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1 Introduction

Polynomial functions over finite fields are important in computer science and electrical engineering in
that they can be used as a mathematical representation of digital circuits. If a polynomial representation of
a digital circuit design can be derived, it becomes possible to test the validity of the circuit design
abstractly as opposed to physically testing the circuit post-construction. Dr. Priyank Kalla of the
University of Utah has proposed a method for interpolating such a representation through the use of
Grobner bases and elimination theory.

As a fundamental step toward validating the proposed method, we set out to establish the
necessary and sufficient conditions for polynomial functions with coefficients in a field of characteristic
p, when restricted to a subfield, to map from the restricted domain to a different subfield of the original
field. Due to the original problem’s relationship to binary structures, the proposed method of
interpolation deals specifically with polynomials with coefficients in a field of characteristic 2; however,
the problem as stated above was approachable for all primes p and therefore we chose to handle the
general case and found an answer for all finite fields.

In section 2, we discuss basic terminology and restrict the problem to a set of polynomials of
maximum degree in order to reduce the problem’s complexity. In section 3, we discuss the derivation and
application of an equation-of-coefficients permutation that gives the necessary and sufficient conditions
on coefficients of a polynomial to satisfy the requirements of the problem. In section 4, we discuss some
properties of this permutation and show that we can consider polynomials satisfying the requirements of
the problem to have coefficients lying in a very specific field. In section 5, the permutation giving the
necessary and sufficient conditions on polynomials meeting our requirements is examined and an
application of the results to finite fields in general is presented. In section 6, we give an identity for
polynomials satisfying the necessary and sufficient conditions for the problem.

2 Background

A field F of characteristic p is a field such that for the multiplicative identity element in F, denoted 1,
p(1g) =1z + 1z + - + 1 = 0, where p is the smallest positive integer where this occurs. When
necessary, we will denote this with Ch(F) = p. A basic example of such a field would be the quotient
group Z/pZ = Z,, where p is some prime number. It is easily shown that when taken as a ring under the
standard addition and multiplication, we have commutativity, unity, and for each element in Z,\{0} there
exists a multiplicative inverse. Also, p(1) = 0-1 = 0, hence Ch(Z,) = p. Then Z, is a finite field of
characteristic p, and is the most basic example of a finite field. From here on, we will denote such a field
as F,. (pg. 510-511, [1])

Although the characteristic for any field must be 0 or p for some prime number p, it is not the
case that all fields are of either infinite cardinality (as is the case when Ch(F) = 0) or of cardinality p.
Finite fields, which are also at times referred to as Galois fields, of cardinality p™ for any prime p and
natural number n can be constructed as well. The existence and uniqueness of such fields is a very well
covered subject, therefore the explanation of such a construction is omitted here. (pg. 549-550, [1]) We



will denote such fields as IF,», with the subscript p™ denoting the cardinality of the field where the
characteristic of the field is the prime p. It is worth reminding the reader here that a field F,» < F if
and only if n|l. (pg. 3, [2]) Also, it should be kept in mind that in a finite field of cardinality m, x™ = x
for all elements x in that field. This is clear if x = 0, and if x # 0 then x is in the multiplicative group of
the field, which has order m — 1. It follows that x™~1 = 1 and hence x™ = x.

There is a great distinction between a polynomial f with coefficients in a field K as an element of
a polynomial ring K[x] and f as a function, f: K — K. In this paper, we wish to move freely between the
two concepts, so here we establish the convention that when we are referring to f as a function, we will
write f(x) to indicate that f is being evaluated at some element(s) of K. Otherwise, it is to be assumed
that we are referring to f as an element of the polynomial ring K[x].

For a more detailed statement of the question handled by this paper, suppose we have a
polynomial with coefficients in some field [F, and we have subfields IF;, and F,, with F,, < F, and
Fq. € Fg, but not necessarily IF,, < IFg,, or vice versa. Suppose we wish to know if for some polynomial
F € F4[x], the restriction of the polynomial function f(x) to F,, maps into [F,,, that is to say if
F(IFq,) C Fg,. The essential question handled by this paper is as follows:

“What are the necessary and sufficient conditions on the coefficients of polynomials taken from the larger
field for the restriction of the polynomials as functions with respect to the indicated subfield to map
entirely into the target subfield? Furthermore, is there some test we can apply to the coefficients of the
polynomial in order to determine if the polynomial achieves the desired results?”

Below is a diagram illustrating this relation:

F F(x) —>F,

q

Fq, f(x) —>F,,

Now let us specify a prime subfield F,, for some prime p and let ¢ = p',q’ = p™ and q" = p™,
so that n|l, m|l, but not necessarily m|n or vice versa. Consider a polynomial F € lez[x]. Although
there are no restrictions on the degree of an arbitrary polynomial in F [x], when we restrict the function
F(x) to F,n, we can derive a minimum degree representation of F, and this representation will again be
an element of F [x]. We achieve this by accumulating the coefficients of monomials of degree greater
than p™ — 1 to coefficients of lower degree terms where each term in the smaller degree polynomial is the
sum of elements in F that were previously coefficients of distinct powers of the indeterminate. Then we
can take F|[Fpn )=fx)= axP" 1+ azﬁ,n_zxpn‘2 + -4+ a;x+ay, withall a; € Fu. Such an

accumulation of coefficients will not be a focal point in this paper, although it is an assuredly simple
process.

Definition: Let I, be a finite field of characteristic p and cardinality p'. Let F be some polynomial in
the polynomial ring F:[x]. Let Fn € F ;.. We say that f € F,[x] is the minimal representation of F



with respect to Fyn if deg(f) < p™ and when taken as functions mapping F into Fu, F (x) = f(x) for
all x € ]Fpn.

Proposition 2.1: Let F ; be a field of characteristic p and F,» S IF .. Then every polynomial F € F;[x]
has a unique minimal representation with respect to .

Proof. LetF € ]sz[x] and assume that we are evaluating F as a function on F,u at elements of [Fyn.

Then it follows that the indeterminate x has the property that x?" = x. Then if F is of degree h for some
h > p™, when evaluating F we have F(x) = bpx" + bp_yx" 1 + 4 bynxP" + byn_yxP" L4 o +
byx + by with all b; € F,;, with possibly some b; = 0. Since under this evaluation we have that xP" =

x, we can accumulate the coefficients b; so that F(x) = (bpn_1 + 4 b(pn_l)q) xP 1 44 (by +
=+ by )x + by (q, w some nonspecific specific positive integers) where b;, corresponds to a coefficient
of some x9, g > p™, and where x9 = x! under the assumption that x?" = x. Then the sums of these
coefficients are again elements of Fu and we may write F(x) = f(x) = al,n_lxlf’"‘1 + -4+ ax+a.
Then f € F i [x], deg(f) < p™", and by construction, for all x € F,», F(x) = f(x). Then f is the
minimal representation of F with respect to [F,». If deg(F) < p™, then we can take F to be its own

minimal representation.

Now suppose both f and f” are minimal representations of F with respect to F,». Then f, f' €
F,,:[x], both are of degree strictly less than p™, and for all x € Fn, F(x) = f(x) = f'(x). Thenforma
new polynomial, f — f’. Then deg(f — f") < p™and (f — f")(x) = 0 for all x € F,~, which implies
that f — f' has p™ roots. Since deg(f — f') < p™, this can only occur if f — f' is the zero polynomial,
hence f — f" = 0 and f = f”. Conclude that every polynomial in [F,;[x] has a unique minimal

representation with respect to [F,n. m

By the conditions of our problem, we must have that for all x € Fn, f(x) € F,m. Thenasa €
[F,m implies aP™ = a, we must have that for all x € Fpn, (f(x))p = f(x), which is to say that
(f(x))" — f(x) = 0. Note that as before, since we are evaluating f at elements of F,n, we can again

form a new polynomial f'(x) = (f(x))pm such that " is the minimal representation of fP™ with respect
to Fn.
P

It becomes important here to apply the concept of the ideal of polynomial functions that vanish on
[Fpn, which is to say polynomial functions that always have an image of 0 when evaluated at elements of

Fyn. This ideal in F :[x], denoted T(IF,»), is principal as F,: is a field. Clearly x must divide any
generator as 0 must be a root. Note that 0 is not a root of x?"~1 — 1. Since the formal derivative of
xP""1 — 1is (p™ — 1)xP"~2 and p does not divide p™ — 1, we see that x?"~1 — 1 has no repeated roots.
Since x?" "1 =1forall x € Fpn, x # 0, xP"~1 — 1 has a distinct root at every element of the
multiplicative group of [F,». Then xP"=1 — 1 factors linearly into an_l(x — a;) where each q; isa
distinct element of the multiplicative group of F,». If two polynomials with coefficients in a field share
roots, they must have equivalent monic linear factors, so it follows that x?"~1 — 1 must divide any
generator for T(F,n). Then the polynomial x(x?""‘1 - 1) = (xP" — x) is a generator for T(Fpn).



Thenif f'(x) — f(x) =0forallx € Fyn, f'—f € %(IFpn) = ((xpn — x)) which implies that
f'—f = a(xP" — x) for some polynomial a € F,i[x]. We see immediately that the degree of the left

hand side is at most p™ — 1, while the minimum positive degree of the right hand side is p™, which
implies that we must have a = 0. Then we can conclude that to satisfy the conditions of our problem,
when considering f and f as members of F,,:[x], we must have f* — f = 0, which is to say that f" = f.

Then under these conditions, we can assume that the coefficients of f and f' are equal.

This gives rise to the main method used in this paper to establish the necessary and sufficient
conditions on the coefficients of the polynomials satisfying our requirements. Say we are given a
polynomial F of any degree in F,: [x] and we wish to know if F (IFn) < Fm. Then when we restrict

F (x) to elements of F;,», we can give a new representation of F(x) as f, an element of [F,:[x] with

deg(f) < p™. Then in order to ensure that f(x) € F,m for all x € [F», we can compute (f(x))pm which
can be again represented by another element ' € F,1[x] such that deg(f") < p™. Finally, in order to
satisfy the requirement that this restricted polynomial f maps entirely into F,,m, we must have f = f".
This is the basic foundation of our approach to this problem.

