 = 𝑘, which implies that 𝑗|𝑘.  Then if 𝑗|𝑛 and 𝑗|𝑚, 𝑗|𝑑, so it follows that 𝑑 =

gcd (𝑚, 𝑛). ∎ 

 

 Even though we know from proposition 3.5 that the order of the cyclically generated group of 

permutations 〈Φ〉 is 𝑛, it is necessary for our arguments to show that when represented as an element of 

𝑆𝑝𝑛−1, Φ contains a disjoint cycle of length 𝑛.   

 

Proposition 4.2: Let Φ be the equation-of-coefficients permutation giving the necessary and sufficient 

conditions on the coefficients of a polynomial in the set ℱ𝑝[𝑛,1] .  Then Φ ∈ 𝑆𝑝𝑛−1 contains at least one 

disjoint cycle of length 𝑛, and 𝑛 is the maximum length of any disjoint cycle of Φ.  

 

Proof. Recall that the rule for computing Φ is 𝑎 ↦ 𝑞 + 𝑟 where 𝑝𝑎 = 𝑝𝑛𝑞 + 𝑟.  Then if we take Φ 

recursively on 1, we get Φ(1) = 𝑝,Φ(𝑝) = 𝑝2, … ,Φ(𝑝𝑘) = 𝑝𝑘+1, … ,Φ(𝑝𝑛−2) = 𝑝𝑛−1, Φ(𝑝𝑛−1) = 1. 

This implies that Φ(1) = 𝑝,Φ2(1) = 𝑝2, … ,Φ𝑛−1(1) = 𝑝𝑛−1, Φ𝑛(1) = 1.  Then we see that when 
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represented as an element of 𝑆𝑝𝑛−1, Φ must contain a disjoint cycle of length exactly 𝑛 of the form 

(1, 𝑝, 𝑝2, … , 𝑝𝑛−2, 𝑝𝑛−1). 

That 𝑛 is the maximum length of any disjoint cycle of Φ follows immediately from proposition 

3.5 which shows that |Φ| = 𝑛 and the observation that the length of any disjoint cycle in Φ must divide 

the order of the permutation. ∎ 

 

 Recall that if 𝑎 is an element of some group 𝐺, if |𝑎| = 𝑗, then |𝑎𝑘| =
𝑗

gcd(𝑘,𝑗)
  (pg. 57, [1]). Also 

recall that for any permutation, the order of the permutation is equal to the least common multiple of the 

lengths of its disjoint cycles. (pg. 48, [3])  Then clearly if 𝜏 is some permutation that is a disjoint cycle, 

|𝜏| = 𝑙𝑒𝑛𝑔𝑡ℎ(𝜏).  If |Φ| = 𝑛, then it follows naturally that |Φ𝑚| = 𝑙 =
𝑛

gcd(𝑚,𝑛)
; however, under normal 

circumstances, we are by no means guaranteed that Φ𝑚 contains a disjoint cycle of length 𝑙.  A 

counterexample of the generality of this statement would be (1 2 3)(4 5 6 7) ∈ 𝑆7, which has order 12, 

but ((1 2 3)(4 5 6 7))
2
= (132)(4 6)(5 7), which has order 6, as expected, but a maximum disjoint 

cycle length 3.  In the following proposition, we show that Φ𝑚 must contain a disjoint cycle that is the 

length of its order.  

 

Proposition 4.3:  If |Φ| = 𝑛, then Φ𝑚 contains a disjoint cycle of maximum length 𝑙 =
𝑛

gcd (𝑚,𝑛)
.  

 

Proof.  Since Φ contains a disjoint cycle of maximum length 𝑛 and Φ𝑚 = (Φ)𝑚, the maximum length of 

a disjoint cycle in Φ𝑚 will be equal to the length of some disjoint cycle of length 𝑛 taken to the 𝑚𝑡ℎ 

power.   

To see this, take some disjoint cycle 𝜏 of Φ, suppose that 𝜏 is of length 𝑔 = 𝑙𝑘. Then when we 

compute 𝜏𝑘, each element of 𝜏 will be permuted 𝑙 times before completing a cycle, implying that 𝜏𝑘 will 

be composed of 𝑘 disjoint cycles of length 𝑙.  As an example, take a disjoint cycle of the form (1 2…𝑔) 

and suppose 𝑔 = 𝑙𝑘.  Then if we compute (1 2…𝑔)𝑘 = (1 2…𝑔)(1 2…𝑔)… (1 2…𝑔)[𝑘 𝑡𝑖𝑚𝑒𝑠] we will 

have: 

 

1 ↦ 𝑘 

𝑘 ↦ 2𝑘 

⋮ 
(𝑙 − 2)𝑘 ↦ (𝑙 − 1)𝑘 = 𝑔 − 𝑘 

𝑔 − 𝑘 ↦ 1 

 

Then the resulting cycle will be of the form: 

 

(1 2…𝑔)𝑘 = (1, 𝑘, … , (𝑙 − 1)𝑘 = 𝑔 − 𝑘)(2, 𝑘 + 1,… , 𝑔 − 𝑘 + 1)… (𝑘 − 1, 2𝑘 − 1…𝑔) 
 

A count shows that we have 𝑘 disjoint cycles, each of length exactly 𝑙.   

The above shows that if 𝑘|𝑔, then for any disjoint cycle 𝜏 of length 𝑔, 𝜏𝑘 will be of lesser 

maximum disjoint cycle length if 𝑘 > 1.  Now suppose that 𝑘 is an integer, 𝑘 ≤ 𝑔, such that 𝜏𝑘 is reduced 

in greatest length, i.e. it becomes the product of smaller disjoint cycles. Let ℎ = |𝜏𝑘| and note that this 

also implies that |𝜏| = 𝑘ℎ.  Since 𝜏 is of length 𝑔, 𝜏𝑔 must give the identity permutation, which implies 

that (𝜏𝑘)
ℎ
= 𝜏𝑘ℎ = 𝜏𝑔 = 𝜄.  Then as |𝜏| = 𝑘ℎ, we must have 𝑘ℎ|𝑔, hence 𝑘|𝑔.  Then it follows that a 
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disjoint cycle of length 𝑔 composed 𝑘 times is reduced in maximum disjoint cycle length if and only if 

𝑘|𝑔. 
Now let 𝑗 be some integer such that 𝑛 and 𝑗 are not relatively prime.  Since |Φ| = 𝑛, 𝑛 =

𝑙𝑐𝑚(𝑎1, 𝑎2, … , 𝑎𝑘) where 𝑎𝑖 is the length of some disjoint cycle of Φ.  Then for 𝑑 = gcd (𝑎1, 𝑎2, … , 𝑎𝑘), 

𝑎𝑖 = 𝑎𝑖
′𝑑, and 𝑛 = 𝑎1

′𝑎2
′ …𝑎𝑘

′ 𝑑.   Now suppose 𝑗 = 𝑝1𝑝2…𝑝𝑚 for some primes 𝑝𝑖.   Note that 𝜏𝑗 =
(𝜏𝑝𝑖)𝑝1𝑝2…𝑝𝑖−1𝑝𝑖+1…𝑝𝑚.  

If 𝑝𝑖 divides 𝑛, either 1.) 𝑝𝑖 divides 𝑑, in which case for each disjoint cycle of length 𝑎𝑖 of Φ, that 

cycle is shortened, or 2.) 𝑝𝑖 divides some 𝑎𝑖
′ in which case the disjoint cycles of length 𝑎𝑖 would be 

shortened.  It is clear that in either case that if 𝑛 and 𝑗 are not relatively prime the maximum disjoint cycle 

length resulting from taking some 𝑛-length disjoint cycle 𝜏 to the 𝑗𝑡ℎ power will always be greater than or 

equal to the length of any other disjoint cycle of length less than or equal to 𝑛.  If 𝑗 is some integer that is 

relatively prime to 𝑛, then no disjoint cycle of any length will be shortened, hence any 𝑛-length disjoint 

cycle 𝜏 of Φ will still be of length 𝑛.  

Then in order to find the maximum length of any cycle of Φ𝑚, we can disregard any disjoint 

cycles of length less than 𝑛 and simply find the order of a disjoint cycle of length 𝑛 to the 𝑚𝑡ℎ power.  

We are guaranteed that such a disjoint cycle 𝜏 will exist in Φ by proposition 4.2.  Then the familiar 

element order formula applies. 

If 𝑚 ≤ 𝑛 and |𝜏| = 𝑛,  then |𝜏𝑚| =
𝑛

gcd(𝑚,𝑛)
.  Hence each permutation Φ𝑚, 𝑚 ≤ 𝑛, will contain a 

disjoint cycle of maximum length 𝑙 =
𝑛

gcd (𝑚,𝑛)
.  If 𝑚 > 𝑛, then Φ𝑚 = Φ𝑘 where 𝑚 = 𝑘 (𝑚𝑜𝑑 𝑛).  But 

then Φ𝑚 = Φ𝑘 contains a maximum length disjoint cycle 𝑙 =
𝑛

gcd (𝑘,𝑛)
, and as lemma 4.1 shows, 

gcd(𝑘, 𝑛) = gcd (𝑚, 𝑛) , hence 𝑙 =
𝑛

gcd (𝑚,𝑛)
. ∎ 

 

If |Φ𝑚| = 𝑙 =
𝑛

gcd (𝑚,𝑛)
, the disjoint cycle (1,Φ𝑚(1), (Φ𝑚)2(1),… , (Φ𝑚)𝑙−2(1), (Φ𝑚)𝑙−1(1)) 

will serve as a useful prototype for a disjoint cycle of maximum length in Φ𝑚, its construction simlar to 

that of the disjoint cycle of length 𝑛 constructed in proposition 4.2.  The following proposition establishes 

an important connection between Φ𝑚 and the coefficients of polynomials in ℱ𝑝[𝑛,𝑚]. 

 

Proposition 4.4:  Let 𝑎𝑗 ∈ 𝔽𝑝𝑙 be a coefficient for some 𝑓 ∈ ℱ𝑝[𝑛,𝑚] so that 𝑎𝑗𝑥
𝑗 is a monomial in 𝑓, 𝑗 ∈

𝐻𝑝𝑛. Then 𝑎𝑗
𝑝𝑚𝑘

= 𝑎(Φ𝑚)𝑘(𝑗), where 𝑎(Φ𝑚)𝑘(𝑗) is the coefficient of 𝑥(Φ
𝑚)𝑘(𝑗) in 𝑓.  

 

Proof.  If 𝑓 ∈ ℱ𝑝[𝑛,𝑚] , then deg(𝑓) < 𝑝𝑛 and when evaluated at elements of 𝔽𝑝𝑛, we must have 

(𝑓(𝑥))
𝑝𝑚

= 𝑓(𝑥).  For the following arguments, assume that we are evaluating 𝑓 at elements of 𝔽𝑝𝑛.  As 

we must have (𝑓(𝑥))
𝑝𝑚

= 𝑓(𝑥), and 𝑎𝑗𝑥
𝑗 is a term in 𝑓, we must have (𝑎𝑗𝑥

𝑗)
𝑝𝑚

= 𝑎𝑗
𝑝𝑚
𝑥𝑗𝑝

𝑚
=

 𝑎𝑗
𝑝𝑚
𝑥Φ

𝑚(𝑗) = 𝑎Φ𝑚(𝑗)𝑥
Φ𝑚(𝑗).  Then as Φ𝑚 permutes the set 𝐻𝑝𝑛 and deg(𝑓) < 𝑝𝑛, we must have 𝑎𝑗

𝑝𝑚
=

𝑎Φ𝑚(𝑗).  But then since 𝑓 ∈ ℱ𝑝[𝑛,𝑚]  and 𝑎Φ𝑚(𝑗)𝑥
Φ𝑚(𝑗) is a (possibly equal) term in 𝑓, there must be a 

term such that 𝑎Φ𝑚(𝑗)
𝑝𝑚

𝑥(Φ
𝑚)2(𝑗) = 𝑎(Φ𝑚)2(𝑗)𝑥

(Φ𝑚)2(𝑗).  Then it follows similarly that we must have 

(𝑎𝑗
𝑝𝑚(𝑘−1)

𝑥(Φ
𝑚)(𝑘−1)(𝑗))

𝑝𝑚

= 𝑎𝑗
𝑝𝑚𝑘
𝑥𝑝

𝑚(Φ𝑚)(𝑘−1)(𝑗) = 𝑎𝑗
𝑝𝑚𝑘
𝑥𝑝

𝑚𝑗𝑝𝑚(𝑘−1) = 𝑎𝑗
𝑝𝑚𝑘
𝑥𝑗𝑝

𝑚𝑘
= 

𝑎𝑗
𝑝𝑚𝑘
𝑥(Φ

𝑚)𝑘(𝑗) = 𝑎(Φ𝑚)𝑘(𝑗)𝑥
(Φ𝑚)𝑘(𝑗) for any 𝑘, and therefore 𝑎𝑗

𝑝𝑚𝑘
= 𝑎(Φ𝑚)𝑘(𝑗). ∎ 
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 We can now use propositions 4.3 and 4.4 to prove the main result of this section. 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) is the 

smallest field containing both 𝔽𝑝𝑚 and 𝔽𝑝𝑛, (as 𝑙𝑐𝑚(𝑚, 𝑛) is the smallest number divisible by both 𝑚 

and 𝑛) but there has been no indication as of yet that that the set of polynomials ℱ𝑝[𝑛,𝑚]  would only need 

to be taken from a specific polynomial ring.  Theorem 4.5 shows that it is not necessary for the field 

containing coefficients of polynomials in ℱ𝑝[𝑛,𝑚]  to be any larger than 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛).   

 

Theorem 4.5: An element 𝑎 ∈ 𝔽𝑝𝑙 is a coefficient of some polynomial in ℱ𝑝[𝑛,𝑚]  if and only if 𝑎 ∈

𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛).   

 

Proof:  First, note that 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) ⊆ 𝔽𝑝𝑙 as 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) is the smallest field of characteristic 𝑝 containing 

both 𝔽𝑝𝑚 and 𝔽𝑝𝑛.  Let 𝑓 ∈ ℱ𝑝[𝑛,𝑚]  and let 𝑎𝑗 ∈ 𝔽𝑝𝑙 be a coefficient in 𝑓 so that 𝑎𝑗𝑥
𝑗 is a monomial term 

in 𝑓, 𝑗 ∈ 𝐻𝑝𝑛.  Suppose 𝑚 ≤ 𝑛 and note that as Φ𝑚 = (Φ)𝑚, |Φ𝑚| =
𝑛

gcd (𝑚,𝑛)
.  Let  𝑙 =

𝑛

gcd(𝑚,𝑛)
.  Then 

as 𝑓 ∈ ℱ𝑝[𝑛,𝑚], by proposition 4.4 when evaluating at elements of 𝔽𝑝𝑛, we must have (𝑓(𝑥))
𝑝𝑚

= 𝑓(𝑥), 

and hence we must have 𝑎𝑗
𝑝𝑚
= 𝑎Φ𝑚(𝑗) for 𝑎Φ𝑚(𝑗) ∈ 𝔽𝑝𝑑 , where 𝑎Φ𝑚(𝑗) is some coefficient of 𝑓.  Then 

continuing in this fashion, we must have (𝑎𝑗
𝑝𝑚
)
𝑝𝑚

= 𝑎𝑗
𝑝2𝑚

= 𝑎(Φ𝑚)2(𝑗),…,𝑎𝑗
𝑝𝑚𝑘

= 𝑎(Φ𝑚)k(𝑗),…,𝑎𝑗
𝑝𝑚𝑙

=

𝑎(Φ𝑚)𝑙(𝑗) = 𝑎𝑗, as (Φ𝑚)𝑙 is the identity permutation.  Hence 𝑎𝑗
𝑝𝑚𝑙

= 𝑎𝑗, and as 𝑚𝑙 =
𝑚𝑛

gcd (𝑚,𝑛)
=

𝑙𝑐𝑚(𝑚, 𝑛), we have 𝑎𝑗
𝑝𝑙𝑐𝑚(𝑚,𝑛)

= 𝑎𝑗.  Suppose now that 𝑚 > 𝑛.  Then Φ𝑚 = Φ𝑘 where 𝑚 = 𝑛𝑞 + 𝑘, and 

note that |Φ𝑘| =
𝑛

gcd(𝑘,𝑛)
.  Let 𝑙 =

𝑛

gcd(𝑘,𝑛)
. Then as before, we must have 𝑎𝑗

𝑝𝑚𝑙
= 𝑎𝑗.  By lemma 4.1, 

gcd(𝑘, 𝑛) = gcd (𝑚, 𝑛), hence 𝑙 =
𝑛

gcd(𝑚,𝑛)
, and 𝑎𝑗

𝑝𝑙𝑐𝑚(𝑚,𝑛)
= 𝑎𝑗. In either case, 𝑎 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) . 

For the converse, let 𝑎 ∈ 𝔽𝑝𝑚𝑙 = 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛). Then 𝑎𝑝
𝑚𝑙
= 𝑎.   By proposition 4.3, Φ𝑚 contains at 

least one cycle of length 𝑙 =
𝑛

gcd(𝑚,𝑛)
. One such disjoint cycle will be (1,Φ𝑚(1),… , (Φ𝑚)𝑙−1(1)).  We 

will now construct a polynomial 𝑔 ∈ 𝔽𝑝𝑙[𝑥] such that deg(𝑔) < 𝑝𝑛 and (𝑔(𝑥))
𝑝𝑚

= 𝑔(𝑥) when 

evaluated at elements of 𝔽𝑝𝑛.  Let 𝑔(𝑥) = 𝑎𝑥 + 𝑎𝑝
𝑚
𝑥Φ

𝑚(1) +⋯+ 𝑎𝑝
𝑚(𝑙−1)

𝑥Φ
𝑚𝑙−1(1).  Then when 

evaluated at elements of 𝔽𝑝𝑛:  

(𝑔(𝑥))
𝑝𝑚

= 𝑎𝑝
𝑚
𝑥Φ

𝑚(1) + 𝑎𝑝
2𝑚
𝑥Φ

𝑚2(1) +⋯+ 𝑎𝑝
𝑚𝑙
𝑥Φ

𝑚𝑙(1) 

          =  𝑎𝑝
𝑚
𝑥Φ

𝑚(1) +⋯+ 𝑎𝑝
𝑚(𝑙−1)

𝑥Φ
𝑚𝑙−1(1) + 𝑎𝑥 

                                             = 𝑔(𝑥).   