It is to our advantage to minimize the number of polynomials in F,,:[x] that we are considering,
so here we will establish a reduced set of polynomials meeting our target criteria based on the reasoning
above. Let F nm denote the set of polynomials in F,,1[x] of degree strictly less than p™ such that when
evaluated at elements of [F,», their images lie completely in [F,m. Note that this set is the set of minimal
representations with respect to [F,» of polynomials that satisfy the requirements of our problem. Using
standard set notation, we can write:

Fpnm = {f € Fu[x] | deg(f) < p",f(IFpn) c IFpm}

Example 2.2: We now give an example of a polynomial that resides in F 3. We will choose [ = 6 so
that F,s c FF,6 and [F,2 © [F,6. Note that the two smaller fields are not contained in one another. Let 8
be the root of an irreducible polynomial g of degree 6 over F, so that F,(0) = F,s. Note that F,s =
{ap + a0 + a,0? + a303 + a,0* + as0° | a; € F,}. Let f be the polynomial:

F=003+024+0+1x7+ (0*+6%)x°+ (85+6%)x> + (05)x* + (05 +62)x3+ (02 + 0+ D)x2+ (05 + 602+ 0)x + (0% + 62+ 6)
When taken as subfields of Fe:
F,s ={0,1,6°+6*+62+1,0*+02+60+1,0°+6*+6020°+6,0°+0+1,0*+0%2+6}
F,2 ={0,1,6+6%2+6+1,0%+ 6%+ 0}
Then evaluating at each element of F,3, we see that the image of f is entirely contained in F,2.
f(0)=63+6%+6
f)=0
fO°+06*+6%2+1)=0
fO*+624+60+1)=0
f0°+6*+6%) =1
fO°+0)=0%+0%2+60+1
fO>+6+1)=0



fO*+6%2+6)=0

In the following paragraphs, we will establish some basic properties of polynomials in the set
Tp[n,m], but before we do, it is important to discuss some observations that will be used throughout this

paper. As previously mentioned, for all x € ]Fpn,xpn = x, but it happens to be true that if x € Ft, xP"
x ifand only if x € F» € F ;.. For the converse, assume there is some x € [F,:\F,» such that xP" = x.

But then the polynomial (xp" - x) is a polynomial with coefficients in a field of degree p™ with at least
p™ + 1 roots, impossible. Conclude that the converse is true.

Another well-known and important property of finite fields is that they enjoy the privilege of
freshman’s exponentiation for powers of the characteristic. That is to say, for any two elements a and b
in a finite field F, if Ch(F) = p, then (a + b)P = a? + bP. This comes from the simple observation that
when expressing (a + b)P using the binomial expansion theorem, we have (a+b)P =aP +

P\ r-1p 4 ... p p—1 L pp — gP p-1 p-1 L pr G
(Dar b+t (2 1) ab?™ + b7 = @ + 1 2saP™b + -+ Lo abP™ 4+ b, Since
Ch(F) = p and all middle coefficients have a factor of p, they vanish so that only aP + bP remains.
Then (a;, + ap + -+ ap_y + an)? = ((ay + az + -+ ap_y) + a,)’ = (ay + ay + =+ ay_)? + a?.
Continuing this process leaves us with the result that when in a finite field of characteristic p,
(ag ++ay)? = af + -+ + ab for any n number of terms. It is also not hard to see that this is true for

all powers of the characteristic, as (a + b)”k = ((a + b)p)l"k_1 = (a? + bll’)pk_1 = .. =qP" 4 pP".

Returning to the set Fpinmi, observe that if we take some polynomial f = apn_lxl""‘1 +

- - n— y - -
azl,n_le’”‘2 + -+ a;x + ay, we can just as well write f = 2?:0 L a;xt. Then if we wish to calculate
- p™
f P™ we can apply freshman’s exponentiation over the sum to get f7" (Zf’ 0 aix ) =

“ M agx ) YP 1 qP" xP™i. The following proposition examines the behavior of the

mdetermlnate of monomlals of a polynomial in Tp[n,m] under the assumption that we are evaluating the
polynomial at elements of [Fy,n.

Proposition 2 3: Let a;x! be a monomial of some polynomial in Fpinm). When evaluated at elements of

(ax) =al x‘“rwherepl—p q +rand m = k (mod n).

Proof. Assume that we are evaluating the monomial a;x* at elements of [F,n. Then the indeterminate x
has the property that x?" = x. Suppose that m < n and that pmi=p"q+r,0<r<n. Then

(ax) =al "xp l—ap xP q”—ap xP " —ap x9x" —ap x91T, Nowsupposethatm>n
sothatm =nj + k forsomej > 0,0 < k <mn, andsupposethatp i=pq+r. Then (ax)

p™ p™i _ D pmT™\" _ D pmznl_m_ p™ pm’” _ o™ ok _ ™ pki _
a; x _ai( )_ai( ) ==a] (x =a; \x _aix =

m _n m
af xPATT = af x9t". m

Equation of coefficients is valid under the conditions on Tp[n,m], and assuming that there is at

least one polynomial f € Fpinmi, it would stand to reason that if we are to have (f (x))p = f'(x) with



f' = f, we could do no less than permute the coefficients of f taken to the pmth power (otherwise we
may not have enough coefficients to equate!). Then we can establish a test on polynomials in Isz[x] of

maximum degree p™ — 1 to determine whether or not they reside in the set Fpinmi. First, order the

coefficients of f in a vector and raise each coefficient to the pmth power. Next, take a vector of the
original coefficients and permute them according to the requirements of the problem. If the difference of
the first vector and the resulting vector after the second is permuted is the zero vector, then we must have
that the coefficients are equal and hence f' = f. Below is an example of such an arrangement where A is
some permutation matrix:

[*]

p™ / apn_1
\ap"—l

As shown in proposition 2.3, when evaluated at elements of Fpn, (a;x')” = a?" x7*7, so we

l
can expect that in order for a polynomial f to reside in the set F pinmi, for all the monomial terms of
P (x) = f'(x), we must have afmx‘”r = a,4+,x9%", which is to say af’m = ag4r- Then the task here
lies in presenting a permutation that gives us the "q + r" position of i; that is, we must find g + r where
p¥i =p"q+71, m =k, Thefollowing section deals exclusively with this permutation and one of its
remarkable properties, but first, we provide examples of finding the permutation of coefficients specific to
certain fields F,» and [F,,m without the aid of a permutation matrix.

Example 2.4: Suppose f € F,¢[x] is of degree strictly less than 23 = 8 and suppose we wish to test
whether f resides in the set 32, Which is the set of polynomials in [F,s[x] of degree less than 8 such
that when restricted to F,s, the image of f is a subset of F,z. For this to happen, when evaluating at

elements of FF,s, we must have (f(x))4 = f'(x) = f(x). Suppose that f(x) = a;x” + -+ a;x + a,
and recall that under evaluation at elements of F,3, x® = x. We proceed with the calculations below:

fO)* = a?x?® + agx?* + adx?® + afx'® + ajx'? + a3x® + afx* + a¢
= afx3t + adx3t0 + adx?t + afx?t0 + afxt + afx1T0 + afxt + af
=ajx” + agx® + atx® + ajx? + aix® + ajxt + afx* + a¢

Then it follows we must have a% = a,, a¢ = a3, af = aq, a4 = a,,a% = as,a% = a;,a} = a,,
and ag = a, in order to achieve (f(x))4 = f'(x) = f(x). Note that this process is computationally
expensive, as for each monomial we must find the quotient and remainder in relation to the power

corresponding to the index multiplied by 4. It becomes even more computationally demanding when we
take m > n, as is illustrated in the next example.



Example 2.5: Suppose f € F,1s[x] has degree strictly less than 8 and suppose we wish to test whether or
not f resides in the set F,3,5;. Again for this to happen, when evaluating at elements of [F,s, we must

have (f(x))32 = f. Again let f(x) = a;x” + -+ + a;x + a, and note that x® = x:

f(x)32 — a§2x224 + a22x192 + a§2x160 + a22x128 + agzx% + a§2x64 + ai’>2x32 + agZ

=a32x®8 + a22x?* + ad?x?% + af?x1% + a3?x1% + a3%x® + a$ix* + ad?

— a§2x3+4 + a22x3+0 + a§2x2+4 + a22x2+0 + a§2x1+4 + a§2x1+0 + a:1’>2x4- + ag

=ad?x” + ad?x® + ad?x% + a3?x? + a3?x® + a3?x' + a3?x* + af

Observe that an extra step of computations was required using larger numbers. One can imagine
that if we were to attempt to find the permutation on the coefficients giving the necessary and sufficient
conditions for membership in say F,(s,14;, many more computations dealing with much larger numbers
would be required. It is now worth drawing the reader’s attention to an implication of proposition 2.3.
Note that the above computations imply that we must have a3? = a,, a3? = a3, a? = a4, a3% = a,,a3? =
as,a3? = a;,a3? = a,, and a3? = a,. One might notice though that the permutation on the coefficients is
essentially the same as that achieved in example 2.4. Furthermore, 5 = 2 (mod 3). So for the question
regarding F,s41, sSince 14 = 2 (mod 3), we would have a7°*** = a;, ag®*®* = a3, ai®®* = a4, a;%%%* =
a,, ai®®* = ag, al®*®* = a,,al®3%* = a,, and a}®3%* = q, as a criteria defining membership in the set
F,3141. This follows logically from the statement of proposition 2.3 that when evaluated at elements of

Fpn, (aix)? = afqu” where p¥i = p™q + r and m = k (mod n).