As Φ𝑚 permutes 𝐻𝑝𝑛, 𝑑𝑒𝑔(𝑔) < 𝑝𝑛, and when evaluated at elements of 𝔽𝑝𝑛, (𝑔(𝑥))
𝑝𝑚

= 𝑔(𝑥). 

With this we see that 𝑔 satisfies the conditions for membership in ℱ𝑝[𝑛,𝑚] .  Then by our arbitrary choice 

of 𝑎 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛), any element in 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) can be a coefficient of a polynomial in ℱ𝑝[𝑛,𝑚]. ∎ 

 

With this result, we will now take the set ℱ𝑝[𝑛,𝑚] = {𝑓 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛)[𝑥] | deg(𝑓) < 𝑝
𝑛, 𝑓(𝔽𝑝𝑛) ⊆ 𝔽𝑝𝑚}. 
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Remark 4.6: Narrowing 𝔽𝑝𝑑[𝑥] to a specific polynomial ring certainly reigns in the possibilities for what 

polynomials can satisfy our criteria; however, as the creation of an arbitrary polynomial from one element 

of 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) in theorem 4.5 suggests, there are very many possibilities to choose from. It is important to 

realize though that while this polynomial was indeed created in an arbitrary fashion, its construction was 

in no way haphazard.  Suppose we want to make a larger arbitrary polynomial by going one power further 

with the generating element, say by letting 𝑤 = 𝑎𝑥 + 𝑎𝑝
𝑚
𝑥Φ

𝑚(1) +⋯+ 𝑎𝑝
𝑚(𝑙−1)

𝑥Φ
𝑚𝑙−1(1) + 

𝑎𝑝
𝑚𝑙
𝑥Φ

𝑚𝑙(1). 

Then when we evaluate 𝑤 at elements of 𝔽𝑝𝑛,  𝑤(𝑥) = 𝑎𝑥 + 𝑎𝑝
𝑚
𝑥Φ

𝑚(1) +⋯+

𝑎𝑝
𝑚(𝑙−1)

𝑥Φ
𝑚𝑙−1(1) + 𝑎𝑥 = 2𝑎𝑥 + 𝑎𝑝

𝑚
𝑥Φ

𝑚(1) +⋯+ 𝑎𝑝
𝑚(𝑙−1)

𝑥Φ
𝑚𝑙−1(1).   Then still evaluating at 𝔽𝑝𝑛, 

(𝑤(𝑥))
𝑝𝑚
= 2𝑝

𝑚
𝑎𝑝

𝑚
𝑥Φ

𝑚(1) + 𝑎𝑝
𝑚
𝑥Φ

𝑚2(1) +⋯+ 𝑎𝑝
𝑚𝑙
𝑥Φ

𝑚𝑙(1) = 𝑎𝑥 + 2𝑝
𝑚
𝑎𝑝

𝑚
𝑥Φ

𝑚(1) +

𝑎𝑝
𝑚
𝑥Φ

𝑚2(1) +⋯+ 𝑎𝑝
𝑚(𝑙−1)

𝑥Φ
𝑚𝑙−1(1).  In general, under these conditions we cannot expect to achieve 

(𝑤(𝑥))
𝑝𝑚
= 𝑤(𝑥).   If we were to extend this reasoning all the way to the order of Φ, we see that for 

maximum disjoint cycle length 𝑙, which must be a divisor of 𝑛, if 𝑛 = 𝑙𝑗, we would have 𝑗 “leftover” 

terms that would again make (𝑤(𝑥))
𝑝𝑚
= 𝑤(𝑥) unlikely.  Using any disjoint cycle of length less than 𝑙 

works as well.  Take some disjoint cycle 𝜎 in  Φ𝑚 permuting some 𝑟 ∈ 𝐻𝑝𝑛, say 𝜎 =

(𝑟,Φ𝑚(𝑟),… ,Φ𝑚
𝑔−1
(𝑟)), and note that 𝜎 is of length 𝑔.  Now let Let 𝑏 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) ∩ 𝔽𝑝𝑚𝑔 .  Then we 

could use 𝜎 and 𝑏 to generate a polynomial of the following form: 𝑤 = 𝑏𝑥𝑟 + 𝑏𝑝
𝑚
𝑥Φ

𝑚(𝑟) +⋯+

𝑏𝑝
𝑚(𝑔−1)

𝑥Φ
𝑚𝑔−1(𝑟).  Then again, when evaluating at elements of 𝔽𝑝𝑛, as long as 𝑏𝑝

𝑚𝑔
= 𝑏, we would 

have (𝑤(𝑥))
𝑝𝑚
= 𝑤(𝑥), but if we took any powers further or less than 𝑔 with that cycle, we would again 

fail to achieve (𝑤(𝑥))
𝑝𝑚
= 𝑤(𝑥).  If we chose some element 𝑐 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛)  such that 𝑐𝑝

𝑚𝑔
≠ 𝑐 and 

generated 𝑤 from this element, then we would again fail to achieve (𝑤(𝑥))
𝑝𝑚
= 𝑤(𝑥).  This observation 

shows the importance of cycle lengths of Φ𝑚 in determining what elements can be coefficients for 

specific powers of the indeterminate of polynomials in ℱ𝑝[𝑛,𝑚] .  The next section examines the lengths of 

disjoint cycles of Φ and it’s powers in order to further refine ℱ𝑝[𝑛,𝑚] . 

 

5 The First Fixed Point Formula 

 

As is suggested in remark 4.6, there is a strong connection between coefficients of polynomials in ℱ𝑝[𝑛,𝑚]  

and the disjoint cycle lengths of Φ𝑚.  In order to develop this connection, we need to know more about 

these cycle lengths.  

 To discuss this topic with any fluidity, it will first be necessary to put forth some definitions 

specific to the permutation Φ and it’s powers.  Throughout this section, we will examine  Φ entirely as an 

element of 𝑆𝑝𝑛−1, and most of the observations are based on which non-zero elements of 𝐻𝑝𝑛 (= 

{0,1,… , 𝑝𝑛 − 1}) are fixed points of Φ and its powers.  When we say “fixed points,” we are referring to 

the familiar definition: an element 𝑎 is a fixed point of a function ℎ if ℎ(𝑎) = 𝑎.  We begin with a short 
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proposition describing the fixed points of Φ and it’s powers and follow with definitions to aid our 

discussion.  

Proposition 5.1: If 𝑎 ∈ 𝐻𝑝𝑛 is a fixed point of Φ𝑘, 1 ≤  𝑘 ≤ 𝑛,  then 𝜑𝑘(𝑎) = (𝑞, 𝑟) where 𝑟 = 𝑎 − 𝑞. 

 

Proof.  This is direct from the observation that if Φ𝑘(𝑎) = 𝑎, we have 𝑝𝑘𝑎 = 𝑝𝑛𝑞 + 𝑟, and 𝑞 + 𝑟 = 𝑎, 

hence 𝑟 = 𝑎 − 𝑞. ∎ 

 

Definition: Let 𝛽 ∈ 𝐻𝑝𝑛 be non-zero.  We say that 𝛽 is a 𝑖𝑡ℎ − 𝑘𝑡ℎ fixed point of Φ if 𝑘|𝑛 and 𝜑𝑘(𝛽) =

(𝑖, 𝛽 − 𝑖).  We will denote this with 𝑘𝑖
𝑡ℎ fixed point.  In particular, we say that 𝛽 is a first 𝑘𝑡ℎ fixed point 

of Φ if 𝜑𝑘(𝛽) = (1, 𝛽 − 1).  We will denote this with 𝑘1
𝑡ℎ fixed point.   

 

 We will now prove a somewhat non-intuitive property of Φ that distinguishes it from the bulk of 

permutations in 𝑆𝑝𝑛−1.  It is usually not the case that any arbitrarily selected element of 𝑆𝑝𝑛−1 of order 𝑙 

would be guaranteed to have a disjoint cycle of length 𝑗 for all positive integers 𝑗 dividing 𝑙.  We will 

show in the following theorem that Φ does indeed have this property, and it is also of note that the 

method of showing that is has this property will be used to show a property finite fields in general (cf. 

theorem 5.5). 

 

Theorem 5.2: Let Φ be the base equation-of-coefficients permutation with respect to 𝑝𝑛.  Then for all 

𝑘|𝑛, there is a disjoint cycle of length 𝑘 in Φ. 