3  The Equation of Coefficients Permutation

Here we depart quite naturally from our discussion of polynomials over finite fields and focus our
attention solely on describing the properties of the aforementioned permutation. If we can describe this
permutation in a way that it is easily represented by a matrix A, then the vector equation [*] in section 2
becomes a trivial matter, and we will always be able to easily test whether or not a polynomial resides in
Tp[n,m].

In order to develop this permutation, we will define some notation that makes discussing it more
accessible. First, let the set H,» = {0,1, ...,p™ — 1}. Note that this is just a shorthand notation for the
directed choice of indices of coefficients of polynomials of degree strictly less than p™, the indices
corresponding to powers of the indeterminate. Now define a function ¢*: Hyn - Z X Z, with 1 < k <n
by the rule ¢* (@) = (q,r) where q is the quotient and r the remainder of p*a = p"q + .

Lemma3.1: For1l <k <n,if¢*(a) =(q,r),thenq € {0,1, ...,p*¥ —1}and r = p*m,
m € {0, ...,p™ % — 1}. This is equivalent to saying that p*(H,n») € H,n X Hn.

Proof. Leta € H,nand assume that g & {0,1,...,p* —1}. Thenasa > 0, if p¥a = p™q + r, theng = 0
and by our hypothesis, g = p*. Then p*a = p™**, p*¥(a — p™) = 0, which in turn implies that a > p™,
contradicting a € H,n. Conclude q € {0,1, ..,p¥ —1}. Now k < n, so p¥|p™ and passing the equation
p“a=p"q+110Z,, wehave 0 =r, hence r = p*m. Note that 0 <r < p". Assumethatm ¢



{0,1,...,p™ % — 1}. Then we have r = p*m > p*p™~* = p™, contradicting r < p™. Conclude that m €
{0,1,...,p™" % —1}. Since q € {0,1, ...,p* — 1} and r € {0, p%, ...,p™ — p*}, we clearly have that
@*(a) € Hyn x Hyn foralla € Hyn. m

The above lemma will be used throughout this section and continuously highlights itself as an
important element of the equation-of-coefficients permutation on H,». The next proposition lays a
foundation for the construction of the desired permutation.

Proposition 3.2: ¢* for 1 < k < n is an injection.

Proof. Suppose that ¢*(a) = ¢*(b) for some a, b € H,n. Then (q1,71) = (q2,13) € Hyn X Hyn Where
p*a = p"q, + 1, p*b = p™q, + r,. Thenp®a = pq, + 1, = p"q, + 1, = p*b, hence p*a = p*b and
a=b.m

Now we have the required elements to create our permutation. Denote the familiar binary
operation of addition as 1, thatisy:Z X Z —» Z,y(a,b) = a + b. Define ®* as 1)°¢p*, and note that
®*(a) = q + r where q is the quotient and r the remainder of p*a when divided by p™. We will at times
refer to this mapping as ®* with respect to p™. To show that ®* is in fact a permutation, it is sufficient to
show that @ injects into the finite set H .

Proposition 3.3: % = y°¢* for 1 < k < n is a permutation on the set H .

Proof. Leta € Hyn. Then where o*(a) = (q,7), by lemma3.1,q € {0,1,...,p* —1}and r =
p*m,m € {0,1, ...,p" % — 1}. Clearly the smallest possible sum of g and r is 0. We claimthat q +r =
®*(a) < p". Otherwise, for p*(a) = (q,7) = (q,p*m), g + p*m = p™ which implies that
q = p" — p*m so that we have g > p*(p™" % —m). Asm € {0,1,...,p™ % — 1}, we then have q > p*
which contradicts g € {0,1, ..., p* — 1}, false by lemma 3.1. Then 0 < ®*(a) < p™ and ®*(a) € H,n
for all a € H,n, hence & is a mapping on H,n.

Now suppose that ®*(a) = ®*(b), which is to say that }°¢p*(a) = ¥°@*(b). Then for
9*(a) = (q1,11), @*(B) = (q2,12), g1 + 11 = g2 + 12, 07 g1 + p*m = q, + p*n, for some m,n €
{0,1,...,p™ % — 1}. Since q;,q; € {0, ..., p* — 1}, p* divides neither q,or g, unless they are in fact zero.
In any case, passing the equation q; + p*m = q, + p*n to Z « we have q; = g5, and it follows
immediately that r; = r,. Then (q4,71) = (q3,73), S0 @*(a) = ¢*(b). By proposition 3.2, ¢* is an
injection, so a = b. Then @ injects into the finite set H,n and is therefore a permutation of H,n. m

The verification that the function ®* which gives the “q + r” position for elements of Hynisa
permutation is immediately useful. If we find this permutation specific to some p, n and m and let it act
on the coefficients of a polynomial f with deg(f) < p™, then we will achieve the rearrangement of the
coefficients necessary to test whether or not some polynomial f of degree less than p™ holds membership
in F pnmi. This is a desirable result; however, the permutation ®* has a characteristic that gives it much
greater utility toward determining whether or not polynomials reside in F ,in.m . In fact, itis possible to
derive the permutation for all possible m by calculating the permutation giving the conditions for Fpina.
Note that by definition, this is the permutation that describes the equation-of-coefficients conditions for



polynomials of degree less than p™ that when evaluated at elements of IF,,» map entirely into the prime
subfield, IF,,. This permutation is denoted, for obvious reasons, as ® and will at times be referred to as
the base permutation with respect to p™ (for reasons forthcoming).

It is obvious that ®@°(P)* = (d)*** and that (P)*** is again a permutation on H,,»; however,
this certainly does not mean that we would achieve the desired equation-of-coefficients permutation for
Fyinje+11. We prove that @ actually has this property in the following proposition.

Proposition 3.4: Let ®: H,n — Hy,n be the given by ®(a) = q + r where pa = p"q +r. Thenfor1 <
k <n, ®°pk = pk+1,

Proof. Assume for some 1 < k < n, ®*(a) = q; + r;, where ¢; € {0,1,...,p* — 1} and r; = p*m for
some m € {0,1, ...,p™ % — 1} (by lemma 3.1). Now suppose that (g, + p*m) = q, + 14, q, €
{01,...p—1},, =pj,j€{0,1,..,p""* — 1}. Thenp(q, + p*m) = p"q, + pj which implies that
g, — pj = p"q, — p**'m . Factoring p from the equation, we have g, — j = p™ 'q, — p*m and
subsequently g; — j = p*(p™~1"*q, —m). This implies that q; — j is divisible by p*. Now since we
have q, € {0,1, ..., p* — 1}, we can take j = p*g + q, for some g € Z. Note that asj € {0, ...,p" 1 — 1},
we must have g € {0,1, ...,p™ 1% — 1}. Note also that if j = p*g + q, then pq, = pj — p**1g, and it
follows then that —p**1g = p™q, — p**'m and that p**'m = p"q, + p**1g.

Then if p¥a = pqy + 11 = p"qy +p*m, p**a = p™(pq.) + p**'m = p"(pj — p**'g) +
(p"qz + p**1g) = p™(q, + pj — P*1g) + p**1g. Recalling that g € {0,1, ..., p" 1 % — 1}, pk*ig €
{0,p**1, ..., p™ — p**1} which implies that p**1g < p™ — 1. Then ¢**1(a) = (q, + pj —
p*tlg, p¥*1g), and this implies that ®**1(a) = q, + pj —p** g+ p* g =g +pi=q + 1, =
®(qy +pkm) = @ ((bk(a)) = ®°®d*(a). Thenforallk,1 < k < n, ®°DK = Ok+1, m

This result is important in that it shows that for k = 2, ...,n — 1, we only need to find the base
permutation & with respect to p™. Then to find the equation-of-coefficients permutation for each
subsequent k < n, we only need to compose & k times; however, we have yet to deal with the equation-
of-coefficients permutation for m > n. The following two propositions handle these cases.

Proposition 3.5: ®™ with respect to p™ is the identity permutation. This is also to say that when taken as

an element of some symmetric group, the order of &, denoted |®|, is n when @ is taken with respect to
n

P
Proof. By proposition 3.4, ®°®"~! = ®". Asp™a =p"(a) + 0foralla € Hyn, ®"(a) =a+0 =aq,
hence @™ is the identity function on H,». We claim that @ is not the identity function for any k =
1,2,..n— 1. Tosee this, note that 1 € H,» and p*1 = p™(0) + p*, ®*¥(1) = 0 + p* = p* forall k,

k =1,2,..n — 1. Then for these k, ®* is not the identity function. It follows that |®| =n. m

The next proposition will complete our discussion of the generating nature of the base
permutation @ with respect to p™. Recall the result of proposition 2.3 which states that with regard to any

5 - - : m
monomial term a;x* of some polynomial in ?p[n,m], when evaluated at elements of [Fn, (aix‘)p =

afqu” where p*i = p™q + r and m = k (imod n). Then where m > n, we simply need to define the

permutation @™ to handle such cases.
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Proposition 3.6: For m > n, define ®™ by the rule ®™(a) = q + r where p* = p"q+r,m =
k (modn), 1 <k <n.Then ®™ = dk,

Proof. Function equality is immediate by the definitions of ®* and ®™. m

Taken in concert, proposition 3.4, 3.5, and 3.6 show that the derivation of the equation-of-
coefficients permutation for any power m of p with respect to a fixed n is a fairly simple matter. One
needs only to construct the permutation & with respect to p™ (i.e. in relation to the prime subfield F,,) and

take the appropriate power of this base permutation by composition in order to obtain the permutation
specific to any power m of p. A diagram illustrating this concept is provided below:

]Fpn \ ’
okl > ]sz
P Fp3
Pl=f —» Fpn

om (modn) ———» Fpm

Since @ is a permutation, we can represent it as an element of the symmetric group S; for some
natural number j. The next proposition is short and very easy to prove, however it is worth keeping in
mind throughout the treatment of @ in subsequent sections.

Proposition 3.7: Forall k > 0, 0 and p™ — 1 are fixed points of ®¥.