 

Proof.  We will show this property of Φ by showing first that each 𝑘 dividing 𝑛 has a distinct first fixed 

point unique to 𝑘, then that this first fixed point was in fact not a fixed point of Φ𝑖 for any 𝑖, 1 ≤ 𝑖 < 𝑘. 

This essentially shows that Φ𝑘 is exactly where that element achieves its identity for the first time, which 

in turn implies that this element belonged to a disjoint cycle of length 𝑘 in Φ. 

 We know that if 𝑛 is prime, all disjoint cycle lengths will be exactly 𝑛 and there are no integers 

smaller than 𝑛 and greater than 1 dividing 𝑛, so there is nothing to prove unless 𝑘 = 1.  The case where 

𝑘 = 1 is trivial for all 𝑛 as we know from proposition 3.7 that Φ has a fixed point at 𝑝𝑛 − 1, hence 𝑝𝑛 −

1 resides in a cycle of length 1 which proves that for 1|𝑛, Φ has a disjoint cycle of length 1. Assume that 

𝑛 is composite.  The case where 𝑘 = 𝑛 was shown in proposition 4.1.  

Suppose 𝑘|𝑛, 𝑛 = 𝑘𝑗 for some positive integer 𝑗 > 1, 𝑘 > 1. Then we can demonstrate the 

existence of an element of 𝐻𝑝𝑛 where 𝜑𝑘(𝑎) = (1, 𝑎 − 1).  We begin by assuming that 𝜑𝑘(𝑎) =

(1, 𝑎 − 1).    𝜑𝑘(𝑎) = (1, 𝑎 − 1) implies that  𝑝𝑘𝑎 = 𝑝𝑛(1) + (𝑎 − 1) which gives: 

 

𝑝𝑘𝑎 − 𝑎 = 𝑝𝑛 − 1 

 

(𝑝𝑘 − 1)𝑎 = 𝑝𝑛 − 1 

 

(𝑝 − 1)(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)𝑎 = (𝑝 − 1)(𝑝𝑛−1 + 𝑝𝑛−2 +⋯+ 1) 
 

𝑎 =
(𝑝 − 1)(𝑝𝑛−1 + 𝑝𝑛−2 +⋯+ 𝑝 + 1)

(𝑝 − 1)(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 𝑝 + 1)
 

 

𝑎 =
(𝑝𝑘𝑗−1 + 𝑝𝑘𝑗−2 +⋯+ 𝑝 + 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 𝑝 + 1)
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For such an element 𝑎 to exist, we simply need to find an integer solution for 𝑎 and show that this 

solution lies within the set 𝐻𝑝𝑛. Since we took 𝑗 > 1: 

 

𝑎 =
(𝑝𝑘𝑗−1 + 𝑝𝑘𝑗−2 +⋯+ 𝑝𝑘 + 𝑝𝑘−1 +⋯+ 𝑝 + 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 𝑝 + 1)
 

 

𝑎 =
(𝑝𝑘𝑗−1 + 𝑝𝑘𝑗−2 +⋯+ 𝑝𝑘)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
+
(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
 

 

𝑎 =
𝑝𝑘(𝑝𝑘𝑗−1−𝑘 + 𝑝𝑘𝑗−2−𝑘 +⋯+ 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
+ 1 

 

𝑎 =
𝑝𝑘(𝑝(𝑗−1)𝑘−1 + 𝑝(𝑗−1)𝑘−2 +⋯+ 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
+ 1 

 

Now if 𝑗 − 1 ≠ 1, we can simply repeat the process and get: 

 

𝑎 =
𝑝𝑘(𝑝(𝑗−1)𝑘−1 + 𝑝(𝑗−1)𝑘−2 +⋯+ 𝑝𝑘 + 𝑝𝑘−1…+ 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
+ 1 

 

𝑎 = 𝑝𝑘 [
(𝑝(𝑗−1)𝑘−1 + 𝑝(𝑗−1)𝑘−2 +⋯+ 𝑝𝑘)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
+ 1] + 1 

 

𝑎 = 𝑝𝑘 [
𝑝𝑘(𝑝(𝑗−1)𝑘−1−𝑘 + 𝑝(𝑗−1)𝑘−2−𝑘 +⋯+ 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
+ 1] + 1 

 

𝑎 = 𝑝𝑘 [
𝑝𝑘(𝑝(𝑗−2)𝑘−1 + 𝑝(𝑗−2)𝑘−2 +⋯+ 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
+ 1] + 1 

⋮ 

𝑎 = 𝑝𝑘 [𝑝𝑘 [𝑝𝑘 [… [
𝑝𝑘(𝑝(𝑗−𝑖)𝑘−1 + 𝑝(𝑗−(𝑖+1))𝑘−2 +⋯+ 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 1)
] + 1… ] + 1] + 1] + 1 

 

We can clearly continue this process until we reach 𝑖 = 𝑗 − 1, where the denominator will cancel 

and 𝑎 will have an integer solution of the form 𝑎 = 𝑝𝑖𝑘 + 𝑝(𝑖−1)𝑘 +⋯+ 1, or 𝑎 = 𝑝(𝑗−1)𝑘 + 𝑝(𝑗−2)𝑘 +

⋯+ 𝑝(𝑗−𝑗)𝑘. 

Since 𝑛 = 𝑘𝑗, 𝑗 > 1, it follows that 𝑎 = 𝑝(𝑗−1)𝑘 + 𝑝(𝑗−2)𝑘 +⋯+ 1 = 𝑝𝑛−𝑘 + 𝑝𝑛−2𝑘 +⋯+ 1 <

𝑝𝑛−𝑘 + 𝑝𝑛−𝑘 = 2𝑝𝑛−𝑘 ≤ 𝑝𝑛−𝑘+1 < 𝑝𝑛 − 1, as 𝑘 > 1.  Then 𝑎 ∈ 𝐻𝑝𝑛, and we can conclude that for each 

𝑘|𝑛, there is at least one 𝑘1
𝑡ℎ fixed point of Φ.  

Suppose that both 𝑎 and 𝑏 are 𝑘1
𝑡ℎ fixed points.  Then equality is immediate from  

𝑎 = 𝑝(𝑗−1)𝑘 +⋯+ 1 = 𝑏, hence 𝑎 = 𝑏.  Now suppose that 𝑎 is a 𝑘1
𝑡ℎ fixed point and a 𝑔1

𝑡ℎ fixed point.  

Then 𝑛 = 𝑘𝑗 = 𝑔𝑙 and 𝑎 = 𝑝(𝑗−1)𝑘 + 𝑝(𝑗−2)𝑘 +⋯+ 1 = 𝑝(𝑙−1)𝑔 + 𝑝(𝑙−2)𝑔 +⋯+ 1. Examine the 

equation 𝑝(𝑗−1)𝑘 + 𝑝(𝑗−2)𝑘 +⋯+ 1 = 𝑝(𝑙−1)𝑔 + 𝑝(𝑙−2)𝑔 +⋯+ 1.  Subtracting 1 from both sides we 
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have 𝑝(𝑗−1)𝑘 + 𝑝(𝑗−2)𝑘 +⋯+ 𝑝𝑘 = 𝑝(𝑙−1)𝑔 + 𝑝(𝑙−2)𝑔 +⋯+ 𝑝𝑔.  Without loss of generality, assume 

𝑘 > 𝑔. Then 𝑝(𝑗−1)𝑘−𝑔 + 𝑝(𝑗−2)𝑘−𝑔 +⋯+ 𝑝𝑘−𝑔 = 𝑝(𝑙−1) + 𝑝(𝑙−2) +⋯+ 𝑝 + 1.  Now pass this 

equation to ℤ𝑝 and since 𝑘 > 𝑔 we have 0 = 1 (𝑚𝑜𝑑 𝑝), impossible. Conclude 𝑘 = 𝑔 and that 𝑎 is a 𝑘1
𝑡ℎ 

fixed point for a unique 𝑘 dividing 𝑛.  Note that this implies that 𝑎 will not be a 𝑔1
𝑡ℎ fixed point for any 

integer 𝑔 strictly greater than or lesser than 𝑘.   