Proof. Since p*0 = p™0 + 0 for all k, ®*(0) =0 forallk =1,2,..,n—1. Fork=0,1,..,n —1,
p*(" —1) =p"pk —pF =p™ +p" + -+ p" —p* =p"(p*¥ — 1) +p™ - p*. Asp™ —p* <p",
ekt —1) = (pk —-1,p" —pk), hence ®*(p" — 1) = pk¥ —1+p™ —p¥ = p™ — 1. Foranym > n,
®™ = pm(modn) o0 it follows that 0 and p™ — 1 are fixed points of ®* forall k > 0. m

It follows immediately that because 0 is a fixed point of ®* for all k > 0, we may as well take ®
as an element S,,»_;. We choose to preserve p™ — 1, even though we could discard it and only consider
the permutation as an element of S,,n_,. This will be the standard way of handling of ® when discussing
@ and its powers as members of a symmetric group.

We now state an important albeit obvious connection. Because we chose to index the coefficients
of the polynomials in question corresponding to the powers of the indeterminate, and the permutation &
acts on the set of indices in a way that determines how powers of the indeterminate are reduced under the
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assumption that we are evaluating at a certain subfield. Then this permutation can just as well be applied
to the ordered set of coefficients in order to achieve the correct rearrangement for an equation-of-
coefficients test. For this reason, we will from this point forward at times refer to & as the equation-of-
coefficients permutation.

In section 2, it was proposed that if a matrix representation of ®* could be found, it would make
the vector equation [*] a very simple matter. Now that we know the base permutation & with respect to
p™ generates all other permutations that give the equation-of-coefficients positions for a polynomial to
satisfy the criteria for membership in Fptnm, We simply need to find the matrix representing the

permutation &. It follows then that powers under multiplication of this matrix will provide us with the
desired permutation matrix for ®@™. We will denote this matrix Ag. As it so happens, this matrix is
exceedingly simple to construct by hand; however, the formal construction of Ag, is quite arduous and is
therefore omitted. We will conclude this section with the informal construction of A4 followed by
examples of its use.

To construct the matrix Ag, simply start at the top left corner of an empty p™ x p ™ matrix and
enter a 1. Go over p spaces to the right on the next row and enter another 1. Repeat this process until you
can no longer go p spaces to the right. At the point when you can no longer go over p spaces, go down to
the next row and start by entering a 1 one column to the left of the first column. Repeat the process of
going over p on each subsequent row and placing a 1 until you no longer can. Then go to the next row
and start one more column to the right of the last time you started at the left. Repeat this process until it
terminates in the bottom right corner of the matrix. Fill in the rest of the entries with 0’s. This completes
the construction of Ag.

Example 3.8: We will use the matrix A4, to solve the problems posed in example 2.4 and 2.5. First, we
construct the matrix giving the equation-of-coefficients permutation for F,s,1).

100 0000 O
/00100000\
0000100 O
AL _|000000 10
@ 01000000
0001000 O
000 0O0T1TUO0O0
000 0O0O0TUO0 1

We need the proper matrix for F, s and F 3,51, but as 5 = 2 (mod 3), both problems are solved with
the permutation ®2. Then we simply square the above matrix and get:

S OO OO R, OO
S OO RO OOoOOo
OFR OO OO Oo
(=N e NeloNeNol o]
SO OO R OOOo
SO PRr OO OO Oo
OO OO o OO
NN~

For example 2.4’s solution, we have:
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4 4 4

ag a ag a ag a
4 0 4 0 4 0

a; a, a1 a a1 a
4 4 4

a, a, a, aq a; aq
4 4 4

a as ~ a as ~ a as
i — Aé a =0= i | a =0= i = a

az 4 as 2 as 2

azs} a5 a151, a6 azsl, a6
6 a, 6 a, 6 a,

as as as

Example 2.5’s solution follows similarly:

a3? a a3? a3?
0 Qo Qo
a3? a3? a3?
32 - 3 = 3 s
2 2
aZ a aZ aq a2 aq
32 32 32
az 2| a | _ A as | as | _ =~ as® | _| as |
22 [TA0 g, [TO2 | 32 [Tl a [T 32 | T @y |
a; 4 a; 2 a; 2
32 as 32 Ag 32 Ag
az 4 az 4 az 4
a3? 6 a3? 3 a3? 3
6 a7 6 a7 6 a7
a3? a3? a3?

Recall that the solution for example 2.4 was that a? = a,, af = as,as = ag,af = a,a% = as, a3 =
a;,at = ay, and a§ = ay. The solution for 2.5 a3? = a,, a3? = aj,ad? = aq,a3* = ay,a3? =
as, a3’ = ay,a3? = a,, and a3? = a,. In both cases, we achieved the same results, but by using the
matrix representation of & we were able to greatly reduce the calculations required.

Before we conclude this section, it is worth mentioning that while a solution for hand testing

whether or not a polynomial of degree less than p™ is a member of Fpinm has presented itself in a manner

that is very easily executed, this matrix does not necessarily have much practical application in the
context of the overall problem. First, if the fields involved become very large, it might become quite
burdensome to even create the matrix A4, which would preclude the technique’s practical application.
This is all not to mention multivariable cases. While an extension of this technique can be applied with a
directed choice of lexicographical ordering to conduct essentially the same test, the matrices representing
the required permutations would get very large, very fast with each variable added.

The overall goal of this research is to validate a method of construction, and proposing a specific
method of validating results does little to validate a general method construction; however, this is not to
say that there is no value in the results above. In sections 4, 5, and 6 we will develop some properties of
the permutation @ that may be leveraged to prove general results about polynomials that satisfy the
conditions for membership in Fpinmi.

All that being said, we now have enough information to present an answer to the original
question, which was to find necessary and sufficient conditions on the coefficients of polynomials
meeting our criteria and also to develop a related test. In fact, we have done so for all primes p and
powers n and m of p, where p is the characteristic of our fields and the powers n and m give the
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cardinality of our restricted domain and target subfield. We formalize this with a theorem which
compiles the results above.

Theorem 3.9: Let p be some prime number, n, m and [ positive integers such that n|l and m|l. LetF €
]sz[x] andlet f € F [x] be the minimal representation of F with respect to F,,». Then F(x) € F,m for

all x € Fy» if and only if the coefficient vector (ay, a;, ...,apn_l)T € (Isz)p representing f* satisfies the

- pm pm pm T k T ~ - - -
equation (ao ,a; '---'apn—1) — (Ao) (ao, a, ...,apn_l) = 0 where Ag, is the matrix representing

the base permutation & with respect to p™ and m = k (mod n).

Proof. Let F € F,,i[x] and suppose that F (IF,n) S Fpm. As F € Fi[x], F has a unique minimal
representation with respect to IF,,» by proposition 2.1. Then if f is the minimal representation of F with
respect to Fn, deg(f) < p™and f(x) = F(x) forall x € F,,». Thisimplies that f(x) € F,m forall x €

m
F,» which in turn implies that (F))" =fx) forallx € Fpn. Since f € Fu[x], L= F[x] so we
can also find a unique minimal representation of f?" with respect to Fpn.
If we write f = ayn_yxP" 1+ ayn_pxP" "2 + -+ a;x + ag, by freshman’s exponentiation we
; m m m m ..
can write f7" = aln_ xP"P" L+ apu_,xP"P" "% 4+ al xP" +ag . By proposition 2.3, for each

) . \p™m m i
monomial term a;x* in £, when we evaluate at elements of Fn, (aix‘)p =aP x977 where p¥i =

i
p™q + rand m = k (mod n). Since the exponent of the indeterminate is given exactly by the
permutation @, we can write 7" (x) = f'(x) = ag:l_lxq’k(p"‘l) + agnm_zxq’k(p"‘z) 4ot

afmx‘l’k(”m) + ag"‘. Since all powers of the indeterminate for f reside in the set Hyn = {0,1, ...,p™ — 1}

and ®* is a permutation on H,», we must have that deg(f") < p", hence f" is the unique minimal
representation of f P™ with respect to Fpn.

Now we have that f'(x) = f(x) for all x € F,n, which implies that f' — f € 1(]Fpn) =
((xp" - x)) Then as deg(f' — f) < p™ and the lowest non-zero degree of any polynomial in T(F,») is

p™, we must have that f' — f is the zero polynomial. Then f’' = f, which is to say more directly that the

coefficients of f and f' are equal.

m pm T p"
'---'apn—1) € (lez) , let Ay be

the matrix representing @ with respect to p™, and note that composition of permutations is analogous to

multiplication of matrices representing those permutations. Since (®)* = ®* by proposition 3.4, if A

represents @, then (A4 )" represents ®*. As the coefficients of ' and f are equal, for each monomial

- - - m
Arrange the coefficients of f' in an ordered vector (ag ,af

term in £', we must have a?~ x®“® = aq)k(i)xd’k(") and since ®* is a permutation on the indices of the

coefficients which correspond the associated powers of the indeterminate, we must have afm = k(i)
Note that A4, acts on the vector (0,1, ...,p™ — 1)T equivalently to its action on the vector

(ao, ay, .., apn_l)T. Then arranging the coefficients of the polynomial f in an ordered vector

n m m m \T
(ap, a;, ...,apn_l)T € (]sz)p , We see that we must have (ag ,a? ,...,azn_l) =
T - . . .
(Aq,)k(ao, aq, ...,apn_l) , hence the coefficient vector corresponding to f must satisfy the equation

m m

(ap a? aln )T—(A Ye(ag,a a,n )T—ﬁ
0 ) 1 ) runy pn_l (0] 0 1 ===y p -1 —_ .
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For the converse, assume that the coefficients of the minimal representation of F with respect to
m m m T A~
F,n satisfies the vector equation (ag ,a? ,...,azn_l) — (Ae)*(ag, ay, ...,apn_l)T = 0. Then for all

x € Fpn, f(x) = (f(x))pm. Since F(x) = f(x) forall x € F,n, F(x) = (F(x))pm for all x € F,» and
hence F(x) € F,m for all x € F,n. This completes the proof of the theorem. m

4 On Coefficients in Polynomials In F yinm)

This section is devoted to a single illuminating result. In section 2, we defined the set Tp[n,m] as the set of
polynomials in lez[x], where F is some field containing IF,m and FF,», of degree strictly less than p™
such that when evaluated at elements of [F,», their images lie completely in [F,m. Now since our
permutation @ gives conditions on polynomials in Isz[x], a valid question to ask would be what is F,i?
We know it is a field containing both [F,» and [F,m, but how large should it be? Can we change the size
of :Fp[n,m] by varying [? In theorem 4.5, we show that we may as well take Isz = IFplcm(m,n); however,
this is no direct matter.

Throughout this section, we will handle the permutation ® and its powers ®* as elements of
Spn—1. When we are discussing polynomials, we take the existence of the minimal representation of any
polynomial with respect to a subfield for granted (by proposition 2.1), so we will rely on context to
indicate when such a representation is being used. On notation, gcd(a, b) denotes the familiar greatest
common divisor of two integers and lcm(a, b) the familiar least common multiple. Also, if a is an
element of some group G, then |a| denotes the order of a, the order being the smallest positive integer k
such that a* = e where e is the identity element of G. We begin with a short but important lemma.

Lemma4.1: If m = nq + k, then gcd(m,n) = gcd(k,n).

Proof. Letd = gcd(k,n) so that d|n, d|k, and for any e dividing both n and k, e|d. It is clear that if

m = nq + k, dlm. Now suppose we have some integer j, jim and j|n. Then as m = nq + k, passing the
equation to Z;, we have 0 = k, which implies that j|k. Then if j|n and j|m, j|d, so it follows that d =
gcd(m,n). m

Even though we know from proposition 3.5 that the order of the cyclically generated group of
permutations (®) is n, it is necessary for our arguments to show that when represented as an element of
Spn—1, ® contains a disjoint cycle of length n.

Proposition 4.2: Let ® be the equation-of-coefficients permutation giving the necessary and sufficient
conditions on the coefficients of a polynomial in the set Fpinal- Then @ € S,n_, contains at least one

disjoint cycle of length n, and n is the maximum length of any disjoint cycle of ®.

Proof. Recall that the rule for computing @ is a = q + r where pa = p™q + r. Then if we take ®
recursively on 1, we get (1) = p, ®(p) = p?, ..., ®(p*) = p**1, ..., 0" ) =p™ L, d(p" 1) = 1.
This implies that ®(1) = p, ®2(1) = p?, ..., ®" (1) = p™1,d"(1) = 1. Then we see that when
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represented as an element of S,,»_,, ® must contain a disjoint cycle of length exactly n of the form
(1,p,p% ., p" % p" 7).

That n is the maximum length of any disjoint cycle of @ follows immediately from proposition
3.5 which shows that |®| = n and the observation that the length of any disjoint cycle in & must divide
the order of the permutation. m

Recall that if a is an element of some group G, if |a| = j, then |ak| = gcd{k 5 (pg. 57, [1]). Also

recall that for any permutation, the order of the permutation is equal to the least common multiple of the

lengths of its disjoint cycles. (pg. 48, [3]) Then clearly if T is some permutation that is a disjoint cycle,

|t| = length(z). If |®| = n, then it follows naturally that |®™| = [ = gcdgnn); however, under normal

circumstances, we are by no means guaranteed that ®™ contains a disjoint cycle of length [. A
counterexample of the generality of this statement would be (1 2 3)(4 5 6 7) € S,, which has order 12,

but ((1 23)(456 7))2 = (132)(4 6)(5 7), which has order 6, as expected, but a maximum disjoint
cycle length 3. In the following proposition, we show that @™ must contain a disjoint cycle that is the
length of its order.

Proposition 4.3: If |®| = n, then ®™ contains a disjoint cycle of maximum length | = ——

ged(mn)’

Proof. Since @ contains a disjoint cycle of maximum length n and ®™ = (&)™, the maximum length of
a disjoint cycle in @™ will be equal to the length of some disjoint cycle of length n taken to the mt"
power.

To see this, take some disjoint cycle 7 of @, suppose that 7 is of length g = lk. Then when we
compute ¥, each element of T will be permuted [ times before completing a cycle, implying that % will
be composed of k disjoint cycles of length I. As an example, take a disjoint cycle of the form (1 2 ... g)
and suppose g = lk. Then if we compute (12...9)* = (12..9)(12...9) .. (1 2 ... @)k times) We Will
have:

1ok
ko 2k

-2k (U-Dk=g—k
g—km1

Then the resulting cycle will be of the form:
A2.9=k..0d-Dk=g-k)2,k+1,..,g—k+1)..(k—1,2k—1..9)

A count shows that we have k disjoint cycles, each of length exactly L.

The above shows that if k|g, then for any disjoint cycle 7 of length g, T will be of lesser
maximum disjoint cycle length if k > 1. Now suppose that k is an integer, k < g, such that =¥ is reduced
in greatest length, i.e. it becomes the product of smaller disjoint cycles. Let h = |Tk| and note that this
also implies that |t| = kh. Since t is of length g, 9 must give the identity permutation, which implies

that (r")h = tkh = 79 =, Thenas || = kh, we must have kh|g, hence k|g. Then it follows that a
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disjoint cycle of length g composed k times is reduced in maximum disjoint cycle length if and only if
klg.

Now let j be some integer such that n and j are not relatively prime. Since |®| =n,n =
lem(ay, ay, ..., ai) Where a; is the length of some disjoint cycle of ®. Then for d = gcd(aq, ay, ..., ax),
a; = ajd, and n = aja} ...aj,d. NOW SUPPOSE j = p;p; ... py, TOr SOMe primes p;. Note that 7/ =
(-L-pi)pﬂ?z---pi—1pi+1---pm.

If p; divides n, either 1.) p; divides d, in which case for each disjoint cycle of length a; of ®, that
cycle is shortened, or 2.) p; divides some a; in which case the disjoint cycles of length a; would be
shortened. Itis clear that in either case that if n and j are not relatively prime the maximum disjoint cycle
length resulting from taking some n-length disjoint cycle 7 to the j*"* power will always be greater than or
equal to the length of any other disjoint cycle of length less than or equal to n. If j is some integer that is
relatively prime to n, then no disjoint cycle of any length will be shortened, hence any n-length disjoint
cycle t of @ will still be of length n.

Then in order to find the maximum length of any cycle of ®™, we can disregard any disjoint
cycles of length less than n and simply find the order of a disjoint cycle of length n to the m®" power.
We are guaranteed that such a disjoint cycle T will exist in @ by proposition 4.2. Then the familiar
element order formula applies.

Ifm <nand|t|] =n, then |T™]| =

"__ Hence each permutation ™, m < n, will contain a
gcd(m,n)

If m > n, then ®™ = ®* where m = k (mod n). But

disjoint cycle of maximum length [ = P T
n

gcd(k,n)’

then ®™ = &k contains a maximum length disjoint cycle [ = and as lemma 4.1 shows,

n

ged(k,n) = ged(m,n) , hence [ = —-—. m

If [ &™) = L = —7— the disjoint cycle (1 @™(D), (@™?(1), ..., (@™)'2(1), (@™)!1 (1))

will serve as a useful prototype for a disjoint cycle of maximum length in ™, its construction simlar to
that of the disjoint cycle of length n constructed in proposition 4.2. The following proposition establishes
an important connection between ™ and the coefficients of polynomials in Fjinm.

Proposition 4.4: Let a; € FF,; be a coefficient for some f € F pnm SO that ajxj isamonomialin f,j €

pmk _ . .. (Cbm)k(]) .
Hyn. Thena; = a(gmyk jy, Where agmyk ;) is the coefficient of x inf.

Proof. If f € Fpinml, then deg(f) < p™ and when evaluated at elements of IF,,», we must have

m
(f(x))p = f(x). For the following arguments, assume that we are evaluating f at elements of F,n. As

m . .\ p™Mm .

we must have (f ()" = f(x), and ajx/ is atermin f, we must have (/)" = a x/P" =

a?" x "D = agmx®™0). Then as ®™ permutes the set H,n and deg(f) < p", we must have a? =
agm(j). Butthensince f € Fpinmi and aq,m(j)x‘bm(f) is a (possibly equal) term in f, there must be a
term such that ang(j)x(¢m)2(j) = aigmyz(;x®"™ 0D, Then it follows similarly that we must have

m
m(k—1) my(k=1) ¢ 1y \ P mk megmy(k—1)(; mk m . m(k-1) mk . mk
(a}-’ £ (@™ (1)) = a?" (P EMEVO) = g™ ™ p =a’" %I

P (@M)k() _ (@™*() P =
a x D = Agmyk(jyX 1) for any k, and therefore a; = Qgmykgjy- B
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We can now use propositions 4.3 and 4.4 to prove the main result of this section. Fiem@nn) is the
smallest field containing both [F,,m and Fy,n, (as lem(m, n) is the smallest number divisible by both m
and n) but there has been no indication as of yet that that the set of polynomials F jinml would only need

to be taken from a specific polynomial ring. Theorem 4.5 shows that it is not necessary for the field
containing coefficients of polynomials in Fpnm 10 be any larger than Fiemann).

Theorem 4.5: An element a € F,; is a coefficient of some polynomial in F inm if and only if a €

]Fplcm(m,n) .