Again assume that 𝑎 is a 𝑘1
𝑡ℎ fixed point.  We claim that 𝑎 was not a fixed point for any power 𝑔 

of Φ, 𝑔 < 𝑘. Assume otherwise.  That is, assume 𝑝𝑔𝑎 = 𝑝𝑛𝑞 + 𝑟 for some 𝑔 < 𝑘 < 𝑛 and  𝑎 = 𝑞 + 𝑟 so 

that 𝑎 is a fixed point of Φ𝑔.  Then as 𝑎 = 𝑞 + 𝑟, 𝑟 = 𝑎 − 𝑞. Now if  𝑟 = 0, 𝑎 = 𝑞, which implies that 

𝑝𝑔𝑎 = 𝑝𝑛𝑎, false by 𝑎 is non-zero, 𝑔 < 𝑛.  Then 𝑟 is not zero, so assume that 𝑝𝑔𝑎 = 𝑝𝑛𝑞 + (𝑎 − 𝑞) for 

some 𝑞 ≠ 𝑎.  Then 𝑝𝑘𝑎 = 𝑝𝑛(𝑝𝑘−𝑔𝑞) + 𝑝𝑘−𝑔(𝑎 − 𝑞). If 𝑎 > 𝑞, then the minimum quotient coordinate 

of 𝜑𝑘(𝑎) is 𝑝𝑘−𝑔𝑞, implying that 𝑎 is not a 𝑘1
𝑡ℎ fixed point, false by hypothesis.  Assume 𝑞 > 𝑎.  Then 

recall that the maximum quotient coordinate of 𝜑𝑔 is 𝑝𝑔 − 1 (lemma 3.1).  Then |𝑎 − 𝑞| < 𝑝𝑔.  Assume 

that we have |𝑎 − 𝑞| = 𝑝𝑔.  Then 𝑝𝑘𝑎 = 𝑝𝑛(𝑝𝑘−𝑔𝑞) + 𝑝𝑘−𝑔(−𝑝𝑔) = 𝑝𝑛(𝑝𝑘−𝑔𝑞) − 𝑝𝑘 =

 𝑝𝑛(𝑝𝑘−𝑔𝑞 − 1) + 𝑝𝑛 − 𝑝𝑘. As we took 𝑞 > 𝑎, 0 ≠ 𝑎 ∈ 𝐻𝑝𝑛  implies that 𝑞 > 𝑎 ≥ 1 which in turn 

implies that 𝑝𝑘−𝑔𝑞 − 1 > 𝑝𝑘−𝑔 − 1 ≥ 1 for all prime numbers 𝑝 as 𝑘 > 𝑔.  Then in this case, the 

smallest possible quotient coordinate of 𝜑𝑘(𝑎) is 2, impossible by the hypothesis that 𝑎 is a 𝑘1
𝑡ℎ fixed 

point of Φ. Note that allowing |𝑎 − 𝑞| to be any smaller would have only increased the quotient 

coordinate of 𝜑𝑘(𝑎). Conclude that 𝑎 was not a fixed point for any Φ𝑔, 𝑔 < 𝑘.   

Then we have demonstrated that for any 𝑘|𝑛, we can find a distinct element 𝑎 ∈ 𝐻𝑝𝑛 unique to 𝑘 

such that the 𝑘𝑡ℎ power of Φ is exactly the first time the element achieves its identity.  Then we can 

assume that in Φ, this element resides in a disjoint cycle 𝜏 of length exactly 𝑘, hence for all 𝑘|𝑛, there 

exists a disjoint cycle of length 𝑘 in  Φ.∎ 

 

 

Corollary 5.3 – The 𝒌𝒕𝒉 Fixed Point Formula:  Let 𝑏 ∈ 𝐻𝑝𝑛  be a 𝑖𝑡ℎ − 𝑘𝑡ℎ fixed point of Φ so that 

𝜑𝑘(𝑏) = (𝑖, 𝑏 − 𝑖).  Then 𝑏 = 𝑖𝑎 where 𝑎 is the 𝑘1
𝑡ℎ fixed point of Φ, i.e. all fixed points of Φ𝑘 are 

divisible by the first fixed point.     

 

Proof.  We can derive this formula similarly to the derivation of the formula in theorem 5.2. If  𝜑𝑘(𝑏) =
(𝑖, 𝑏 − 𝑖), then:  

 

𝑝𝑘𝑏 = 𝑝𝑛(𝑖) + (𝑏 − 𝑖) 
 

(𝑝𝑘 − 1)𝑏 = 𝑝𝑛𝑖 − 𝑖 
 

(𝑝𝑘 − 1)𝑏 = 𝑖(𝑝𝑛 − 1) 
 

𝑏 = 𝑖
(𝑝 − 1)(𝑝𝑛−1 + 𝑝𝑛−2 +⋯+ 𝑝 + 1)

(𝑝 − 1)(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 𝑝 + 1)
 

 

𝑏 = 𝑖
(𝑝𝑛−1 + 𝑝𝑛−2 +⋯+ 𝑝 + 1)

(𝑝𝑘−1 + 𝑝𝑘−2 +⋯+ 𝑝 + 1)
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The remaining derivation of the formula follows exactly the same as that of the 𝑘1
𝑡ℎ fixed point of 

Φ, hence 𝑏 = 𝑖(𝑝(𝑗−1)𝑘 + 𝑝(𝑗−2)𝑘 +⋯+ 1) = 𝑖𝑎.  ∎ 

 

Example 5.4: It is illustrative to see examples of these fixed points occurring and the use of the fixed 

point formula to identify them.  Below, a table lists equation-of-coefficients permutations for ℱ2[8,𝑚]  

represented as a product of disjoint cycles, written from top to bottom in each column.  This table was 

created using a Python (version 2.4) code.  Let Φ be the base permutation for ℱ2[8,𝑚] .  The table provides 

the permutation for all powers 𝑚 of Φ dividing 8, 𝑚 ≠ 8, which are of course 1, 2, and 4.  First, we will 

calculate the 11
𝑠𝑡, 21

𝑛𝑑, and 41
𝑡ℎ fixed points of Φ using the formula given in theorem 5.2.  Recall that this 

formula is 𝑎 = 𝑝(𝑗−1)𝑘 + 𝑝(𝑗−2)𝑘 +⋯+ 𝑝(𝑗−𝑗)𝑘 where 𝑛 = 𝑗𝑘.  

 

i.) For the 11
𝑠𝑡 fixed point, we have 8 = 1 ∙ 8, so 𝑘 = 1 and 𝑗 = 8.   

 

Then 𝑎 = 27 + 26 + 25 + 24 + 23 + 22 + 2 + 1 = 255.   

 

Note that this result is 28 − 1, so in this case, the first non-zero fixed point is 𝑝𝑛 − 1.  This is not always 

true.  For instance, if we let 𝑝 = 3 and 𝑛 = 2, the first fixed point is 4 as 3 ∙ 4 = 9(1) + 3 = 9(1) + (4 −

1).   

 

ii.) For the 21
𝑛𝑑 fixed point, we have 8 = 2 ∙ 4, so 𝑘 = 2 and 𝑗 = 4.   

 

Then 𝑎 = 23∙2 + 22∙2 + 22 + 1 = 85.  

 

iii.) For the 41
𝑡ℎ fixed point, we have 8 = 4 ∙ 2, so 𝑘 = 4 and 𝑗 = 2.   

 

Then 𝑎 = 21∙4 + 1 = 17. 

 

In the table located on the next page, note that each 𝑘1
𝑡ℎ fixed point resides in a disjoint cycle of length 

exactly 𝑘 in Φ, as asserted and proved in theorem 5.2.  Also note that each non-zero fixed point is 

divisible by the first fixed point of that power.  Small font was used to accommodate for the size of the 

permutations.  
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Φ Φ2 Φ4 (Φ4 continued) 
( 1 2 4 8 16 32 64 128 ) 

( 3 6 12 24 48 96 192 129 ) 

( 5 10 20 40 80 160 65 130 ) 

( 7 14 28 56 112 224 193 131 ) 

( 9 18 36 72 144 33 66 132 ) 

( 11 22 44 88 176 97 194 133 ) 

( 13 26 52 104 208 161 67 134 ) 

( 15 30 60 120 240 225 195 135 ) 

( 17 34 68 136 ) 

( 19 38 76 152 49 98 196 137 ) 

( 21 42 84 168 81 162 69 138 ) 

( 23 46 92 184 113 226 197 139 ) 

( 25 50 100 200 145 35 70 140 ) 

( 27 54 108 216 177 99 198 141 ) 

( 29 58 116 232 209 163 71 142 ) 

( 31 62 124 248 241 227 199 143 ) 

( 37 74 148 41 82 164 73 146 ) 

( 39 78 156 57 114 228 201 147 ) 

( 43 86 172 89 178 101 202 149 ) 

( 45 90 180 105 210 165 75 150 ) 

( 47 94 188 121 242 229 203 151 ) 

( 51 102 204 153 ) 

( 53 106 212 169 83 166 77 154 ) 

( 55 110 220 185 115 230 205 155 ) 

( 59 118 236 217 179 103 206 157 ) 

( 61 122 244 233 211 167 79 158 ) 

( 63 126 252 249 243 231 207 159 ) 

( 85 170 ) 

( 87 174 93 186 117 234 213 171 ) 

( 91 182 109 218 181 107 214 173 ) 

( 95 190 125 250 245 235 215 175 ) 

( 111 222 189 123 246 237 219 183 ) 

( 119 238 221 187 ) 

( 127 254 253 251 247 239 223 191 ) 

( 255 ) 

( 1 4 16 64 ) 

( 2 8 32 128 ) 

( 3 12 48 192 ) 

( 5 20 80 65 ) 

( 6 24 96 129 ) 

( 7 28 112 193 ) 

( 9 36 144 66 ) 