Proof: First, note that Fiemmny S F v as Fpiemann is the smallest field of characteristic p containing
both Fm and Fpyn. Let f € F mm and let a; € IF,; be a coefficient in f so that a;x’ is a monomial term

- . m _ m mi| — n _ n
in f,j € Hyn. Suppose m < n and note that as @™ = (®)™, |d™| = p o Let [ = P Then

as f € Fmm, by proposition 4.4 when evaluating at elements of [F,», we must have (f(x))p = f(x),

and hence we must have af’m = agmj) for apm;) € Fa, where agm;y is some coefficient of f. Then

m

.. . . . p™ 14 p2m pmk pml
continuing in this fashion, we must have (aj ) =0 = Qemyz(jye ;= Qgmykjyseoly =
ml
_ myl i ; ; : p™ _ __mn_ _
Apmyl(jy = @j» 8S (®™)" is the identity permutation. Hence a = aj; and as ml = cedom =

m(mn)

lc
lem(m,n), we have a}” = a;. Suppose now that m > n. Then ®™ = &% where m = nq + k, and

Kkl _ n _ n pml _
note that |®*| = —cate etL = coqeny Then as before, we must have af = a;. By lemma 4.1,
_ _ n plcm(m,n) _ .
gcd(k,n) = gcd(m,n), hence | = ot and a; = a;. In either case, a € IFplcm(m,n).

For the converse, let a € IFpml = IFplcm(m,n). Then a®™ = a. By proposition 4.3, @™ contains at

One such disjoint cycle will be (1, ®™(1), ..., (®™)"1(1)). We

n
ged(mn)’

least one cycle of length [ =

will now construct a polynomial g € FF:[x] such that deg(g) < p™ and (g(x))pm = g(x) when

m m m(l— ml_1
evaluated at elements of Fn. Let g(x) = ax +aP" x® W + .. 4 qP D @™ (1 Then when
evaluated at elements of [Fp,n:

apqu)m(l) + apzqu)mz (1) + cee + apmlxcbml(l)

(g(0))”"

= apmxd)m(l) + oo + apm(l_l)x(bml_l(l) + ax
= g(x).

As @™ permutes H,n, deg(g) < p", and when evaluated at elements of [F,,n, (g(x))p =g(x).
With this we see that g satisfies the conditions for membership in F pinm. Then by our arbitrary choice
ofa € Iszcm(m,n), any element in F temm.ny can be a coefficient of a polynomial in Tp[n,m]. [

With this result, we will now take the set Fnm = {f € Fpiememm [x] | deg(f) < p™, f(Fpn) S IFpm}.
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Remark 4.6: Narrowing [de[x] to a specific polynomial ring certainly reigns in the possibilities for what

polynomials can satisfy our criteria; however, as the creation of an arbitrary polynomial from one element
of F jiem@mm in theorem 4.5 suggests, there are very many possibilities to choose from. It is important to
realize though that while this polynomial was indeed created in an arbitrary fashion, its construction was
in no way haphazard. Suppose we want to make a larger arbitrary polynomial by going one power further

m m m(l— ml-1
with the generating element, say by letting w = ax + aP"x®"® 4 ... 4 gP™ V@™ D 4

apmleDml(l).
Then when we evaluate w at elements of F,n, w(x) = ax + a?P" x®" @ + ... +

_ -1 _ -1
a?™ ™D 4o = 2ax + a? " x®" D 4o g @P™ PR (D Then still evaluating at [Fn,

2 l
(W(X))pm = meapmx(bm(l) + apqu;,m 1 ot apmlx¢m  — ax 4+ meapmxcbm(l) N

mi-1) gmb~
x®

2 1 -, . -
aP"x®" W 4P (), In general, under these conditions we cannot expect to achieve

(w(x))pm = w(x). If we were to extend this reasoning all the way to the order of ®, we see that for
maximum disjoint cycle length [, which must be a divisor of n, if n = [j, we would have j “leftover”
terms that would again make (w(x))pm = w(x) unlikely. Using any disjoint cycle of length less than [
works as well. Take some disjoint cycle o in ™ permuting some r € Hyn, say o =

(r,cbm(r), ...,d)mg_l(r)), and note that o is of length g. Now let Let b € Fjiemmny N Fpmg. Then we

could use ¢ and b to generate a polynomial of the following form: w = bx”™ + bP™" x®" ) 4 ... +
m(g— mI—1 . . m
pP™O™V @™ () Then again, when evaluating at elements of Fpn, as long as bP" = b, we would
have (w(x))pm = w(x), but if we took any powers further or less than g with that cycle, we would again
fail to achieve (w(x))pm = w(x). If we chose some element ¢ € I iem(mny Such that c?™ = cand
generated w from this element, then we would again fail to achieve (w(x))”" = w(x). This observation
shows the importance of cycle lengths of @™ in determining what elements can be coefficients for
specific powers of the indeterminate of polynomials in Fpinmi. The next section examines the lengths of

disjoint cycles of @ and it’s powers in order to further refine Fpinm.

5 The First Fixed Point Formula

As is suggested in remark 4.6, there is a strong connection between coefficients of polynomials in F pinmi

and the disjoint cycle lengths of ®™. In order to develop this connection, we need to know more about
these cycle lengths.

To discuss this topic with any fluidity, it will first be necessary to put forth some definitions
specific to the permutation @ and it’s powers. Throughout this section, we will examine & entirely as an
element of S,»_;, and most of the observations are based on which non-zero elements of Hyn (=
{0,1,...,p™ — 1}) are fixed points of @ and its powers. When we say “fixed points,” we are referring to
the familiar definition: an element a is a fixed point of a function h if h(a) = a. We begin with a short
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proposition describing the fixed points of ® and it’s powers and follow with definitions to aid our
discussion.

Proposition 5.1: If a € Hy» is a fixed point of ®%, 1 < k < n, then ¢*(a) = (q,7) wherer =a —q.

Proof. This is direct from the observation that if ®*(a) = a, we have p*a = p"q + r,and q + r = a,
hencer=a—q. m

Definition: Let B € H,» be non-zero. We say that g is a i*" — k" fixed point of @ if k|n and @* () =
(i, B — i). We will denote this with k" fixed point. In particular, we say that 8 is a first k" fixed point
of @ if p*(B) = (1, — 1). We will denote this with k" fixed point.

We will now prove a somewhat non-intuitive property of @ that distinguishes it from the bulk of
permutations in S,n_4. Itis usually not the case that any arbitrarily selected element of S,,»_; of order [
would be guaranteed to have a disjoint cycle of length j for all positive integers j dividing . We will
show in the following theorem that ® does indeed have this property, and it is also of note that the
method of showing that is has this property will be used to show a property finite fields in general (cf.
theorem 5.5).

Theorem 5.2: Let @ be the base equation-of-coefficients permutation with respect to p™. Then for all
k|n, there is a disjoint cycle of length k in .

Proof. We will show this property of & by showing first that each k dividing n has a distinct first fixed
point unique to k, then that this first fixed point was in fact not a fixed point of ®! forany i, 1 <i < k.
This essentially shows that ®* is exactly where that element achieves its identity for the first time, which
in turn implies that this element belonged to a disjoint cycle of length k in .

We know that if n is prime, all disjoint cycle lengths will be exactly n and there are no integers
smaller than n and greater than 1 dividing n, so there is nothing to prove unless k = 1. The case where
k = 1 istrivial for all n as we know from proposition 3.7 that & has a fixed point at p™ — 1, hence p™ —
1 resides in a cycle of length 1 which proves that for 1|n, ® has a disjoint cycle of length 1. Assume that
n is composite. The case where k = n was shown in proposition 4.1.

Suppose k|n, n = kj for some positive integer j > 1, k > 1. Then we can demonstrate the
existence of an element of H,» where ¢*(a) = (1,a — 1). We begin by assuming that ¢*(a) =
(1,a—1). ¢*(a) = (1,a— 1) implies that p¥a = p™(1) + (a — 1) which gives:

k

pfa—a=p"—-1

@*—Da=p" -1
(P — 1)(pk—1 + pk—z + - 4 1)a = (p — 1)(pn—1 + pn—z 4ot 1)

_-DE" P4+ p+ 1)
T - DGR AP TT A+ D)

_ (pkf—l + pkj—z +otp+ 1)
@R R p 1)
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For such an element a to exist, we simply need to find an integer solution for a and show that this
solution lies within the set H,,». Since we took j > 1:

(PH=t4pM=2 4+ pk+pkl ot p+1)
@t+p++p+ D)

a=

(pkj—1+pkj—2+.”+pk) (pk_1+pk_2+"'+1)

a= (pk—1+pk—2+,,,+1) (pk—1+pk—2+,,,+1)

k kj—l—k+ kj—2—k+,”_|_1
L P p ), 4
(pk—l + pk—Z 4+ 4 1)

1
(pk—l + pk—Z + .4 1) +

Now if j — 1 # 1, we can simply repeat the process and get:

a= +1
P +p 2+ + 1)
(p k 1 pk 2 P )+1 +1
+p +---+1)
k(pU-Dk-1-k 4 »,(G-Dk-2-k 4 ... 41
a=p"p(p B ) p1|41
t+p2 41+ 1)

. pk(p(j—Z)k—l +pU—2k=2 4 .. 4 1)
a=p

1 1
(pk—1+pk—2+,,_+1) + ]+

k(p(] Dk-1 + p(] (l+1))k 2 4 1)
= Lo |+1|+1]+1
“T [[H P TP A A 1) ¥ ]+]+]+

We can clearly continue this process until we reach i = j — 1, where the denominator will cancel

and a will have an integer solution of the form a = p™* + pU—Dk ...+ 1, ora = pU=Dk 4 pU-2k 4
g pU=Dk,

Since n = kj, j > 1, it follows that a = pU=Dk 4 pU=2k f .41 = pn=k g pn2k 4 ... 11 <
p"K 4 ptTh = 2pnk < p"TkHl < p" — 1, ask > 1. Then a € Hyn, and we can conclude that for each
k|n, there is at least one k" fixed point of ®.

Suppose that both a and b are ki fixed points. Then equality is immediate from
a=pU~V%4...4+1=>h, hence a = b. Now suppose that a is a k" fixed point and a gt" fixed point.
Thenn =kj = gland a = pU=Dk 4 pU=2k 4 ... 4 1 = p(t-Dg 4 (=29 4 ... + 1. Examine the
equation pU=Dk 4 pU=2k ... 4 1 = pU-Dg 4 »p(=2)g 4 ... 4+ 1. Subtracting 1 from both sides we
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have pU~Dk 4 pU-2k 4 ... 4 pk = p(-Dg 4 p=2)9 ... 4 p9_ Without loss of generality, assume

k > g. Then pU=Dk=9 4 pU=2k-g 4 ... 4 pk=9 = p(=D 4 (=2 4 ... 4 + 1. Now pass this
equation to Z,, and since k > g we have 0 = 1 (mod p), impossible. Conclude k = g and that a is a kit
fixed point for a unique k dividing n. Note that this implies that a will not be a g¢" fixed point for any
integer g strictly greater than or lesser than k.

Again assume that a is a k" fixed point. We claim that a was not a fixed point for any power g
of &, g < k. Assume otherwise. That is, assume p9a = p"q + rforsomeg <k <nand a = q +r so
that a is a fixed point of ®9. Thenasa =q+r,r =a —q. Now if r = 0, a = q, which implies that
pJa = p™a, false by a is non-zero, g < n. Then r is not zero, so assume that p9a = p™q + (a — q) for
some q # a. Thenp*a = p™(p*~9q) + p*~9(a — q). If a > g, then the minimum quotient coordinate
of p*(a) is p*~9¢q, implying that a is not a k" fixed point, false by hypothesis. Assume g > a. Then
recall that the maximum quotient coordinate of @9 is p9 — 1 (lemma 3.1). Then |a — q| < p9. Assume
that we have |a — q| = p9. Then p*a = p”(pk_gq) + pk=9(—p9) = p"(pk_gq) —pk =
p"(p¥9q — 1) + p™ — p*. Aswe took g > a, 0 # a € H,,» implies that ¢ > a > 1 which in turn
implies that p*=9q — 1 > p¥=9 — 1 > 1 for all prime numbers p as k > g. Then in this case, the
smallest possible quotient coordinate of ¢ (a) is 2, impossible by the hypothesis that a is a ki fixed
point of ®. Note that allowing |a — q| to be any smaller would have only increased the quotient
coordinate of ¢*(a). Conclude that a was not a fixed point for any ®9, g < k.

Then we have demonstrated that for any k|n, we can find a distinct element a € H,» unique to k
such that the k" power of @ is exactly the first time the element achieves its identity. Then we can
assume that in @, this element resides in a disjoint cycle t of length exactly k, hence for all k|n, there
exists a disjoint cycle of length k in . m

Corollary 5.3 — The k** Fixed Point Formula: Letb € H,» be a i*" — k'™ fixed point of & so that
©*(b) = (i,b —i). Then b = ia where a is the k" fixed point of @, i.e. all fixed points of ®* are
divisible by the first fixed point.

Proof. We can derive this formula similarly to the derivation of the formula in theorem 5.2. If ¢*(b) =
(i,b — i), then:

p*b =p"() + (b —1)
P*-1b=p"i—i
@*-Db=i@"-1)

- DE" PP+ +p+1)

b=
- DO P A AP+ D)

po P AP A D)
TP R p D)
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The remaining derivation of the formula follows exactly the same as that of the k" fixed point of
@, hence b = i(pU Dk 4 pU=2k ..+ 1) =ia. m

Example 5.4: It is illustrative to see examples of these fixed points occurring and the use of the fixed
point formula to identify them. Below, a table lists equation-of-coefficients permutations for F ., gmj
represented as a product of disjoint cycles, written from top to bottom in each column. This table was
created using a Python (version 2.4) code. Let & be the base permutation for F,(sm;. The table provides
the permutation for all powers m of @ dividing 8, m # 8, which are of course 1, 2, and 4. First, we will
calculate the 15¢, 27, and 45" fixed points of ® using the formula given in theorem 5.2. Recall that this
formulais a = pU=Dk 4 pU-2k ... 4 pU=Dk where n = jk.

i.) For the 15¢ fixed point, we have 8 = 1-8,s0k = 1and j = 8.
Thena =27 426 + 25+ 2%+ 23 + 22+ 2 + 1 = 255.

Note that this result is 28 — 1, so in this case, the first non-zero fixed point is p™ — 1. This is not always
true. For instance, if we let p = 3 and n = 2, the first fixed pointis4as3-4=9(1) +3=9(1) + (4 —
1).

ii.) For the 2% fixed point, we have 8 = 2 - 4,s0 k = 2 and j = 4.

Thena = 232 + 222 4+ 22+ 1 = 85.

iii.) For the 44" fixed point, we have 8 = 4-2,s0 k = 4 and j = 2.

Thena =2 +1 =17.

In the table located on the next page, note that each k" fixed point resides in a disjoint cycle of length
exactly k in @, as asserted and proved in theorem 5.2. Also note that each non-zero fixed point is

divisible by the first fixed point of that power. Small font was used to accommodate for the size of the
permutations.
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d P2 P4 (®* continued)
(1248163264128) (141664) (116) (105 150)
(36122448 96192129) (2832128) (232) (106 166 )
(510 20 40 80 160 65 130 ) (31248192) (348) (107 182)
(7142856112 224193131 ) (5208065) (464) (108 198)
(91836 72144 33 66 132) (62496 129) (580) (109 214)
(112244 88 176 97 194 133) (728112193) (696) (110230)
(1326 52 104 208 161 67 134) (936144 66) (7112) (111246)
(1530 60 120 240 225 195 135) (10 40 160 130 ) (8128) (119)
(173468 136) (1144176 194) (9144) (120135)
(19 38 76 152 49 98 196 137) (1352208 67) (10160) (121151)
(214284168 81 162 69 138 ) (1456224131) (11176) (122167)
(23 46 92 184 113 226 197 139) (15 60 240 195 ) (12192) (123183)
(25 50 100 200 145 35 70 140 ) (1768) (13208) (124199)
(2754108 216 177 99 198 141) (187233132) (14224) (125215)
(2958 116 232 209 163 71 142) (197649 196) (15240) (126 231)
(31 62 124 248 241 227 199 143 (21848169) (17) (127 247)
(3774148 4182 16473 146 ) (228897 133) (1833) (136)
(39 78 156 57 114 228 201 147) (2392113197) (1949) (137152)
(4386172 89 178 101 202 149) (2510014570) (2065) (138168)
(45 90 180 105 210 165 75 150 ) (26104 161 134) (2181) (139184)
(47 94 188 121 242 229 203 151 ) (27108177 198) (2297) (140 200)
(51102204 153) (29116209 71) (23113) (141216)
(53 106 212 169 83 166 77 154) (30120225 135) (24129) (142 232)
(55 110 220 185 115 230 205 155 ) (31124 241199) (25145) (143 248)
(59 118 236 217 179 103 206 157 ) (34136) (26 161) (153)
(61122 244 233 211 167 79 158 ) (3514050 200) (27177) (154 169)
(63 126 252 249 243 231 207 159) (371488273) (28193) (155185)
(85170) (38152 98137) (29209) (156 201)
(8717493186117 234213 171) (39156114 201) (30225) (157 217)
(91182 109 218 181 107 214 173) (41164146 74) (31241) (158233)
(95 190 125 250 245 235 215 175 (42168 162 138) (34) (159 249)
(111 222 189 123 246 237 219 183) (43172178 202) (3550) (170)
(119 238 221 187) (4518021075) (3666) (171186)
(127 254 253 251 247 239 223 191 ) (46 184 226 139) (3782) (172 202)
(255) (47 188 242 203) (3898) (173218)

(51204) (39114) (174 234)
(532128377) (40130) (175 250)
(54 216 99 141 ) (41146) (187)
(55220 115 205 ) (42162) (188203)
(57228147 78) (43178) (189219)
(58232163 142) (44194) (190 235)
(59 236 179 206 ) (45210) (191251)
(61244 21179) (46226) (204)
(62 248 227 143) (47242) (205 220)
(63252 243 207) (51) (206 236)
(85) (5267) (207 252)
(8689101 149) (5383) (221)
(8793117 213) (5499) (222237)
(90 105 165 150) (55115) (223253)
(91109 181 214) (56131) (238)
(94121 229151) (57147) (239254)
(95 125 245 215) (58163) (255)
(102 153) (59179)
(103157 118 217) (60195)
(106 169 166 154 ) (61211)
(107 173182 218) (62227)
(110 185 230 155 (63243)
(111189 246 219 ) (68)
(119 221) (6984)
(122 233167 158) (70100)
(123 237183 222) (71116)
(126 249 231 159 ) (72132)
(127 253 247 223) (73148)
(170) (74 164)
(171174186 234) (75180)
(1175190 250 235) (76196)
(187 238) (77 212)
(191 254 251 239) (78228)
(255) (79244)

(85)

(86101)

(87117)

(88133)

(89149)

(90165)

(91181)

(92197)

(93213)

(94229)

(95245)

(102)

(103 118)

(104134)
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We close this section with a tangential application of the results above. Suppose that we are
given any field Fu lt is well known that the multiplicative group IF;l of F is cyclically generated by a

primitive element. (pg. 4 [2]) A direct consequence of the k" fixed point formula is the identification of
all subfields of a finite field by powers of a primitive element of that finite field. If we can describe the
multiplicative groups of every sub-field as a cyclic subgroup of the multiplicative group of the field, then
we can examine these multiplicative groups under an obvious isomorphism with the additive abelian
group Z,:_,. The following theorem establishes this identification and a subsequent result regarding the

product of the multiplicative groups of any two subfields of a field. On notation, for a field F, we will
denote the multiplicative group F\{0} as F*. Let the reader be reminded that if G is a group, N is a
normal subgroup of G and H is any other subgroup of G, then NH = {nh | n € N, h € H} is a subgroup of

G.(pg. 94 [1])