( 10 40 160 130 ) 

( 11 44 176 194 ) 

( 13 52 208 67 ) 

( 14 56 224 131 ) 

( 15 60 240 195 ) 

( 17 68 ) 

( 18 72 33 132 ) 

( 19 76 49 196 ) 

( 21 84 81 69 ) 

( 22 88 97 133 ) 

( 23 92 113 197 ) 

( 25 100 145 70 ) 

( 26 104 161 134 ) 

( 27 108 177 198 ) 

( 29 116 209 71 ) 

( 30 120 225 135 ) 

( 31 124 241 199 ) 

( 34 136 ) 

( 35 140 50 200 ) 

( 37 148 82 73 ) 

( 38 152 98 137 ) 

( 39 156 114 201 ) 

( 41 164 146 74 ) 

( 42 168 162 138 ) 

( 43 172 178 202 ) 

( 45 180 210 75 ) 

( 46 184 226 139 ) 

( 47 188 242 203 ) 

( 51 204 ) 

( 53 212 83 77 ) 

( 54 216 99 141 ) 

( 55 220 115 205 ) 

( 57 228 147 78 ) 

( 58 232 163 142 ) 

( 59 236 179 206 ) 

( 61 244 211 79 ) 

( 62 248 227 143 ) 

( 63 252 243 207 ) 

( 85 ) 

( 86 89 101 149 ) 

( 87 93 117 213 ) 

( 90 105 165 150 ) 

( 91 109 181 214 ) 

( 94 121 229 151 ) 

( 95 125 245 215 ) 

( 102 153 ) 

( 103 157 118 217 ) 

( 106 169 166 154 ) 

( 107 173 182 218 ) 

( 110 185 230 155 ) 

( 111 189 246 219 ) 

( 119 221 ) 

( 122 233 167 158 ) 

( 123 237 183 222 ) 

( 126 249 231 159 ) 

( 127 253 247 223 ) 

( 170 ) 

( 171 174 186 234 ) 

( 175 190 250 235 ) 

( 187 238 ) 

( 191 254 251 239 ) 

( 255 ) 

( 1 16 ) 

( 2 32 ) 

( 3 48 ) 

( 4 64 ) 

( 5 80 ) 

( 6 96 ) 

( 7 112 ) 

( 8 128 ) 

( 9 144 ) 

( 10 160 ) 

( 11 176 ) 

( 12 192 ) 

( 13 208 ) 

( 14 224 ) 

( 15 240 ) 

( 17 ) 

( 18 33 ) 

( 19 49 ) 

( 20 65 ) 

( 21 81 ) 

( 22 97 ) 

( 23 113 ) 

( 24 129 ) 

( 25 145 ) 

( 26 161 ) 

( 27 177 ) 

( 28 193 ) 

( 29 209 ) 

( 30 225 ) 

( 31 241 ) 

( 34 ) 

( 35 50 ) 

( 36 66 ) 

( 37 82 ) 

( 38 98 ) 

( 39 114 ) 

( 40 130 ) 

( 41 146 ) 

( 42 162 ) 

( 43 178 ) 

( 44 194 ) 

( 45 210 ) 

( 46 226 ) 

( 47 242 ) 

( 51 ) 

( 52 67 ) 

( 53 83 ) 

( 54 99 ) 

( 55 115 ) 

( 56 131 ) 

( 57 147 ) 

( 58 163 ) 

( 59 179 ) 

( 60 195 ) 

( 61 211 ) 

( 62 227 ) 

( 63 243 ) 

( 68 ) 

( 69 84 ) 

( 70 100 ) 

( 71 116 ) 

( 72 132 ) 

( 73 148 ) 

( 74 164 ) 

( 75 180 ) 

( 76 196 ) 

( 77 212 ) 

( 78 228 ) 

( 79 244 ) 

( 85 ) 

( 86 101 ) 

( 87 117 ) 

( 88 133 ) 

( 89 149 ) 

( 90 165 ) 

( 91 181 ) 

( 92 197 ) 

( 93 213 ) 

( 94 229 ) 

( 95 245 ) 

( 102 ) 

( 103 118 ) 

( 104 134 ) 

( 105 150 ) 

( 106 166 ) 

( 107 182 ) 

( 108 198 ) 

( 109 214 ) 

( 110 230 ) 

( 111 246 ) 

( 119 ) 

( 120 135 ) 

( 121 151 ) 

( 122 167 ) 

( 123 183 ) 

( 124 199 ) 

( 125 215 ) 

( 126 231 ) 

( 127 247 ) 

( 136 ) 

( 137 152 ) 

( 138 168 ) 

( 139 184 ) 

( 140 200 ) 

( 141 216 ) 

( 142 232 ) 

( 143 248 ) 

( 153 ) 

( 154 169 ) 

( 155 185 ) 

( 156 201 ) 

( 157 217 ) 

( 158 233 ) 

( 159 249 ) 

( 170 ) 

( 171 186 ) 

( 172 202 ) 

( 173 218 ) 

( 174 234 ) 

( 175 250 ) 

( 187 ) 

( 188 203 ) 

( 189 219 ) 

( 190 235 ) 

( 191 251 ) 

( 204 ) 

( 205 220 ) 

( 206 236 ) 

( 207 252 ) 

( 221 ) 

( 222 237 ) 

( 223 253 ) 

( 238 ) 

( 239 254 ) 

( 255 ) 
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We close this section with a tangential application of the results above.  Suppose that we are 

given any field 𝔽𝑝𝑙. It is well known that the multiplicative group 𝔽
𝑝𝑙
∗  of 𝔽𝑝𝑙 is cyclically generated by a 

primitive element.  (pg. 4 [2]) A direct consequence of the 𝑘𝑡ℎ fixed point formula is the identification of 

all subfields of a finite field by powers of a primitive element of that finite field.  If we can describe the 

multiplicative groups of every sub-field as a cyclic subgroup of the multiplicative group of the field, then 

we can examine these multiplicative groups under an obvious isomorphism with the additive abelian 

group ℤ𝑝𝑙−1.  The following theorem establishes this identification and a subsequent result regarding the 

product of the multiplicative groups of any two subfields of a field.  On notation, for a field 𝐹, we will 

denote the multiplicative group 𝐹\{0} as 𝐹∗.  Let the reader be reminded that if 𝐺 is a group, 𝑁 is a 

normal subgroup of 𝐺 and 𝐻 is any other subgroup of 𝐺, then 𝑁𝐻 = {𝑛ℎ | 𝑛 ∈ 𝑁, ℎ ∈ 𝐻} is a subgroup of 

𝐺. (pg. 94 [1]) 

 

Theorem 5.6:  Let 𝔽𝑝𝑙 be a subfield containing 𝔽𝑝𝑛 so that 𝑛|𝑙.  Let 𝜃 be a primitive element of 𝔽𝑝𝑙 so 

that 𝜃 generates 𝔽
𝑝𝑙
∗ .  Then if 𝛼 is the 𝑛1

𝑡ℎ fixed point of Φ with respect to 𝑝𝑙, then 𝔽𝑝𝑛 = 〈𝜃
𝛼〉  ∪  {0}.  

Furthermore, for any two subfields 𝔽𝑝𝑛 and 𝔽𝑝𝑚 contained in 𝔽𝑝𝑙, the product 𝔽𝑝𝑛
∗ ∙ 𝔽𝑝𝑚

∗  is a subgroup of 

𝔽
𝑝𝑙
∗  and if 𝛼 is the 𝑛1

𝑡ℎ fixed point of Φ with respect to 𝑝𝑙 and 𝛽 is the 𝑚1
𝑡ℎ fixed point of Φ with respect to 

𝑝𝑙, then  𝔽𝑝𝑛
∗ ∙ 𝔽𝑝𝑚

∗ = 〈𝜃gcd(𝛼,𝛽)〉.  

 

Proof. If 𝜃 generates 𝔽
𝑝𝑙
∗ , then 𝜃𝑝

𝑙
= 𝜃.  For any 𝑎 ∈ 𝔽𝑝𝑛

∗ , 𝑎 =  𝜃𝑘 for some 𝑘 ∈ {0,1,… 𝑝𝑙 − 2}.  We 

must also have 𝑎𝑝
𝑛
= 𝑎, which is to say that (𝜃𝑘)

𝑝𝑛

= 𝜃𝑘.  Then where 𝑝𝑛𝑘 = 𝑝𝑙𝑞 + 𝑟, 𝜃𝑝
𝑛𝑘 =

𝜃𝑝
𝑑𝑞+𝑟 = 𝜃𝑞+𝑟.  Note that the resulting exponent is given precisely by Φ𝑛 with respect to 𝑝𝑙.  It follows 

that the 𝑛𝑖
𝑡ℎ fixed points of Φ give us all powers 𝑘 of 𝜃 where 𝜃𝑝

𝑛𝑘 = 𝜃𝑘 and therefore all of the 

elements of 𝔽
𝑝𝑙
∗  where 𝑎𝑝

𝑛
= 𝑎, which is exactly the elements of 𝔽𝑝𝑛

∗ . By the fixed point formula, if 𝑑 =

𝑛𝑗, we have that any element of 𝔽𝑝𝑛
∗  must be of the form 𝜃𝑘 where 𝑘 = 𝑖(𝑝(𝑗−1)𝑛 + 𝑝(𝑗−2)𝑛 +⋯+

𝑝(𝑗−𝑗)𝑛) = 𝑖𝛼 where 𝛼 is the 𝑛1
𝑡ℎ fixed point of Φ with respect to 𝑝𝑙.  |𝔽𝑝𝑛

∗ | = 𝑝𝑛 − 1, so counting from 0 

in order to ensure we account for 1 ∈ 𝔽𝑝𝑛
∗ , we have that 𝑖 ∈ {0,1,… , 𝑝𝑛 − 2}.  Then  𝔽𝑝𝑛

∗ =

{𝜃𝑘|𝑘 = 𝑖𝛼, 𝑖 = 0,1…𝑝𝑛 − 2}, which is equivalent to saying that 𝔽𝑝𝑛
∗ = 〈𝜃𝛼〉, so 𝔽𝑝𝑛 = 〈𝜃

𝛼〉  ∪  {0}. 

 Now suppose that 𝔽𝑝𝑛 and 𝔽𝑝𝑚 are two subfields contained in 𝔽𝑝𝑙.  Note that as 𝔽
𝑝𝑙
∗  is an abelian 

group, 𝔽𝑝𝑛
∗ ⊴ 𝔽

𝑝𝑙
∗ , so it is immediate that 𝔽𝑝𝑛

∗ ∙ 𝔽𝑝𝑚
∗ = {𝑎𝑏 | 𝑎 ∈ 𝔽𝑝𝑛

∗ , 𝑏 ∈ 𝔽𝑝𝑚
∗ } is a subgroup of 𝔽

𝑝𝑙
∗ .  

Suppose that 𝛼 is the 𝑛1
𝑡ℎ fixed point of Φ with respect to 𝑝𝑙 and 𝛽 is the 𝑚1

𝑡ℎ fixed point of Φ with 

respect to 𝑝𝑙. Then by the conclusions above, 𝔽𝑝𝑛
∗ = 〈𝜃𝛼〉 and 𝔽𝑝𝑚

∗ = 〈𝜃𝛽〉.  Let 𝜓: 𝔽
𝑝𝑙
∗ ⟶ ℤ𝑝𝑙−1 by 

𝜓(𝜃𝑘) = 𝑘.  That 𝜓 is a group isomorphism is clear.  It is also clear that 𝜓(𝔽𝑝𝑛
∗ ) = 𝜓(〈𝜃𝛼〉) = 〈𝛼〉 ⊴

ℤ𝑝𝑛−1 and that 𝜓(𝔽𝑝𝑚
∗ ) = 〈𝛽〉.  Then 〈𝛼〉 + 〈𝛽〉 = {𝑎 + 𝑏 | 𝑎 ∈ 〈𝛼〉, 𝑏 ∈ 〈𝛽〉} is a subgroup of ℤ𝑝𝑛−1.   

 We claim that 〈𝛼〉 + 〈𝛽〉 = 〈𝑔〉 where 𝑔 = gcd(𝛼, 𝛽).  If 𝑔 = gcd(𝛼, 𝛽), then 𝛼 = 𝛼′𝑔 and 𝛽 =

𝛽′𝑔.  Let 𝑎 ∈ 〈𝛼〉 and 𝑏 ∈ 〈𝛽〉.  Then 𝑎 = 𝑗𝛼 = 𝑗𝛼′𝑔 and 𝑏 = 𝑙𝛽 = 𝑗𝛽′𝑔.  Then 𝑎 + 𝑏 = (𝑗𝛼′ + 𝑗𝛽′)𝑔, 

so 𝑎 + 𝑏 ∈ 〈𝑔〉, hence 〈𝛼〉 + 〈𝛽〉 ⊆ 〈𝑔〉.  For the reverse containment, 𝑔 = gcd(𝛼, 𝛽) implies that there 

exist integers 𝑢 and 𝑣 such that 𝑔 = 𝑢𝛼 + 𝑣𝛽.  Then if 𝑟 ∈ 〈𝑔〉, 𝑟 = ℎ𝑔 which in turn implies that 𝑟 =

ℎ(𝑢𝛼 + 𝑣𝛽) = (ℎ𝑢)𝛼 + (ℎ𝑣)𝛽, hence 𝑟 ∈ 〈𝛼〉 + 〈𝛽〉 and 〈𝑔〉 ⊆ 〈𝛼〉 + 〈𝛽〉.  Then 〈𝛼〉 + 〈𝛽〉 =

〈gcd (𝛼, 𝛽)〉.  Then 𝔽𝑝𝑛
∗ ∙ 𝔽𝑝𝑚

∗ = 𝜓−1(〈𝛼〉 + 〈𝛽〉) = 𝜓−1(〈gcd (𝛼, 𝛽)〉) = 〈𝜃gcd (𝛼,𝛽)〉. ∎   
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6 A Summation Identity for 𝓕𝒑[𝒏,𝒎] 
 

Recall that ℱ𝑝[𝑛,𝑚] = {𝑓 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛)[𝑥] | deg(𝑓) < 𝑝
𝑛, 𝑓(𝔽𝑝𝑛) ⊆ 𝔽𝑝𝑚} and that 𝐻𝑝𝑛 = {0,1,… 𝑝

𝑛 − 1}.  

We now seek to establish a clear connection between the permutation Φ𝑚 with respect to 𝑝𝑛 and 

polynomials in ℱ𝑝[𝑛,𝑚]  by providing a general summation identity for all polynomials in ℱ𝑝[𝑛,𝑚] .  This 

identity is established by showing that each polynomial in ℱ𝑝[𝑛,𝑚]  is comprised of segments that 

correspond to a specific disjoint cycle of Φ𝑚 and then constructing an equivalent polynomial (under 

evaluation at elements of 𝔽𝑝𝑛) as a sum of such segments.  This identity is established in the hopes that 

such a structure will aid in validating other methods of constructing polynomials in ℱ𝑝[𝑛,𝑚] .  We begin 

with some definitions to aid our discussion.   

 

Definition:  Let 𝑖 ∈ 𝐻𝑝𝑛.  We say that a coefficient 𝑎𝑖 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛), where 𝑎𝑖𝑥
𝑖 is a monomial term of 

some polynomial 𝑓 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛)[𝑥],  deg(𝑓) < 𝑝
𝑛, satisfies a  g-cycle of Φ𝑚 if:  

 

i.) There exists a disjoint cycle 𝜏 in Φ𝑚 of length 𝑔 and 𝜏 contains 𝑖. 

ii.) For all 𝑏 ∈ {1,2,… , 𝑔}, where (Φ𝑚)𝑏(𝑖) = 𝑗, 𝑎𝑖
𝑝𝑚𝑏

= 𝑎𝑗, where 𝑎𝑗 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) is the 

coefficient for some monomial 𝑎𝑗𝑥
𝑗 in 𝑓, 𝑗 ∈ 𝐻𝑝𝑛.   

iii.) If 𝑎𝑖 and 𝑎𝑘 are elements such that 𝑖, 𝑘 ∈ 𝐻𝑝𝑛 , 𝑎𝑖𝑥
𝑖, 𝑎𝑘𝑥

𝑘 are monomial terms in 𝑓, and 

𝑖, 𝑘 reside in the same disjoint cycle 𝜏 of length g in Φ𝑚, (Φ𝑚)𝑏(𝑖) = 𝑘 for some 𝑏 ∈

{1,2,… , 𝑔} with 𝑎𝑖
𝑝𝑚𝑏

= 𝑎𝑘, we say that 𝑎𝑖 and 𝑎𝑘 satisfy the same g-cycle of Φ𝑚. 

 

Proposition 6.1: Let 𝑎𝑖 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) ⊆ 𝔽𝑝𝑚𝑛 be a coefficient of some polynomial 𝑓 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛)[𝑥] so 

that 𝑎𝑖𝑥
𝑖 is a monomial term of 𝑓. If 𝑎𝑖 satisfies a g-cycle of Φ𝑚, then 𝑎𝑖 ∈ (𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) ∩ 𝔽𝑝𝑚𝑔) ⊆ 𝔽𝑝𝑚𝑛. 

 

Proof.  If 𝑎𝑖 satisfies a g-cycle of Φ𝑚, then there exists a disjoint cycle 𝜏 of length 𝑔 in Φ𝑚 and 𝜏 

contains 𝑖.  Then 𝑔|𝑛 and 𝔽𝑝𝑚𝑔 ⊆ 𝔽𝑝𝑚𝑛.  It also follows that (Φ𝑚)𝑔(𝑖) = 𝑖 and that 𝑎𝑖
𝑝𝑚𝑔

= 𝑎𝑖.  Then 

𝑎𝑖 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) ∩ 𝔽𝑝𝑚𝑔 .  