Theorem 5.6: Let . be a subfield containing [F,» so that n|l. Let & be a primitive element of F,is0
that 6 generates IF;l. Then if a is the ni" fixed point of & with respect to p!, then Fyn =(6%) U {0}.
Furthermore, for any two subfields [F,» and [F,m contained in Fu the product IF;n . ]F;m is a subgroup of
IF;l and if « is the nt" fixed point of & with respect to p' and g is the m&" fixed point of & with respect to
p', then Fyn - Fym = (98°4@R)),

Proof. If & generates F_,, then oP' = 6. Foranya € Fyn, a = 0% for some k € {0,1,...p" — 2}. We

must also have a?" = a, which is to say that (Bk)pn = 6%, Then where p™k = plq +r, 67"F =
gPea+T = 9a+T  Note that the resulting exponent is given precisely by ®™ with respect to p’. It follows
that the n¢" fixed points of ® give us all powers k of & where 67" = g* and therefore all of the
elements of ]F;l where a?”" = a, which is exactly the elements of ]F;n. By the fixed point formula, if d =

nj, we have that any element of IF;» must be of the form 6% where k = i(pU=1" 4+ pU=2m 4 ... 4
pU=D™) = ia where a is the ni" fixed point of ® with respect to p*. |F;»| = p™ — 1, so counting from 0
in order to ensure we account for 1 € IFy», we have that i € {0,1,...,p™ — 2}. Then Fn =
{9"|k =ia, i =0,1..p" — 2}, which is equivalent to saying that IF;;n =(0%),s0 F,n = (6%) U {0}.
Now suppose that [F,» and IF,,m are two subfields contained in F,i. Note that as IF;l is an abelian
group, ]F;n < IF;l, so it is immediate that ]F;n . ;m ={ab|ac€ ]F;n,b € ]F;m} is a subgroup of IF;l.
Suppose that « is the nt" fixed point of ® with respect to p! and g is the mt" fixed point of & with
respect to p'. Then by the conclusions above, Fyn =(0%) and Fym = (6F). Let: IF;, — L,y by
¥ (6*) = k. That is a group isomorphism is clear. It is also clear that (Fyn) = p((8%)) = (a) 2
Zyn_q and that Y(Fym) = (B). Then (a) + (B) = {a + b | a € (a), b € (B)} is a subgroup of Z,n_;.
We claim that (@) + (B) = (g) where g = gcd(a, ). If g = gcd(a,B),thena =a’gand g =
B'g. Leta € (a)and b € (B). Thena =ja =ja’'gandb =1B =jB'g. Thena+b = (ja' +jB")g,
soa+ b € (g), hence (a) + (B) < (g). For the reverse containment, g = gcd(a, B) implies that there
exist integers u and v such that g = ua + vf. Thenif r € (g),r = hg which in turn implies that r =
h(ua + vB) = (hw)a + (hv)B, hence r € (a) + () and (g) S (a) + (£). Then{(a) + (B) =
(gcd(a, B)). Then Fpn - Fym = ™ (@) + (B)) = ¥~ ({ged(a, B))) = (68°4@F)). m
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6 A Summation Identity for Tp[n,m]

Recall that :Fp[n,m] = {f € ]Fplcm(m,n) [X] |deg(f) < pn,f(]Fpn) - ]Fpm} and that Hpn = {0,1, pn — 1}
We now seek to establish a clear connection between the permutation ®™ with respect to p™ and
polynomials in F,i»m by providing a general summation identity for all polynomials in F inm. This
identity is established by showing that each polynomial in F ,inm is comprised of segments that

correspond to a specific disjoint cycle of @™ and then constructing an equivalent polynomial (under
evaluation at elements of IF,,») as a sum of such segments. This identity is established in the hopes that

such a structure will aid in validating other methods of constructing polynomials in Fpinmi. We begin
with some definitions to aid our discussion.

Definition: Leti € H,». We say that a coefficient a; € ]Fplcm(m,n), where a;x* is a monomial term of
some polynomial f € F iemamm [x], deg(f) < p", satisfies a g-cycle of @™ if:

i.) There exists a disjoint cycle 7 in @™ of length g and t contains i.

ii.) Forall b € {1,2, ..., g}, where (®™)? (i) = j, af’mb = aj, Where a; € Fjtemann is the
coefficient for some monomial a;x’ in f, j € Hpn.

iii.) If a; and ay, are elements such that i, k € Hyn, a;xt, a;x* are monomial terms in £, and
i, k reside in the same disjoint cycle 7 of length g in ®™, (®™)? (i) = k for some b €

mb
{1,2, ..., g} with af’ = a;, We say that a; and a,, satisfy the same g-cycle of @™,

Proposition 6.1: Let a; € Fjiemnmny S Fpmn be a coefficient of some polynomial f € F iemmn [x] so

that a;x* is a monomial term of . If a; satisfies a g-cycle of ®™, then a; € (]Fplcm(m,n) n IFpmg) C Fymn.

Proof. If a; satisfies a g-cycle of ™, then there exists a disjoint cycle T of length g in ®™ and
contains i. Then g|n and F,mg € F,mn. Italso follows that (®™)9 (i) = i and that afmg = a;. Then
al (S ]Fplcm(m_n) n [Fpmg

Definition: For a polynomial f € o temm.m [X], the sum of monomial terms with coefficients that satisfy
the same g-cycle of ®™ is called a g-cycle segment.

Proposition 6.2: Every polynomial f € F pinm can be written as the sum of g-cycle segments evaluated
at [F,» along with its degree p™ — 1 term and its constant. The general form of this sum is as follows;

where h is the number of disjoint cycles of ®™, g, is the length of a particular cycle with an indexing set
{1, ..., h}, i) is the least element of the cycle with the same index, and a;, is the coefficient corresponding

to the indeterminate power xk, a; € ]Fplcm(m,n) N Fymgy, when evaluated at elements of Fpn:

h—-19k—1

. mj
FO) = apngx? 1 )Y (@ 1)+ g

k=1 j=0
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Proof. Let f € Fnm. We claim that each coefficient in f must satisfy some g-cycle. By the property
established in proposition 4.4, for i € H,n, if a; is a coefficient of some polynomial in f, we must have

mk

a; = aemyk; forall k, hence we see that as ™ is a permutation on Hy» and |®™] divides n, there

mb
must be a disjoint cycle t of length g dividing n in ®™ containing i and for all b € {1,2, ..., g}, af =
aemyp(;y- It follows that all coefficients of all polynomials in Fpinm satisfy some g-cycle.
Then since each coefficient must satisfy a g-cycle, we can segment the polynomial f € Fpnmi

according to each cycle. Suppose we have some monomials a;x* and a;x* of f that satisfy the same g-
cycle. Then i and k reside in the same disjoint cycle  of length g in ®™. Then if (d™)?(i) = k

mb mb m . .
a’" = a, which implies that we can write a,x* asa?  x(®™"®_ Then taking i to be the “first”
element of the disjoint cycle of length g in ®™, we can write the entire g-cycle segment containing a;x*

as:
a4 " x®"O 4ot @?" @O (= g k) 4 g R @MEVO g gV @M

As ®™ s a permutation and a;, a; € Fiemmmn N Fpmg (by proposition 6.1), we could just as well

take k to be the “first” coordinate. Then where g is the length of the disjoint cycle 7 containing i, we can
write the g-cycle segment containing a;x* as the summation (ignoring for now that the powers of the
indeterminate will likely take this summation outside of Fpinm] which contains polynomials of degree

strictly less than p™):

g-1 )

M
> ety
j=0

Noting that we can always choose a “first” element in any disjoint cycle of ®™ and that all g-cycles
naturally correspond to a single disjoint cycle in @™, it follows that we can extend this summation and
derive a representation of all polynomials in Fpinm. Without regard to degree, where h is the number of
disjoint cycles of ®™, g, is the length of a particular cycle with an indexing set {1, ..., h}, and iy, is the
least element of the cycle with the same index, a; € ]Fplcm(m,n) NF,mg is the coefficient of xt, we can

write the sum of all g-cycle segments of a polynomial f (disregarding the leading and constant

coefficient) as:
k .
. p™
é . xlk
a;, X )

Since we disregarded the constant term a, and a possible leading term of the form apn_lxlf’n‘1
(because 0 and p™ — 1 are always fixed points of ®™), we can compensate for them now and express this
sum as:

wa
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h—-19k—1

n-1 P
apn_1xP 70 + (aikx )7 +ag
k=1 j=0

Then by construction, for f € F pinm), We must satisfy the equation

h-19k-1

. \pMJ
flx) = ap"—lxpn_l + z z (aikxlk)p + ay
k=1 j=0

when evaluating both sides at elements of [F,». m

Example 6.3: We will now take a polynomial in 32 and derive it’s representation in the summation
identity proposed in proposition 6.2. Suppose we have the polynomial f as in example 2.2:

F=003+02+0+1x7+(0*+62)x°+ (05 +09)x°+ (0%)x* + (0°+02)x3 + (02 + 0+ Dx2 + (0°+ 02+ 0)x + (8% + 6%+ 0)

®? with respect to 23 is represented in S, as the permutation (1 4 2)(3 5 6). Then by proposition 6.2,
when evaluating at elements of F,s can write f as:

2 2

f=("+6"+6+1)x + z:[(e5 +6%+6)x]" + Z[(@5 + )] + (@° + 6%+ 0)

i=0 j=0

7 Conclusions

This paper established necessary and sufficient conditions on the coefficients of polynomial functions
over a finite field that when restricted to a subfield map entirely into a target subfield. These conditions
are established via a permutation that depends only on the cardinality of the subfield of restriction. The
conditions for any target subfield can then be derived through the composition of the aforementioned
permutation. We presented a matrix representing this permutation that can be used in practice. We also
concluded that the minimal representation of any polynomial that achieves the desired result resides in the
polynomial ring over the composite field of the subfield of restriction and the target subfield. Formulas
describing the general form of such polynomial functions were derived.
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