 

Definition:  For a polynomial 𝑓 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛)[𝑥], the sum of monomial terms with coefficients that satisfy 

the same g-cycle of Φ𝑚 is called a g-cycle segment.   

 

Proposition 6.2: Every polynomial 𝑓 ∈ ℱ𝑝[𝑛,𝑚]  can be written as the sum of g-cycle segments evaluated 

at 𝔽𝑝𝑛 along with its degree 𝑝𝑛 − 1 term and its constant.  The general form of this sum is as follows; 

where ℎ is the number of disjoint cycles of Φ𝑚, 𝑔𝑘 is the length of a particular cycle with an indexing set 

{1,… , ℎ}, 𝑖𝑘 is the least element of the cycle with the same index, and 𝑎𝑖𝑘  is the coefficient corresponding 

to the indeterminate power 𝑥𝑖𝑘 , 𝑎𝑖𝑘 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) ∩ 𝔽𝑝𝑚𝑔𝑘 , when evaluated at elements of 𝔽𝑝𝑛: 

 

𝑓(𝑥) = 𝑎𝑝𝑛−1𝑥
𝑝𝑛−1 +∑ ∑(𝑎𝑖𝑘𝑥

𝑖𝑘)
𝑝𝑚𝑗

𝑔𝑘−1

𝑗=0

ℎ−1

𝑘=1

+ 𝑎0 
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Proof. Let 𝑓 ∈ ℱ𝑝[𝑛,𝑚] .  We claim that each coefficient in 𝑓 must satisfy some g-cycle.  By the property 

established in proposition 4.4, for 𝑖 ∈ 𝐻𝑝𝑛, if 𝑎𝑖 is a coefficient of some polynomial in 𝑓, we must have 

𝑎𝑖
𝑝𝑚𝑘

= 𝑎(Φ𝑚)𝑘(𝑖) for all 𝑘, hence we see that as Φ𝑚 is a permutation on 𝐻𝑝𝑛 and |Φ𝑚| divides 𝑛, there 

must be a disjoint cycle 𝜏 of length 𝑔 dividing 𝑛 in Φ𝑚 containing 𝑖 and for all 𝑏 ∈ {1,2,… , 𝑔}, 𝑎𝑖
𝑝𝑚𝑏

=

𝑎(Φ𝑚)𝑏(𝑖).  It follows that all coefficients of all polynomials in ℱ𝑝[𝑛,𝑚]  satisfy some g-cycle.   

Then since each coefficient must satisfy a g-cycle, we can segment the polynomial 𝑓 ∈ ℱ𝑝[𝑛,𝑚] 

according to each cycle.  Suppose we have some monomials 𝑎𝑖𝑥
𝑖 and 𝑎𝑘𝑥

𝑘 of 𝑓 that satisfy the same g-

cycle.  Then 𝑖 and 𝑘 reside in the same disjoint cycle 𝜏 of length g in Φ𝑚.  Then if (Φ𝑚)𝑏(𝑖) = 𝑘, 

𝑎𝑖
𝑝𝑚𝑏

= 𝑎𝑘 which implies that we can write 𝑎𝑘𝑥
𝑘 as 𝑎𝑖

𝑝𝑚𝑏
𝑥(Φ

𝑚)𝑏(𝑖).  Then taking 𝑖 to be the “first” 

element of the disjoint cycle of length 𝑔 in Φ𝑚, we can write the entire g-cycle segment containing 𝑎𝑖𝑥
𝑖 

as: 

 

𝑎𝑖𝑥
𝑖 + 𝑎𝑖

𝑝𝑚
𝑥Φ

𝑚(𝑖) +⋯+ 𝑎𝑖
𝑝𝑚𝑏
𝑥(Φ

𝑚)𝑏(𝑖)(= 𝑎𝑘𝑥
𝑘) + 𝑎𝑖

𝑝𝑚(𝑏+1)
𝑥(Φ

𝑚)(𝑏+1)(𝑖)  + ⋯+ 𝑎𝑖
𝑝𝑚(𝑔−1)

𝑥(Φ
𝑚)(𝑔−1)(𝑖) 

 

As Φ𝑚 is a permutation and 𝑎𝑘 , 𝑎𝑖 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛) ∩ 𝔽𝑝𝑚𝑔 (by proposition 6.1), we could just as well 

take 𝑘 to be the “first” coordinate. Then where 𝑔 is the length of the disjoint cycle  𝜏 containing 𝑖, we can 

write the g-cycle segment containing 𝑎𝑖𝑥
𝑖 as the summation (ignoring for now that the powers of the 

indeterminate will likely take this summation outside of ℱ𝑝[𝑛,𝑚]  which contains polynomials of degree 

strictly less than 𝑝𝑛): 

 

∑(𝑎𝑖𝑥
𝑖)
𝑝𝑚𝑗

𝑔−1

𝑗=0

 

 

Noting that we can always choose a “first” element in any disjoint cycle of Φ𝑚 and that all g-cycles 

naturally correspond to a single disjoint cycle in Φ𝑚, it follows that we can extend this summation and 

derive a representation of all polynomials in ℱ𝑝[𝑛,𝑚] .  Without regard to degree, where ℎ is the number of 

disjoint cycles of Φ𝑚, 𝑔𝑘 is the length of a particular cycle with an indexing set {1,… , ℎ}, and 𝑖𝑘 is the 

least element of the cycle with the same index, 𝑎𝑖𝑘 ∈ 𝔽𝑝𝑙𝑐𝑚(𝑚,𝑛)⋂𝔽𝑝𝑚𝑔 is the coefficient of 𝑥𝑖𝑘 , we can 

write the sum of all g-cycle segments of a polynomial 𝑓 (disregarding the leading and constant 

coefficient) as: 

 

∑ ∑(𝑎𝑖𝑘𝑥
𝑖𝑘)

𝑝𝑚𝑗
𝑔𝑘−1

𝑗=0

ℎ−1

𝑘=1

 

 

 

 Since we disregarded the constant term 𝑎0 and a possible leading term of the form 𝑎𝑝𝑛−1𝑥
𝑝𝑛−1  

(because 0 and 𝑝𝑛 − 1 are always fixed points of Φ𝑚), we can compensate for them now and express this 

sum as:  
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𝑎𝑝𝑛−1𝑥
𝑝𝑛−1 +∑ ∑ (𝑎𝑖𝑘𝑥

𝑖𝑘)
𝑝𝑚𝑗 

+ 𝑎0

𝑔𝑘−1

𝑗=0

ℎ−1

𝑘=1

 

 

Then by construction, for 𝑓 ∈ ℱ𝑝[𝑛,𝑚] , we must satisfy the equation 

 

𝑓(𝑥) = 𝑎𝑝𝑛−1𝑥
𝑝𝑛−1 +∑ ∑ (𝑎𝑖𝑘𝑥

𝑖𝑘)
𝑝𝑚𝑗 

+ 𝑎0

𝑔𝑘−1

𝑗=0

ℎ−1

𝑘=1

 

 

when evaluating both sides at elements of 𝔽𝑝𝑛 . ∎ 

 

Example 6.3:  We will now take a polynomial in ℱ2[3,2]  and derive it’s representation in the summation 

identity proposed in proposition 6.2.  Suppose we have the polynomial 𝑓 as in example 2.2: 

 
𝑓 = (𝜃3 + 𝜃2 + 𝜃 + 1)𝑥7 + (𝜃4 + 𝜃2)𝑥6 + (𝜃5 + 𝜃4)𝑥5 + (𝜃5)𝑥4 + (𝜃5 + 𝜃2)𝑥3 + (𝜃2 + 𝜃 + 1)𝑥2 + (𝜃5 + 𝜃2 + 𝜃)𝑥 + (𝜃3 + 𝜃2 + 𝜃) 
 

Φ2 with respect to 23 is represented in S7 as the permutation (1 4 2)(3 5 6).  Then by proposition 6.2, 

when evaluating at elements of 𝔽23 can write 𝑓 as: 

 

𝑓 = (𝜃3 + 𝜃2 + 𝜃 + 1)𝑥7 +∑[(𝜃5 + 𝜃2 + 𝜃)𝑥]2
2𝑖

2

𝑖=0

+  ∑[(𝜃5 + 𝜃2)𝑥3]2
2𝑗

2

𝑗=0

+ (𝜃
3
+ 𝜃

2
+ 𝜃) 

 

7 Conclusions 
 

This paper established necessary and sufficient conditions on the coefficients of polynomial functions 

over a finite field that when restricted to a subfield map entirely into a target subfield.  These conditions 

are established via a permutation that depends only on the cardinality of the subfield of restriction.  The 

conditions for any target subfield can then be derived through the composition of the aforementioned 

permutation.  We presented a matrix representing this permutation that can be used in practice. We also 

concluded that the minimal representation of any polynomial that achieves the desired result resides in the 

polynomial ring over the composite field of the subfield of restriction and the target subfield.  Formulas 

describing the general form of such polynomial functions were derived.    
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